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ARTICLE INFO ABSTRACT

Keywords: Information diffusion on social media is one of the most critical phenomena of our society
Epidemiological models that has recently caught researchers’ attention, since social media allow users to share any
Information diffusion kind of news without, or with very limited, control. In this article, we will focus on a
f:é‘; nev;sl mathematical approach to analyze the spread of fake news on social media. First, we propose
Nonstrgr(l) d:r d finite differences a new epidemiological model based on a system of ordinary differential equations of Ignorant—
Elementary stability Spreader-Counter Spreader—-Recovered (ISCR) type. Secondly, we formulate a Nonstandard

Positivity preservation Finite Difference (NSFD) scheme for the solution of the problem, that is positivity preserving
and elementary stable. The reliability of the proposed model and the efficiency of the derived
NSFD method, which will be employed for a phase of parameter estimation using real data, are
testified by analyzing the spread of some fake news shared on X in recent years.

1. Introduction

Recent decades have been characterized by the growing popularity of social media, that in just a few years have totally changed
our way of approaching everyday life. Our way of buying or selling goods, our political opinions or social events we are involved in,
are proofs of how much our life is influenced by social networks. Many people follow the current fashion they see on social media as
Instagram or TikTok, or they keep themselves informed using X (Twitter) or other similar social networks. Even several companies
try to improve their earnings using e-commerce or personalized advertisement campaigns on social media, trying to enhance these
kinds of strategies when the interest towards their products is at maximum level. Equally, during political campaigns, politicians
try to persuade people that their programme is the best focusing on topics of interests for the majority of individuals and trying to
take advantages from online discussions on those topics.

If on one hand social networks have improved some aspects of everyday life, giving to people the possibility to stay in touch
for free and allowing them to know in real time what happens around them, it is certainly true that they have also a role in the
process of fake news diffusion.

Therefore, a proper way to analyze the spread of fake news is required. There are several possible approaches to carry out
this kind of analysis. They can be based on machine learning techniques, as for example described in [1,2] where machine learning
based detectors to discover fake news are presented, or they can be based on mathematical models formulated in terms of differential
equations. Certainly, different types of differential equations can be used. Models can be formulated through systems of Ordinary
Differential Equations (ODEg) [3-13], Partial Differential Equations [14], Stochastic Differential Equations [11], or Fractional
Differential Equations [15].
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Among these, one of the most used type of models is represented by the epidemiological ones, i.e., the kind of mathematical
models used to describe the evolution of epidemics [16,17]. Epidemiological models are often formulated as systems of ODEg and
are characterized by the fact of being of compartmental type, that means they divide the population in different groups of individuals
according to their status, such as susceptible individuals who can be infected, infectious individuals who can transmit the infection,
hospitalized, exposed individuals who have been infected but are not infectious yet, recovered, dead, and so on.

Undoubtedly, the number of classes, as well as the number of equations composing the ODE system, are decided in accordance
to the characteristics of the epidemic being described. In a similar way, it is possible to proceed with the description of information
diffusion on social media. In fact, a news can be compared to a virus: as a virus spreads in a population of living individuals,
in a similar way a news spreads in a population of virtual individuals as for example social media users. For this reason, in the
following, mathematical epidemiology-like terms will be used while referring to mathematical models for information diffusion, in
order to keep the epidemiological interpretation. However, a change of terminology in this particular case is required. According
to [5,6,10-12], we recall the following notation:

— ignorants, to describe susceptible individuals who can see the news and share it;

— exposed, to describe individuals who have read the news, but have not shared anything about it yet;

— spreaders, to describe the individuals who share the news and that are the counterpart of infectious individuals present in the
description of epidemics;

— recovered, to describe the individuals who are no longer interested in sharing the news.

Many other classes can be introduced, according to the main scope of the considered model. Researches in these fields are
widespread. For example, in [6,7,18] D’Ambrosio et al. considered a Susceptible-Infected-Recovered (SIR) model and a Susceptible—
Exposed-Infected-Recovered (SEIR) model in order to study the spread of fake news on social networks. Such models in the new
notation are denoted as Ignorant-Spreader—Recovered (ISR) and Ignorant-Exposed-Spreader-Recovered (IESR), respectively. The
authors showed that the parameters of the model can be linked to the ability of a population to recognize fake information and to
the grade of access to the Internet, proving, by computing the stiffness ratio of the system (for more details related to the concept
of stiffness, see [19, Ch. 7]), that the higher is this quantity the faster a fake news will spread. An interesting formulation of a
type of SIR model to analyze information diffusion on social media is also presented in [3,4], where an age group version of this
model is proposed to study the impact of users’ age in their possible dissemination of a news. More details regarding the age group
formulation of epidemiological models can be found in [20].

As previously described, each model is suited to describe a different situation: however, in each case it is fundamental not only
to describe the evolution of news spread through time, but also the peak of the maximum spreading both in terms of the moment in
time of the peak and in terms of the total number of individuals who share the news. For example, if fake news spread is analyzed,
knowing in advance the moment of maximum spreading of the fake information can allow experts to apply countermeasures to block
it. Thus, the first goal of this work is to present a new mathematical model to predict the evolution of fake news dissemination on
social media. The proposed model, formulated by modifying a model present in literature [11,12], is a multistrain epidemiological
model of Ignorant-Spreader—Counter Spreader—Recovered (ISCR) type. This means that it has, along with the two classes of ignorants
and recovered, two classes of spreaders and is suitable to describe situations in which a group of individuals (Spreaders) shares a
certain fake news while the other group (the Counter Spreaders) tries to restore the truth. Contrary to the model present in [11,12],
as explained in the following sections, it also provides the possibility of a non constant population, considering that there are always
new subscriptions to a social media and that there can be individuals who, like members of the dead class in epidemiological models,
do not contribute to the diffusion process and are removed from each class. Moreover, we prove the positivity of the solution of
the new ISCR model and study the stability of the related equilibrium points. Therefore, adapted numerical methods which are able
to preserve the above mentioned properties are useful. In the literature, several techniques for deriving stable problem-oriented
methods have been studied, see e.g. [21-24]. In particular, starting from techniques used in [8,25-34], the second goal of this work
is to develop a Nonstandard Finite Difference (NSFD) scheme that preserves positivity and equilibrium points.

A good parameter estimation phase, also called fitting phase, is fundamental as well, in order to adapt the model to real case
studies. According to the used model and to the phenomenon being described, different approaches for the fitting phase can be
employed. For example, in [35], Millevoi et al. describe a strategy that provides the use of Physics Informed Neural Networks
(PINNs) in order to compute the parameters of a SIR model used to describe the evolution of COVID-19 epidemic, while in [17]
the fitting phase to describe the evolution of the same disease is carried out by minimizing the mean square error between real
data and approximated ones by exploiting the MATLAB built-in function Isqnonlin. In this work, the latter approach with proper
modifications will be used, with the aim of obtaining optimized parameters using as less data as possible. That is, we will use only
the data corresponding to the initial times of the diffusion of the news for the parameter estimation process. Then, we will show that
with the obtained parameters it is possible to accurately predict the peak of diffusion, the related time, and the overall evolution of
the news trend, by comparing the solution given by the model with the entire dataset (i.e. also considering the data not used for the
fitting phase). Also, as we will see, the use of the newly developed NSFD method will allow to perform the parameter estimation
phase with good accuracy despite the choice of non-small discretization step-sizes, at low computing times, thanks both to its good
stability properties and to its explicit structure.

