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Abstract
A celebrated theorem of Delange gives a sufficient condition for an arithmetic function to be
the sum of the associated Ramanujan expansion with the coefficients provided by a previous
result of Wintner. By applying the Delange theorem to the correlation of the von Mangoldt
functionwith its incomplete form, we deduce an inequality involving the counting function of
the prime numbers in arithmetic progressions. A remarkable aspect is that such an inequality
is equivalent to the famous conjectural formula by Hardy and Littlewood for the twin primes.
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1 Introduction and statement of themain result

Some basic notations and definitions are included in the next section. Further notations and
definitions are introduced by their first occurrence. A celebrated theorem of Delange [6], [12,
Th. 3], [14, VIII.2, Th. 2.1] states that if the arithmetic function f : N → C is such that the
series

∞∑

n=1

2ω(n) |(μ ∗ f )(n)|
n

(1)

converges, then we have the absolutely convergent Ramanujan expansion

f (n) =
∞∑

q=1

f̂ (q)cq(n), ∀n ∈ N, (2)
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where cq(n) is the Ramanujan sum [13] and the coefficients are [16, §35]

f̂ (q) = 1

ϕ(q)
lim
x→∞

1

x

∑

n≤x

f (n)cq(n) = 1

q

∞∑

n=1

(μ ∗ f )(nq)

n
, (q ∈ N). (3)

Here, ω(n) is the number of the distinct prime factors of n, ∗ denotes the Dirichlet product,
μ is the Möbius function, and ϕ is the Euler totient. Let us also recall the von Mangoldt
function [9, §1.4]

�(n) = −
∑

d|n
μ(d) log d,

which yields �(n) = log p if n = pα for some prime number p and α ∈ N, �(n) = 0
otherwise. By using the well-known property [11, Th. 4.1]

∑

q|m
cq(n) =

{
m, if m|n,

0, otherwise,
(4)

we see that for the incomplete �-function of range N ∈ N [9, §19.2]

n ∈ N −→ �N (n) = −
∑

d≤N
d|n

μ(d) log d,

the (finite) Ramanujan expansion

�N (n) = −
∑

d≤N

μ(d) log d

d

∑

q|d
cq(n) =

∑

q≤N

�̂N (q)cq(n), (5)

holds with

�̂N (q) = −μ(q)

q

∑

d≤N/q
(d,q)=1

μ(d) log(dq)

d
� L2

q
, ∀q ≤ N . (6)

Hereafter, the symbol (m, n) denotes the greatest common divisor of the integers m, n.
Moreover, we have set L = log N for brevity.

Let us consider the correlation of � and �N , i.e., the arithmetic function

n ∈ N −→ C�,�N
(N , n) =

∑

m≤N

�(m)�N (m + n).

Further, for any N ∈ N and any h ∈ Z let us set

�(N , h) =
∑

q≤N

�̂N (q)
∑

k∈Z∗
q

ψ(N ; q, k)δ(h; q, k),

where Z∗
q = {m ∈ N ∩ [1, q] : (m, q) = 1},

ψ(N ; q, k) =
∑

n≤N
n≡k (mod q)

�(n)

is the (weighted) counting function of prime numbers in arithmetic progressions, and

δ(h; q, k) = cq(k + h) − μ(q)

ϕ(q)
cq(h).
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On Ramanujan expansions and primes...

This is the deviation of the Ramanujan sum cq(k + h), k ∈ Z
∗
q , from its arithmetic mean

expressed by Cohen’s identity as [2, Cor. 7.2]

1

ϕ(q)

∑

k∈Z∗
q

cq(k + h) = μ(q)

ϕ(q)
cq(h). (7)

In Sect. 4 we prove the following result.

Theorem 1 Let the series

∞∑

m=1

2ω(m)

m

∣∣∣
∑

d|m
μ(d)C�,�N

(N ,m/d)

∣∣∣ (8)

be convergent for every sufficiently large N ∈ N. Then for any given h ∈ N and every real
number ε > 0 one has

�(N , h) �ε (N + h)ε. (9)

Remark 1 Plainly, Cohen’s identity (7) yields

�(N , h) =
∑

q≤N

�̂N (q)
∑

k∈Z∗
q

δ(h; q, k)
(
ψ(N ; q, k) − M

)
,

provided that M = M(N , q) does not depend on k ∈ Z
∗
q . In particular, (9) is equivalent to

∑

q≤N

�̂N (q)
∑

k∈Z∗
q

δ(h; q, k)
(
ψ(N ; q, k) − 1

ϕ(q)

∑

n≤N
(n,q)=1

�(n)
)

�ε (N + h)ε.

