iIScience

Inferring global exponents in subsampled neural

systems

Graphical abstract

Neural Dyamics exhibit power law avalanches

SUBSAMPLING

EEEN | ||
EEEE N N
HEEE | ||
EEEE N ||

Xy

(2+1)-D DIRECTED PERCOLATION

4

ALL-TO-ALL BRANCHING PROCESS

Exponents affected by Subsampling Exponents affected by Subsampling

)

: 2

g ‘: 18

o g6

' 2 14

. 120
T T N T T TR

22 18
17
16

=15

14

13

18

17

16

@s

1.4

13

107102 10% 104 105 108 107 R 64
n

16 256 1024 4 6 64
subsampling ratio

1 256 1024
subsampling ratio

| Subsampling: ®1 ®4 ®16 © 64 © 2560 1024 BinSize: ®2 ©4 ©8 16 © 32 ® 64

Highlights
® Neural activity exhibits avalanche dynamics with power-law
size and duration distributions

@ Subsampling alters these distributions and biases estimates
of critical exponents

® Exponents governing power spectrum and DFA remain
stable under subsampling

@ This robustness enables inferring global critical exponents
reliably from partial data

) Conte & de Candia, 2025, iScience 28, 113049
Gails August 15, 2025 © 2025 The Authors. Published by Elsevier Inc.
https://doi.org/10.1016/j.isci.2025.113049

Authors

Davide Conte, Antonio de Candia

Correspondence

davide.conte@unicampania.it (D.C.),
antonio.decandia@unina.it (A.d.C.)

In brief

Natural sciences; Biological sciences;
Neural networks

¢ CellPress


http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:davide.conte@unicampania.it
mailto:antonio.decandia@unina.it
https://doi.org/10.1016/j.isci.2025.113049
http://crossmark.crossref.org/dialog/?doi=10.1016/j.isci.2025.113049&domain=pdf

iIScience

Inferring global exponents

¢? CellPress

OPEN ACCESS

in subsampled neural systems

Davide Conte'*->* and Antonio de Candia?%+*

1Department of Mathematics & Physics, University of Campania “Luigi Vanvitelli”, viale Lincoln 5, 81100 Caserta, Italy
2Dipartimento di Fisica “E. Pancini”, Universita di Napoli Federico Il, Complesso Universitario di Monte Sant’Angelo, via Cintia, 80126 Napoli,

Italy

3INFN, Sezione di Napoli, Gruppo collegato di Salerno, Fisciano, SA, ltaly

4These authors contributed equally
5Lead contact

*Correspondence: davide.conte@unicampania.it (D.C.), antonio.decandia@unina.it (A.d.C.)

https://doi.org/10.1016/j.isci.2025.113049

SUMMARY

In systems exhibiting avalanche-like activity, critical exponents can provide insights into the mechanisms un-
derlying the observed behavior or on the topology of the connections. However, when only a small fraction of
the units composing the system are observed and sampled, the measured exponents may differ significantly
from the true ones. In this study, using branching process and (2 + 1)D directed percolation, we show that
some of the exponents, namely the ones governing the power spectrum and the detrended fluctuation anal-
ysis (DFA) of the system activity, are more robust and are unaffected in some intervals of frequencies by the
subsampling. This robustness derives from the preservation of long-time correlations in the subsampled
signal, even though large avalanches can be fragmented into smaller ones. These results don’t depend on
the specific model and may be used therefore to extract in a simple and unbiased way some of the exponents

of the unobserved full system.

INTRODUCTION

The evolution of systems observed in Nature is constantly influ-
enced by their response to external perturbations. Numerous
studies have demonstrated that many physical systems, despite
their macroscopic differences, share similar underlying dynamics.
In particular, due to these perturbations, a single event can trigger
a cascade of subsequent events, known as an avalanche,
showing power law distributions of sizes and durations. This
behavior, referred to as crackling noise,’* has been observed
across a wide range of phenomena, including Barkhausen noise,”
earthquakes,*® solar flares,® biological systems,”® stock mar-
kets,” " epidemic spread,'? and neural networks.'*"°

An avalanche is typically defined as a chain of consecutive ac-
tivities occurring above a threshold over an interval of time.
Defining V(t) as the time dependent observable, for example
the firing rate in neural networks, the interval of time of the
avalanche is a consecutive set of time steps such that V(t) >
©, preceded and followed by two time steps with V(t) < ©.
The duration T of an avalanche is defined as the length of the
time interval that characterizes it, while the size S of the
avalanche is the integral of V(t) — © over the same interval. In
the following, we will take the threshold ® = 0.

In crackling noise phenomena, the sizes and durations of ava-
lanches follow power-law distributions, which is a defining char-
acteristic of this behavior. The probability distribution of the sizes
of the avalanches is given by P(S) ~ S~7, that of durations by

)

P(T) ~ T, while the average size of the avalanches of given
duration is (S)(T) ~ T”. In most cases, these exponents satisfy
the relation’"'®

TT—1

=y, (Equation 1)

s — 1

which is generally valid when the system is critical. Relation (1)
indeed can be violated when the system is not tuned at criticality,
see for example.'”"'®

The autocorrelation function of a stochastic signal V(t)
is defined as C(t',t' + t) = (V{V({' + t)) — (VI )NV +
t)), where the average (:--) is done over the realizations of the
stochastic process. For a stationary process, in which average
quantities do not vary over time, all statistical properties are
invariant under a global shift of the time origin, so that the auto-
correlation function depends only on the time lag t,

Ct) = (VW + ) — V()

where the average (---) can be done over the time t'.