The paper will be organized as follows. In Section 2, we describe some models of the literature used to analyze information
diffusion. In Section 3 the new ISCR model to analyze the spread of fake news on social networks is presented. We will illustrate
some mathematical properties of the model, such as the existence and uniqueness of the solution, its positivity and the stability of
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Fig. 1. Graph that shows connections among different classes of the population when the ISR model is used.

the disease free equilibrium point. Section 4 is dedicated to the derivation of the new NSFD scheme with proofs of its positivity and
stability with respect to the disease free equilibrium. For simplicity, the other equilibrium points of the continuous and discrete
model are reported in the Appendix, and their stability properties are analyzed numerically in Section 5, that is devoted to the
experiments. There, tests are carried out on real case studies, since we will describe the evolution of the diffusion of some fake news
spread on X in recent years, showing that our model improves the results obtained using models present in literature and confirming
at the same time the properties of the proposed nonstandard scheme. Finally, Section 6 is dedicated to concluding remarks and future
works.

2. Models for information diffusion

Different mathematical models of epidemiological type have been formulated to describe information diffusion [10-12]. In
particular, in [11,12] several models to specifically describe information diffusion on social networks are presented. Among the
most useful ones, the following two typologies of models can be considered:

— the ISR (Ingorant-Spreader-Recovered) model;
— the ISCR (Ignorant-Spreader—-Counter Spreader—-Recovered) model.

The first typology is the counter part of SIR model for epidemics. Several variations of this model, considering distinct parameter
definitions or different interactions among classes of the population, can be formulated. Variants of interest, specific for social
networks, are proposed in [11,12].

To formulate the ISR model, the following positive parameters are considered:

- k, the average number of connections among users of a social network;

— B, the per capita news spreading rate per unit of time, i.e. the parameter that describes the impact of a news spread by each
spreader per unit of time. Thus, it rules how fast a news spreads among spreaders, consequently expressing the transition rate
from the ignorant class to the spreader class;

— 7, the per capita recovery rate, i.e. the parameter that describes the transition from the spreader class to the recovered class.
That is, the outcome of a meeting between two spreaders causes one of the two to lose interest in the news.

Consequently, fx1(1)S(r) and yx.S(t)S(t) represent the number of effective encounters per unit of time among an ignorant and a
spreader and among two spreaders, that lead to the transition of an individual from the ignorant class to the spreader class and
from the spreader class to the recovered class, respectively. Moreover, let N be the size of the population, computed as the sum of
individuals present in different compartments.

The ISR model reads as follows:

I'(t) = —pI()S(),
S'(1) = pI(0)S(1) — yr SS(1), 2.1)
R'(t) = yk S(OHS@).

Note that the transition from spreaders to recovered is described by the term —yx.S()S(z). Following [11,12], it is assumed
that spreaders will lose their interest in spreading a news after a confrontation with another spreader (using terminology from
mathematical biology, the S-class is ruled by a competition principle). Individuals from other classes do not have influence in the
transition from spreaders to recovered: in fact, ignorants have not seen the news yet, while recovered have lost their interest in
the news, ending any further contact with other individuals of the population. Observe also that, contrary to the classical SIR for
epidemics, the term accounting for recovery is nonlinear. As we will see, this is common in mathematical models for information
diffusion. Instead, in the SIR model, this term is linear, being usually of the form —yI(¢) (remember that with the SIR-ISR notation
change, I(¢) in the SIR is the counterpart of S(7) in the ISR).

Fig. 1 represents the dynamics that involves the different populations of the model.

This particular model is suitable to describe a situation in which there is first of all a growth of interest towards a certain news,
and then a peak is reached before it vanishes. Several simulations to predict the evolution of some case studies involving both true
and fake news using this kind of model have been exhaustively explained in [5]. However, in some cases, it could be required to
use a model “ad-hoc” for the description of fake information, in order to better represent the main features of this kind of news.
Fake news, for example, can be spread by artificial bots or their diffusion can be encouraged by other means of communication.
Moreover, in some cases it could happen that even if a group of users on a social media spreads a certain fake news, another group
of users tries to restore the truth by sharing news with an opposite topic. In this cases, traditional models are not sufficient.

Thus, in [11,12], the Ignorant-Spreader—Counter Spreader—Recovered (ISCR) model, to describe this kind of situations, is
introduced. To formulate the model the following positive parameters, along with the previous ones already used for the ISR model,
are taken in consideration:
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Fig. 2. Graph that shows connections among different classes of the population when the ISCR model [11,12] is used.

- a, the per capita news spreading rate per unit of time among counter spreaders. It is the transition rate from the ignorant
class to the counter spreader class;

— u, the per capita recovery rate for counter spreaders, or equivalently, it rules how fast a news will no longer be of interest
among counter spreaders;

- o, the per capita transition rate from spreaders to counter spreaders;

— m,, the counter part of the coefficient w,, i.e. the per capita transition rate from the counter spreader class to the spreader
class.

The 1.SCR model is formulated as follows:
I'(t) = —pxI®)S(t) — axI(t)C(1),
S'(1) = pI()S(1) — () — @)k S(OC() — yk SOLS@) + RO,
C'(t) = ac I()C(t) + (| — 0k SEC() — uxCH[CE) + RD)],
R'(t) = yx SO[S @) + R(®)] + uxC(@)[C(t) + R(?)].

(2.2)

A schematic representation of possible interactions among classes in the ISCR model is presented in Fig. 2.

Note that the model (2.2) allows to consider two possible transitions starting from the ignorant class. Contrary to the ISR model
previously described, once the user is in the spreader class or in the counter spreader class, there is more than one possibility to exit
from the present status. Spreaders can recover, losing interest in the news, going into the recovered class or they can transit into the
counter spreader class. Similarly, this situation can happen for counter spreaders. From a mathematical point of view, transitions
into the recovered class are described by factors yxS(#)[.S(1)+ R(#)] and uxC(1)[C(t) + R(1)], respectively. These are formulated in this
way to take in consideration that spreaders or counter spreaders are influenced in their transition into the recovered class by pre-
existing interactions between them and already recovered individuals. Interactions among the two groups of news disseminators
are represented by the factor S(r)C(r), multiplied by proper coefficients, that represents virtual encounters of individuals of the
two classes. Possible other uses of this model, where different values of parameters are considered, are presented in [11] or [12].
However, this model has some limitations, as highlighted in the following section.

3. A new ISCR model for fake news diffusion

The model (2.2) is suited for the case in which a constant population size is considered, as there are no new entries into or
exits from the population. Therefore, it could be used to analyze the spread of news just in a short period of time, considering
that, in that time span, there are no other new subscriptions to the considered social media and all users interested by the spread
of the analyzed news transit from one class to another. These hypotheses are actually common also in mathematical models for
epidemics. Generally, it is assumed that the population is closed. This means that, starting from the initial total population, during
the considered period no other individuals can enter and no births or deaths occur.

Although good results can be obtained using these hypotheses, as underlined by numerous works in literature on this topic, it
cannot be ignored that during the period of news dissemination, there can be new subscriptions to the considered social media.
Thus, new users can enter in the population and interact with groups of spreaders or counter spreaders when the news is already
spread and popular. Moreover, during the trending period of a fake news, some users may no longer be able to access the considered
social network, for example because they have been blocked since reported as fake profiles or as those spreading fake information,
or due to technical problems accessing their accounts during the observation period of the phenomenon.