In Sect. 5 we give some further reformulations of �(N , h), where the function ψ(N ; q, k)
is not explicitly involved.

Remark 2 Coppola [4] has proved that if k ∈ N is such that 0 < k < N 1−δ , with δ ∈ (0, 1/2)
fixed, then

∑

q≤N

�̂N (q)

ϕ(q)
cq(2k)

∑

n≤N

�(n)cq(n) = N
∞∑

q=1

μ2(q)

ϕ2(q)
cq(2k) + O

( N

ec
√
L

)
, (10)

where c > 0 is an absolute constant. Here the main term on the right hand side is the one of
the celebrated conjectural formula by Hardy and Littlewood for the correlation

h ∈ N −→ C�,�(N , h) =
∑

n≤N

�(n)�(n + h),

i.e., for the (weighted) counting function of the number of 2k-twin primes up to N [8,
Conjecture B]. Now, writing

C�,�(N , h) = −
∑

n≤N

�(n)
∑

d|n+h

μ(d) log d,
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observe that the conditions n ≤ N and d|n + h yield d ≤ N + h in the second sum, so that
�(n + h) = �N+h (n + h). Consequently,

C�,�(N , h) = −
∑

n≤N

�(n)
∑

d≤N
d|n+h

μ(d) log d −
∑

n≤N

�(n)
∑

N<d≤N+h
d|n+h

μ(d) log d

= C�,�N
(N , h) −

∑

N<d≤N+h

μ(d) log d
∑

n≤N
n≡−h (d)

�(n)

= C�,�N
(N , h) + O

(
hL log(N + h)

)
,

after noticing that for d > N there is atmost one n ∈ N such that n ≤ N and n ≡ −h (mod d).
In view of (10) and Lemma 2 below (see Sect. 3), this reveals that the Delange hypothesis on
(8) implies the Hardy-Littlewood conjecture for the 2k-twin primes. This also emphasizes
the strength of (9) because, after a quick inspection of (17) in Sect. 4, it turns out that such
a far-reaching conjecture is equivalent to �(N , 2k) = o(N ). Unfortunately, we do not know
how to show a sufficient cancellation between the summands of �(N , 2k) unconditionally.
We hope that the different formulations of�(N , h) given in Sect. 5 might provide with useful
insights for future considerations in this direction. Finally, we refer the reader to [7], where
for the first time it was indicated how heuristically the theory of Ramanujan expansions leads
to the Hardy-Littlewood twin primes conjecture.

2 Notation

• N is the set of positive integer.
• P is the set of positive prime numbers; the letter p (with or without subscript) is reserved

for the prime numbers.
• The prime power factorization of n ∈ N is

∏
p∈P pvp(n), where all but a finite number of

the exponents vp(n) are zero.
• The symbol (m, n) denotes the greatest common divisor of the integers m, n.
• (h1 ∗ h2)(n) = ∑

d|n h1(d)h2(n/d) is the Dirichlet product of the arithmetic functions
h1, h2.

• ω(n) = #{p ∈ P : p|n}, ∀n ∈ N.
• τ(n) = #{d ∈ N : d|n}, ∀n ∈ N.
• μ is the Möbius function, i.e., μ(n) = (−1)ω(n) if n is square-free, μ(n) = 0 otherwise.
• S = {q ∈ N : μ(q) �= 0} is the set of the square-free positive integers.
• Mainly within formulæ, we often write m ≡ n (k) to mean that m ≡ n (mod k), i.e., k

divides m − n.
• Unless otherwise stated, in sums like

∑
d≤z it is assumed that d ∈ N.

• The Ramanujan sum is

cq(n) =
∑

j∈Z∗
q

e
( jn

q

)
,

where Z∗
q = {m ∈ N ∩ [1, q] : (m, q) = 1} and e(x) = exp(2π i x) for any real number

x .

Warning. It is clear from (6) that if q /∈ S, then �̂N (q) = 0. The reader is cautioned
that most of the considerations in sections 4 and 5 are valid only because it is often tacitly
assumed that we are dealing with square-free integers of the �̂N support. For example, we
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On Ramanujan expansions and primes...

shall freely use without explicit mention the fact that if q ∈ S, then (d, q/d) = 1 for all d|q ,
so that g(q) = g(d)g(q/d) for any multiplicative arithmetic function g involved here.

3 Lemmata

In the first lemma we resume some properties of the Ramanujan sums.