By the Wiener-Khinchin theorem, the power spectrum is
defined as the temporal Fourier transform of the autocorrelation
function:

P(o) = /O " dt C(t)cos(wt).
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As shown by Kuntz and Sethna,? this too follow a power law
behavior in crackling noise, e.g., the power spectrum goes as
P(w) ~ o~ at low frequencies, while the high-frequency part
is typically dominated by white noise. However, for a finite size
system, there is a cut-off in the duration of the avalanches, so
that the signal V(t) becomes uncorrelated at very long times,
and another white noise regime is observed at very low fre-
quencies, so that the exponent g is actually observed in a finite
range of frequencies.

As shown in quite general terms in the study by Kuntz et al.,? if
different avalanches are uncorrelated, then

B =y (Equation 2)

The condition of uncorrelated avalanches is usually well veri-
fied when the time separation between avalanches is large, or
if the system reaches an absorbing state between different ava-
lanches, so that memory of past activity is lost. The behavior of
power spectrum is strictly connected to that of detrended fluctu-
ation analysis (DFA),'® that considers the standard deviation
of the fluctuations of the detrended signal, over varying
intervals of time. For a process V(t) in discrete time t € N, this
is defined in the following way: consider an interval of time
t,t+1,....,t + n — 1 of length At = n, and compute the linear
function Yy = a + bk that best fits the given function V(t + k)
withk = 0,...,n — 1. Then compute

1 n-1

F(n) = \|= > [V(t+k) — Yi]>.

nk:O

Finally, average F(n) over many non-overlapping intervals of
time. The function F(n) is strictly related to the power spectrum
of the function V/(t).?° If the power spectrum is proportional to
o~ " in some interval of the frequencies, then F(n) will be propor-
tional to n* for a corresponding range of n, with g = 2a — 1.

The previous discussion concerns systems observed in their
entirety. However, our knowledge of the system is often limited
to a small fraction of it, making it challenging to obtain predic-
tions of the properties of the global system. Different studies®'*
have shown that subsampling can significantly alter the
observed distributions, even when these distributions are scale
invariant. Consequently, the critical exponents measured in sub-
sampled data may deviate from those of the fully sampled sys-
tem, resulting in violations of the scaling relations. In this work,
we demonstrate that there exists a frequency (or timescale)
range in which the exponents g of the power-spectrum expo-
nent, and a of the DFA, remain invariant with respect to
subsampling.

As the exponent y relating the mean size to the duration
instead changes with subsampling, the relation (2) does not
hold anymore in the subsampled system. This can be traced
back to the fact that, in a subsampled system, subsequent av-
alanches are not uncorrelated, as they often are successive
fragments of a larger avalanche spanning also not sampled re-
gions of the system. While the exponents of avalanche distribu-
tions in subsampled systems, e.g., 71 or y, are computed taking
into account those fragments as separated independent ava-
lanches, when computing the power spectrum or the DFA,
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one considers the temporal correlations of the signal, regard-
less of the fact that the signal is broken up in successive seg-
ments. Such correlations at long time scales are the same as
in the fully sampled signal. We demonstrate this property within
two particular models, the branching process (mean field
directed percolation) and (2 + 1)D directed percolation. In the
first model, the property can also be derived analytically, while
in the second it is confirmed by numerical simulations. How-
ever, from the discussion aforementioned it is clear that these
results are general and do not depend on the model that pro-
duced the signal analyzed, being a consequence of the fact
that long time correlations are preserved also in the sub-
sampled signal.

This issue has profound implications across various fields. In
neural systems, for instance, it is known that the brain operates
near a critical state, as this optimizes dynamic range,*” informa-
tion transmission, and information capacity.>* Neural activity is
therefore characterized by avalanches as in crackling noise,
whose critical exponents carry information on the underlying
neural dynamics or topology of the network. Current technolo-
gies can record neural avalanches only from a small portion of
the cerebral cortex, leading potentially to systematic inconsis-
tencies in the values of the measured exponents and in the
scaling relations. Developing robust methods to infer the global
critical exponents from such partial data are therefore essential.
In this context, accurate prediction of critical exponents is partic-
ularly valuable, not only for advancing our theoretical under-
standing of brain function, but also for potentially serving as a
diagnostic tool.