For these reasons, with the aim of formulating a new model for both the analysis of the dissemination of fake news or of news
regarding a high debated topic, we propose a new model of ISCR type, by generalizing the aforementioned one. In particular, we
formulate this new ISCR model by adding the following two positive parameters to the classic ISCR (2.2):

— A, which represents the new add rate to the ignorant class. It can be seen as the number of the new subscriptions to the
social media, or as the number of new individuals who enter in the population, per unit of time, i.e. the number of the new
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Fig. 3. Graph that shows connections among different classes of the population when the ISCR model of (3.1) is considered.

individuals per unit of time that start to be interested in the news because they have heard about it due to external influences
as television, oral confrontations, newspapers and so on and that now can encounter in a virtual way other individuals that
are sharing contents regarding it;

— &, representing the per capita death rate. Note that there may be individuals who have been blocked because they were
reported as fake profiles, or who could not access the social network for technical reasons during the considered observation
period. Consequently, these individuals represented by the quantities §I1(¢), §S(1), 6C(r), 6R(t) are removed from the
corresponding class.

Considering the motivations behind required changes, we can formulate the new model as follows in (3.1), considering that the
factor A can be introduced in the first equation of (2.2) since newcomers are still in an ignorant state:

I't)=A-BxI®)SE) —ax[(NC(E) —51(),

S'(1) = prI(S(®) = (@0 — @) SHOCE) — yxSOLS(H) + C(1)] = 65(),
C'(t) = ax I(NC (1) + (@) — 0k S(OC([F) — uxCOLS() + C(1)] — 6C(1),
R'(1) =y SMIS®) + C(O] + ux CHO[S @) + C(H)] — SRQ).

(3.1

Fig. 3 shows a graph to illustrate the relationships among different classes.

Focusing on the new model, another remark is required. In fact, the changes compared to the classic ISCR are not limited to
the definition of the new parameters, but have also been performed in the second and third equations. Transitions to the recovered
class, contrary to the ISCR model present in literature, are formulated as yx S(#)[S() + C(#)] and uxC®)[S(t) + C(1)], respectively.
The change is due to the meaning we are giving to the recovered class. Since recovered are individuals no longer interested in
supporting one or another group of spreaders, it is reasonable to assume that they will no longer share anything related to the news
being analyzed. Thus, individuals from the spreader or counter spreader class will not lose their interest in sharing a news because of
their relationships with people of recovered class, simply because these encounters are not possible due to the fact that recovered do
not share anything anymore. The loss of interest can be motivated by a debate between individuals of the two classes. For example,
spreaders or counter spreaders, after a debate with the opposite class, can be convinced that their opinion is the right one, losing
their interest in a further possible dissemination of their ideas, transiting into the recovered compartment. As a consequence, also
the equation for R(¢) has been modified. Other important modification affects the size of the population N, that is as follows:

N@) = I(t) + S@) + C(t) + R(). (3.2)

Observe that, in model (2.2), as common in literature, N’(f) = 0 meaning that the total population size is constant. However,
this does not apply to the new ISCR model, since newcomer individuals are being considered, as well as the possibility of exit from
the different classes at rate 6. Indeed, considering (3.1), population evolution through time is not constant but described by the
simplified logistic equation (for more details regarding this particular equation, see [16])

N'(t)=A-86N@). (3.3)

Before presenting numerical methods to solve the new introduced model, and before describing the model validation process,
it is important to explore some of its analytical properties. In the following, we will show that the solution of the Cauchy problem
related to (3.1) exists, it is unique, and non-negative if the initial conditions are non-negative. Furthermore, we will prove that all the
non-negative solutions of (3.1) are ultimately bounded. Equilibrium points of the system will be analyzed as well, investigating at the
same time some relevant quantities such as reproduction numbers (for more details on these quantities, see for example [36,37]). In
this section, we also analytically analyze the stability of the disease free equilibrium. As regards the stability of the other equilibrium
points, that can be derived and studied in a similar way, an analysis will be numerically carried out in Section 5, on some real case
studies.
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Remark 1. From now on we will suppose that w; > w,. When we analyze fake information, this choice is motivated by the
following reasoning. The parameter w, indicates the transition rate from the spreader class to the counter spreader class. It can be
interpreted as the possibility that spreaders are convinced that the news they are spreading is false and thus, by passing into the
counter spreader class, they will try to restore the truth. Moreover, as explained in [2,7], fake information spreads faster than true
one. Therefore, it is more likely that, when a fake news is shared, spreaders are more than counter spreaders. For this reason, it is
also more likely a transition towards the counter spreader class than contrary situation.

3.1. Positivity and uniqueness of the solution
In this section, we will explore some mathematical properties of the solution.

Theorem 1. For each choice of the initial condition, the solution of the Cauchy problem related to the model (3.1) locally exists and is
unique.

Proof. The model (3.1) can be written as

Y'(t)=FY @),
where Y = [I(1), S(t),C(t), R(t)] € R* and F : R* - R%, with

A= kIS —axIC
PxlS — (0 — wy))kSC —yxS[S + C]
akIC + (w; — wy)kSC — uxC[S + C1|’
y&S[S + C + uxCLS + C]

F(Y)=-6Y + B(Y), B(Y)= 3.4

The proof of local existence and uniqueness of the solution follows by observing that each component of F is a polynomial
(F € C®(R*). Therefore, F is locally Lipschitz continuous. Thus, we get the thesis by the Picard-Lindel6f theorem (see [19, Th.
1.3D). O

From now on, let us denote I, = 1(0), .S, = S(0), Cy = C(0), Ry, = R(0).

Theorem 2. If I,, Sy, Cy, Ry = 0, then the solution of the Cauchy problem related to (3.1) is non-negative Vt > 0. Moreover, if the
initial conditions are positive, then the solutions of the corresponding Cauchy problem are positive Vi > 0.

Proof. The proof is done following a strategy similar to that used in [4]. Without loss of generality, we will focus on the case in
which the initial conditions are positive.
Let us consider the first equation of the model (3.1). From it we get

')+ IOPcSE) +axCE)+6) = A> 0. (3.5)
By defining
a(t) = exp (/Oz(ﬂKS(h) +akC(h) + 5)dh> R
from (3.5), multiplying its terms for a(z), it follows
%[I(I)a(t)] =I'(Oa(t) + IQ)(PxS[@) + axC(t) + 8)a(t)>0.
Therefore, I(¢)a(?) is an increasing function, and we have
V>0, I)a(t)>Iya0),
I(t)exp <At(ﬁKS(h) +axC(h) + 5)dh) >1.
Since by hypothesis [, > 0 then
I(t)>1,exp <— /Ot(ﬂKS(h) +akC(h) + 5)dh) > 0.
By proceeding similarly for the second equation, we get
L s@b) =0,
with

t
b(t) = exp </ —(fxI(h) — (w; — wy)xC(h) — yk(S(h) + C(h)) — 5)dh> .
0

6
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Then, S(1)b(t) is constant. Since »(0) = ¢® = 1 and S, > 0 by hypothesis, we have
Vi >0, S@b(t)=Syb0),
So
Sit)=—>0.
b(t)
Similarly, from the third equation, we get
d
—[C(t)d(®)] =0,
p t[ (Hd®)]
with
t
d(1) = exp ( / —(axI(h) + (@) — wy)xS(h) — ux(S(h) + C(h)) — 5)dh> .
0
Therefore, since d(0) = ¢ = 1 and C, > 0 by hypothesis, we have
V>0, C()d(t) = Cyd(0),
G
cH=-2>0.

