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1 | INTRODUCTION

S. A. Nazarov® |

J. Taskinen?

Abstract

We construct the asymptotics of the eigenpairs of the
Dirichlet problem for the Laplace operator in a thin-
walled beaker and prove the localization effect for the
functions near the bottom edge, a smooth closed con-
tour, of the beaker. The main asymptotic terms are
described by the eigenpairs of an ordinary differen-
tial equation on the edge and by the single eigenvalue
belonging to the discrete spectrum of the Dirichlet
Laplacian in an L-shaped infinite waveguide. The corre-
sponding eigenfunctions are shown to decay exponen-
tially at some distance from the edge. Also, we find the
asymptotics of eigenvalue sequences generated by pla-
nar Dirichlet problems on the bottom and walls of the
limit beaker of zero thickness. Open questions related to
other sequences of eigenvalues are discussed.

MSC 2020
35P05, 47A75, 74Kxx (primary)

1.1 | Problem statement
Let w C R? 2 y = (y;,¥,) be a planar domain enveloped by a simple closed C*-smooth contour
Jw, the length of which is reduced to 27 by rescaling. Denoting by & a small positive parameter,
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LOCALIZATION OF EIGENFUNCTIONS IN THE DIRICHLET BEAKER 1363

we define a thin beaker LI" to consist of the bottom Q" = w x (0, k) and the wall
' ={x=2):ye=wnV"ze (1)} (11)

where V¢ C R? is the d-neighborhood of dw.
We consider the spectral Dirichlet problem

—Aul(x) = 2"uMx), xeu=qlueh, 1.2)
X

u(x) =0, x eadun, 1.3)
and its variational formulation as the integral identity [15]
(Vuh, v, 91 = bl why o v e HIWM), (1.4)

where V is the gradient, A, = V, - V  is the Laplace operator, (, ), ,» is the natural scalar product
in the Lebesgue space L2(UM), and Hé(uh) stands for the Sobolev space of functions satisfying
the Dirichlet condition (1.3). Problem (1.4), or (1.2)-(1.3) in its differential form, has the positive
monotone unbounded sequence of eigenvalues

o< <<l << <5 too, (1.5)

h
m
and the main goal of this paper is to the describe the behavior of them and the corresponding
eigenfunctions, as h — 0. We will prove that the eigenfunctions concentrate near the bottom edge
Y = 0w X {0} and decay at an exponential rate, when the distance from Y increases. The eigen-

functions are denoted by ui’, ué’, ué’, uﬁ .. E Hé(uh), and they are subject to the orthogonality
and normalization conditions
W' u =8, mneN=1{1,23,.} (1.6)

where §,, , is the Kronecker symbol.

There exists a vast literature on the localization effects for the eigenfunctions of the Dirichlet
problem in thin domains, see the review paper [12]. Let us mention papers closely related to our
research. Asymptotics of the spectrum of the Dirichlet problem in thin finite and periodic infinite
strips was studied in [3, 10, 11], while multidimensional thin domains were considered in [4] in
the case of smooth bases and in [22] for nonsmooth ones. The asymptotics of the eigenvalues and
eigenfunctions of the Dirichlet Laplacian in obtuse convex polyhedra were constructed in [18]
and in a triangle with an obtuse angle in [25]. The main observation in all of these papers is the
localization of the eigenfuntions in the vicinity of certain points on the boundaries, namely, near
the maximum points of the curvature of the contour of longitudinal cross-sections. However, the
paper [14] contains a study of the mixed boundary value problem for the Laplace operator with
Dirichlet conditions on the parallel bases of a thin plate, and localization is proved near the whole
Neumann lateral side with long edges. However, this type of localization occurs only in the case of
complete rotational symmetry where separation of variables can be applied to reduce the spatial
problem to a planar one. The latter is easily investigated with the help of the approach of [5], which
deals with same type of problems but in thin cylinders with distorted ends and gives a sufficient
condition for the appearance of the effect. There are many other works on the localization effects
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1364 | CARDONE ET AL.

for the eigenfunctions in Dirichlet or other boundary value problems, see, for example, the reviews
and literature references in [12, 21].

The present paper differs from the citations in the sense that here the phenomenon is based on
the discrete spectrum of the Dirichlet Laplacian in the union L of two unit semi-infinite strips

I ={§ =(§,8) 1 §€(0,+0),&5_; €0, 1)}, j=1,2. (L7)

The main issue of our asymptotic analysis, which also makes the crucial difference to earlier
works, is the derivation of an ordinary differential equation on the bottom edge dw x {0} C "
of the beaker: the eigenpairs of this equation form the main asymptotic terms of the eigenpairs
{A";ul'} of the problem (1.2) and (1.3) in U". In this respect, we mention the paper [14], where
a mixed boundary value problem in a thin domain also gives rise to a limit ordinary differential
equation, posed on a circle.

1.2 | Structure of the paper

In the next two parts of this section, we recall known facts, namely, the results [9, 24] on
the spectrum of the Dirichlet Laplacian in the cranked L-shaped waveguide L and an abstract
formulation of the variational problem (1.4), to be applied with the classical Lemma 1.1 on
“almost eigenpairs.” Based on Lemma 1.1, we will examine in §2 the asymptotic behavior of the
eigenpairs {AZ({ ); Uf’n (&)}, when h — +0 and the index m € N is fixed. The main results are for-
mulated as Theorems 2.6 and 2.7, whereas the preceding Theorem 2.4 contains the result on the
above-described localization effect and Proposition 2.5 on the convergence of the eigenpairs.

In §3, we describe other asymptotic sequences of eigenvalues in the midfrequency range
O(h~'7?) of the spectrum. The related eigenfunctions do not share the localization property as
they are distributed along the bottom and wall of the beaker Li". We also formulate some open
questions, the solution of which would require more detailed information on the continuous
spectrum g, of the problem (1.8), (1.9) than found in [9, 24], cf. Section 1.3.