Lemma 1

cq(n) = ϕ(q)
μ

(
q/(n, q)

)

ϕ
(
q/(n, q)

) , ∀q, n ∈ N; (11)

|cq(n)| ≤ (n, q), ∀q, n ∈ N; (12)
q∑

t=1

cq(t) =
{
1, if q = 1,

0, otherwise,
∀q ∈ N; (13)

lim
x→∞

1

x

∑

h≤x

cr (h + n)cq(h) =
{
cq(n) if r = q,

0 otherwise,
∀r , q ∈ N,∀n ∈ Z; (14)

∑

k∈Z∗
q

χ(k)cq(k + n) = d μ(q/d)cq/d(n)χ∗(−n), ∀q ∈ S,∀n ∈ Z, (15)

where χ is a Dirichlet character (mod q) and χ∗ is the primitive character (mod d) that
induces χ , so that the conductor of χ is dχ = d.

Proof For (11), (12), (13), and (14) we refer the reader respectively to [11, Th. 4.1], [11,
§4.1.1, Ex.3], [11, §4.1.1, Ex.4], and [12, Th. 1]. The equation (15) is a particular instance
of Toth’s generalization of Cohen’s identity [15, Cor. 2.6]

∑

k∈Z∗
q

χ(k)cq(k + n) = dϕ(q)χ∗(−n)
∑

t |q/d
(t,n)=1

tμ
(
q/(td)

)

ϕ(td)
,

combined with the Brauer-Rademacher identity [2, Cor. 34], [10, Ch. 2] to see that for q ∈ S

we can write
∑

t |q/d
(t,n)=1

tμ
(
q/(td)

)

ϕ(td)
= 1

ϕ(d)

∑

t |q/d
(t,n)=1

tμ
(
q/(td)

)

ϕ(t)
= μ(q/d)

ϕ(q)
cq/d(n).

The lemma is completley proved. 
�
Remark 3 Let us recall that a first well-known consequence of (11) is that cq(n) is multi-
plicative with respect to q .

The next lemma is an application of Delange’s aforementioned theorem to the correlation
C�,�N

(N , n). See the work of Coppola and Murty [5] for a more general account on the
Ramanujan expansions of correlations.

Lemma 2 If the series (8) converges for some N ∈ N, then

C�,�N
(N , h) =

∑

q≤N

�̂N (q)

ϕ(q)
cq(h)

∑

n≤N

�(n)cq(n), ∀h ∈ N.
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Proof Let us set f (h) = C�,�N
(N , h) for simplicity, and observe that the claimed expansion

follows from Delange’s theorem once the coefficients f̂ (q) are determined as in (3). Indeed,
we use (5) to write

∑

h≤x

f (h)cq(h) =
∑

r≤N

�̂N (r)
∑

n≤N

�(n)
∑

h≤x

cr (n + h)cq(h), ∀q ∈ N.

Therefore, by applying (14) we get

f̂ (q) = 1

ϕ(q)

∑

r≤N

�̂N (r)
∑

n≤N

�(n) lim
x→∞

1

x

∑

h≤x

cr (n + h)cq(h)

=

⎧
⎪⎨

⎪⎩

�̂N (q)

ϕ(q)

∑

n≤N

�(n)cq(n) if q ≤ N ,

0 otherwise.

The lemma is completely proved. 
�
Remark 4 Wintner [16, §34] observed that, although the convergence of

∞∑

n=1

|(μ ∗ f )(n)|
n

(16)

implies the existence of the coefficients (3), it is compatible with the divergence of the series
(2). On the other hand, it was pointed out by Cohen [3] that absolutely convergent expansions
(2) can be deduced for some special classes of multiplicative functions by assuming just the
convergence of (16), which is clearly a condition weaker than the Delange hypothesis on (1).
Recently, Coppola has announced a result that would allow us to replace the hypothesis on
the convergence of the series (8) in the previous lemma by that of the convergence of (16)
with f (n) = C�,�N

(N , n) (see https://arxiv.org/pdf/2012.11231.pdf). Of course, with such
a result in place, Theorem 1 would be refined accordingly.