d(@)
From the fourth equation, since by previous proofs S(r) and C(r) are positive V¢ > 0, we have

L [ROg01 > 0,

t
g(t) = exp (/ (5R(h))dh> .
0

R(t)g(t) is a strictly increasing function. Since g(0) = ¢’ = 1 and R, > 0 by hypothesis, we have

with

Vi20 R@g®) > Ryg0),
t
R(1) > Ryexp <— / (5R(h))dh> > 0.
0

This concludes the proof of the theorem. []

Remark 2. Note that, from (3.3), the total population reads as
A A

Nz=—5’(N——) 2,
W=e 0=5)*5%

where N, is a given initial condition for the size of the total population (N, = I, + S, + Cy + R). Therefore, there exists L > 0 such
that N(¢) < L,Vt > 0, and so, considering also Theorem 2 and (3.2), we have

0<I1(),S®),C(),Rt) <L, Vt>0.
Thus, we conclude that the solution of the Cauchy problem related to model (3.1) is bounded.

From Theorem 1 and Remark 2, note that the solutions of the Cauchy problem related to (3.1) are globally defined.
3.2. Equilibrium points

In this subsection, emphasis will be given to the analysis of the equilibrium points of the new ISCR model in (3.1). Since the
ISCR model is a multistrain epidemiological model, four types of points are expected [16]. In particular, solving F(Y) = 0, with F
as in (3.4), leads to the following equilibrium points:

— the Disease Free Equilibrium (DFE), that is obtained when both S(#) = 0 and C(¢) = 0. It is the point

{Upre-Spre-Cpres Rpre} = {%,0,0,0}; (3.6)

— the Spreader Prevalence Equilibrium (SPE), that is obtained when C(r) = 0, and describes the situation in which spreaders are
dominant. Its expression is reported in Appendix;

— the Counter spreader Prevalence Equilibrium (CPE), that is obtained when S(¢) = 0, and describes the situation in which counter
spreaders are dominant. Its expression is reported in Appendix;

— the Coexistence Equilibrium (CE), that is obtained when S(r) # 0 and C(¢) # 0, and describes the situation in which there is no
dominance of spreaders over counter spreaders and vice versa. It is reported in Appendix.

The asymptotic stability properties of the equilibrium points are studied by evaluating the eigenvalues of the Jacobian matrix
in correspondence of them, as explained below. From now on, let us indicate with (1) the real part of 4, with 4 € C. Moreover,
below we consider the definition of asymptotic stability in the sense of Lyapunov.
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Theorem 3. [38, Ch. 4, p. 268] An equilibrium point for a system of ODEg is locally asymptotically stable if the real part of all the
eigenvalues of the Jacobian matrix, evaluated in correspondence of this point, is less then 0. Furthermore, it is unstable if there exists at least
one eigenvalue A of the Jacobian matrix such that R(1) > 0.

In this subsection, we focus on the analysis of the DFE, which, as known, can be used to infer various insights about the dynamics
of an epidemic. For example, if the DFE is asymptotically stable, one can expect the epidemic to die out under initial conditions
sufficiently close to it. Similarly, in the context of fake information spreading, this would indicate that, after an initial phase of
diffusion, the news will gradually lose popularity, eventually leading to a complete loss of interest among social network users. By
analyzing the DFE, it is also possible to derive reproduction numbers, that is, using terminology from mathematical epidemiology,
the number of second infections due to the presence of a spreader or a counter spreader, respectively. Actually, since the ISCR model
is a multistrain epidemiological model with two classes of infectious, two different reproduction numbers can be derived, as well
as an overall reproduction number that describes if the epidemic will spread or not. The last one, in particular, is the maximum
between the previous two values [16].

The Jacobian matrix of the system (3.1) evaluated at the DFE reads

-5 kA L
A B
S0 —e+BR 0 0
0 0 —s+%4 o
0 0 0 -6
whose eigenvalues are
A
Ao==6, =34, A3=—5+%, /14=—5+ﬂ%. (3.7)

According to [16, p. 185] we have that the reproduction numbers associated to the spreader and counter spreader classes are
respectively given by

_ PrA _akA
1= 5—2 and R2 = 5—2

Then, the stability properties of the DFE are given in Theorem 4 below.

(3.8)

Theorem 4. The disease free equilibrium of the new ISCR model in (3.1) is locally asymptotically stable if R, <1 and R, < 1. If R; > 1
or R, > 1, it is unstable.

Proof. The DFE is asymptotically stable if all eigenvalues of J are less than zero. Since § > 0, then the eigenvalues 4, and 4, in
(3.7) satisfy this property. Consider now A; and A, in (3.7). Then

—5+ﬂK—A<O=>R1=&<1,
o 52
and
ak A ak A
-6+ —<0=>Ry=——<1.
B T
This concludes the proof. [
4. A NonStandard finite difference method for the proposed model

In Section 3, a new ISCR model to describe fake news diffusion on social networks was presented and some of its analytical
features were described as well. In order to apply it for the analysis of real case studies, a proper numerical method is also required.
Indeed, as we will see in the next section, to describe the spread of information extracted from a social network, we need to optimize
the model parameters by minimizing the mean squared error between the available real data and the solution obtained by solving
the ODE system. This parameter optimization phase requires solving the ODE model several times, and the use of standard methods
may not be efficient. By the way, explicit methods may suffer from instability issues, while implicit methods may be excessively
expensive since they require the solution of systems of nonlinear equations at each time step. For these reasons, exploiting the
so-called NonStandard Finite Differences (NSFD), we propose in this section a new method with computational cost similar to the
one of explicit methods. However, compared to standard explicit methods, this NSFD method will be proved to be stable. In addition,
we will construct it in order to preserve the positivity and the properties of the equilibrium points of the exact solution for each
choice of step-size. Similarly to Section 3 for the continuous case, also for the discrete model we here analyze the stability of the
disease free equilibrium. The stability of the other equilibrium points will be investigated numerically in Section 5 for some real
case studies.

Firstly introduced by Mickens [34,39,40], NSFD methods have had a great impact on literature regarding numerical methods to
solve epidemiological models, since by following some construction rules they can be positivity preserving and have good stability
properties. These rules are described e.g. in [25-28,30,34], and briefly recalled below. Consider an ODE problem of the form

] —
{y(’)"f(”y)’ with 1 € [1g, 1], 4.1)

Wto) = Yo,
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with f : [tg,t,,q]XR™ - R™ and y : [ty,1,,4] = R™. Let {t,|t, =ty+nh,n=0...N,ty =1,,,} be a discretization of the time interval.
Consider a Standard Finite Difference (SFD) scheme for (4.1). In our case, we consider the explicit Euler method. Starting from
it, a nonstandard method can be obtained by considering:

+ an approximation of the following type of the derivatives of y,
Yn+1 — l[/(h)y n
@(h) ’

being y, ~ y(t,), where the functions ¥ (k) and @(h) are non negative functions called numerator function and denominator
function, respectively, satisfying, for » — 0,

V)~

P(h)=1+0() and &) =h+OKH?).