RESULTS

Branching process

The first model we consider is the paradigmatic model of
avalanche spreading, that is the branching process. It corre-
sponds to the mean field version of the directed percolation
model. We consider a set of N nodes of the network that can
be in two states, active and quiescent. Starting from the
absorbing state, in which all the nodes are quiescent, we set
one node to the active state, to start a new avalanche. Then, at
each time step t and for each node that is active at that time,
we find the nodes that are activated by it at time t + 1. We
use an all-to-all connectivity, so that each active node may acti-
vate each of the N — 1 other nodes with probability ¢/N, where ¢
is the branching parameter. Nodes that are active at time t
become quiescent at time t + 1, unless some other node has
activated them again. If at some time the absorbing state is
reached, the avalanche ends, and at the following time another
one is started. In the following we consider the critical value
o = 1 of the branching parameter.

To simulate the subsampling of the system, we consider a
subset formed by Ngy <N nodes, and analyze the avalanches
observed taking into account only the Ny, nodes. We define
the subsampling ratio as f = N/Ngy, where f = 1 means that
we observe all the nodes of the system, while larger values corre-
spond to lower density of observed nodes. Due to the all-to-all
connectivity, the results are independent of the chosen subset
of the nodes, but depend only on the number Ng of nodes
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forming the subset. We measure the distributions Pgy(S),
Psub(T), and the mean size (S)g,,(T) for different subsampling
sizes Ngyp. We have performed 256 independent runs, each
simulating a system with N = 224 ~ 1.6-10" nodes, and the sub-
sampling ratio f was taken between 1 and 1024. Each run pro-
duced about 6-107 avalanches for a total time steps of about
2.10° (each run took about 8 days of CPU time). In (Figure 1)
we show the results regarding the distributions of sizes and du-
rations of the avalanches. In panels A, C and E we show, respec-
tively Psub(S), Psun(T) and (S)g,(T) for the different subsam-
pling ratios, while in panels B, D and F we show the
corresponding logarithmic derivatives. Given a function f(x)x

X, the logarithmic derivative is defined as dd"}gg(;‘) = q, so that
it gives a measure of the effective exponent governing the func-
tion around some value of the variable. A range of values where
the logarithmic derivative is nearly constant corresponds to a
range where the function can be well approximated by a power
law. As can be seen in (Figure 1B), the exponent of the distribu-
tion of the sizes in the fully sampled system is equal to 3/ 2 in the
whole interval of sizes, except near the cut-off of the distribution.
For subsampling ratios between 4 and 256, one can see larger
and larger deviations for small sizes, that correspond to the first
steeper decay of the distribution P(S). (These are called the
“hairs” of the distribution in ref.?"). There remains however a
smaller and smaller interval of sizes that display the same expo-
nent 3/2 of the full system. Only for subsampling ratio 1024 the
distribution always displays a larger exponent (a steeper decay).

The distributions of the durations on the other hand have a
different behavior. A large deviation from the expected exponent
2 is observed for small durations already in the fully sampled
case (red dots in Figure 1D). For subsampled systems, the expo-
nent 2 is never observed for any range of the duration. Instead,
the functions have an initial steeper decay (a larger exponent),
and then for large durations a range with an exponent smaller
than 2. Also the value of the exponent y, that is related to both
the exponents 75 and rr, is different from the expected value 2
for all the intervals of duration, and hovers around the value
y ~ 1.3 for example in the case of a subsampling 256. Therefore,
we can conclude that, while there is a range of sizes where the
exponent zg remains stable also for subsampled systems, expo-
nents 71 and y have strong deviations that make difficult to infer
the values for the global system.

We now show that the exponent governing the power spec-
trum remains unchanged for a range of frequencies in the case
of the subsampled systems. To do this, let N and V(t) be respec-
tively the total number of sites and the number of active sites at
time t in the complete lattice, Nsub and Vg (t) the corresponding
quantities in the “sampled” set of sites, that is a subset (Ngyp < N
and Vg (t) < V(t)) of the complete lattice. Due to the all-to-all
connectivity, at each step only the number V(t) of the active sites
depend on the state of the system at time t — 1, but not the
particular subset of sites that is activated. Therefore, the proba-
bility that Vs (t) of the sites of the sampled sublattice are acti-
vated is the probability of extracting Vs (t) active sites, in Ngyp
random draws without replacement, from a population of N sites
that contains exactly V(t) active sites, that is the hypergeometric
distribution®
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V\s/ul()t()t)) < NS,,,\: - \\Z(Z(t) ) .

()

From the distribution (3), given a value of V(t), one can easily
compute the conditional expectation values

(Equation 3)

Vo = 3 POV OVan(t) = "2 V(t),
Voub (t)
2 2 N2
Va0 )v) = D PVeun(®)V(D)]Va () = 522 V(1)°

Veub (t)

e Now % (N —NV(t)) (NNiNiub)’

<Vsub() sub( ))v = ( sub( ))VI)(VSUD( ))V(t)
Ngub /
= V(tV(t)

N2 fort £t

where the last equation follows from the fact that the subset of
V(t) active sites is extracted randomly at each step. Now, if
P[V(t)] is the probability of having V(t) active sites in the com-
plete lattice at time t, and P[V(t), V(t')] the probability of having
V(t) and V(t') active sites at times t and t/, then the uncondi-
tioned expected values of Vg (t), Vsub(t‘)2 and Vb (1) Veub (') are

sub ) - ZP[V

V(D

NSU
J(Veun (t )V(t = Nb<V(t)>,

<Vsub(t)2> = ZP[V(UKVsub(t)Z)va)
V(t)
Nsu Nsu N — Nsu 2
| CR - R e
(N - Nsub)
+ W(V(t))},
( sub( )Vsub(t = SUb Z P V() ( )