4 The proof of Theorem 1

Bearing in mind the definitions ofψ(N ; q, k) and δ(h; q, k), let us use the expansion (5) and
the fact cq(n) = μ(q) for (n, q) = 1 to write

�(N , h) =
∑

q≤N

�̂N (q)
∑

n≤N
(n,q)=1

�(n)

(
cq(n + h) − cq(n)cq(h)

ϕ(q)

)
(17)

= C�,�N
(N , h) −

∑

q≤N

�̂N (q)

ϕ(q)
cq(h)

∑

n≤N

�(n)cq(n) − R(N , h),

where we have set

R(N , h) =
∑

n,q≤N
(n,q)>1

�(n)�̂N (q)

(
cq(n + h) − cq(n)cq(h)

ϕ(q)

)
.

Thus, in view of Lemma 2 it suffices to show that

R(N , h) �ε (N + h)ε.
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On Ramanujan expansions and primes...

For this purpose, we note first that, since �(n) = 0, unless n = pα with p ∈ P, α ∈ N, the
condition (q, n) > 1 for q ∈ S in R(N , h) reduces to (q, n) = (q, pα) = p with p||q , i.e.,
p|q and p2� |q. Then, we can also assume that q ∈ S \ P because, taking q = p and n = pα

in R(N , h), immediately we see that

cp(p
α + h) − cp(pα)cp(h)

ϕ(p)
= cp(h) − ϕ(p)cp(h)

ϕ(p)
= 0.

Hereafter, in sums denoted by the symbol
∗∑

q

we mean that q ∈ S \ P. Further, we set

Sd = {q ∈ S : (q, d) = 1}.

Thus, using (11), let us write

R(N , h) =
∑

p≤N

log p
∗∑

q≤N
q≡0 (p)

�̂N (q)
∑

α≤L pN

(
cq(p

α + h) − cq(pα)cq(h)

ϕ(q)

)

=
∑

p≤N

log p
∑

α≤L pN

∑

t∈S
t |pα+h

∗∑

q≤N , q≡0 (p)
(q,pα+h)=t

�̂N (q)δh(p, α, t, q),

where we have set L pN = [logp N ] and

δh(p, α, t, q) = ϕ(q)
μ(q/t)

ϕ(q/t)
− cq/p(pα)cp(pα)cq(h)

ϕ(q)

= ϕ(t)μ(q/t) − μ(q/p)cq(h)

ϕ(q/p)
.

Therefore, we have that
R(N , h) =

∑
I
−

∑
I I

,

with ∑
I

=
∑

p≤N

log p
∑

α≤L pN

∑

t∈S
t |pα+h

ϕ(t)
∑

q∈Sp, q≤N/p
(pq,pα+h)=t

�̂N (pq)μ(pq/t),

∑
I I

=
∑

p≤N

log p
∑

α≤L pN

∑

t∈S
t |pα+h

∑

q∈Sp, q≤N/p
(pq,pα+h)=t

�̂N (pq)
μ(q)cpq(h)

ϕ(q)
.

Now, let us recall that vp(m) denotes the nonnegative integer such that pvp(m)||m, for any
givenm ∈ N. Note that if t ∈ S, vp(t) = 1, and vp(h) �= 0, then the condition (pq, pα+h) =
t , with q ∈ Sp , becomes (q, pα + h) = t/p, with vp(t/p) = 0. On the other hand, if
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vp(h) = 0, then (pq, pα + h) = t is equivalent to (q, pα + h) = t . Consequently,

∑
I

= −
∑

p≤N
vp(h)=0

log p
∑

α≤L pN

∑

t∈S
t |pα+h

ϕ(t)
∑

q∈Sp, q≤N/p
(q,pα+h)=t

�̂N (pq)μ(q/t)

−
∑

p≤N
vp(h)≥1

log p
∑

α≤L pN

∑

t∈S, vp(t)=0
t |pα+h

ϕ(t)
∑

q∈Sp, q≤N/p
(q,pα+h)=t

�̂N (pq)μ(q/t)

+
∑

p≤N
vp(h)≥1

ϕ(p) log p
∑

α≤L pN

∑

t∈S
vp(t)=1
t |pα+h

ϕ
( t

p

)
μ

( t

p

) ∑

q∈Sp,

q≤N/p
(q,pα+h)= t

p

�̂N (pq)μ(q)

= −
∑

I ,1
−

∑
I ,2

+
∑

I ,3
,

say. By applying (6) and the inequality for the divisor function, τ(n) �ε nε [11, §2.3], we
get

∑
I ,1

=
∑

p ≤ N
vp(h) = 0

log p
∑

α≤L pN

∑

t ∈ S

t |pα + h

ϕ(t)
∑

q ∈ Spt , q ≤ N/(pt)
(q, pα + h) = 1

�̂N (pqt)μ(q)

� L2
∑

p≤N

log p

p

∑

α≤L pN

∑

t |pα+h

ϕ(t)

t

∑

q≤N

1

q

� L3
∑

p≤N

log p

p

∑

α≤L pN

τ(pα + h)

�ε (N + h)εL4
∑

p≤N

1

p
�ε (N + h)εL4 log L.