1.3 | The spectrum of the problem in L
According to [2, Ch.10,§1], the Dirichlet problem

—Aqw(§) = pw(f), €L =11, VI, CR? (1.8)

w() =0, £eadl, (1.9)

defines a positive definite self-adjoint operator A in L?(L), the continuous spectrum go,. of which
consists of the ray [72, +0). It is known, see [9, 24] and also, for example, [8, 17] and others,
that the discrete spectrum go, consists of the single eigenvalue u, € (0, 7%), whose approximate
value u; ~ 0.937% was computed in [9]. The corresponding eigenfunction w, € Hé(l]_) decays at

infinity as O(e~ V7>~ l§1) but does not belong to H2(L) because of the singularity O(|£ — P|?/3) at
the corner point P = (1, 1) with opening 37 /2. These properties can be easily confirmed by the
separation of variables method. We provide a short proof of the fact on the discrete spectrum for
the convenience of the reader.
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According to the max-min principle, see [2, Thm.10.2.2] and [27, Thm.XIIL3], the eigenvalues
in go; can be computed as

IV w3 LA
&

. 2
in 2, 1.10
i weg\o} [Jw; L2(L)]|2 o

Mj = max

where £ ;isany (j — 1)-codimensional subspace of H é(l]_). We cut the unit square Q = (0,1)? from
L and write the Friedrichs inequalities by taking into account the Dirichlet condition (1.9),

IVew; L2(0; \ Q1> > 7% |lw; LA \ QII’,  j=1,2, (111)

2
IVew: LXQIP > S lw: LX(QIP. (112)

Since &, = Hé(l]_), inserting (1.11), (1.12) into (1.10) yields the estimate w, > 7?/2 for the first
eigenvalue y,, if it exists. As for the second eigenvalue, we consider the 1-codimensional subspace

& = {w € HYL) : /Qsin (%gl) sin (%’g’z>w(§')d§ - o} (113)

in (1.10) with j = 2. Replacing formula (1.12) by the Poincaré inequality ||V w;L*(Q)||* >
%nzllw;Lz(Q)Hz,which holds forw € &, using L = (IT; \ Q) U (I, \ Q) U Q and adding the sum
of the inequalities (1.11), we obtain

IV pw; LX)

2
1n _—
wee \{o}  [Jw; L2(L)||?

5

Thus, according to [2, Thm. 10.2.2], there cannot exist a second eigenvalue in the discrete spectrum
g, C (0,7%). Note that 72 /2 and 572 /2 are the first two eigenvalues of the Dirichlet Laplacian in
Q, and the first eigenfunction is the one in the integrand in (1.13).

The max-min-principle (1.10) shows that in order to prove the existence of the eigenvalue u, €
%, it suffices to present a trial function w € H é([L) such that

IVew; L2 < 7 [w; L2 (L)), (114)
Applying a trick in [14], we set
w(§) = w’(§) + Vow (),

where W € C(‘)”(Q) and, for§ > 0and j = 1,2,

w’(§) = ?CuE), §el;\Q wi(§)=uw(), {e€qQ

wo(g) ={Sil’1 (77-'§2)’ gl

>
sin(7§;), &>

£
(1.15)
§

1

Clearly, w(¢) € H}(L) and

+00 1
WO =2 [ e [ sind rg g, + 27800 W)g + 00)
0

1
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1366 | CARDONE ET AL.

+o00 1
IVew; LA(L)|)? = 27 / e~ / cos? (m&))dE; + 2\/E(V§w°, VeW)q + 0().
1 0

We insert these relations into (1.14), and since the integrals including the sine and cosine coincide,
the corresponding terms cancel out so that there remains the estimate

0 > [IVw; LI — 72 lw; LAL)]? = 2V8(Vw’, VW) — (7w’ W) + Cyd  (116)
23 (— [ W+ wene + [ W(&)[anw‘)](g)dsg) +Cyd.
Q D

Here, D ={£{ € Q : & = &,} is the diagonal of the square, Green’s formula was applied in Q,
and [3,W] is the jump \/571' cos(7&;) of the normal derivative of the function (1.15) on D.
Hence, by noting that (A; + 7*)w’ = 0 in Q \ D and choosing an appropriate function W, we

can make the multiplier of 2\/3 in (1.16) negative and achieve the inequality (1.14) for a small
d > 0. Consequently, we have proved that the discrete spectrum go, of the problem (1.8), (1.9) is
not empty.

1.4 | The abstract formulation of the problem

We equip the Hilbert space H" = H}(u") with the scalar product

h, My, = (v, uh, v ), (117)

and define in 1" the positive, symmetric, and continuous (thus self-adjoint) operator J" by the
identity

(Jhulhy, = @t ph e, vul ph e Hh (1.18)

The operator is compact and, by [2, Thm. 10.1.5, 10.2.2], [27, Thm. V1.15,16], its essential spectrum
consists of the single point 7 = 0, and the discrete spectrum is the positive monotone sequence of
normal eigenvalues
‘L'il > 1121 > ‘L';l > TZ >...— +0. (1.19)
Comparing formulas (1.4), (1.17), and (1.18), we see that the variational formulation of the prob-
lem (1.2), (1.3) is equivalent with the abstract equation J"u" = t"u" in the space H", while the
eigenvalue sequences (1.5) and (1.19) are related by

=M. (1.20)

The next assertion is known as the lemma on almost eigenvalues and eigenvectors, see its pri-
mary source [29] for further details. The result is a consequence of the spectral decomposition of
the resolvent (see [2, Ch.6], [27, Ch.VII]).

Lemma 1.1. Let U" € H" and T" € R, be such that

\uhHY =1, |JhUt - T HY| = 8" e (0,Th). (1.21)
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FIGURE 1 (a)The transparent (glass) beaker LI". (b) The opaque wall ®" = 8" x (0,1) = (w N V") x (0,1)
with white inner surface. (c) The opaque bottom Q" = w x (0, h). (d) Intersection of the wall and the bottom
Y= Q" n 0" =0" x(0,h).

Then, there exists an eigenvalue r in (1.19) satisfying the estimate
|zt — T < 8" (1.22)

Furthermore, for every 526(5h,Th), one can find a sequence of coefficients C" =

(C;\‘]h . C;’]h xh_ )such that

Nhixh-1 sh i
Y <25 e R =1, (1.23)
n=Nh *

are all eigenvalues of the operator J" belonging to the interval [T" —

h
Nhixh—1

h h
where Ton “"TNh+Xh—1

d i‘, Th+6 i‘] and the corresponding eigenvectors UNhh,
and normalization conditions

are subject to the orthogonality

Uns U = S (124)

2 | ASYMPTOTICS OF THE EIGENVALUES
2.1 | Rescaled coordinates

In the neighborhood V¢ C R? of the contour dw (see (1.1) and Figure 1.1), we introduce the
intrinsic system (n,s) of curvilinear coordinates, where n is the oriented distance to the con-
tour dw,n < 0 in w N V¥ and s is the arc length measured on dw counterclockwise. The Laplace
operator is written in the coordinates (n, s, z) as

= J(n,s)"! —J(n s) () ](n s)— ;— @1)
where J(n, s) = 1 + nx(s) is the Jacobian and «x(s) is the curvature of the contour at a point s € dw
with sign, that is, x is negative for the concave parts of the contour.
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1368 | CARDONE ET AL.