—Nguwvo V(t) fort#t,

Therefore, the correlation function of Vg (t) is given by

Nsub sz
A B + R C(1),

Csu(t) = (Equation 4)

where C(t) is the correlation function of V(t), and

N — Nqg, (V(t)%)
s = (05 jew N]'
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r f=1024 ST Lo Sl color code in legend), with f = 1 (red dots) corre-
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L L L L - 5. A L . L . L L . dashed lines mark the theoretical predictions for
102 10" 102 103 104 10° 10° 107 108 100 10" 102 103 10% 10° 10% 107 10% 40 fully sampled branching process. In left A, G, E,
C 0 S D 5 are shown: size P(S), duration P(T) and mean
10 RN " " 3 K avalanche size over time (S)(T) distributions,
102} %, ] . respectively. Right panels, B, D and F, show the
25¢h logarithmic derivatives d[;’,gg;) of the above distri-
1041 i butions, which for a pure power law x* yield the
e c exponent a. A plateau in these derivative plots
a10°} 4 TE 2r - identifies the range over which the data follow a
: power law. For the fully sampled case f = 1, crit-
108 E 15F ° 1 ical exponents zs = 3/2,7zr = 2,andy = 2 match
~ mean-field predictions. As f increases, sub-
10770} DR 3 sampling shifts the cut-offs to smaller S and T and
100 161 1(')2 163 164 165 1100 161 162 103 164 distort the apparent exponents, causing deviations
E T E T from the fully sampled theory.
10° 2.2 , :
108F i B
107F 1 T
108} ] 1.8¢ e -
E105F ] —~ : .
Sroth =2 before, Equation 5. Note that at very
V1O3r ] 14l /."'/ low frequencies there is a white noise
102t ] ' ;i plateau, due to the finite size of the lat-
101E ] 1.2r tice and therefore to the cut-off in the
100k . - — R 160 . - - 'r4 distribution of avalanche durations. For
10 10 10 Tw 10 10 0 10 10T 10 10 times longer than the cut-off (and fre-

Note that for Ngyp < N the coefficient A does not depend on
the subsampling ratio N/Ngy,. The power spectrum of the sub-
sampled signal Vg, (t) will then be given, due to the Wiener-
Khinchin theorem, by

Psuo(w) = N;;'bA + /\Il\%‘;b P(w). (Equation 5)

The first term corresponds to a white noise, due to the very
fast decorrelation induced by the random choice of the Vg (t)
active sites at each step, which is a characteristic of the
branching process on a fully connected lattice. Apart from
that term, the power spectrum of the number of active
sites in the subsampled lattice is exactly proportional to the
power spectrum of the full lattice. At the critical point, where
P(w) = ko=” with k a constant and g = 2, the subsampled
power spectrum Pgy(w) will be proportional to o/ for
frequencies w < w*, and constant for higher frequencies, where
o = ("

In (Figure 2) we show the results of the simulations of
the branching process on the fully connected lattice
with N =22* sites. In panel A we show the power
spectrum Pgyp(w) of the number of active sites on the
sampled sublattice. The results confirm the expression found

4 iScience 28, 113049, August 15, 2025

quencies lower than the inverse cut-

off) the signal we are analyzing is decor-
related because there are no avalanches having such a long
duration.

We also consider the DFA of the signa previously
defined. In (Figure 2C) we show the measured functions F(n)
and Fgyp(n) for V(t) and Veu(t). As in the case of the power
spectrum, the data always display an interval of frequencies,
or interval lengths, where the exponent in the case of sub-
sampled data are equal to that of the fully sampled lattice,
see (Figure 2D). This invariance can be therefore exploited to
infer exponents of the whole system using only subsampled
data. Note that, the larger the subsampling ratio, the smaller
the frequency where the high frequency white noise regime
sets in. Therefore, for large subsampling ratios, the range
where the plateau in the value of the exponent is found may
be small, being limited by the two white noise regimes at
high and low frequency. However, for larger system sizes,
the low frequency regime shifts toward lower frequencies,
therefore enlarging the intermediate plateau where the correct
exponent is found. This is shown in panels E and F, where the
power spectrum and its logarithmic derivatives are shown for
the same subsampling ratio f = 1024 and for two sizes N = 224
and N = 2%, In the larger system the range where the ex-
pected exponent =2 is found is correspondingly larger.
Data in panel F where filtered to reduce statistical fluctuations

