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We investigate the relationship between a one-parameter family of (anti–)de Sitter Yang-Mills models
and a model of Einstein-Palatini gravity with matter, realized through Inönü-Wigner contraction of the
(A)dS algebra. By setting the group parameter α to zero, the gauge transformation of the potential becomes
consistent with the transformation properties of the tetrad form and spin connection. We show that a sector
of the Yang-Mills dynamics exists in which the equations decouple. Moreover, a subset of the gauge
transformations can be related to diffeomorphisms, leading to the identification of the tetrad field. Finally,
the resulting dynamics is consistent with a gravitational dynamics in the first-order formalism.
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I. INTRODUCTION

The search for a formulation of gravity as a gauge theory
has a long history. There is an extensive literature on the
subject, starting from the seminal papers of Utiyama,
Sciama, Kibble, Hayashi, and Nakano [1–4] and the
contributions by Hehl in the 1980s (see, for example,
the reprint [5]), gauging the Lorentz and Poincaré groups.
Many of these approaches are reviewed in [6], particularly
in the recent textbook [7].
The first step toward a gauge-theoretic formulation of

gravity typically consists in moving from the second-order
metric formulation of the Einstein-Hilbert action to a first-
order, or tetradic-Palatini, formulation [8], which amounts
to choosing new, independent degrees of freedom, tetrads,
and spin connection, and promoting the local Lorentz
group to the gauge group. The resulting action does not
yield a gauge theory of Yang-Mills type, since the tetrad eaμ
is not a gauge connection, while the spin connection ωab

μ is.
However, by extending the construction that works in lower
dimensions, where the theory is topological [9], the former
can be formulated as a gauge theory of BF type [10],
provided the so-called simplicity constraint is implemented
for the B field [11,12]. On the other hand, attempts to
formulate gravity as a Yang-Mills theory for the whole
Poincaré group, so as to include the tetrads in the gauge
connection, encounter a well-known problem: due to the
degeneracy of the Cartan-Killing metric of the algebra, the
translational sector of the theory is nondynamical, unless
the Yang-Mills action is modified or the gauge group is

extended (see, for example, [13,14]). In this framework,
many existing proposals in the literature exploit the
possibility of obtaining the Poincaré group as a Inönü-
Wigner contraction of de Sitter or anti–de Sitter groups
[15,16]. A related approach is represented by the
MacDowell-Mansouri action [17] whose geometric inter-
pretation in terms of Cartan geometry is clarified in [18].
For an updated review see [7].
In this paper, we propose yet another formulation of

gravity as a one-parameter family of standard Yang-Mills
models on Minkowski space for the (anti–)de Sitter group
[(A)dS in the following], with the physical content of the
theory being recovered in the Inönü-Wigner contraction.
The choice of pseudo-orthogonal groups offers two

obvious advantages: it allows one to encode the would-
be geometric fields into components of the extended gauge
connection, and it guarantees that the scalar product in the
algebra, defined via the Cartan-Killing metric, is invariant
under the adjoint action of the group and nondegenerate.
One main novelty of our proposal is the invariance in

the form of the action in the limit α → 0, α being the
contraction parameter from the (A)dS group to the Poincaré
group. We shall see that the standard Lagrangian descrip-
tion of the Yang-Mills gauge theory can be applied without
modifications, while the geometric interpretation of the
gauge fields as tetrad form and Lorentz connection will be
recovered as α → 0, with the Lorentz subgroup as the
residual gauge symmetry. The choice of de Sitter or anti–de
Sitter group will ultimately be motivated by the fact that
they preserve a quadratic form with an appropriately
chosen signature, whose four-dimensional reduction is
subsequently preserved by the Lorentz group [19].
The idea of using the (A)dS group is not new. Various

works have proceeded along similar lines in the past and the
current literature. In [20], the SOð3; 2Þ gauge symmetry is
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spontaneously broken to the Lorentz group, in such a way
as to yield the Einstein-Cartan theory. The Goldstone field
associated with the symmetry-breaking mechanism allows
the derivation of the gravitational vierbein and spin con-
nection from the original SOð3; 2Þ gauge fields by tran-
sitioning to a set of nonlinearly transforming fields through
a redefinition that involves the Goldstone field. The work
in [21] proposes a nonlinear realization of the gauge
connection on a fiber bundle, where the fiber is the
homogeneous space SOð1; 4Þ=SOð1; 3Þ. Then the compo-
nents of the gauge potential are identified with tetrads and
spin connection, leading to Euler-Lagrange equations that
have gravitational counterparts in the material sources,
linked to curvature and torsion.
More recently, in [22], the Inönü-Wigner contraction,

responsible for the transition from the gauge group to the
Lorentz group, is related to some mass parameter.
Additionally, each gauge field configuration defines an
effective geometry through a isomorphism from R4 to a
final manifoldM4, a deformed space. Another construction
is proposed in [23], where a Yang-Mills type gauge action
is analyzed, and the gravitational action emerges as a
projection of the five-dimensional space on which the de
Sitter group fibration is defined. This projection identifies a
natural tetrad, which defines the spacetime volume, thereby
breaking the original gauge symmetry to SOð1; 3Þ. Finally,
in [24], gravity models are derived from a topological
gauge theory, which is a combination of topological
invariants of a manifold with an underlying Cartan geom-
etry G=H, G being the (A)dS group and H the Lorentz
subgroup SOð1; 3Þ.
Our analysis starts with a standard Yang-Mills gauge