We can proceed in a completely analogous way for the sums
∑

I ,2 and
∑

I ,3 (which make
sense only for h ≥ 2). Indeed, we see that

∑
I ,2

�ε (N + h)εL4
∑

p|h

1

p
�ε (N + h)εL4 log h.

Further,

∑
I ,3

=
∑

p≤N
vp(h)≥1

ϕ(p) log p
∑

α≤L pN

∑

t ∈ S, vp(t)=1
t |pα+h

ϕ(t/p)
∑

q ∈ St , q≤N/t
(q, pα+h)=1

�̂N (qt)μ(q)

� L2
∑

p ≤ N
vp(h) ≥ 1

ϕ(p)

p
log p

∑

α≤L pN

∑

t ∈ S, vp(t) = 1
t |pα + h

ϕ(t/p)

t/p

∑

q≤N

1

q

� (N + h)εL4
∑

p|h

ϕ(p)

p
� ω(h)(N + h)εL4.
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Since ω(h) = ∑
p|h 1 ≤ ∑

n|h �(n) = log h [1, Th. 2.10], we conclude that

∑
I

�ε (N + h)εL4 log(hL).

Now, let us turn our attention to
∑

I I and write

∑
I I

= −
∑

p≤N
vp(h)=0

log p
∑

α≤L pN

∑

t∈S
t |pα+h

∑

q∈Sp, q≤N/p
(q,pα+h)=t

�̂N (pq)
μ(q)cq(h)

ϕ(q)

+
∑

p≤N
vp(h)≥1

ϕ(p) log p
∑

α≤L pN

∑

t∈S, vp(t)=0
t |pα+h

∑

q∈Sp, q≤N/p
(q,pα+h)=t

�̂N (pq)
μ(q)cq(h)

ϕ(q)

+
∑

p≤N
vp(h)≥1

ϕ(p) log p
∑

α≤L pN

∑

t∈S, vp(t)=1
t |pα+h

∑

q∈Sp, q≤N/p
(q,pα+h)=t/p

�̂N (pq)
μ(q)cq(h)

ϕ(q)

= −
∑

I I ,1
+

∑
I I ,2

+
∑

I I ,3
,

say. Thus, by using (12), we infer

∑
I I ,1

=
∑

p≤N
vp(h)=0

log p
∑

α≤L pN

∑

t∈S
t |pα+h

μ(t)

ϕ(t)

∑

q∈Spt , q≤N/(pt)
(q,pα+h)=1

�̂N (pqt)
μ(q)cqt (h)

ϕ(q)

� L2
∑

p≤N
vp(h)=0

log p

p

∑

α≤L pN

∑

t∈S
t |pα+h

(t, h)

tϕ(t)

∑

q≤N

(q, h)

qϕ(q)
.

Now, let us apply the inequality ϕ(n) � n/ log log n [11, Th. 2.9] to see that

∑

q≤N

(q, h)

qϕ(q)
� log L

∑

q≤N

(q, h)

q2
= log L

∑

d|h
d

∑

q≤N
(q,h)=d

1

q2

= log L
∑

d|h

1

d

∑

m≤N/d
(dm,h)=d

1

m2 � max{1, log h} log L.

Further, note that if t ∈ S, t |pα + h, and (t, h) = d > 1, then necessarily d = p. Conse-
quently, recalling that vp(h) = 0, one has

∑

t∈S
t |pα+h

(t, h)

tϕ(t)
� log L

∑

t∈S
t |pα+h

1

t2
� log L.

Thus, ∑
I I ,1

� max{1, log h}L3 log3 L.
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Analogously, for h ≥ 2 we obtain

∑
I I ,2

=
∑

p≤N
vp(h)≥1

ϕ(p) log p
∑

α≤L pN

∑

t∈S
vp(t)=0
t |pα+h

μ(t)

ϕ(t)

∑

q∈Spt
q≤N/(pt)

(q,pα+h)=1

�̂N (pqt)
μ(q)cqt

(
h
p

)

ϕ(q)

� L2
∑

p≤N
vp(h)≥1

ϕ(p)

p
log p

∑

α≤L pN

∑

t∈S, vp(t)=0
t |pα+h

(t, h/p)

tϕ(t)