Note that for ¥(h) = 1 and ®@(h) = h we recover a standard approximation of the derivative;
+ a non local approximation of nonlinear terms in f(t, y) involved into the problem. For example, if f(z,y) = y*, we can consider
2
V(1) R Vyi1 Ve

As shown below and discussed e.g. in [26], the above rules, appropriately adapted to the continuous problem under consideration,
can be used to modify a selected standard explicit method; in our case we consider the explicit Euler method as starting scheme. The
starting method should be modified so that it remains explicit and also preserves important properties of the continuous solution,
such as positivity and stability of the equilibrium points. Let us note that the application of the above rules does not affect the order
of convergence of the Euler method, which is equal to one, since they introduce an @(h) perturbation to it. These rules can also be
generalized to the case of numerical methods with higher order than Euler, see e.g. [26, Def. 5].

In view of the stability properties of method, we recall the following definition from [25].

Definition 1. A numerical scheme is called elementary stable whenever it has no other fixed points than those of the continuous
system it approximates, and the local stability of these fixed points is the same for both the discrete and the continuous dynamical
systems for each value of the step-size A.

Consider now the ISCR model proposed in (3.1). By taking into account the previous rules, we formulate the following

nonstandard finite difference scheme for its solution:
L~
% =A-pxl, S, —axl, C, - 351,
Sn 7SII

l;l(h) =ﬂK1n+lSn _((01 _wZ)KSnJrlCn _yKSn+l(Sn+Cn)_5Sn’ (4 2)
Cpe1-C .
% =axl, C, + (w, — w))kS,,C, — uxC, (S, + C,) — 6C,,,

Ryu1—R
W =rk8,11(S, + C,) + uxC,, (S, + C,) — 6R,,.

Equivalently, (4.2) can be rewritten as follows:

(1-6D(h))1,,+Ad(h)

Toy = T+ @S, +ax®d(h)C,’
S = (=3D()+x D)),
121 T Tr@—epr @G+ (S, +C,) (4.3)
C . = UZDPWar @)y +Hw =0 k@ (W)S,11)C,
n+l 1+ux®(h)(S,+Cp) >

R, 1 =0 =6®)R, + D(M)(k(yS,11 + HC, )(S, +C)).
Let us define
N,=1,+S,+C,+R,, Vn > 0. 4.4

Then, we can formulate the following theorem, which states that the law related to the total population of the continuous model
is preserved by the discrete scheme.

Theorem 5. N, in (4.4) is an approximation of order 1 of N(z,) in (3.2).

Proof. By adding the terms of the equations in (4.2) or (4.3), we get
Nn+l = Nn + lb(h)A - 5¢(h)Nn’

or equivalently

Nut1 = Ny =A-6N
@(h) "

Since @(h) = h + O(h), in view of (3.3), it holds true that N, = N(z,) + O(h). [
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Note that, by construction, the method (4.3) has trivially order of convergence equal to one. Depending on the denominator
function under consideration, a different NSFD scheme can be obtained from (4.2) or (4.3). Our main aim is to choose a denominator
function such that the numerical scheme is positive and elementary stable, i.e. such that it preserves the equilibrium points of the
continuous model and their stability properties. To achieve this goal, the following denominator function is considered:

e~ 0h

oy = 1=

6 (4.5)

Theorem 6. The NSFD scheme proposed in (4.2) or (4.3) is positive Vh > 0 if the denominator function in (4.5) is used.

Proof. Observe that, since w; > w, from Remark 1, by induction, using positive values of I, S, Cy, R, the solution provided by
the NSFD method (4.3) is positive if the quantity 1 — 6@(h) present in each equation is positive.
In particular, using the denominator function defined in (4.5), we have
_ o=bh
1—545(h)=1—61Te
Therefore, the proof follows. []

=e%">0 vh>oO.

As already mentioned, another important property that can be achieved by properly constructing a nonstandard method is
elementary stability. That is, the requirement that the equilibrium points of the continuous model and their asymptotic properties
are preserved in the discrete case for each 4 > 0. It can be shown that, for the new ISCR (3.1), the equilibrium points of the NSFD
method (4.3) correspond to those of the continuous model, as explained in Appendix. Furthermore, using the denominator function
(4.5), we show below that the asymptotic behavior of the DFE, i.e. the equilibrium point obtained when both spreaders and counter
spreaders are zero (see Section 3.2), is the same both for the continuous model and for the discrete method. As for the other points,
in Section 5 we will show that their asymptotic equilibrium properties are preserved by the numerical method for at least some
values of the model parameters.

Theorem 7. [16, Th. 16.3]. An equilibrium point for a discrete-time system is locally asymptotically stable if the magnitude of all the
eigenvalues of the related Jacobian matrix, evaluated in correspondence of this point, is less than 1. Furthermore, it is unstable if there
exists at least one eigenvalue of the Jacobian matrix that has magnitude greater than 1.

Theorem 8. The stability properties of the DFE (3.6) are preserved by the NSFD scheme (4.3) Vh > 0. This means that, in view of Theorem
4, for the discrete system, the point is locally asymptotically stable if R, and R, in (3.8) satisfy R; < 1 and R, < 1. Furthermore, it is
unstable if R; > 1 or R, > 1.

Proof. In order to study stability properties of the DFE, by considering conditions highlighted in Theorem 7, we compute the
spectrum of the Jacobian matrix of the system in (4.3) and evaluate it in correspondence of this point, obtaining the following
eigenvalues:

fx AD(h)

A =1-56D(h), /‘[2:1—5(17(]1)’ /13:1_5(15(h)+T’ /14:1_5¢(h)+a1(/1¢(h)‘

)

Note that [1,] = |4,] < 1 VA > 0. In fact, ®(h) = # and 1 — 6@(h) = e %" > 0 Vh > 0. Moreover, since § > 0 and ¢~ %" > 0
Vh >0, then 1 — 6®(h) < 1.

Focus now on the other two eigenvalues. Observe that, since §®@(h) = 1—e~%" < 1 Yh > 0, then 6®(h) < 2 or equivalently § <
Thus |4;] < 1 and |44 < 1 if and only if the following relations hold:

2
o(h)

—26+82D(h) 52
—_— <<=,
K Ad(h) 2 KA (4.6)
O<a< —.
KA

Consider the first condition of (4.6). Note that, since 6@(h) < 2, then

—26 4+ 8°®d(h) < =26 + 25 = 0.

25462 . 26452 S . .
The quantity %{fw < 0 Vh > 0. It is always true that f > 0 > %{fw. Thus, by considering the relations in (3.8), note

that the first equation of (4.6) is satisfied when R, < 1, while the last condition reads 0 < R, < 1. Furthermore, from the above
computations, it also follows that, if R; > 1 or R, > 0, then |43] > 1 or |44] > 1, respectively. This concludes the proof. []

5. Numerical experiments

In this section, we illustrate the reliability of the new ISCR model proposed in (3.1) for the description of the evolution of the
spread of some fake news shared on the social network X in recent years. Simulations will be carried out by solving the problem
with the NSFD scheme proposed in (4.3), showing its advantages in comparison to other numerical schemes from the literature.
Furthermore, we show that using an appropriate strategy to obtain optimized parameters from real data, it is possible to make
predictions on the spread of news. In our numerical tests, we will consider datasets of real data: we optimize the parameters of

10
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Table 1
Technical details on the used datasets.