theory on a Minkowski base manifold, associated with a
one-parameter family of algebras of pseudo-orthogonal
groups, gα, which recovers the de Sitter, anti–de Sitter,
and Poincaré algebras for α being, respectively, positive,
negative, or zero.
In the limit where α tends to zero, the structure group

reduces to the Poincaré group but the gauge connection
is defined in such a way that the action functional does
not change, being independent of α. However the
interpretation of the gauge fields in the action changes
radically. In fact, in the limit, the theory is no longer a
gauge theory for the whole (A)dS group. The local
symmetry of the action reduces to Lorentz making it
possible to interpret the emerging model as a gravita-
tional theory. In this work we identify and analyze the
set of conditions that must be met for such an inter-
pretation to be well grounded.
The paper is organized as follows. In Sec. II we introduce

the Yang-Mills action for the one parameter family of Lie
algebras. In Sec. II A, we study the differential identities
implied by the Bianchi identity of the Yang-Mills action.
This analysis is needed for ensuring consistency with the

Bianchi identities of curvature and torsion of gravity in
the limit α → 0. In Sec. II B we analyze the behavior of the
different components of the gauge potential under gauge
transformations, and we show that, in the limit α → 0, their
transformation properties are consistent with their inter-
pretation as tetrad one-form and Lorentz connection. In
Sec. III we derive the Euler Lagrange equations in the
presence of matter, and we discuss their formal equivalence
with the equations of gravity in the first-order formalism.
In Sec. IV, we complete the identification of tetrads and
Lorentz connection in the limit α → 0, by identifying the
diffeomorphisms with a sector of the gauge transforma-
tions. Finally, we describe the corresponding Euler-
Lagrange equations in the limit α → 0, deriving the
gravitational equations. We conclude by discussing results
and perspectives in Sec. V.

II. THE YANG-MILLS ACTION
FOR THE (A)DS GROUP

Let us consider the one-parameter family of Lie algebras
gα [25], related to (A)dS and Poincaré groups, depending
on the value of the dimensionless parameter α. The family
is characterized by the Lie brackets

½Pa;Pb� ¼ αJab ≔ αKef
a;bJef;

½Pa; Jbc� ¼ ηabPc − ηacPb ≔ fea;bcPe;

½Jab; Jcd� ¼ ηadJbc − ηacJbd þ ηbcJad − ηbdJac ≔ fefab;cdJef;

ð1Þ

with generators Jab; Pa; a; b ¼ 0;…; 3 and Kcd
a;b ¼

1
2
ðδcaδdb − δdaδ

c
bÞ. This choice of basis singles out the

Lorentz subalgebra spanned by the generators Jab (more
details in the Appendix).
We introduce a gα-valued connection one-form

Ω ¼ 1

2
ϖabJab þ

ffiffiffi
λ

α

r
ϑaPa ∈Ω1ðMÞ ⊗ gα ð2Þ

with ϖab and ϑa respectively indicating its components in
the Lie algebra generators Jab and Pa. The local expression
on the base manifold ðRð1;3Þ; ηÞ, with η the Minkowski
metric, is given byΩ ¼ Ωμdxμ, μ ¼ 0;…; 3. The parameter
λ has dimensions of inverse length square, and its sign
determines the sign of α to ensure that the radicand is
positive [26].
The curvature two-form F associated with the connec-

tion one-form Ω

F ¼ DΩΩ ¼ dΩþ 1

2
½Ω;Ω�∈Ω2ðMÞ ⊗ gα ð3Þ
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is naturally decomposed into two components, a Lorentz
valued two-form and a second term that is Pa-valued.
We have

F ¼ 1

2
ðRab þ λEabÞJab þ

ffiffiffi
λ

α

r
TaPa; ð4Þ

where

Rab¼dϖabþ1

4
fabij;cdϖ

ij∧ϖcd¼dϖabþϖa
c ∧ϖcb ð5Þ

is the Lorentz curvature of the connection ϖ, while

Ta ¼ dϑa þ 1

2
facd;bϖ

cd ∧ ϑb ¼ dϑa þϖa
c ∧ ϑc ð6Þ

is the covariant derivative of ϑ with respect to ϖ, and we
have introduced for future convenience the two-form

Eab ¼ Kab
c;dϑ

c ∧ ϑd ¼ ϑa ∧ ϑb: ð7Þ

The Yang-Mills action for the (A)dS group reads

SYM ¼ ℏ
2g2

Z
M

ðF∧
;
� F Þ; ð8Þ

where the Hodge product is the usual one defined with
respect to the Minkowski metric of the base manifold,
and the round brackets denote the product in the algebra
provided by the Cartan-Killing metric, which is adjoint
invariant and nondegenerate for α ≠ 0. Moreover, the
action is globally invariant under Poincaré transformations.
Starting from (4), we can explicitly expand the

Lagrangian density in (8) according to our choice of basis
in the algebra (see Appendix). We get a sum of four
contributions:

ðF∧
;
�F Þ¼1

4
Rab∧�RcdðJab;JcdÞþ

λ

α
Ta∧�TdðPa;PdÞ

þ λ

2
Rab∧�EcdðJab;JcdÞ

þλ2

4
Eab∧�EcdðJab;JcdÞ: ð9Þ

By computing the product in the algebra [see the Appendix
in (A7)], the action finally reads