- () (c)

FIGURE 2 (a) Vertical cross-section of the beaker. (b) The corner through a magnifying glass.
(c) L-shaped waveguide L for the description of the boundary later, composed from the semistrips II; (shaded)
and IT,.

The coordinate change
nen=-hlnz-¢=h"lz, withé =(£,8) :=®,0) (2.2)

and formal setting & = 0 turn the domain L into the direct product L x dw > (&, 5) (see Figure 1.3)
and the problem (1.2), (1.3) into the problem (1.8), (1.9) depending on the parameter s. Indeed, the
operator (2.1) can be decomposed as

62

1 d )
A — Ek(s)% +ogt K(s)zn% + hD(7,s, Ve, 9), (2.3)

1

Ax:ﬁ

where D is a second-order differential operator such that the moduli of its coefficients do not
exceed c¢(1 + |n])(1 + h|n|) with a constant ¢ independent of i € (0, k).

2.2 | Asymptotic procedure

The main asypmptotic part of the Laplacian A, becomes h=2A ¢ in the dilated coordinates, and we
accept the asymptotic ansitze

A= 02 + o + ROy e (2.4)

uh(x) = v(s)w, (&) + ho(s)w' (&, s) + h*V(E,s) + -, (2.5)

where dots indicate higher order terms inessential for our analysis. Notice that since the derivative
d, stays unchanged, there is no need to differentiate v in the first correction term. The ansitze are
inserted into the differential equation (1.2) and the multipliers of the like powers of the parameter
h are collected. Since {u;; w, } is the eigenpair of the problem (1.8), (1.9), the terms of order h=2
cancel each other. Taking decomposition (2.1) into account, we obtain the following equation for
the second pair {u’; w'},

_Agw,(g’ S) - le,(gi S) = f,(g) = :u,wl(g) - K(S)ar]wl(g)r g eL (26)
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LOCALIZATION OF EIGENFUNCTIONS IN THE DIRICHLET BEAKER | 1369

Here, we have omitted the common unknown factor v(s). Furthermore, we add the Dirichlet
condition

w'(€,s)=0, &eoal, .7

coming from (1.3). There is only one compatibility condition (f’,w;), = 0 in problem (2.6), (2.7),
which implies, by the definition of f” and the Dirichlet condition (2.7),

W = i llws LI = x(s) / GE= A (e)dg = 50 x(s) / lode 0. @)

9§,
Thus, the solution w’ € Hé([l_) exists: it equals
w'(€,s) = k(W (), (2.9)
where W € Hé([L) solves the problem
~AW(E) — W) = —3,w, (), E €L, W(E) =0, £ €L, (2.10)

and decays at infinity as O = (||e~ V7> ~#lél), see, for example, [23, Ch.2]. The orthogonality
condition

W,wy), =0 (2.11)

makes the solution W unique.
The next problem in the asymptotic procedure reads as

—AcV(E,5) = i V(E,5) = yu(s)w; (§) + w; (§)3;v(s) — x(s)*v(s)d, W (£) (2.12)
+(s)*v(s)nd,w,(£), €L, V(£,5)=0, &€l

Now, the following ordinary differential equation on the contour becomes the compatibility
condition,

—02u(s) — ax(s)*v(s) = yu(s), s € dw, (2.13)

where a = a; + a, and
a == [wi@meun©as = [lw@Pds+ [ wi@ms,w s = a =3
a= [wi@o, W@z =— [ wes,w s (214)
L L

- / WENBWE) + iy W(EE = / (VWL - i W(E)E.

Remark 2.1. The general solution of the problem (2.10) is of the form W = W, + cw; where
(W, w;), = 0. Clearly, changing the coefficient c does not affect the value a, in (2.14).
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1370 | CARDONE ET AL.

The ordinary differential equation (2.13) is a standard spectral Sturm-Liouville equation (note
that the curvature function x is C*-smooth by the geometric assumption on the contour dw in
the very beginning of the paper). Consequently (see, e.g., [28, Thm. 5.11]), it has the monotone
unbounded sequence of eigenvalues

V1<V <YV3€ e €Yy € oo & +00. (2.15)

They and the corresponding eigenfunctions v,, € C*(dw) specify the ansitze (2.4) and (2.5). The
multiplicities of the eigenvalues (2.15) do not exceed two. The eigenfunctions can be subject to the
orthogonality and normalization conditions

(V> Vo = OS> M €N, (2.16)
Taking the eigenfunctions v, for v in (2.13) yields the representation
Vi(€,5) = V)(Eui(s) (2.17)

for a solution of problem (2.12), because the second derivative is a multiple of the function itself.
The exact expression for the factor V]g €EH é(l]_) will not be needed. This solution becomes unique
under the orthogonality condition

V3, w) =0. (2.18)
Remark 2.2. If w is the unit disk {y : |y| < 1}, then x(s) = 1 and
Y1=-0, Y=V =7k*—a, k=1,2,3,..,

v,(8) = 2m)Y2, vy(s) = 2712 cos(ks), Uy y1(5) = 27/ 2 sin(ks), k =1,2,3, ...