Hashtag/Event  Date (dd-mm-yyyy)  Observation period  Available tweets  Type

#DCBlackout 01-06-2020 2 days 33117 Fake
#Spiderman4 04-04-2022 10 h 7341 Fake
#SarahPalin 01-08-2009 33 h 4677 Fake
#mahsaamini 24-09-2022 30h 3000 True

the models using a small amount of data, exploiting the remaining available ones to verify the accuracy of the made predictions.
In particular, datasets of real data are built using two tools, namely the Twitter Developer Option [41] and the Python data scraper
Tweepy [42], to extract data from X (Twitter), and the algorithm described in [5] to organize them in such a way that they can be
used for our aims.

To perform the parameter estimation phase, we minimize the mean square error between some of the available real data and the
estimated ones, obtained through the considered model. The parameter optimization process is performed exploiting the MATLAB
Isgnonlin function, using the same settings described in [5], but with appropriate modifications based on the used model. Once the
fitting phase has been carried out, with the obtained parameters and the considered model it is possible to predict the evolution
of the news spread. In particular, it is important to take into account the time of its maximum diffusion and the corresponding
number of spreaders. To compute optimized parameters, Isqnonlin solves a nonlinear least squares problem: starting from an initial
approximation of the parameters, it determines them by minimizing a chosen function. In our case, we select the function to be
minimized as the sum of the squared errors between real data and computed ones, on spreaders and recovered:

n n
Fan) = Y (S, = Strue)’ + P (R, = Reryelt,)).
n=1 n=1

Here: 7i is the number of data used for the prediction phase; S, and R, are the approximated number of spreaders and recovered at
time 1,5 Syue(?,) and Rye(?,), taken from the dataset, are the corresponding true total number of individuals which are spreaders
and removed at time t,; par is a vector containing all the free parameters to be estimated. Since the Isgnonlin function involves a
trust-region method based on an iterative process, it solves several times the considered ODE model, until it finds the final set of
parameters. As we will see from numerical experiments, the use of the NSFD method that we have constructed in Section 4 allows
to efficiently perform the parameter estimation phase.

Since the new ISCR model is primarily aimed at analyzing the spread of false information, the case studies under consideration
are mainly related to the diffusion of fake news on X. However, as described above, this model is very versatile, being also suitable to
describe the spread of information that is not necessarily fake. Indeed, it describes situations where two opposite groups of spreaders
are involved, and is able to analyze the evolution of news related to highly debated topics. For this reason, in numerical experiments
we also analyze a true news. Specifically, we will consider the evolution of the treads of the following hashtags, and consequently
the evolution of news linked to them.

— #DCBlackout [10]: fake news related to possible problems with communications in Washington D.C. due to the Black Lives
Matter movement.

— #Spiderman4 [5]: fake news related to a possible release of a new film of Spiderman trilogy of movies with actor Tobey Maguire.

— #SarahPalin [9]: fake news spread in 2009 regarding a possible divorce of Governor of Alaska, Sarah Palin.

— #mahsaamini [43]: true news related to the death of Mahsa Amini. She was a Kurdish woman arrested by Iranian police on
September 2022 because accused of wearing in a wrong way the hijab, violating Iranian laws. Forced to undergo to a “re-
education” programme, she was interned into a detention center where a violent beating caused her a cerebral hemorrhage
that let to her death.

Technical details on datasets related to each news are reported in Table 1.
5.1. Validation of the model and parameters estimation

The goal of this subsection is to show that the new ISCR model proposed in this work improves the predictions on news diffusion
obtained with some other models from the scientific literature introduced for this purpose. By the motivations expressed in [5], to
predict the spread of the news previously presented, we involve in the optimization process related to the new ISCR model (3.1) the
parameters f§, a, v, U, Ky, @;, @,. The only parameters not considered for the estimation phase are the rate A used for the ignorant
class and the mortality rate 6. Indeed, we set A = 0.00023 and 6 = 0.001. In particular, A has been chosen in this way according to
a parameter with a similar meaning employed in [6], where the authors analyze the dissemination of fake information in several
countries, using different datasets and obtaining good results in all cases. Regarding 6, we suppose that the number of individuals
that cannot access to their account during the observation period is quite small. Therefore, the value for 6 has been fixed in such
a way that it is at least of one order of magnitude lower than the parameters that describe the transition from a class to another
involved into the model. As already mentioned, in this subsection we compare the new ISCR model with two models from the
literature for the dissemination of information on the web, both able to describe the evolution of true or false news. Specifically,

11
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Table 2

Optimal parameters for the new ISCR model.
Hashtag p a 4 u Ko on w,
#DCBlackout 0.3 0.03 0.30001 0.04 0.2 1.6581 1.0589
#Spiderman4 0.20438 0.1 0.30001 3.5 0.2 1.2279 0.94123
#SarahPalin 1.5 0.07 0.03 0.04 0.02 3.5 0.02
#mahsaamini 0.1 0.1 0.1 0.3 0.29993 0.5 0.4

Table 3

Predictions of the time at which the peak of the news spread occurs, by the new ISCR model (for
which we used the NSFD method (4.3) with 2 = 2), the ISR and the reference ISCR models (for which
we used the MATLAB routine ode45). We refer to: t, as the actual time of the peak; t; as the estimated
time of the peak; Err,ﬁ as the relative error on 1,

New ISCR ISR ISCR
Hashtag 1, t; Err,ﬂ t; Err,p t; Errlﬁ
#DCBlackout 160 161 0.00625 157.28 0.0170 133.52 0.16550
#Spiderman4 151 123 0.18543 106.11 0.29731 92.778 0.38558
#SarahPalin 371 329 0.11321 278.11 0.25039 285.07 0.23161
#mahsaamini 191 211 0.10471 137.85 0.27826 167.52 0.12296

we compare the new ISCR with the ISR and the classic ISCR models [11,12], whose formulation is recalled in (2.1) and (2.2),
respectively. For all these three models, we consider xk = -, being k, > 0 and N,, the total number of individuals of the population
at initial time. This is done to take into account the fact that the average total number of connections between individuals during
the diffusion of a given news item is influenced by the size of the population (we use N, as an indicator of the latter).

In numerical tests, for the solution of the new ISCR model, which is performed several times during the parameter estimation
process, we employ the adapted nonstandard finite difference scheme (4.3) proposed in Section 4. Note that the ODE model derived
to describe the spread of fake news clearly provides an approximation of the actual data trend. That is, even by solving the ODE
model requiring increasingly greater accuracy from the numerical method, the error with respect to the (exact) real data does not
fall below a certain threshold (given by the difference between the data observed in reality and the solution of the ODE model,
regardless of the numerical method used for it). Therefore, decreasing the discretization step-size does not necessarily guarantee an
improvement in errors compared to real data. On the contrary, since the model has to be solved repeatedly during the parameter
optimization process, it is preferable to use discretization steps that are quite large for efficiency reasons. This is possible if the
numerical method has good stability properties, which is the case of the new proposed NSFD scheme. Indeed, as shown below,
choosing h = 2 leads to good results, e.g. comparable with those obtained by the MATLAB routine ode45 in terms of error, and
better in terms of computing times. As for the other two models ISR and classic ISCR, as done in [5], we use the MATLAB routine
ode45.