SYM ¼ ℏ
2g2

Z
M

1

2
Rab ∧ �Rab þ λTa ∧ �Ta

þ ℏλ
2g2

Z
M

Rab ∧ �Eab þ λ

2
Eab ∧ �Eab ð10Þ

The first two terms of the action are similar in form to the
Euler classes for the curvature R and the two-form T [27],
while the last two are equivalent in form to the Einstein-
Palatini action with a cosmological constant [6,8]. As for
the latter contribution, notice that it naturally emerges
from the definition of the gauge connection (2).
Furthermore, by adding a topological term to the Yang-
Mills action, defined as

Stop ¼
κ

16π2

Z
M

ðF∧
;
F Þ; ð11Þ

the theory continues to satisfy the fundamental symmetries
(gauge invariance and global Poincaré invariance) and
would produce boundary effects if the manifold had a
boundary. By setting κ=ð16π2Þ ¼ ℏ=ð2γg2Þ (where γ will
be eventually identified with the Barbero-Immirzi para-
meter), we have

SYMþtop ¼
ℏλ
2g2

Z
M

Rab ∧ �ðϑa ∧ ϑbÞ þ λ

2
ϑa ∧ ϑb ∧ �ðϑa ∧ ϑbÞ|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}

SE−PþCosmological Constant

þ ℏλ
γg2

Z
M

Rab ∧ ϑa ∧ ϑb|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Palatini Holst Term

þ ℏ
2g2

Z
M

1

2
Rab ∧ �Rab þ λTa ∧ �Ta

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Generalized Euler−Classes

þ ℏ
4γg2

Z
M

Rab ∧ Rab

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Pontryagin Term

þ ℏλ
2γg2

Z
M

Ta ∧ Ta −Rab ∧ ϑa ∧ ϑb|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Nieh−YanTerm

: ð12Þ

Therefore, the addition of a topological term to the Yang-
Mills action naturally produces further contributions that
can be identified with well-known topological invariants
of gravity [28–32]. The question is whether the formal
analogy of the (A)dS Yang-Mills model with first-order
Einstein-Palatini gravity can be made physical via a
contraction of the structure group to Poincaré, and which
conditions should be satisfied for that to happen. To this

aim, the choice of basis in the (A)dS algebra and its
dependence on α play an essential role. In the limit α → 0,
gα reduces to the Poincaré algebra but the action does not
change in form, and it is still well defined, being indepen-
dent of the parameter, despite the fact that for α → 0,
the connection (2) and the curvature (4) are ill defined.
Therefore, the action (10) will remain gauge invariant only
with respect to the Lorentz group, suggesting a consistent
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identification with some formulation of gravity if the limit
is carefully performed.
In the coming sections, we show that the following set of

conditions for such identification holds:
(i) the differential identities implied by the vanishing of

the exterior covariant derivative of the curvature
two-form,DΩF ¼ 0, are consistent with the Bianchi
identities of the would-be Riemann curvature and
torsion;

(ii) the behavior of the gauge fields under the action of
the local Lorentz group, in the limit α → 0, is
consistent with their interpretation as tetrad one-
form and Lorentz connection;

(iii) a sector of the gauge dynamics is formally consistent
with gravitational dynamics in the first-order for-
malism; and

(iv) the symmetries of gauge theory, in the limit α → 0,
can be identified with those of the geometric fields in
the first-order formulation of gravity.

A. Differential identities implied by DΩF = 0

The one-form connection and the two-form curvature
introduced in Eqs. (2) and (4), respectively, are local
representatives of the Ehresmann connection and its cur-
vature on the principal bundle ðP;M; GαÞ. The fulfillment
of the Cartan structure equations for the curvature implies
the vanishing of the covariant derivative of the associated
local two-form, that is,

DΩF ¼ dF þ ½Ω;F � ¼ 0; ð13Þ

which in turn determines a set of differential identities,
when projected along the Lie algebra generators. In
particular, using (2) and (4), we have

DΩF ¼1

2

�
dRabþ1

2
fabij;cdϖ

ij∧Rcd

þλ

�
dEabþ1

2
fabcd;efϖ

cd∧Eefþ2Kab
c;dϑ

c∧Td

��
Jab

þ
ffiffiffi
λ

α

r �
dTaþ1

2
facd;bϖ

cd∧Tbþfab;cdϑ
b∧1

2
Rcd

þλ

2
ðfab;cdϑb∧EcdÞ

�
Pa:

Let us analyze the three terms appearing in the covariant
derivative. We recognize

dRab þ 1

2
fabij;cdϖ

ij ∧ Rcd

¼ DϖRabdEab þ 1

2
fabcd;efϖ

cd ∧ Eef þ 2Kab
c;dϑ

c ∧ Td

¼ Ta ∧ ϑb −Tb ∧ ϑa þ ϑa ∧ Tb − ϑb ∧ Ta ¼ 0

and

dTa þ 1

2
facd;bϖ

cd ∧ Tb þ 1

2
fab;cdϑ

b ∧ Rcd

¼ DϖTa − ϑb ∧ Ra
b

with fab;cdϑ
b ∧ Ecd ¼ 0. Therefore, the Cartan structure

equations reduce to

1

2
ðDϖRabÞJab þ

ffiffiffi
λ

α

r
ðDϖTa − ϑb ∧ Ra

bÞPa ¼ 0; ð14Þ

that is,

DϖRab ¼ 0; ð15Þ

DϖTa − ϑb ∧ Ra
b ¼ 0: ð16Þ

These equations represent the analog of the generalized
Bianchi identities for the curvature and the torsion tensor
of an affine connection. The identification will become
nonformal when the gauge potential acquires a geometric
interpretation in terms of tetrad one-form and the Lorentz
connection.