2.3 | Asymptotics of an eigenvalue

We take
(TP, UM} = {2y + ?y,) " (W 1wl (2.19)

as an “almost eigenpair” of the operator J” introduced in Section 1.4. Here, {u;;w;} is the
eigenpair of the problem (1.8), (1.9) described in Section 1.3 and

W) = XU (8)(w, (§) + AW (E) + RV, (), (2:20)

where W and VI? are asin (2.9) and (2.17). Moreover, y is a smooth cut-off function such that y = 1
in the d /2-neighborhood of the edge Y and y = 0 outside the d-neighborhood. Let us evaluate the
quantity 5f’n in (1.23) for the pair (2.19). First of all, according to formulas (1.17) and

V,=(0,,0,,J(n, s)_las), dx = J(n,s)dndzds, (2.21)

where |J(n,s) — 1| < ¢, |n| = c.h|n| so that the coordinate dilation (2.2) and the relation (2.16)
yield

(V WENV W = 00,50 IVewys PO + O(h +e79/M), § > 0 (2.22)
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LOCALIZATION OF EIGENFUNCTIONS IN THE DIRICHLET BEAKER 1371

so that
[V W = 18y 0] < e (2.23)

To see this, recall that ||V wy; L*(£)||* = g [lw; L*(£)||* by the integral identity for the eigenpair
{t1; w,} of the problem (1.8), (1.9) and that w, (§) decays exponentially at infinity, which compen-
sate the linear growth of the integrand and leads to corrections of order O(h), while the cut-off
function y causes terms of order O(e“9/ h), see Section 1.3. Second, we write

of =sup (J"U! —ThUR WMy, | (2.24)
= Ty 17 sup (VW V™) = (724 4 7,) (O W)
= Ty 7 sup |(Ay + h ™2 +7,) Wy W)l

where the supremum is computed over the unit ball in H", that is, |¥"; #"| = 1, and hence,

%" L2(WM)I1? < CRA||V, ¥7; L2(Wh)|1? < Ch2. (2.25)

Let us estimate the scalar product (If;, ‘Ph)uh between the last modulus signs in (2.24). Using
representations (2.3) and (2.20), we have

Ifn =[Ax,)(]ny‘l + )(h_zvm(A§ + uw; + )(Unh_l((A§ + upw’ — %0, w;) (2.26)
O (Ag + )V, = x8,w) + (8 + 7, + 1203, )W 0,)

+ xh' (B2 + ¥, + K208, )W + V)V, — %3,V v) + YhDW!.

The commutator [A,, y]is a first-order differential operator, and the supports of its coefficients lay
outside the d/2-neighborhood of the edge Y, where the functions w;, w’, and V', become smooth
and exponentially small. Therefore, using the bound ce=¥/% for the moduli of these functions
yields

A, xIWE L2 < e/, 8> 0.

The multipliers of h=2,h~! and 1 = h° in (2.26) vanish due to our definition of the functions
w;, w', and V&, respectively. Furthermore, recalling the properties of coefficients of the remain-
der hD in the decomposition of the Laplacian mentioned below (2.3) and using the exponential
decay of the functions w,, w’, V?n, the sum I f’n of the last couple of terms in (2.26) can be processed
similarly to (2.22). This leads us to the estimate

1T L2 < chlle™ DM 2| < ch(h?)!/? = ch?.
Notice that the factor h? is caused by the coordinate change x ~ (£, s).
The inequalities derived above and the relations |T" | < ¢, h2, [|W"; H"|| > /u; /2, which hold

for small h, see (2.19) and (2.23), yield the following estimate of the quantity (2.24):

§" <cph*h?h = c,h’. (2.27)
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1372 | CARDONE ET AL.

Lemma 1.1 now gives us an eigenvalue qu " of the operator J" such that

|t =TI <c,h’. (2.28)

m(h)

Let us verify that in the case Equation (2.13) has a double eigenvalue 3,,, there are at least two
eigenvalues 7, Tpy(n)+1 With (2.28) in the sequence (2.15). To this end, we use the second part
of Lemma 1.1 where we set §" = h> max{c,,, ¢}, 6" = p~18", p € (0,1), and denote by C(hj) IS

RXn(M) and S with j = m, m + 1 the columns and the sumsin n = N,,(h), ..., N,,(h) + X,,,(h) — 1
of eigenvectors given in (1.23). Then, (1.24), (1.23), and (2.23) imply
|ch

— h h h
| |<S(m)’ (m+1)>h| |<S(m) - U(m)7 m+1)>h| + |< (m)’S(m+1) U(m+1)>h|

(2.29)

(m) (m+1)

+ (U" 20+ 20+ Cp i b

(m)’ (m+1)>h|

Thus, for small p and h, the columns Ch and C(h L) are “almost orthogonal” in R¥»(") that may

happen only in the case N,,,(h) > 2. In other words, fixing an appropriate p, we find at least two
eigenvalues (1.19) belonging to the interval

[Tf’n —oth? m1n{5 m+1, Cpni1b Th + o7’ m1n{5 m+1, Cpi1}l-

These eigenvalues 7,,,) and 7,4, satisfy the inequality (2.28) with a larger constant C,,, in place
of ¢,,. Taking into account (1.20), we can now deduce that

A = h72 =yl < Cph(uy + B2y,
= A <2(h72py + 7)) as Cph* (g + HPy,) < 1/2 (2.30)
= |2 = h 72y = Yl < 2C, (0 + HPy,)?,
where j = m(h), m(h) + 1. Hence, we have verified the following assertion.

Proposition 2.3. For all m € N, there exist positive numbers h,,, C,, and an index m(h) € N such
that

|/1m(h) U =Yl <Cphash € (0,h,]. (2.31)

Moreover, m(h) # n(h) in the case m # n.

2.4 | About the convergence
From the last observation in Proposition 2.3, it follows that

At <y + ¢, for b€ (0, hy, . (2.32)
with some positive c,, and h,,,. Hence, we have

WA =y =y (2.33)
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along a positive sequence {h;};c converging to null. To find a similar convergence for the
eigenfunctions of the problem (1.2), (1.3), we need to prove their localization property.

Theorem 2.4. Let m € N be such that (2.32) holds true for h € (0, h,,,]. There exist positive h,, and

c,,, such that the eigenfunction uf’n normalized in L>(U"), see (1.6), satisfies the weighted estimate

IRV ul s L2 + Y IRME L2 (WD) < ¢,h ™! for h € (0,h,,] (2.34)

ocm’

where RI'(x) = e*8Y)/1 gnd a > 0 is a small exponent.