∑

q≤N

(q, h/p)

qϕ(q)

� L3 log2 L max{1, log h} log h,

and
∑

I I ,3
� L2

∑

p≤N
vp(h)≥1

ϕ(p) log p
∑

α≤L pN

∑

t∈S, vp(t)=1
t |pα+h

(h, t/p)

tϕ(t/p)

∑

q≤N

(q, h)

qϕ(q)

� L2
∑

p≤N
vp(h)≥1

ϕ(p)

p
log p

∑

α≤L pN

∑

t∈S, vp(t)=1
t |pα+h

1

ϕ(t/p)t/p

∑

q≤N

(q, h)

qϕ(q)

� L3 log2 L max{1, log h} log h.

Therefore, since ε > 0 is arbitrarily small, we can conclude that

R(N , h) =
∑

I
−

∑
I I

�ε (N + h)ε.

Theorem 1 is completely proved.

5 Some reformulations of1(N,h)

Let us set
SN (q, k; r) =

∑

n≤N
n≡k (q)

cr (n),

so that ∑

n≤N
(n,q)=1

cr (n) =
∑

k∈Z∗
q

SN (q, k; r).

We postpone some properties of SN (q, k; r) until the next section, because they are not used
in what follows here, but still they might be interesting in their own right. Here we use such
sums to provide with alternative expressions for �(N , h) "without primes".

Theorem 2 For any given h, n ∈ N, one has:

1) �(N , h) =
∑

3≤q≤N

�̂N (q)
∑

r≤N
(r ,q)=1

�̂N (r)DN (h; q, r), where

DN (h; q, r) =
∑

n≤N
(n,q)=1

cr (n)δ(h; q, n) =
∑

k∈Z∗
q

SN (q, k; r)δ(h; q, k).
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2) �(N , h) =
∑

t |h
μ(t)ϕ(t)

∑

3≤q≤N
(q,h)=t

�̂N (q)

ϕ(q)

∑

r≤N
(r ,q)=1

�̂N (r)DN (t, h; q, r), where

DN (t, h; q, r) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

μ(q)ϕ(q)
∑

m|q
mϕ(m)

∑

n≤N
(n,q)=1

n+h≡0 (m)

cr (n), if t = 1,

∑

m|q
(m,h)=1

mϕ(m)
∑

n≤N
(n,q)=1

n+h≡0 (m)

cr (n), otherwise.

Proof 1) First, by observing (17), it is plain that q = 1 gives null contribution to �(N , h).
So does q = 2 because for any odd n one has

δ(h; 2, n) = c2(n + h) − μ(2)c2(h)

ϕ(2)
= c2(1 + h) + c2(h) = 0, ∀h ∈ Z.

Then, after recalling (6), note that, for any n ∈ N such that n ≤ N , (n, q) = 1, one has

�(n) = �N (n) = −
∑

d≤N
d|n,(d,q)=1

μ(d) log d = −
∑

d≤N
(d,q)=1

μ(d) log d

d

∑

r |d
cr (n)

=
∑

r≤N
(r ,q)=1

�̂N (r)cr (n).

Thus, the first equality for �(N , h) follows by inserting the latter expression inside the
reformulation in (17).

2) By using the second expression of DN (h; q, r) above, Cohen’s identity (7), the orthog-
onality of Dirichlet characters χ (mod q) [9, §3.3], and (15), we get

DN (h; q, r) =
∑

k∈Z∗
q

cq(k + h)SN (q, k; r) − μ(q)cq(h)

ϕ(q)

∑

n≤N
(n,q)=1

cr (n)

=
∑

k∈Z∗
q

cq(k + h)

( ∑

n≤N
n≡k (q)

cr (n) − 1

ϕ(q)

∑

n≤N
(n,q)=1

cr (n)

)

= 1

ϕ(q)

∑

χ �=χ0 (mod q)

ϒr (N , χ)
∑

k∈Z∗
q

χ(k)cq(k + h)

= 1

ϕ(q)

∑

χ �=χ0 (mod q)
dχ=d

μ(q/d)cq/d(h)ϒr (N , χ)χ∗(−h) d,

where χ0 is the principal character and we have set

ϒr (N , χ) =
∑

n≤N

χ(n)cr (n).