B. Transformation properties
of connection one-form

To establish the desired interpretation of the gauge
connection, it is essential that its components transform
correctly under the action of the local Lorentz group in the
limit where the full group reduces to the Poincaré group. To
check this, let us first consider gauge transformations of the
gauge connection Ω. We have

Ω0 ¼ g−1Ωgþ g−1dg; with g∈Gα; ð17Þ

whose infinitesimal form reads

Ω0 ¼Ωþεab½Ω;Jab�þεa½Ω;Pa�þdεabJabþdεaPa: ð18Þ

By setting

Ω0 ¼ 1

2
ϖ0abJab þ

ffiffiffi
λ

α

r
ϑ0aPa; ð19Þ

we find

1

2
δϖef ¼ fefab;cd

1

2
ϖabεcd þ

ffiffiffiffiffi
αλ

p
Kef

a;dϑ
aεd þ dεef;

δϑe ¼ fea;cdϑ
aεcd þ

ffiffiffi
α

λ

r �
feab;d

1

2
ϖabεd þ dεe

�
; ð20Þ
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where δϖab ¼ ϖ0ab −ϖab and δϑa ¼ ϑ0a − ϑa. Let us now
take the limit for α → 0. In this limit, Gα reduces to the
Poincaré group SOð1; 3Þ ⋉ T4, and Eq. (20) become

1

2
δϖef ¼ dεef þ fefab;cd

1

2
ϖabεcd;

δϑe ¼ fea;cdϑ
aεcd: ð21Þ

Hence, the component ϖ of the connection transforms
nonhomogeneously under Lorentz transformations, just
like the Lorentz connection, while the component ϑ trans-
forms like a Lorentz vector, similarly to tetrad one-forms.
In other words, in the limit α → 0, ϑ is no longer a gauge
connection, whereas ϖ is, and the residual gauge group is
the Lorentz group.

III. EULER-LAGRANGE EQUATIONS
OF YM THEORY

The transformation law (21) is not sufficient to establish
a complete identification of the gauge fields as the geo-
metric fields of first-order gravity. It is necessary to
understand whether the Euler-Lagrange equations of the
Yang-Mills theory, in some sector, are compatible with
the gravitational dynamics. As the next step, we analyze the
Yang-Mills equations including source terms.
Assuming that the base manifold has no boundary, the

functional derivative of the action (8) with respect to the
connection (2) is given by

δ

δΩ
SYM ¼ ℏ

2g2
DΩ � F ; ð22Þ

which, in components, gives

δ

δϑa
SYM ¼ λℏ

2g2
½Dϖð�TaÞ þ ϑb ∧ �Rab þ λϑb ∧ �Eab�;

ð23Þ

δ

δϖab
SYM ¼ ℏ

4g2
½Dϖð�RabÞ þ λDϖð�EabÞ

þ λðϑa ∧ �Tb − ϑb ∧ �TaÞ�: ð24Þ

We observe that the dynamics of the curvature R in (23) is
characterized by a term related to the covariant derivative
of the two-form T, while Eq. (24) for the two-form T is
characterized by the presence of the derivatives of the
curvature R, as well as by a linear term in T. These terms
arise directly from the presence of the Euler classes in the
action (10).
To include sources in the Yang-Mills equations, given a

gauge-invariant source action, we define the three-forms as

Θa ¼ δSsources
δϑa

; ð25Þ

Σab ¼ δSsources
δϖab

ð26Þ

that can be described in a local basis as

Θa ¼ Θa
½σρλ�dx

σ ∧ dxρ ∧ dxλ ¼ 1

3!
T a

με
μ
σρλdx

σ ∧ dxρ ∧ dxλ;

ð27Þ

Σab¼Σab
½σρλ�dx

σ ∧dxρ∧dxλ¼ 1

3!
Sab
μ εμσρλdx

σ ∧dxρ∧dxλ;

ð28Þ

where T a
μ and Sab

μ are the energy-momentum and spin
tensors.
Accordingly, the variation of the source action with

respect to the entire connection can be described by the
current three-form

J ¼ 1

2
ΣabJab þ

1ffiffiffiffiffi
λα

p ΘaPa ð29Þ

in such a way that its components correspond to the
source three-forms defined by (25) and (26). Therefore,
we can write

δSsource ¼
Z
M

ðδΩ∧
;
JÞ: ð30Þ

Then, given the total action ST ¼ SYM þ Ssources, the
variation

δST ¼ ℏ
2g2

Z
M

ðδΩ∧
;
DΩ � F Þ þ

Z
M

ðδΩ∧
;
JÞ ð31Þ

leads to the equation of motion

ℏ
2g2

DΩ � F ¼ −J; ð32Þ

which, in components, reads

Dϖð�TaÞ þ ϑb ∧ �Rab þ λϑb ∧ �Eab ¼ χΘa; ð33Þ

Dϖð�RabÞ þ λDϖð�EabÞ þ λðϑa ∧ �Tb − ϑb ∧ �TaÞ
¼ λχΣab; ð34Þ

where χ ¼ −2g2=ℏλ.
In addition to Eqs. (33) and (34), there is another set

of equations directly provided by the gauge theory.
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Specifically, as a consequence of (32), the three-form
current is conserved, yielding