|,19
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. B . . ; ; : Figure 2. Branching process power spec-
1010] evue s s P .—,‘_WW- -4 trumand DFA
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108 Fooon, . . ;3324’ 15 . '; . '.. '.. '-. fluctuation analysis (DFA) for various subsampling
6 N - . RERY . . ratios f ( case f = 1 represents full lattice), with
310 3 3 . Vilee dashed lines indicating theoretical mean-field
n'104 4 a i P . . predictions. Within specific frequency ranges,
. % .0. .-. curves confirm Equation 4 predictions, exhibiting
10 E 05¢ . e o white noise plateaus at very low frequencies due
100 ] ° % "-: R to finite lattice size.
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. only at extreme subsampling (f = 1024). Larger
107 subsampling ratios narrow the plateau region
106F between high and low-frequency white noise
105} regimes.
=1 04 (E and F) demonstrate how larger systems (22* vs.
=103} 228) extend the range where f = 2 is observed,
102k even with extreme subsampling. For all sub-
101¢ sampling ratios, the relation g=2a —1 s
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101 - ) ) ) ) ) ) ) ) because both metrics measure temporal auto-
10" 102 103 104 105 10° 10" 102 103 104 10° 10%° 107  correlations of propagating avalanches. While
E n E n subsampling fragments avalanches (altering their
108 2.5 T T T T distribution exponents, Figure 1), correlations
105L 1 between fragments remain invariant. The crack-
A . ling noise relation = y holds only for the full lattice
104} 3 o _.: ., (8 = v = 2 Figures 1F and 2B). Thus, by leveraging
—~103} ] A5 _." '-, 1 the invariance of f, we can estimate critical ex-
g ) (53,_ .-' .'. ponents of avalanche distributions even from
10%¢ 3 1 . '.. 1 subsampled lattices.
101} 1 o
1000 ] 0.5
10'11 06 105 104 103 102 107 100 ™05 Ti0% 100 102 10
w w

at very low frequencies, namely the plotted function is the
convolution

r ’ ’_ 0)2
dw) dinw p{(lnw In )}d(w,%

= ex
V2r2? 272

with 4 = 0.5 and d(w) is the function before filtering.

Directed percolation on a (2 + 1)D lattice

In this Section, we consider the directed percolation model on a
(2 + 1)D lattice, that corresponds to a branching process not on a
fully connected lattice but on a 2D lattice. While the critical expo-
nents in this case are different from the mean field values found in
the previous Section, we again find that power spectrum and de-
trended fluctuation exponents remain invariant in the case of
subsampling for a range of frequencies or interval lengths.

The directed percolation model on a (2 + 1)D lattice is defined
as follows. Consider a 2D square lattice, where each site can be
activated or quiescent. Each site that is activated at time t may
activate at time t + 1 each of its four neighbors with probability
p. A node that is active at time t becomes quiescent at time
t + 1, unless some of its neighbors has activated it again. As

in the case of the branching process studied in the previous Sec-
tion, if all the sites are quiescent, we start a new avalanche se-
lecting a site at random and activating it. We simulate the system
at the critical value of the probability, p. ~ 0.28729,%° and for
L = 1024, N = L2 ~ 108 sites, until 107 avalanches have been
observed (about 14 days of CPU time).

To assess the effects of subsampling also in the case of (2 + 1)
D directed percolation, we take a subset of the sites of the lattice
as done in the previous case, and consider the number
Veub(t) < V(t) of sites active at time t. In (Figure 3) we show
the criterion used to choose the subset of sites for subsampling
ratios 2, 4, and 8. In a similar way sites are selected for higher ra-
tios. We have considered ratios between 1 and 1024.

To check also the dependence on temporal binning, we also
use different temporal bin sizes. Specifically, for a bin size w =
2,4, ..., we define a new function Vg (t), with t € N, as the
sum of Vgup(t') for t’ = wt,wt + 1..w(t + 1) — 1, and then
compute avalanche distributions and power spectrum for this
new function. Note that, in the subsampled case, it is essential
to choose a temporal bin w = 2 or larger. This is because, for
the subsampling criterion chosen, sampled (blue) sites can be
active only every other time step, so that with w =1 every
avalanche would be divided into pieces of duration one step.
We considered temporal bins betweenw = 2andw = 64. Given

iScience 28, 113049, August 15, 2025 5
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Figure 3. Subsampling criterion in directed
percolation
Blue sites are the ones selected for subsampling,

for ratios N/Nsu, = 2, 4, 8. In a similar way sites
are selected for higher ratios.

the number V(t) or Vsu(t) of active sites as a function of time,
consecutive intervals with V(t)>0 or Vi (t) >0 correspond to
avalanches. In (Figure 4) we show the distributions of sizes, du-
rations, mean size versus duration, and the power spectrum for
different subsampling ratios. Each of the distributions exhibits a
power-law behavior in a large range, and we extract exponents
from a least squares fit in that range, excluding the cut-off due
to the finite size of the lattice. In the case of the fully sampled lat-
tice, we obtained the following exponents: zs = 1.27 +0.03,
r = 1.46+0.01,y = 1.69+0.02, p = 1.70+0.01, consistent
with those found in the literature,?” and satisfying the scaling re-
lations of crackling noise (1) and (2). As in the previous case, by
applying subsampling, we expect variations in the probability
distributions and, consequently, in the respective critical expo-
nents. The effect of subsampling is to fragment a single
avalanche into smaller avalanches with reduced size and dura-
tion, thus leading to an increase of the exponents for the proba-
bility distributions of sizes and durations. This is shown in
Figures 6A and 6B, that reports the exponents of the avalanche
distributions as a function of the sampling size, for different tem-
poral binnings. As shown in (Figure 6C), the resulting effect of
subsampling on the mean size (S)q,,(T) as a function of dura-
tion, is to progressively reduce the exponent as the sampling
size decreases, as already observed in the case of the mean field
branching process.