Proof. We insert the test function ¥" = Rul!  where u/ = R"u" | to the integral identity (1.4).
A simple calculation yields

20y 1hy)12 hph h.120 by 2 h h.12¢ hy)12
IVt L2 =l RV, RE LAUM12 = ALl L2 (23)
‘We make several observations. First,

R"_(0)|V R x)| = a/h. (2.36)

Second, we apply the one-dimensional Friedrichs inequality for the interval (0, #) © z in the bot-
tom piece Q" \ Y”, where Y" = {x € " : z € (0, h),n € (—h,0)}, see Sections 1.1 and 1.2. This
gives

IV, u s L2QP \ Y1 > 18,0, L2(Q" \ Y12 > #?h~2|[ul s L2(Q" \ YM)|12 (237)

Third, concerning the wall ©" \ Y", we recall formulas (2.21) and write

IV, L2@" \ YM|? > /a /h 1 / Z(l+nx(s))|6nufn(x)|2dndzds (2.38)
o _
> m?h™2(1 — ¢, h)|lu" ; L2 (@1 \ Y| 12
We now transform (2.35) into
A5l LI + [l RE VL RE LY = |V ,ul; L2 (2.39)
— A%l LA\ YD) =l RV RE L2 \ Y|

Formulas (2.32) and (2.36) and the normalization of u”, = R" u” in L?(U") show that the left-
hand side of (2.39) is less than

(W% + ¢y + h_2cx2)ez\/5°‘.

Moreover, the inequalities (2.37) and (2.38) provide the following lower bound for the right-hand
side with an arbitrary o € (0,1) :

oIVl s LAUM)IP+((1 - o)— - h—j — AW L2\ YN))? (2.40)
+(<1—o> (1—c h) — ——Ah)nu ;L2\ Y12
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1374 | CARDONE ET AL.

It suffices to mention that one can choose small positive o, «, and h,, such that both Lebesgue
norms of ufn on the right of (2.40) exceed ch~2 for some ¢ > 0 and all h € (0,h,,,]. O

‘We introduce two functions of the variables s € dw and 7 € L:

o106 = [ 0Oy (2.47)
L

ulH(E,8) = hy (U, (x) — wy (E)v(s).

Since (uf‘nl, w;), = 0 for s € dw and ||w;; L*(L)|| = 1, the information on the spectrum g, of
problem (1.8), (1.9) in Section 1.3 gives us

IV R LIRS > 5 s @42
ow

Recalling thatu? is normalized in L?(U") and using the weighted estimate (2.34) in Theorem 2.4
yields

1= [ 2D = 1 /a /[L G (o) PdEds + / (1 xCDEPdx (243)
w I_Ih

+ /h(J(n, s) — Dful (x)|2dx
L
=" L2(@w)||? + [[v"; LA(L X 6w)||? + O(e™/") + O(h), 9 > 0.
Here, we also took into account that
lJ(n,s) — 1| < ¢jlnl, |n|e—edistY)/h o c hforx e Uty evh (2.44)

We now insert the test function ¥" = )(Zuﬁl into the integral identity (1.4) and get by simple
transformations

R /a [Vl R + 18,60l = il Prdgds = [ WhvoaPds @4y
wJL LI
1 /a ) /L (1 = D2V Gt )P = 20 b )+ (1 = T7918,Geul)P)de ds.

The inequalities (2.34), (2.44), and (2.32) imply that the modulus of the right-hand side of (2.45)
does not exceed c(e /" + h).
Since vl and ;v are orthogonal to w; in L*(L), we have

R / / ul PdEds = "% L2Gw)|? + / 1oL 5); LWL %ds, (2.46)
dw JIL dw
n /a / 18,Gru)PdEds = 11,0 L2Gw)| + /6 18,0, 5 LX) %ds,
w JL 5}

/ / IV, Gl Pdeds = B2 / W) Pds |V gy LW (2.47)
dw J L dw
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+h—2/ /IV;vfni(E,s)Ing’ds+2h—2/ /Ufno(S)ngﬁn)ngf‘ni(E,s)dgds
dw J L s JI

> Wl e+ wh? [ [l o Pdzas
w JL

The last integral in the middle expression of (2.47) vanished due to an integration by parts, the
equation —Azw; = u,w;, and the above-mentioned orthogonality. Two other terms were treated
by means of the formula ||V w;; L*(L)[|* = y, and the inequality (2.42).

Collecting the estimates derived above yields

(*h ™2 = ) llopts LA(L X 0)|1? + 1950515 LAL X ) 1* + (1,05 L (0aw)? (2.48)
<ch+ @) = h2u)Iv); L)

The bound (2.32) and its consequence 72h =2 — A" > h=2 > h=*(x* — u;)/2for small h > 0 as well
as the relation (2.43) allow us to conclude that there exists a subsequence of {h j } jen (we keep the
same notation) along which

v - v% weakly in H' (8w), (2.49)
vEL > 0 strongly in L*(L X d),
U555 L2 @)l = 0 = (vl L*(Bw)|| = 1.

Our next aim is to get an integral identity for the limits U?y? and yfn in (2.49) and (2.33). Accord-
ingly, we take a function ¢ € C*(dw) and compose the trial function that imitates the ansitze
(2.6):

() = ¥ (X)P(s)(w; (§) + x(HW(E)). (2.50)
We multiply Equation (1.2) for the eigenpair {4 ; u" } by W" and apply Green’s formula to write
h_l()(ull:ln’ (Ax + 131)¢(w1 + hKW))uh = _h_l(uf;l’ [Ax’ X]¢(w1 + h'KW))uh (251)

The coefficients of the commutator [A,, y]- = A,.(x-) — YA, are again first-order differential
operators. Their supports lay outside the d /2-neighborhood of the edge Y where uf; is exponen-
tially small according to Theorem 2.4. Therefore, the right-hand side of (2.51) tends to zero as
h; — 0.

Furthermore, similarly to our calculation in Section 2.2, we have

(A, + A2)p(w, + heW) = Ph™2 (A wy + pyw)) + Ph™ (AW + W — 8,w,) + F + hF,

(2.52)
F=w, @82 + A — h2u)) + pi(nd,w, — 3, W), (2.53)
F = Dyp(w; + hxW) + (582 + Kznén)KW. (2.54)

Owing to the definition of w; and W, the multipliers of =2 and h~! in (2.52) vanish. Recalling
the properties of the differential operator D mentioned in Section 2.1, we obtain for the function
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(2.54) that
IF; L2 ({¢ e U" : dist(x,Y) < dD|l < cyh and b |(xul,, hF) | < cyh.

As for the function (2.53), we write

Wl Py = / V() (wy, FC, )y ds + O, F) o, =1 T0@) + ().

dw

In view of the estimates (2.32) and ||vfnl;L2([|_ X 0w)|| < ch, see (2.48), we have
hl
@)l < cyh.