0 ¼ DΩJ ¼ dJ þ ½Ω; J�

¼
�
1

2
dΣab þ 1

4
fabcd;efϖ

cd ∧ Σef

þ
ffiffiffiffiffi
αλ

p
Kab

c;dϑ
c ∧ 1ffiffiffiffiffi

αλ
p Θd

�
Jab

þ
�

1ffiffiffiffiffi
αλ

p
�
dΘa þ 1

2
facd;bϖ

cd ∧ Θb

�

þ 1

2

ffiffiffi
λ

α

r
fac;bdϑ

c ∧ Σbd

�
Pa: ð35Þ

Thereby, we get the conservation equations

DϖΣab þ ϑa ∧ Θb − ϑb ∧ Θa ¼ 0; ð36Þ

DϖΘa þ λϑb ∧ Σab ¼ 0: ð37Þ

Equations (36) and (37) are similar in form to the
conservation laws obtained in the Einstein-Cartan-
Sciama-Kibble (ECSK) approach [7,33]. However, in
our case they stem from the gauge conservation of the
three-form J imposed by Yang-Mills theory.
At this stage, the analogy of Eqs. (33) and (34) with

the Einstein-Palatini equations becomes apparent in form.
However, unlike the Palatini formulation, the algebraic
relation of T with spin is not a direct consequence of the
equations of motion. Nevertheless, we can show that there
exists a sector of the dynamics, identified by a Lorentz
gauge-covariant condition, with respect to which this
relation is reproduced.
Indeed, by assuming

Dϖ � F ab ¼ Dϖð�RabÞ þ λDϖð�EabÞ ¼ 0; ð38Þ

Eqs. (33) and (34) result in

Dϖð�TaÞ þ ϑb ∧ �Rab þ λϑb ∧ �Eab ¼ χΘa; ð39Þ

ϑa ∧ �Tb − ϑb ∧ �Ta ¼ χΣab: ð40Þ

In particular, in this case, the equations of motion describe a
nonpropagating torsion field T, due to the algebraic
relationship between torsion and spin that is consequently
established.
By inspecting Eqs. (33) and (34) it is conceivable that

different choices besides Dϖ � F ab ¼ 0 can lead to a
consistent reduction of the dynamics compatible with
first-order gravity models. We shall investigate these
alternatives in future work.

IV. GEOMETRIC CHARACTER OF THE GAUGE
FIELDS FOR α → 0

So far, we have considered a standard Yang-Mills theory
on Minkowski spacetime with structure group Gα and a
Yang-Mills action given by (8), that is invariant under
global Poincaré transformations. The connection one-form
Ω decomposes along the Lie algebra generators in terms of
ϑ andϖ, which transform appropriately under the action of
the gauge group. Moreover, they behave as covariant
vectors under global Poincaré transformations.
In Sec. II B, we remarked that the P-gauge translations

no longer encode the gauge transformations of ϑ in the
limit α → 0 [see Eq. (21)]. We are going to show that the
inhomogeneous part of the P-gauge transformations can be
related with diffeomorphisms.

A. From gauge translations to diffeomorphisms:
Soldering

Let us start by recalling the expression for the gauge
transformations of the connection components under the
action of the gauge group Gα. We have

δ

ffiffiffi
λ

α

r
ϑaμ ¼ ∂με

a þ εc
1

2
ϖde

μ fade;c þ
ffiffiffi
λ

α

r
εdeϑcμfac;de

≔ δPðεcÞðϑaμÞ þ
ffiffiffi
λ

α

r
δJðεcdÞðϑaμÞ; ð41Þ

1

2
δϖab

μ ¼ ∂με
ab þ εcd

1

2
ϖef

μ fabef;cd þ
ffiffiffiffiffi
αλ

p
Kab

d;cϑ
d
με

c

≔ δJðεcdÞ

�
1

2
ϖab

μ

�
þ

ffiffiffiffiffi
αλ

p
Kab

d;cϑ
d
με

c; ð42Þ

where we denoted by εa and εab the coordinate-dependent
parameters of the gauge transformations [34] and we have
singled out the different contributions along the generators
of the Lie algebra. At the same time, the connection
transforms infinitesimally under general coordinate trans-
formation (GCT) yμðxÞ ¼ xμ þ ξμðxÞ, according to

δGCTðξÞΩI
μ ¼ LξΩI

μ ¼ ξν∂νΩI
μ þΩI

ν∂μξ
ν: ð43Þ

Therefore, for each connection component, we have that

δGCTðξÞϑaμ ¼ ξν∂νϑ
a
μ þ ϑaν∂μξ

ν;

δGCTðξÞϖab
μ ¼ ξν∂νϖ

ab
μ þϖab

ν ∂μξ
ν: ð44Þ

To study the interplay of gauge and coordinate trans-
formations, it is convenient to consider a covariant
generalization of the latter (CGCT) [35]. For the full gauge
potential this is defined as

δCGCTðξÞΩI
μ ¼ δGCTðξÞΩI

μ − δðξρΩρÞΩ
I
μ ð45Þ
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and consists of the difference between a diffeomorphism
and a gauge transformation with gauge parameter ξρΩρ.
This definition takes care of the unwanted derivatives

of the parameters under coordinate transformations.
Moreover, it provides a convenient rewriting of the GCT
in terms of components of the curvature two-form (4).
Expanding the definition in (45) for the components of

Ω, we obtain

δCGCTðξÞ

ffiffiffi
λ

α

r
ϑaμ ¼ δUGTðξÞ

ffiffiffi
λ

α

r
ϑaμ −

 
∂μ

 
ξρ

ffiffiffi
λ

α

r
ϑaρ

!