The optimal parameters for the considered news, obtained with the new ISCR model, are reported in Table 2. Moreover, Figs. 4
and 5 show the predictions made by the three considered models for the respective optimal parameter values. In these figures, the
data denoted with * (in green) have been used for the fitting phase, while the remaining data denoted with « (in red) are reported
just to check the accuracy of the predictions obtained with the used models. For each news, in the parameter estimation phase, we
have considered from 25 to 60 data, according to the related features, see also [5]. From Figs. 4 and 5 note that, in comparison to
the ISR and to the classic ISCR, the new ISCR model is able to better predict both the maximum number of spreaders and the time
corresponding to the peak of the spread. To visualize this aspect in detail, we report in Tables 3 and 4 the relative errors by the
three models associated to these quantities. That is, these tables show respectively the errors related to: the actual time of the peak
of the news dissemination (i.e. the time corresponding to the maximum number of spreaders), the actual value of the peak (i.e. the
maximum number of spreaders).

As can be observed, the new ISCR model produces better results than the ISR model and the ISCR reference model, both for fake
and true news. In particular, the ISR model fails to accurately predict the evolution of news such as #SarahPalin, since the peak
is underestimated, or #Spiderman4 and #mahsaamini, since the peak is overestimated. For these latter news, the results obtained
are also far from the real data. Instead, the classic ISCR model performs better than ISR, but still does not accurately predict the
peak for all the considered news (it is often anticipated), nor does it faithfully describe the overall trend of the news. Both of these
aspects are better accounted for by the new ISCR model. Moreover, by comparing the values of the errors reported in Tables 3 and
4 obtained using the three analyzed models for all the news, it can be seen that the performances in the case of the #DCBlackout are
in general better than the others. This is due to the features of the used dataset. In fact, for #DCBlackout, the data are characterized
by good regularity, with little significant fluctuations, particularly at the time points used during the fitting phase. On the contrary,
the data relating to the other news show more pronounced oscillations, as visible in Figs. 4 and 5.

5.2. Advantages of the NSFD scheme

In this subsection, we show the efficiency of the proposed NSFD method (4.3), which we have proved to be unconditionally
positive and stable. In particular, we show that the new NSFD method permits to conduct the phase of estimation of parameters with

12



D. Conte et al. Journal of Computational and Applied Mathematics 477 (2026) 117196
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Fig. 4. Prediction of news spread using the new ISCR model, the ISR model, and the classic ISCR model for #DCblackout (on the left) and
#Spiderman4 (on the right). *: data for the fitting phase. «: data for prediction. -: solution of the model.

Table 4

Predictions of the maximum number of spreaders by the new ISCR model (for which we used the NSFD
method (4.3) with A = 2), the ISR and the reference ISCR models (for which we used the MATLAB
routine ode45). We refer to: S, as the true maximum number of spreaders; Sl’; as the estimated
maximum number of spreaders; Errsp as the relative error on S,

New ISCR ISR ISCR
Hashtag S, S, Errg, S, Errg, S, Errg,
#DCBlackout 0.246 0.254 0.03143 0.265 0.0758 0.244 0.01009
#Spiderman4 0.218 0.216 0.01022 0.255 0.1700 0.193 0.11632
#SarahPalin 0.220 0.207 0.06010 0.182 0.1755 0.257 0.16752
#mahsaamini 0.247 0.241 0.02520 0.759 2.0696 0.232 0.06020
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Fig. 5. Prediction of news spread using the new ISCR model, the ISR model, and the classic ISCR model for #SarahPalin (on the left) and
#mahsaamini (on the right). “:data for the fitting phase. «: data for prediction. -: solution of the model.

good accuracy, stability and employing lower computing times than other standard methods. Also, here we confirm the elementary
stability of the NSFD method.

First of all, we experimentally verify the order of convergence of the developed NSFD scheme (4.3) by considering the parameters
in Table 2 for #DCBlackout, ¢ € [0, 1000], through the formula

_ log(err(2h)) — log(err(h))
Pest = log(2)

Here, err(h) is the relative error in 2-norm computed by considering the solution at all grid points, by the NSFD scheme with step
size h, with respect to a reference solution obtained via the MATLAB routine ode45, that has been applied by requiring maximum
accuracy. The experimental order of convergence obtained in this way is reported in Table 5. Note that, in order to compute it using
the formula written above, we have solved the problem by progressively halving the step-size value, starting from 4 = 0.1.
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Table 5
Estimated order of convergence by the NSFD scheme (4.3).

Time step-size h Pest
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Table 6

Relative errors on the time of the peak and on the maximum number of
spreaders, and employed CPU time for the parameter estimation process,
on the #DCBlackout news with the new ISCR model.

Method Err, Errg, CPU time
h=2 NSFD scheme (4.3) 0.01 0.0305 1.438
h=2 Implicit Euler 0.08 0.0425 37.58
tol = 1073 ode45 0.05 0.0514 6.688

Let us now compare the new NSFD scheme with the implicit Euler method, which also has order one, and with the MATLAB
routine ode45, on the new ISCR model. The comparisons have been performed by using these methods for the parameter estimation
phase on the #DCBlackout news. In accordance with the previous subsection, we have used h» = 2 for the NSFD scheme, and also
for the implicit Euler method. We mention that we have considered for comparison also the explicit Euler method with the same
time step-size h = 2. However, it suffers from instability issues and is unable to provide any result. For this reason, we do not report
results due to its use. Moreover, we have applied ode45 with relative tolerance 1073, In this way, the used methods lead to errors
of the same order of magnitude.

The results are reported in Table 6, where we show the relative errors on the time of the peak and on the total number of
spreaders obtained with the estimated parameters. In the table we also report the CPU time employed by the methods for the
parameter estimation phase. From the results, note that the NSFD scheme is advantageous as it provides relatively low errors and
with less CPU time than all other used numerical methods. Actually, the implicit Euler method takes long computing times as it
requires the solution of a nonlinear system of equations at each time-step. On the other hand, the Matlab routine ode45 provides
comparable errors with respect to those obtained using the NSFD method, but employing higher computing times than it. Therefore,
having a stable method able to provide reliable solutions even for large step-sizes is useful, especially for problems like the ones
addressed in this paper where it is necessary to solve the considered differential equations model several times to perform a phase
of estimation of the related parameters. This highlights the advantages of the new NSFD method proposed in this paper.

As mentioned in Section 4, the NSFD method is capable of preserving the positivity of the solution and also the equilibrium
points of the new ISCR model and their properties. In particular, in Sections 3 and 4, respectively, we proved that the DFE is an
equilibrium point of the continuous model and is preserved by the discrete method. The other equilibrium points of the continuous
model are reported in the Appendix. Using the Mathematica software, we have checked that the NSFD method (4.3) has the same
equilibrium points.

Below, we numerically show the elementary stability of the NSFD method for all considered news. That is, using the parameters
in Table 2, we computed the equilibrium points and the related asymptotic stability properties for both the new ISCR model (3.1)
and the NSFD method (4.2) or (4.3), verifying that they correspond in the continuous and discrete cases. The results are reported in
Table 7, that shows the stability properties of all equilibria for the considered news. Here, the symbol “-” denotes the unacceptability
of the associated equilibrium point for the used parameters.

Finally, Figs. 6 and 7 confirm the theoretical results proved for the DFE point. Indeed, recall that this point is stable if
R, = ﬂ(;(—z" <land R, = “I';—ZA < 1, and unstable otherwise. Thus, on the #DCBlackout news, i.e. with the parameters of the first row
in Table 2, the DFE point is unstable, as also shown in Table 7. Using a slight perturbation of the initial condition corresponding
to the DFE, this is indeed confirmed in Fig. 6, where it can be observed that the solution is asymptotically far from equilibrium.
Instead, by using parameters for which R; < 1 and R, < 1, note that the solution returns to the initial state, even by perturbing the
initial condition corresponding to the equilibrium, as shown in Fig. 7.
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Table 7
Stability of the equilibrium points for the new ISCR model on the
considered news, both in the continuous and discrete case.