As already observed in,”® the effects of subsampling can be
reduced by increasing the width of temporal bins, so that
different fragments of the same avalanche are reconnected
again. Therefore, the values of the exponents for the fully
sampled system tend to be recovered. This is confirmed by
our data, where exponents for larger temporal binning remain
stable up to higher values of the subsampling ratios.

In (Figure 6D), we show the exponent g of power spectrum
decay as a function of subsampling, for different temporal
binning. While we have seen that the exponent y varies under
sampling procedures, as shown in (Figure 6C), the exponent g
of the power spectrum remains unchanged, as in the case of
the branching process. This is because the power spectrum is
the Fourier transform of the temporal autocorrelation function
between sites within the same avalanche. Although sampling
fragments the avalanche into smaller ones, these fragments
are not independent but correlated, as they still belong to the
same avalanche propagating through the lattice. On one hand,
this leads to the violation of the relationship (2), which holds
only in the case of uncorrelated avalanches.? On the other
hand, the exponent g remains unchanged under subsampling,
while y varies, as shown in the inset of (Figure 6D).
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The relation between the correlation
function of Vg (t) and that of V(t) cannot
be evaluated explicitly as in the case of
the mean field branching process. However, the form of the po-
wer spectrum shows that the correlation function, which is its
Fourier antitransform due to Wiener-Khinchin theorem, with
respect to Equation 4 generalizes to

Ngy N2
Can(t) = “pPA) + 22 C(B),

where A(t) does not depend on Nf\;b if Nsup < N, and decaysina

short time. It represents the excess probability (with respect to a
random choice of sites) that the avalanche at time t overlaps with
the same sites of the sampled set as those at time 0. Therefore,
the power spectrum in the subsampled case will exhibit two
different behaviors: at low frequencies it will be given by A,Is;b
times the power spectrum of the fully sampled case. At high fre-
quencies on the other hand, it will go as the Fourier transform of
A(t). The plots of (Figure 4D) confirm this prediction. While at low
frequencies the spectra all follow a power law with exponent
p~1.7, at high frequency on the other hand they follow a
different power law, with an exponent g, ~ 0.6.

Consistent with previous findings for the branching process,
the DFA also exhibits power-law scaling across varying sampling
ratios, as illustrated in (Figure 5A). Notably, the observation of a
distinct critical exponent g, for the power spectrum is similarly
observed in the DFA: as sampling density increases, a new linear
trend emerges for small values of n, with an exponent around 0.8.
This result aligns with the power spectrum, as the two exponents
are connected through the scaling relation g = 2a — 1.
(Figure 5B) further demonstrates that the exponent a remains
approximately invariant across different sampling ratios and
temporal binning, consistently satisfying the previously stated
scaling relation and the results observed for the branching
model.

DISCUSSION

Inferring global critical exponents in systems like neural net-
works has been a long-standing challenge. Since the seminal
work of Beggs and Plenz,'® it has been hypothesized that the
critical exponents of neural avalanches would align with those
of the branching process (BP). However, recent advances in
technology and research have revealed the existence of critical
exponents that differ from those of the BP universality class,
suggesting the possibility of multiple universality classes in
neural networks.”*™® Naturally developing cultures show
avalanche statistics consistent with those of a mean-field
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Figure 4. Directed Percolation avalanches
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branching process, while cultures grown in the presence of
folic acid metabolites appear to be in a distinct universality
class with significantly different critical exponents, pointing to
a leading role of network topology in shaping avalanche dy-
namics.>* Moreover, spontaneous activation in neural circuits
may cause otherwise independent avalanches to merge,
changing the universality class from directed to undirected
percolation.®®

Given that studies on neural avalanches are typically based
on sampled portions of the system, accounting for subsam-
pling effects is crucial, if one wants to accurately estimate crit-
ical exponents to identify the universality class to which the
system belongs. Previous work by Levina and Priesemann?’
has shown that subsampling can distort avalanche distribu-
tions, potentially leading to inaccurate predictions of global crit-
ical exponents.

In this study, using two stochastic models, the branching
process and (2 + 1)D directed percolation, we have demon-
strated that the exponents g of power spectrum and a of DFA

102 107 109 are robust with respect to subsampling.

w Given that these exponents are related

to the exponents characterizing the

avalanche distributions,”*° they can be

used to predict the latter when only subsampled data are
available.