þ
 
ξρ

ffiffiffi
λ

α

r
ϑcρ

!
1

2
ϖde

μ fade;c

þ
 
ξρ

1

2
ϖde

ρ

! ffiffiffi
λ

α

r
ϑcμfac;de

!
ð46Þ

and

δCGCTðξÞ

�
1

2
ϖab

μ

�
¼ δGCTðξÞ

�
1

2
ϖab

μ

�
−
�
∂μ

�
ξρ

1

2
ϖab

ρ

�

þ
�
ξρ

1

2
ϖcd

ρ

�
1

2
ϖef

μ fabef;cd

þ ðξρϑcρÞϑdμλKab
d;c

�
; ð47Þ

which, on using (41) and (42), simplify to

δCGCTðξÞϑaμ¼δGCTðξÞϑaμ−δPðξρϑcρÞðϑaμÞ−δJðξρϖcd
ρ ÞðϑaμÞ; ð48Þ

δCGCTðξÞϖab
μ ¼δGCTðξÞϖab

μ −δJðξρ1
2
ϖcd

ρ Þðϖab
μ Þ−2λξρϑcρϑ

d
μKab

d;c:

ð49Þ

On the other hand, by replacing the first of Eqs. (44) in (46),
we get

δCGCTðξÞϑaμ ¼ ξρTa
ρμ; ð50Þ

and by replacing the second of Eqs. (44) in (47), we have

δCGCTðξÞϖab
μ ¼ ξρRab

ρμ − 2λξρϑcρϑ
d
μKab

d;c: ð51Þ

Therefore, by comparing Eqs. (48) with Eqs. (50) and (51),
we obtain

δGCTðξÞϑaμ − δPðξρϑcρÞðϑaμÞ − δJðξρϖcd
ρ ÞðϑaμÞ ¼ ξρTa

ρμ;

δGCTðξÞϖab
μ − δJðξρ1

2
ϖcd

ρ Þðϖab
μ Þ ¼ ξρRab

ρμ : ð52Þ

As anticipated, CGCT allow one to rewrite the diffeo-
morphisms in terms of gauge transformations and covariant

tensors. The first of Eqs. (52), appropriately rearranged,
gives the soldering equation

δPðξρϑcρÞðϑaμÞ ¼ δGCTðξÞϑaμ − ξρTa
ρμ − δJðξρϖcd

ρ ÞðϑaμÞ; ð53Þ

which explicitly shows that the difference between
a P-gauge translation with parameter εc ¼ ξρϑcρ and a
diffeomorphism consists of a curvature term and a
Lorentz gauge transformation. In the limit α → 0, the
relation between gauge and diffeomorphism parameters,
together with the transformation law (21), allows interpret-
ing the P-gauge fields ϑaμ as tetrads. So for α → 0, the
following identifications hold:�

ϑa → θa tetrad one-form

ϖab → ωab Lorentz connection one-form
: ð54Þ

Consequently, by recalling the definition of the fields in
Eqs. (5) and (6), we can give a consistent geometric
interpretation to the components of the curvature two-formF :�

Ta → Ta torsion two-form

Rab → Rab Lorentz curvature two-form
: ð55Þ

B. Recovering gravitational dynamics

We are now able to show that the Euler-Lagrange
equations of the Yang-Mills action in (8), reduced to (39)
and (40), are consistent with gravitational equations once
the gauge fields are identified as described in (54).
Equations (39) and (40), in components, read�
1

2
Dϖ

σ T̃
a
ρλ þ

1

4
Rab

½μν�ϑbσε
μν
ρλ þ

λ

2
ϑbσϑ

a
μϑ

b
νε

μν
ρλ

�
εασρλ

¼ χΘa
½σρλ�ε

ασρλ; ð56Þ

1

4
ðT̃b

ρλϑ
a
σ − T̃a

ρλϑ
b
σÞεασρλ ¼ χΣab

½σρλ�ε
ασρλ; ð57Þ

where we defined T̃a
ρλ ¼ εμνρλT

a
½μν� and we used the explicit

expressions Rab
½μν� ¼ ∂μϖ

ab
ν − ∂νϖ

ab
μ þϖa

μcϖ
cb
ν −ϖa

νcϖ
cb
μ ,

Ta
½μν� ¼ ∂μϑ

a
ν − ∂νϑ

a
μ þϖa

μcϑ
c
ν −ϖa

νcϑ
c
μ.