Point #DCBlackout #Spiderman4 #SarahPalin #mahsaamini
DFE Unstable Unstable Unstable Unstable
SPE Unstable Stable Unstable Stable
CPE Unstable Unstable - Unstable
CE Stable - Stable -
0.3
0.1 Spreaders
——————————— — = —DFE
0.2 0.08
0.06
0.1 0.04
Ignorants 0.02
o = = =DFE ol
0 5000 10000 0 5000 10000
Time Time
0.2
Counter-Spreaders Recovered
0.1 — — —DFE 0.15 — =— —DFE
0.1
0.05
0.05
0 = = = = = = = = = = 4 O === === === ==
0 5000 10000 0 5000 10000
Time Time

Fig. 6. Numerical solution of the new ISCR with the NSFD method (4.3) for A = 2, considering the parameters related to the #DCBlackout news
in Table 2, and as initial condition I, = %, Sy = Cy = Ry =0.000001.

6. Conclusions and future research

In this work, a new epidemiological model of Ignorant-Spreader-Counter Spreader—Recovered type for the study of the spread
of fake information on social media was presented. We have analyzed important properties of the new model, such as positivity,
equilibrium points and related stability properties. Moreover, a numerical method based on nonstandard finite differences for its
solution was introduced, able to preserve all the main properties of the continuous model for each value of the step-size. Finally,
through several numerical experiments, we have shown the efficiency of the new nonstandard method for the parameter estimation
phase and highlighted that the proposed ISCR model can actually be used to describe the spread of high debated true or fake news,
improving the models present in the literature for these purposes.

Future research can concern the development of other adapted numerical methods to further improve the efficiency of the
parameter estimation phase. Furthermore, it would be interesting to investigate the behavior of the newly proposed ISCR model for
the analysis of other news involving a large number of data.

It would also be worthwhile to further investigate a more general formulation of the proposed model, in which some key
parameters, such as A, are functions depending on the total population size. In this case, however, the overall dynamics of the
system are not necessarily guaranteed to coincide with those previously obtained. Moreover, different outcomes may emerge when
the transition terms from the ignorant class to the spreaders or recovered classes are defined under the true mass-action assumption,
where these terms are divided by the total population at each time step [44,45]. Such a formulation could provide additional insights
into the behavior of the new ISCR model, particularly when applied to the description of news spreading over a large period of time.
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0.25
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—= = =DFE
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0.015
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-0.005 Recovered
0 — — —DFE
-0.01
0 5000 10000
Time

Fig. 7. Numerical solution of the new ISCR with the NSFD method (4.3) for 2 = 2, considering the parameters # = 0.07, « = 0.01, y = 0.01,
u =001, «k =0.06, wl = 1.8406, w2 = 0.83151, A = 0.00023, 5 = 0.001, and the initial condition I, = %, S, = Cy = R, = 0.000001.

Appendix

In Section 3.2, we mentioned the existence of four different types of equilibrium points for the continuous ISCR model (3.1).
These points, which correspond also in the discrete case for the NSFD method (4.2) or (4.3), are presented below. They have been
computed using the software Mathematica, version 14.1.

1. The DFE
{Upre:Spre>Cpre, Rore} = {%,0,0,0}.
2. The SPE {Igpg.Sspp.0, Rgpg}, where
Igpp = 2{32;’(2 (Box = dyx +ry),
Sspr = ﬁ (=8 + )k + 7).
Rgpp = mw%(# + 27K A) = Bory + Sy (7K — ),

with r| = V/k2(=2882y + 6252 + f2(6% + dykA)).
3. The CPE {I;pg,0,Ccpg, Repr}, Where

Icpp = Py (adx — ok p +1ry),

Cepr = e (=8(a + pic +ry),

Repe = ;(azk(éz +2ukA) — adry + op(Sux — ry)),
2028k

with r, = \/Kz(—2a52/4 + 6242 + a2(82 + 4k Ap)).
4. Two different CE points, denoted by CE; = {I¢cf,. Scg,: Ccg,» Reg,}, i = 1,2, that, as shown in numerical experiments, in
some cases may be not both acceptable or one acceptable and the other not. By setting u = (y — y + w; — ®,),

ry = sqrt{(Kz(a2(4yKA(a)1 —-—mw)) + 52u) + ﬂ2(4KA/4(a)l —w,) + 5%u)+
—2a(BRK Ay + p) (@, — wy) + 8%u) + 6% (@) — wy)u)+
+2B8% (@) — 0y)u + 6% (@) — @) wulay — flu — ) + ,))))},
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d = 1
1 — )
2(a = p)lay = pu)(ay = f(u — w1 + @)

1
dy=—"
*T (@ -y

their expression is as follows.

0=wW; —W, M =U—o+aw,,

(a) CE, reads
Icg, =d, (@28yxu + pSxcum, + péxom u — ry — abku(yo + fu)),
SCEl =dd, ( 0136}/1(14()/ —0)+ ﬁy(—ﬁzékuml + poxoum; —r3)+
— a®5ku(—yo(y +0) + B(y*> + 2ymy — omy))+
+al(y + 0)rs + poro(y* (—u — my) + 2ym] + on})+
+ p2ox(—yum, — m? +72u+m))) ),
Cep, = dydy(ay — pmy)( — f*Sku(p + 0) + Bk oum, +
— a?Syxcu + adku(B(y + p + o) — yo) — r3),

Reg, =dydyo ( Py + 2y Mu — B8 k(> + 1 + y(=2m + o)+
—3uo+ 202)m1 - BPr(8® + 2k Ap)ym u + dury+
+ ﬂé(—&xouzml +r3)— a?xu(8y (u + o)+
+ P22y +my) + 2y Ay + p+ m))+
— a(ps*k(—y> + ym% + yz(ml - o)+
- m%(ml —0))+ 5(—(5}/Kou2 +r3)+
— FPru*(y + 2my) + 2k AQumy + y(u +mp))) ) .
(b) For CE,, I¢g, = Icg,, and

Scp, =dyd; ( @syku(y — 0) + Pu(—p26xum, + féroum, + ry)+
= o 8Ku(=yo(y +0) + p(y* + 2ymy — om)+
—a((y +o)r; + /361(0(}/2(/4 —my) — 2ymf - om%)+
+ PPoxc(yumy +m =y (u+m) ),

Ceg, = dydy(ay — pmy)( — f*Sxcu(p + 0) + Boroum, +
— a?Syxu+ adku(B(y + pu +0) — y0) + r3),

Reg, = ddyo (@yx(8” + 2k Au = f26° k(7 + 1 + y(=2my + o)+
=30+ 20" )my — FPr(8” + 2 Apymyu — Sury — P3(Sxcou’my + r3)+
— o?ku(B2y (u + 0) + PS> Qy + m)) + 2y Ay + p + m))+
+ a(ﬂ&zlc(y3 - ymf - yz(ml —0)+ m%(ml — o)+
+ 8(8yxou® + r3) + fPru(8(y + 2m) )+
+ 2k A(um; + y(u+my))) ) .
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