Finally, recalling calculations (2.14) and formula [Jw,; L*(L)|| = 1 yields

IR@) = /a ) UP()OZY(s) + (A — h2p )P(s) + ax(s)*(s))ds.
Passing to the limit h; — +0 in (2.51), the relations derived above give us the equality

(02,829 + ¥ P + ax’h)y, = 0.

Thus, v%’ belongs to C*°(dw) and solves the ordinary differential equation (2.13) with y = yom.

Proposition 2.5. The limits in (2.49) and (2.33) form an eigenpair {721; U?V?} of Equation (2.13) on
the contour dw, and the eigenfunction v?r? is normalized in L*>(Ow).

2.5 | Theorems on asymptotics
Everything is prepared for conclusions on the asymptotics of the eigenvalues.

Theorem 2.6. The entries of eigenvalue sequences {/15’}]‘?‘;1 and {y j}}?‘;l, see (1.5) and (2.15), of the
problems (1.2), (1.3), and (2.13), respectively, are in the relationship (2.31) where the index m(h) coin-
cides with m and u, € [7?/2, %) is the only eigenvalue in the discrete spectrum go, of the problem

(1.8), (1.9).

Proof. It remains to show that m(h) = m for h € (0, h,,] and a small h,, > 0. Without loss of
generality, we may fix m such that y,, < y,,,,. Our derivation of the inequality (2.32), based on
Proposition 2.3, also ensures that m(h) > m. Let us assume that m(h j) > m for a positive sequence

h;
{h;}jen converging to null. Then, we find eigenvalues A,,{j € (0, hj_z,ul + 7,,] such that the corre-
h; h; h;
sponding eigenfunction u,,fh. is orthogonal to the eigenfunctions ulj, wos Uy, in L2(UM). Passing to
J

limit as in (2.49) provides an eigenvalue 7° < y,,, of Equation (2.13) such that the corresponding
eigenfunction §° is orthogonal to the functions vy, ...,v,, in L?>(dw). The last observation con-
tradicts with the method of composing the eigenvalue sequence (2.15). Thus, m(h) = m and the
theorem is proved. O

We will justify the asymptotics of the eigenfunctions uf of the problem (1.2), (1.3) only
for simple eigenvalues f3,,, for example, for the first one. However, the result on asymptotics
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(Theorem 2.7) is formulated without the simplicity assumption, because the necessary modifi-
cations for the proof of the general case are standard and self-explanatory.

By the second part of Lemma 1.1 and Theorem 2.6, we first observe that there exists H,, > 0
such that the interval

[hz(:ul + hz)/m)_l - thm’ hz(:ul + thm)—l + thm]

contains only a single eigenvalue 7/ = (1" )71, see (1.20), of the operator J". We put 6" = c,, h°,
see (2.28), and 8" = H,, h? in formula (1.23) and thus obtain that |C" | = 1 and

U — chuh; 1| < 28(8") ™! = 2c¢,,H,, k. (2.55)

m- m’

Then, comparing the normalization conditions (1.24) and (1.6), and recalling formulas (1.17), (1.4),
yields the relation u”, = (A" )=1/2Uh,

Now, straightforward calculations and modifications in the case of multiple eigenvalues lead
to the following assertion.

Theorem 2.7. Let m € N and let x,, € {1, 2} be the multiplicity of the eigenvalue y,, in the sequence
(2.15). Then, there exist positive numbers h,,, c,, and an orthogonal matrix C" of size x,, X x,, with
entries ng,p, q = m,m + x,, — 1 such that the eigenfunctions u; and v, of problems (1.2), (1.3),
and (2.13), respectively, subject to the normalization and orthogonality conditions (1.6) and (2.16),
are related by formulas

h||qu; - qu;;Lz(uh)ll + ||u; - u;;Lz(uh)ll <cy,h’forh € (0,h,],p=mm+x, —1

(2.56)

M+, —1
with ué, = [WEL2UDIT W and W) = () Y, Ch o )Wy () + kW (©),

q=m

where w, and W are functions in Hé([l_) satisfying the problems (1.8), (1.9), and (2.10), respectively,
and subject to the conditions ||w; L>(L)|| = 1 and (2.11).

Remark 2.8. The presence of the multiplier ||1’\71’;;L2(|Jh)||_1 means that formulas (2.56) are not
quite explicit. One can derive the following, much more explicit asymptotic formula for a simple
eigenvalue y,,, from (2.55):

RV ult = h'V L Qrwy0,); LW+ ), — B0 xw, 0,0 WM< eph. (2.57)

In this estimate, there does not appear the correction term of the asymptotic approximation of the
eigenfunction, and the upper bound is larger due to the fact that the solution W of problem (2.10)
is not defined uniquely, see Remark 2.1. In Theorem 2.7, this arbitrariness of the choice of W was
compensated by the above-mentioned multiplier.
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3 | OTHER SEQUENCES OF EIGENVALUES
3.1 | Prelude

At the first glance, the result of Theorem 2.6 seems to give complete information on the
asymptotics of the eigenvalues of the problem (1.2), (1.3), for example, because it suggests the
convergence

WA~y as h - +0

for any fixed m € N. However, although the relationship (2.31) even gives an estimate for the con-
vergence rate, the numbers h,, and c,, depend on the eigenvalue number m and vanish when
m — +oo0 so that the convergence is not uniform in m € N for sure. We augment this observation
in the present section with an effect related with the particular shape of the thin beaker. Namely,
we will find other asymptotic series of eigenvalues

Al d {Ahw } 3.1
{ p?n(h)}meN . P ) men G.D

whose asymptotic behavior is described by two-dimensional limit problems different from the
ordinary differential equation (2.13). These problems are obtained by restricting the original prob-
lem (1.2), (1.3) onto the bottom Q" and the wall ®" of the beaker while applying the standard
dimension reduction procedure, which is a significant simplification of the procedures, for exam-
ple, in [4-7, 22]. Another, evident trick will be needed to deal with the thin curved wall, see
Section 3.3.

The new asymptotic series (3.1) will possess a feature very different from the intrinsic asymp-
totic series <{/1ﬁ1 }men €xamined in Theorem 2.6, namely, the eigenvalue numbers pfn(h) and p\’ (h)
depend on the small parameter 4 in such a way that both grow unboundedly as 7 — +0. This fact
can be easily explained, according to representations (3.2) and (3.17), below: the entries in (3.1)
are situated above the point h~272 but according to the asymptotic formula (2.31) with m(h) = m,
see Theorem 2.6, the multiplicity of the spectrum (1.5) of the problem (1.2), (1.3) in the interval
(0, h~27?) tends to infinity as h — +0.