Now, using the definitions of the sources given in (27)
and (28), in the limit α → 0 where the fields acquire
a geometric interpretation, Eqs. (56) and (57) can be
written as

Dω
μTa

½βν�η
μν þ Rab

½βν�θbμη
μν þ λðθbμθaβθbν − θbμθ

a
νθ

b
βÞημν

¼ χT a
β; ð58Þ

2θaμTb
½βν�η

μν ¼ χSab
β : ð59Þ
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In the same limit, the geometric field θaμ and its dual
θaμ ¼ ημνθaν can be used to define a new metric field

gμν ¼ ηabθ
aμθbν; ð60Þ

with inverse gμν ¼ ½gμν�−1. Now the dual of θaμ with respect
to the new metric field is given by

θ̄aμ ¼ gμνθaν ð61Þ

with θμa; θ̄aμ, by construction, satisfying the tetrad relations

θ̄aμθ
ν
a ¼ δνμ; θ̄aμθ

μ
b ¼ δab: ð62Þ

In terms of the new fields, Eqs. (58) and (59) take the
form

Ra
β−

1

2
θ̄aβRþΛρ

βθ̄
a
ρ

¼ χ

�
T a

β−
1

2
θ̄aβT

�
−Dν

ωTa
½βν� þ

1

2
θ̄aβðθλcDσ

ωTc
½λσ�Þ; ð63Þ

Tb
½βν� ¼

χ

2
θ̄aνSab

β ; ð64Þ

with

Λρ
β ¼ λðggρβ − gαβg

ρ
αÞ − 1

2
λðg2 − gαλg

λ
αÞδρβ; ð65Þ

and we use g ¼ ημνgμν and gαμ ¼ ημβgβα. Moreover,

Ra
β ¼ θνbR

ab
½βν� is the Ricci tensor, R ¼ θβaθνbR

ab
½βν� is the

scalar curvature, while T ¼ θβaT a
β is the trace of the

energy-momentum tensor.
This shows that, in the case where torsion is algebraically

related to spin, the equations of motion for the curvature
exhibit an additional source term in the energy-momentum
tensor, which depends on the spin tensor. Moreover, the
cosmological term becomes nontrivial, including contribu-
tions from self-interactions of the induced metric field and
coupling terms with the Minkowski background metric.

V. DISCUSSION

One of the primary motivations for investigating gauge
formulations of gravity is searching for a viable candidate
for a quantum theory. In this sense, Yang-Mills theories
are a natural choice for their renormalization properties and
their success in describing all other fundamental inter-
actions. The question is how much geometrical and
physical structure a Yang-Mills theory shares with gravity.
This work investigates the problem by analyzing the
inherent geometric structures shared by Yang-Mills models
and gravity in its first-order formulation.

As for the parameters of the theory, in the limit α → 0we
have χ ¼ −2g2=ℏλ ¼ 16πGN=c3. It follows that λ and g2

can be expressed in relation to one another through the
squared Planck length l2p ¼ ℏGN=c3. As a consequence of
the relation between g2 and λ and the convention adopted in
the construction of the action, λ must be negative, which in
turn constrains α to be negative, as shown in Eq. (2). This
selection leads to SOð2; 3Þ as the family gauge structure
group. However, adopting a different sign convention for
the action would have led to a positive α, thereby selecting
the SOð1; 4Þ family. This highlights the fact that the sign of
α does not play an essential role in the construction, which
can be developed in a fully general manner for both the de
Sitter and anti–de Sitter cases.
A few more comments are in order. As discussed in [36],

the reliance of modern physics on two closely related but
separate principles, i.e., general covariance and gauge
invariance, may be unsatisfactory. Unifying these prin-
ciples into a single framework is a task, and two main
approaches emerge: one views gauge symmetry as a
manifestation of general covariance in higher dimensions,
while the other interprets general covariance as a form
of gauge symmetry. The results presented in this paper
go in the direction of the second approach. This occurs in
the limit α → 0, where the gauge nature of the theory
changes, providing a geometric interpretation of gauge
potential components as the tetrad and the Lorentz
connection.
Since the model is obtained from a standard Yang-Mills

action on Minkowski spacetime, well-established quanti-
zation techniques of non-Abelian gauge theories apply,
although the issues related to the noncompactness of the
structure group remain open, in terms of both unitarity and
renormalizability of the quantum theory [21]. The results
for the gravity sector of the theory should be analyzed while
performing the limit α → 0.
The possible physical meaning of the proposed mecha-

nism, which reduces the gauge dynamics to the gravita-
tional sector, deserves further investigation. One possibility
could be a Higgs-like mechanism, which would involve a
spontaneous breaking of the gauge symmetry to the
residual Lorentz gauge symmetry, independently of the α
limit (see, e.g., [37,38]). Another possibility concerns the
idea that the gauge parameters of the theory, λ and g, be
renormalized during quantization and would exhibit a
running dependence on α. The latter, as a dimensionless
parameter, could be linked to the energy scale only if the
Planck length is considered as a fundamental scale. A
running of the gauge parameters λ and g could cause them
to weigh the various tensors in the Euler-Lagrange equa-
tions differently, making some of them negligible compared
to others. In other words, the dynamics we have described
could emerge as effective dynamics resulting from the
quantum nature of the theory. Finally, the meaning of
the contraction parameter α and its interplay with the
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cosmological constant have to be understood, also in
relation with the renormalization group flow.
As a final speculation, we observe that, since the