Now, given any q ∈ S and any d|q such that (d, h) = 1, note that if (q, h) = t , then
(q/d, h) = t . In particular, from (11) it follows thatμ(q/d)cq/d(h) = μ(t)ϕ(t). Thus, being
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plain that χ∗(−h) = 0 if (dχ , h) > 1, we can write

�(N , h) =
∑

3≤q≤N

�̂N (q)

ϕ(q)

∑

r≤N
(r ,q)=1

�̂N (r)
∑

χ �=χ0
(mod q)
dχ=d

μ
(q
d

)
c q
d
(h)ϒr (N , χ) χ∗(−h) d

=
∑

t |h
μ(t)ϕ(t)

∑

3≤q≤N
(q,h)=t

�̂N (q)

ϕ(q)

∑

r≤N
(r ,q)=1

�̂N (r)�N ,h(q, r),

where

�N ,h(q, r) =
∑

χ �=χ0 (mod q)
d=dχ

ϒr (N , χ) χ∗(−h) d

=
∑

n≤N
(n,q)=1

cr (n)
∑

χ �=χ0 (mod q)

χ(n) χ∗(−h) dχ .

For (n, q) = 1, let n′ ∈ N be such that n′n ≡ 1 (mod q). Since there is a canonical bijection
between the set of Dirichlet characters modulo q and the set of primitive Dirichlet characters
whose conductor divides q , we have

∑

χ �=χ0 (mod q)

χ(n) χ∗(−h) dχ =
∑

d|q
(d,h)=1

d
∑

χ∗ (mod d)
primitive

χ∗(n) χ∗(−h)

=
∑

d|q
(d,h)=1

d
∑

χ∗ (mod d)
primitive

χ∗(−hn′)

=
∑

d|q
(d,h)=1

d
∑

m|(d,−hn′−1)

ϕ(m)μ(d/m)

=
∑

d|q
(d,h)=1

d
∑

m|(d,n+h)

ϕ(m)μ(d/m),

where we have used the formula [9, §3.3]
∑

χ∗ (mod d)
primitive

χ∗(a) =
∑

m|(d,a−1)

ϕ(m)μ(d/m), if (a, d) = 1.

Therefore,

�N ,h(q, r) =
∑

n≤N
(n,q)=1

cr (n)
∑

d|q
(d,h)=1

d
∑

m|(d,n+h)

ϕ(m)μ(d/m)

=
∑

d|q
(d,h)=1

d
∑

m|d
ϕ(m)μ(d/m)TN ,h(m; q, r)

=
∑

m|q
(m,h)=1

ϕ(m)TN ,h(m; q, r)
∑

d|q,(d,h)=1
d≡0 (m)

dμ(d/m),
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where we have set
TN ,h(m; q, r) =

∑

n≤N
(n,q)=1

n+h≡0 (m)

cr (n).

Hence, the conclusion follows after observing that, for anydivisorm ofq such that (m, h) = 1,
one has

∑

d|q,(d,h)=1
d≡0 (m)

dμ(d/m) = m
∑

d|q
(d,h)=1

dμ(d) = m
∑

d|q
dμ(d)

∑

s|(d,h)

μ(s)

= m
∑

s|(q,h)

μ(s)
∑

d|q
d≡0 (s)

dμ(d) = m
∑

s|(q,h)

μ(s)2s
∑

d|q/s

dμ(d)

= m
∑

s|(q,h)

sμ(q/s)ϕ(q/s)

=
{

μ(q)ϕ(q)m, if (q, h) = 1,

m, otherwise.

The theorem is completely proved. 
�

6 Appendix: some properties of SN(q, k; r)
Here we prove some properties of the sum SN (q, k; r) defined in the previous section. Such
properties are either new or appeared to be missing from the literature. The first one is
a quantitative version of a known property [14, VIII.8, Ex. 2]. Before going to the next
propositions, let us recall that [β] and ‖β‖ denote respectively the integer part of β ∈ R and
the distance of β from the nearest integer.

Proposition 1 Let q, r , N ∈ N and k ∈ Z be given.

1)

SN (q, k; r) =
⎧
⎨

⎩

N − k

q
cr (k) + O

(|cr (k)|
)
, if r |q,

O(r log r), otherwise.