The underlying reason for this robustness is that the long-time
correlations in the activity persist under subsampling: although a
single large avalanche may be fragmented into multiple smaller
ones, these pieces still form a correlated chain in time. Conse-
quently, the low-frequency region of the power spectrum and
the long-range correlations detected by DFA remain approxi-
mately unchanged. In contrast, exponents of avalanche-size or
avalanche-duration distributions, such as 7t or y, treat those frag-
ments as independent events and are therefore strongly affected
by subsampling, leading to the violation of the crackling noise
relation f = y, which presupposes uncorrelated avalanches.

Therefore, even when dealing with subsampled systems, as is
inevitable in experimental settings, we can estimate the expo-
nent j (or @) and, by exploiting its invariance under subsampling,
infer the true avalanche distribution exponents of the full system,
relying on the validity of the crackling noise scaling relations in
this regime.

Figure 5. Directed Percolation DFA
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sampled active sites for different subsampling
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remains approximately invariant during sub-
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margins, the relationship with the g exponent of
the power spectrum g = 2a — 1.
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Figure 6. Directed Percolation critical ex-

ponents

Figure shows critical exponents zg, 77, y and g,
extracted with a least squares fit across different
subsampling ratios (1-1024, x axis) and temporal
binning (2-64, color-coded in legend). In (A and B),
we observe that for the exponents s and 77 of
Psub(S) and Psur (T), the effect of subsampling re-
sults in an increase in the value of the critical
exponent, due to the fragmentation of large ava-

lanches into smaller ones. In (C), the exponent y of
(S)eu (T) instead decreases with subsampling. As
observed in,”® increasing the temporal binning al-

1024

lows the global value of the exponent to be recov-
ered. On the other hand, in (D), the exponent  of the

power spectrum remains nearly unchanged under
subsampling, and for any value of the temporal

binning. Inset of (D): Comparison between the
1 exponent of the power spectrum g, and that of
1 the average avalanche size y, as a function of the
subsampling ratio, for a bin size w = 2. The two
: exponents coincide within errors for the case of the

complete lattice, both close to 1.7, but as the
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256 1024 number of sampled sites decreases, the discrep-
ancy between them increases. Specifically,

remains nearly unchanged across subsampling

procedures, while y decreases. By leveraging the invariance of the f (or a) exponent under subsampling, one can estimate the y exponent of the full lattice, where the

scaling relation g = y holds.

Although we have demonstrated these findings for two spe-
cific models, the preservation of long-range temporal correla-
tions in partially observed avalanche processes suggests that
this effect is not confined to those models alone. Critical expo-
nents may indeed differ for other network topologies, or under
different dynamical processes, but the arguments about frag-
mentation of avalanches versus preserved time correlations
apply quite broadly.

Finally, it is worth emphasizing that the invariance of the spec-
tral exponent 8 (or DFA a) under subsampling is not unigque to
neuronal avalanches; it simply reflects the persistence of long-
range temporal correlations that characterize crackling noise
processes. The same models discussed here, branching pro-
cess and directed percolation, are routinely used to describe
this wider family of systems. For this reason, we expect that
the method proposed in this work can be applied well beyond
neural systems, as subsampling represents a common limitation
in many experimental contexts. The same open questions iden-
tified in the context of neuronal systems, for example, the poten-
tial coexistence of distinct universality classes indicated by vary-
ing critical exponents, also emerge in other systems, like
Barkhausen noise or material failure, as shown in.®”~*° Obtaining
unbiased, reliable estimates of avalanche exponents is a
demanding yet essential task in all this family of systems. Our
proposed solution, based on the power spectrum, is strength-
ened by the study of Travesset et al.“® on Barkhausen noise.
While not addressing the issue of subsampling, they show that
power spectrum is a robust indicator of the universality class.

In the case of the brain, accurate predictions of these expo-
nents could be crucial for identifying variations in the neural ac-
tivity or in the network topology and, therefore, neurological dis-
orders or pathologies. Achieving this goal is complicated by
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incomplete and often noisy experimental data, a constraint that
theory must necessarily confront. Encouragingly, recent studies
are making significant progress in this field, with several demon-
strating that the power spectrum can serve as a powerful tool for
investigating neural activity.*’™** Together, these studies
demonstrate that the spectral methods advocated here already
yield reliable exponents in real neural data, lending practical sup-
port to our theoretical framework.

Moving forward, our goal is to extend the findings from this
study, demonstrated for the branching process and directed
percolation, to more realistic models, ultimately contributing to
a deeper understanding of criticality in crackling noise.

Limitations of the study

Our findings rely on analyses performed on two critical models,
namely the branching process and (2 + 1)D directed percolation,
which are widely employed in theoretical studies of neuronal net-
works but omit key features inherent to real cortical circuits,
including inhibitory interactions, synaptic plasticity, and long-
range or heterogeneous connectivity. Although our results
demonstrate general principles expected to be robust across
different model choices, validation using more biologically real-
istic and structurally detailed models remains essential.

Our analysis primarily focused on the scaling relation g = 7,
demonstrating that the invariance of the power spectrum expo-
nent S can serve as a powerful predictive tool for estimating the
global exponent y from subsampled systems. However, addi-
tional studies examining the alternative scaling relation y = Z :]
under subsampling conditions could further strengthen and
broaden the applicability of our theoretical framework.