In the next sections, we present new formal asymptotic constructions for approximate eigen-

values, and the justification for the existence of true eigenvalues 1" b and AZ‘“ o in their vicinity
Pm m

is, of course, based only on the first part of Lemma 1.1, since (see the previous paragraph) it is not
possible to prove a convergence result similar to Proposition 2.5, which is the most complicated
partin the proof of Theorem 2.6. However, one related point deserves to be mentioned. The bottom
and wall pieces cannot be treated independently since the construction of the appropriate approx-
imate eigenfunction of the problem in LI" requires the continuation of asymptotic structures from
one subset of the beaker to the other one. Thus, we make with the help of constructing bound-
ary layers including solutions of the inhomogeneous Dirichlet problem in L. In view of general
results in [13], in order to define these boundary layer appropriately, one needs to investigate the
threshold resonance phenomenon in the problem (1.8), (1.9). This amounts to finding out whether
problem (1.8), (1.9) has a nontrivial bounded solution, when spectral parameter has the threshold
value u = 2. The bounded solution may be either a trapped mode, which decays exponentially
at infinity, or an almost standing wave that stabilizes in IT; to K sin(7§;_;) as §; — +oo for both
j =1,2 and with |K;| + |K,| # 0. The absence of the threshold resonance in the waveguide L is
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known, see [24], but it also follows from the inequalities derived in Section 1.3 due to either a
sufficient condition in [26], or the first criterium in [1].

We emphasize that the asymptotic series (3.1), to be found in the next sections, demonstrate that
the spectrum of the problem (1.2), (1.3) somehow “remembers and images” the whole shape of the
beaker Li". Note that not every thin domain has such “memory.” For example, a perturbation of
the upper edge of the wall " may destroy the second series in (3.1) but does not affect Theorem 2.6
at all. Similar observations have been made in [18] and [22] in other geometries.

3.2 | The bottom

We consider the restriction of the problem (1.2), (1.3) to the bottom part Q" = w x (0, k) of the
beaker LI"; the Dirichlet condition is extended to the whole boundary dQ". Separation of variables
gives the following eigenpairs of this auxiliary problem,

{BY, V() = {7 + B),sin(wh ™' 2)Y) (1)}, p EN, (3.2)
where {[32, Yg} are the eigenpairs of the Dirichlet Laplacian in the cross-section w, subject to
b by _—
(Yp’Yq)cu - 5p,q’ p:q eN. (33)

However, extending the eigenfunction V" by zero over the wall " \ Y" does not yield an “almost
eigenvector” of the operator J", Section 1.4. The reason is the jump of 6,¥2" on the thin ring

{x € U" : z = h}. In other words, the discrepancy " in formula (1.21) remains too large, and we
cannot apply Lemma 1.1 to find an eigenvalue of the original LI"-problem in a small neighborhood
of BZ. To obtain an appropriate approximation of an eigenfunction, we construct a boundary layer
near the edge.

Proposition 3.1. The homogeneous problem (1.8), (1.9) with the threshold parameter . = 7> has
the solutions

Zj(g) = X(gj)(gj +Kjj) Sin(ﬂ§3j) +X(§3j)K3—j(7T§j) + Zj(g)a (3.4)

where K ;i € R, the remainder Zj € Hy(L) decays at the rate O(e"f'”\/g) as |£] - o0 and X €
C®(R) is the cut-off function with

X@t)=1fort >2, X({#)=0fort<1l, 0<X<1. 3.5
Proof. Following [23, Ch.5], we introduce the following linear waves in the outlets IT s j=12,

ZE(E) = (€, FDsin(né; ), p=1,2,i= yay

According to [23, Ch. 5§3], see also [19] for our Dirichlet problem, there exist two solutions of the
problem (1.8), (1.9) with u = 7 growing linearly at infinity, with the representation

$p(6) = XENZ, )+ Y S, X(E)zZHE) +T,(8).

q=1,2
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Here, the remainders decay exponentially and the coefficients S, € C form a unitary and sym-
metric 2 X 2-matrix S, which is the threshold scattering matrix. In addition to the equality S;, =
S,1, the geometric symmetry implies S;; = S,, and, moreover, z,(£;, §,) = z,(§,, &) so that we
set p = 1 in the following.

A result of [19], see also [20], assures that the matrix S has no eigenvalue —1 because there does
not exist a threshold resonance [13, 16] in problem (1.8), (1.9), see Section 1.3. Thus, the algebraic
system

Sc+c=(1,0)

has a solution ¢ = (c;,¢,) € €2, and by a direct calculation, we find that the linear combination
¢, + ¢,¢, includes the desired solution (3.4). Since the problem in question has no bounded
solutions at the threshold, the coefficients K ;; and K j, in (3.4) must be real, because the problem
in question is invariant under complex conjugation and the solution with the fixed linear growth
in a single outlet IT j is unique (see the references above). O

We now compose the almost eigenpair of the operator J", see (1.18), as follows:

Ty U = (2@ + ) W) 1 T W, (3.6)

Wk(x) = X)) sin(x)Y ) (y) + hx(x)3,Y (0, )4 (8). (3.7)
Here, X € C°(w) is a cut-off function such that
X(y)=1foryew\V?: X@)=X(h"'n)forycwnv (3.8)
Notice that the term

Z,(5) = 2,(§) = X(§))§, sin(wE,) = Z K;X(§;)sin(més;) + Z,(), (3.9)

Jj=12

extracted from (3.4), does not decay at infinity and therefore cannot be perfectly regarded as a
boundary layer. However, the derivatives 521 /o0& j decay exponentially in II; as & j = +oo and
this helps to derive proper estimates. Namely, the cut-off function y used in §2 and (3.7) can be
required to have the properties that

x depends on z in ©" \ Y and on nin Q" \ Y". (3.10)

First of all, we mention that in view of the normalization (3.3) and the Taylor formula

YO (») = 0+n3,Y5(0,5) +0(n*), y ewn Ve, (3.11)
we have
bh.4ghy2 _ T " 2 Z b.y2 5 2
IW2hs 2 12 = ﬁ/o cos <nﬁ>dz||Yp;L @I +0(1) = 2+ 0(1). (3.12)

Then, similarly to (2.24), we write
h _ hyrbh _ mbhyrbh qhy | _
5p =sup {J u,-T,"U,"¥ Wl = (3.13)

= TOMIW D H |7 sup [((Ay + k7272 + BOWD, 97) .
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Furthermore,
(A + h 727 4+ BOWD = XA + k727 + ) sin(n)Y ) + sin(zd)[A,, X" YD
+ hX(Ax + h_zﬂz)(anylbj |n:02\1) + hﬁzxanyg |n:02\1 + h[Ax7 X](aan |n:02\1)
_. ybh | tbh | ybh , ybh | t1bh
=: Ip1 +Ip2 +Ip3 +IP4 +Ip5.