2) Let us assume that (q, r) = 1 and let q ′, r ′ ∈ N such that rr ′ ≡ 1 (q) and qq ′ ≡ 1 (r).
Further, let Q, R be the non-negative integers such that N = Qqr+R with 0 ≤ R < qr,
i.e., R = N − [N/qr ]qr. Then

SN (q, k; r) =
r∑

t=1

cr (t)
(
[N/qr ] + νN (t, k)

)
=

⎧
⎪⎨

⎪⎩

[N/q] + νN (1, k), if r = 1,
r∑

t=1

cr (t)νN (t, k), otherwise,

where

νN (t, k) =
{
1, if kr ′r + tq ′q ≡ n (qr)for some integern ∈ [1, R],
0, otherwise.
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Proof 1) If r |q , then

SN (q, k; r) =
r∑

t=1

cr (t)
∑

n≤N
n≡k (q)
n≡t (r)

1 = cr (k)
∑

n≤N
n≡k (q)

1

= cr (k)

[
N − k

q

]
= N − k

q
cr (k) + O

(|cr (k)|
)
.

Now, we consider the case r � |q and write

SN (q, k; r) =
∑

m≤(N−k)/q

cr (k + qm)

=
∑

j∈Z∗
r

e( jk/r)
∑

m≤(N−k)/q

e( jqm/r) �
∑

j∈Z∗
r

∥∥∥∥
jq

r

∥∥∥∥
−1

,

where we have applied the inequality [9, Ch. 8]
∑

m≤x

e(mβ) � min(x, ‖β‖−1) ∀x, β ∈ R.

Let us set t = (q, r). Since (q/t, r/t) = 1, it turns out that

∑

j∈Z∗
r

∥∥∥∥
jq

r

∥∥∥∥
−1

=
∑

j≤r
j �≡0 (r/t)

∥∥∥∥
jq/t

r/t

∥∥∥∥
−1

≤ t
∑

j ′<r/t

∥∥∥∥
j ′

r/t

∥∥∥∥
−1

� r
∑

j ′<r/t

1

j ′
� r log r .

2) By applying the Chinese Remainder Theorem [1, Th. 5.26], we see that

SN (q, k; r) =
r∑

t=1

cr (t)
∑

n≤N
n≡k (q)
n≡t (r)

1 =
r∑

t=1

cr (t)
∑

n≤N
n≡kr ′r+tq ′q (qr)

1.

The conclusion follows immediately by using (13), after noticing that
∑

n≤N
n≡kr ′r+tq ′q (qr)

1 = [N/qr ] + νN (t, k).

The proposition is completely proved. 
�
Proposition 2 Let q, r , N ∈ N be coprime, with r ≥ 2, and let k ∈ Z be given.

1) SN1(q, k; r) = SN2(q, k; r) for any N1, N2 ∈ N such that N1 ≡ N2 (mod qr).

2) If, in addition, q ≥ 2 and k ∈ Z
∗
q , then

qr∑

N=1

SN (q, k; r) = −
qr∑

N=1

SN (q, q − k; r).

Proof 1) It suffices to observe that SN (q, k; r) = 0 for any N ≡ 0 (mod qr) by applying
the second property of the previous proposition.
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2) As before, we write
qr∑

N=1

SN (q, k; r) =
r∑

t=1

cr (t)
qr∑

N=1

∑

n≤N
n≡kr ′r+tq ′q (qr)

1.

Now, we see that
qr∑

N=1

∑

n≤N
n≡kr ′r+tq ′q (qr)

1 =
∑

n≤qr
n≡kr ′r+tq ′q (qr)

qr∑

N=n

1

=
∑

n≤qr
n≡kr ′r+tq ′q (qr)

(qr − n + 1) = qr + 1 − n(k, t),

where n(k, t) denotes the only solution of x ≡ kr ′r + tq ′q (mod qr) such that 1 ≤ x ≤ qr .
Thus, by using (13) one has

qr∑

N=1

SN (q, k; r) = −
r∑

t=1

cr (t)n(k, t),

qr∑

N=1

SN (q, q − k; r) = −
r∑

t=1

cr (t)n(q − k, t).

Since cr (r − t) = cr (−t) = cr (t) for any t ∈ {1, . . . , r}, we see that
qr∑

N=1

SN (q, q − k; r) = −
r∑

t=1

cr (r − t)n(q − k, t) = −
r−1∑

s=0

cr (s)n(q − k, r − s).

The conclusion follows after noticing that cr (0) = cr (r) and for any s ∈ {0, 1, . . . , r − 1}
one has

n(q − k, r − s) ≡ (q − k)r ′r + (r − s)q ′q ≡ −n(k, s) (mod qr).

The proposition is completely proved. 
�
Remark 5 An immediate consequence of the latter property is that

qr∑

N=1

∑

k∈Z∗
q

SN (q, k; r) =
qr∑

N=1

∑

n≤N
(n,q)=1

cr (n) = 0

for any coprime q, r ≥ 2.
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