The subsampling method implemented in this study was
explicitly detailed; nevertheless, assessing the robustness of
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our results under alternative sampling topologies, closer to
experimental recording conditions, would be informative.

Ultimately, the theoretical predictions presented here must be
validated through high-quality in vivo or in vitro datasets. Exper-
imental recordings inevitably include instrumental noise, non-
stationarities, and biological variability, which may introduce
deviations from the idealized scaling behaviors reported, thus
highlighting critical areas for future refinement and experimental
verification.
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STARxMETHODS

KEY RESOURCES TABLE

REAGENT or RESOURCE SOURCE IDENTIFIER

Deposited data

Code to reproduce data This paper https://github.com/decandia/subsampling

Software and algorithms

C++ This paper https://github.com/decandia/subsampling

scipy.stats.linregress SciPy.org https://docs.scipy.org/doc/scipy/reference/generated/scipy.stats.linregress.htmi

METHOD DETAILS
All the results are obtained using two stochastic models: (1) Branching Process and (2) (2+1)D Directed Percolation.

Branching Process
We simulate a fully connected (all-to-all) network of N = 22* =~ 1.6.107 nodes that can be in two states, active and quiescent.

1. Starting from the absorbing state, in which all nodes are quiescent, we randomly chose one to activate and start a new
avalanche.

2. Ateachtime step t—t + 1 every active site tries to activate every other with probability ¢/N where the branching ratio ¢ is set to
the critical value 1.

3. When the total activity V(t) returns to zero, the system is in an absorbing state. A new avalanche is initiated after two steps of
quiescence, by activating a new single random site. This restart rule is identical for every avalanche, ensuring statistical sta-
tionarity.

4. Subsampling is implemented by fixing a subset of the network f = N/Ngp = 1,4,16,64,256,1024.

5. The simulation ends once 6-107 are observed.

(2+1)D directed percolation
We simulate a (2+1)D Directed Percolation of size L = 1024, so N = L.? = 1048576 sites.

1. The lattice is first placed in the absorbing state (all sites inactive). An avalanche is triggered by activating a single randomly
chosen site at time stept = 0. When the activity ends completely, a new seed is placed with the same rule. This guarantees
the stationarity of the process. The simulation ends once 107 avalanches have been observed.

2. Ateachtimestept—t + 1, every active site attempts to activate its four nearest neighbors with critical probabilityp = p. =
0.28729. A site remains active for a single time step and then automatically deactivates, becoming susceptible to reactivation
in the next time step.

3. We applied spatial sampling in order to select only a subset of the active sites from the entire avalanche propagating through
the full lattice. The sites were selected according to a criterion designed to reduce the population size by a factor of f = N’lb =
1,4,16,64,256,1024. Note that the case f = 1 corresponds to the full lattice case since N = Ngyp.

4. We then implemented temporal coarse graining by aggregating successive time steps into bins of size w = 2,4,8,16,32, and
64. Active sites selected through spatial subsampling and belonging to different time steps were summed within each bin to
form a coarse-grained time series. To ensure that only distinct avalanches are considered, a waiting period of 2-» time steps
was introduced before initializing a new avalanche.

QUANTIFICATION AND STATISTICAL ANALYSIS

All simulations were run in C++ on the LXGRIV cluster at INFN-Naples. At each time step the code records the number of active lattice
sites, which defines the system’s activity. An avalanche starts as soon as this count becomes non-zero and ends at the first step in
which it returns to zero, as described in the previous section. The time-integrated activity defines the size S, while the number of steps
enclosed between start and end defines the duration T. Sizes and durations are binned into logarithmically spaced intervals; counts
are then normalized by the total number of avalanches and by the linear width of each bin, yielding the probability densities P(S) and P
(T). By summing the sizes of all avalanches that fall into the same duration bin and dividing by the corresponding counts, the code also
produces (S(T)). These three distributions are shown in the scaling panels (Figures 1A, 1C, 1E, and 4A-4C).
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From the same activity trace we extract long-range correlation. Blocks of 2'* samples are detrended (mean removal and Bartlett
window) and transformed with a real FFT; the resulting powers are grouped into logarithmic bins to build the power spectrum P(w),
from which the exponent g is estimated (Figures 2A, 2C, 4D, and 5A). In parallel, detrended-fluctuation analysis (DFA) computes the
root-mean-square fluctuation F(n) over window lengths ranging from 22 to 213 samples, and the slope of the log-log plot provides the
exponent a.

Exponent estimation follows two separate paths. For the branching process the time series shown in Figures 1B, 1D, 1F, 2B, 2D,
and 2F is obtained directly as the logarithmic derivative d log f(x)/d log x = a, of the function f(x) « x* during data collection so that
the evolution of the exponent can be monitored in real time. For directed percolation the analysis is performed in Python (NumPy +
SciPy): after importing the distributions saved by the code, the log-log region displaying clear power-law behavior is isolated and a
linear fit is carried out with scipy.stats.linregress, yielding both the slope (exponent) and its standard error (Figures 5 and 6).

All simulation details are provided in: https://github.com/decandia/subsampling.
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