dynamical metric is quadratic in the sector of P-translations
of the gauge algebra, the underlying gauge theory could
be a natural candidate for a double copy formulation of
gravity [39–41]. Focused work in this direction would
require specifying solutions of the parent YM mapped to
the gravitational sector. In this case, the interest of our
group-theoretic reduction lies in the fact that the algebra
characterizes the field solution, whereas, in the double copy
procedure, the gauge algebra of the YM field is generally
unspecified. In this sense, recent work [42] investigates the
relation between gravity and self-dual YM (SDYM) in 4D
by dimensional reduction, via a shared description for
specific sets of solutions of the two theories in terms of a
2D integrable Breitenlohner-Maison system and a single-
copy lift back to 4D SDYM. In this case, the Breitenlohner-
Maison procedure itself determines the Yang-Mills gauge
group, encoding aspects of the gravitational solution in the
Yang-Mills gauge group generators supporting the solution.
We plan to address the possible connection with the

double copy scenario and in particular with the findings
of [42] in future work.
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APPENDIX: THE (A)DS GROUPS

In this appendix we fix the notation and our convention
for the structure groups SOðp; qÞ of the Yang-Mills model
analyzed in the paper. These are the pseudo-orthogonal
groups SOðp; qÞ with pþ q ¼ 5, namely the special Lie
groups of linear transformations of a real five-dimensional
vector space that leave invariant a nondegenerate symmet-
ric bilinear form η of signature ðp; qÞ. The algebra soðp; qÞ
is provided by generators MAB, A; B ¼ 0;…; 4, and Lie
brackets

½MAB;MCD� ¼ ηADMBC − ηACMBD þ ηBCMAD − ηBDMAC

≔ fKLAB;CDMKL:

The Killing-Cartan metric for soðp; qÞ is, by definition,

ðMAB;MCDÞ ¼ fKLAB;EFf
EF
CD;KL

¼ ð2pþ 2q − 4ÞðηADηBC − ηACηBDÞ: ðA1Þ

Specifically we are interested in the de Sitter group
SOð1; 4Þ preserving the quadratic form ηAB ¼ diagð1;−1;
−1;−1;−1Þ and the anti–de Sitter group SOð2; 3Þ preserv-
ing ηAB ¼ diagð1;−1;−1;−1; 1Þ. Our choice of basis for
their Lie algebra is the one that singles out the Lorentz
subalgebra. Indeed, if a, b ¼ 0, 1, 2, 3 we can write

½M4a;M4b�¼�Mab;

½M4a;Mbc�¼ηabM4c−ηacM4b;

½Mab;Mcd�¼ηadMbc−ηacMbdþηbcMad−ηbdMac; ðA2Þ

where þ and − refer, respectively, to the de Sitter and anti–
de Sitter algebra. Hence, we define

Pa ¼
ffiffiffiffiffiffi
jαj

p
M4a; ðA3Þ

Jab ¼ Mab; ðA4Þ

so that

½Pa;Pb�¼�jαjJab≔αKef
a;bJef;

½Pa;Jbc�¼ηabPc−ηacPb≔fea;bcPe;

½Jab;Jcd�¼ηadJbc−ηacJbdþηbcJad−ηbdJac≔fefab;cdJef;

ðA5Þ
where ηab is the Minkowski metric in 4D with signature
ðþ;−;−;−ÞwhileKcd

a;b ¼ 1
2
ðδcaδdb − δcbδ

d
aÞ. The parameter α

can take positive, negative, or zero values. The Poincaré
algebra isoð1; 3Þ can be derived from soð1; 4Þ or soð2; 3Þ
in the limit of α → 0 (the Inönü-Wigner contraction [16]).
Finally, by Eq. (A1), the scalar product of the generators of
the algebra (A5) is given by

ðPa; PbÞ ¼ jαjðM4a;M4bÞ ¼ 6jαjðη4bηa4 − η44ηabÞ;
ðJab; PcÞ ¼

ffiffiffiffiffiffi
jαj

p
ðMab;M4cÞ

¼ 6
ffiffiffiffiffiffi
jαj

p
ðηacηb4 − ηbcηa4Þ ¼ 0;

ðJab; JcdÞ ¼ ðMab;McdÞ ¼ 6ðηacηbd − ηbcηadÞ; ðA6Þ
or, in compact form [43]

ðPa; PbÞ ¼ �jαjηab ¼ αηab;

ðJab; PcÞ ¼ 0;

ðJab; JcdÞ ¼ ηacηbd − ηbcηad; ðA7Þ
which becomes degenerate in the limit where α is zero, i.e.,
in the limit where the algebra becomes isoð1; 3Þ.

GRAVITY MODEL FROM (A)DS YANG-MILLS THEORY PHYS. REV. D 112, 064061 (2025)

064061-9



[1] R. Utiyama, Invariant theoretical interpretation of interac-
tion, Phys. Rev. 101, 1597 (1956).

[2] D.W. Sciama, The physical structure of general relativity,
Rev. Mod. Phys. 36, 463 (1964); 36, 1103(E) (1964).

[3] T. W. B. Kibble, Lorentz invariance and the gravitational
field, J. Math. Phys. (N.Y.) 2, 212 (1961).

[4] K. Hayashi and T. Nakano, Extended translation invariance
and associated gauge fields, Prog. Theor. Phys. 38, 491
(1967).

[5] F. W. Hehl, Four lectures on Poincaré gauge field theory, in
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