The first term I 2}1’ evidently vanishes. Owing to the Taylor formula (3.11) and the estimate (2.25),
we have

|12, W) 1 — (SInGEOIA, X118, YD), ) (3.14)

< ch meas,x" rna);(h_“n“ + h2n)V2 Wl L2 < ch?,
yEX

where " = supprthl is a curved ring of width h, see (3.8) and (3.5).
The function (3.9) satisfies the differential equation

2
_A§21(§) — 1%Z,(§) = sin(n&,) l%)«&)l §, S €L,
1

and therefore, performing the inverse coordinates change (2.2) shows that the scalar product
I gg‘, W) 4 coincides with the one that is subtracted on the left-hand side of (3.14). Consequently,

the sum of these products has the proper estimate.
Both functions 4, Y, and 7, are bounded and we have

|(IZZ,lph)|_|h| < ch(meas,L")/2||®"; L2(UM)|| < ch®/2.

Finally, using the properties of (3.9) and (3.10) gives us

(102, %) u| < ch(meas; " (14 h™'e /M)Wt L2 < ek,

Combining the above estimates yields the bound 52 < cph3/ 2 for the quantity (3.13), and
Lemma 1.1 and an analog of (2.30) lead to the following assertion.

Theorem 3.2. Forall p € N, there exist positive hg, cz and an index p®(h) such that

A2,y = BT = Byl < chh'/? for he (0, K}, (3.15)

where {62 }pen is the monotone sequence of the eigenvalues of the problem
A Y ) =Y (), yEw,  YP(») =0,y € dw. (3.16)

‘We will still comment this assertion in Section 3.4
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3.3 | Thewall
We restrict Equation (1.2) to the thin curved domain (1.1) and impose the Dirichlet condition on
the whole boundary 6@". Then, we search for the asymptotics of the eigenpairs of the obtained
problem in the form
A= n272 + h—lﬁl +BY + -, (3.17)
ul(x) = sin(zn)Y¥(s, z) + hY'(s, z;9) + WY (s, z;7) ... (3.18)

Inserting these ansitze into the differential Equation (1.2) in ©" and applying the decomposition
(2.3) show that the first correction terms in (3.17) and (3.18) must be found from the problem

—0,Y'(s.z:n) — 7Y/ (5, z:7) = (B’ sin(rn) — x(s)m cos(zn)Y“(s,2), 1 € (0,1),
Y'(s,2z;0) = Y'(s,2;1) = 0,
and therefore,
B'=0, Y'(s,z;n) = %x(s) sin(zn)Y¥(s, z; ). (3.19)
At the next step of the asymptotic procedure, we obtain the following problem:
—6f]Y”(s, z;m) — °Y"' (s, z;m) =sin(zn)(82 + 82 + BY)YY(s, z) + x(s)*n7 cos(7rn))Y (s, z)
— 2K sin(E)Y“(s.2), 1 € (0,1)
Y"(s,2;0) =Y"(s,2;1) = 0.
The compatibility condition in this problem converts into the partial differential equation

B Y(5,2) = 3KV (5,2) = BUY(5,2), (5,2) € 8w X (0,1), (3.20)

which, owing to the Dirichlet condition (1.3) on {x € du" : z = 1} and the absence of the
threshold resonance in the problem (1.8), (1.9), we supply with the boundary conditions

Y¥(s,0)=0, Y¥(s,1) =0, s € dw. (3.21)

Repeating the calculation at the end of Section 3.2 with obvious modifications that are due to
formulas (3.17)—(3.19) yields the following assertion, which is very similar to Theorem 3.2.

Theorem 3.3. Forall q € N, there exist positive thIU’ cf]” and an index q* (h) such that

|/1§w(h) —h72 = BY| < cPh'/? for h € (0, Y], (3.22)

where {qu}qu is the monotone sequence the eigenvalues of the Dirichlet problem (3.20), (3.21).
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3.4 | Final remarks

In the same way as in Section 2.3, by a standard reasoning, one can consider the case when 3 is an
eigenvalue of a problem (3.16) in w and problem (3.20), (3.21) in dw X (0, 1) with multiplicities x?
and x“, respectively. Namely, the interval [h 2% + 8 — cg, =27 + 8 + cg] contains x” + x* dif-
ferent eigenvalues of the problem (1.2), (1.3). However, the total number of eigenvalues belonging
to this interval remains again unknown. Also, all information on the corresponding eigenfunc-
tions in the second part of Lemma 1.1 becomes quite implicit. Thus, we prefer not to prove or even
formulate precisely these assertions.

In addition to (3.2), the Dirichlet problem in the isolated bottom Q", discussed in Section 3.2,
has the eigenpairs

(h=2k*m? + ﬁg, sin(n’kh_lz)YZ(y)}, pEN, k=2,3,4,..,

so that one may try to construct other asymptotic sequences of eigenvalues 1" by’ However, to this
p

end, it is necessary to study the threshold resonances in the problem (1.8), (1k.9) with the spectral
parameter u = 72k? inside the continuous spectrum, see [20]. This phenomenon must not exist
in order to fulfil the Dirichlet condition on dw in the limit problem, cf. reasoning in [13, 20]. A
similar consideration applies to the Dirichlet problem in the isolated wall @".

Unfortunately, an investigation of the resonances at the higher thresholds u = 72k? > 72 has
not been made yet. Also no example of an eigenvalue u, in the continuous spectrum g, =
[72, +0) has been found in problem (1.8), (1.9). Similarly to §2, such embedded eigenvalue may
give rise to an asymptotic series of eigenvalues /12- ny the eigenfunctions of which are located near

the edge of the beaker Y.
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