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Abstract

A celebrated theorem of Delange gives a sufficient condition for an arithmetic function to be
the sum of the associated Ramanujan expansion with the coefficients provided by a previous
result of Wintner. By applying the Delange theorem to the correlation of the von Mangoldt
function with its incomplete form, we deduce an inequality involving the counting function of
the prime numbers in arithmetic progressions. A remarkable aspect is that such an inequality
is equivalent to the famous conjectural formula by Hardy and Littlewood for the twin primes.
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1 Introduction and statement of the main result

Some basic notations and definitions are included in the next section. Further notations and
definitions are introduced by their first occurrence. A celebrated theorem of Delange [6], [12,
Th. 3], [14, VIIL.2, Th. 2.1] states that if the arithmetic function f : N — C is such that the
series

n=1

converges, then we have the absolutely convergent Ramanujan expansion

f) =" Fl@)cqm), VneN, ©)

q=1
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where ¢, (n) is the Ramanujan sum [13] and the coefficients are [16, §35]

- [ | o (e f)(ng)
@) = = lim + 3 fegon =2 Y BELED e,

n<x n=1

Here, w(n) is the number of the distinct prime factors of n, * denotes the Dirichlet product,
( is the Mobius function, and ¢ is the Euler totient. Let us also recall the von Mangoldt
function [9, §1.4]

A(m) =~ u(d)logd,

d|n

which yields A(n) = log p if n = p“ for some prime number p and ¢ € N, A(n) = 0
otherwise. By using the well-known property [11, Th. 4.1]

Zcq(n): m, ifm|n, @)

0, otherwise,
qlm

we see that for the incomplete A-function of range N € N [9, §19.2]

neN— Aym)=-> pdlogd.

d<N
d|n
the (finite) Ramanujan expansion
u(d)logd —
Ay(n) =— Z Tg Zcq(l’l) = Z AN(q)Cq(n), 5)
d<N qld q<N
holds with
— u(q) n(d)log(dq)  L?
AN(q):_iq Z %<< - quN. (6)
4 d<N/q 1
d,q)=1

Hereafter, the symbol (m, n) denotes the greatest common divisor of the integers m, n.
Moreover, we have set L = log N for brevity.
Let us consider the correlation of A and A, i.e., the arithmetic function

neN— Can (N.n)= Y AmAy(m+n).
m<N
Further, for any N € N and any /& € Z let us set
AN B =Y K@) Y ¥(N;q, b)8h; g, k),

g<N kEZZ

where Z3 = {m e NN [1,q]: (m,q) = 1},

Y(Nig. k)= Y A

n<N
n=k (mod q)

is the (weighted) counting function of prime numbers in arithmetic progressions, and

(@)
8(hi q.k) = cqlk +h) — %cqm).
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On Ramanujan expansions and primes...

This is the deviation of the Ramanujan sum c, (k + h), k € Z}, from its arithmetic mean
expressed by Cohen’s identity as [2, Cor. 7.2]

1
i 2 calk ) = - Eq; cq(h). )
v kel ¢
In Sect. 4 we prove the following result.
Theorem 1 Let the series
2(() m
)Zu(d)cA Ay (N, m/d) ®

m= l

be convergent for every sufficiently large N € N. Then for any given h € N and every real
number ¢ > 0 one has

A(N,h) < (N +h)*. (&)
Remark 1 Plainly, Cohen’s identity (7) yields

AN B ="Ky (q) Y 8hiq. (¥ (N:q.k) — M),

g<N keZ;

provided that M = M (N, ¢) does not depend on k € Zj. In particular, (9) is equivalent to

Y Av@) Y shiq, k)(w(N q,k) — ( ) > A(n)) < (N +h)~.
g=<N keZ* n<N
(n,q)=1
In Sect. 5 we give some further reformulations of A(N, &), where the function ¥ (N; g, k)
is not explicitly involved.

Remark 2 Coppola [4] has proved that if k € Nissuchthat0 < k < N'=%, with § € (0, 1/2)
fixed, then

A,
3 Do) 3 Ay ) = NZ“ (Z; q(zk)+0< (10)

o(q)

g<N n<N

)

where ¢ > 0 is an absolute constant. Here the main term on the right hand side is the one of
the celebrated conjectural formula by Hardy and Littlewood for the correlation

heN— CaAa(N.h) =) AmA@+h),
n<N

i.e., for the (weighted) counting function of the number of 2k-twin primes up to N [8,
Conjecture B]. Now, writing

Can(N, by == An) Y u(dlogd,

n<N din+h
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observe that the conditions n < N and d|n + h yield d < N + h in the second sum, so that
A(n+h) = A,,,(n+ h). Consequently,

CaaWN by ==Y A(m) Y pidlogd =Y A(m) Y p(d)logd

n<N d<N n<N N<d<N+h
d|n+h d|n+h
=Can,(N.B)= > pu(dlogd Y An)
N<d<N+h n<N
n=—h(d)

= Cp.a, (N, h) + O(hL1og(N + h)),

after noticing that ford > N thereisatmostonen € Nsuchthatn < N andn = —h (mod d).
In view of (10) and Lemma 2 below (see Sect. 3), this reveals that the Delange hypothesis on
(8) implies the Hardy-Littlewood conjecture for the 2k-twin primes. This also emphasizes
the strength of (9) because, after a quick inspection of (17) in Sect. 4, it turns out that such
a far-reaching conjecture is equivalent to A(N, 2k) = o(N). Unfortunately, we do not know
how to show a sufficient cancellation between the summands of A(N, 2k) unconditionally.
We hope that the different formulations of A(N, k) given in Sect. 5 might provide with useful
insights for future considerations in this direction. Finally, we refer the reader to [7], where
for the first time it was indicated how heuristically the theory of Ramanujan expansions leads
to the Hardy-Littlewood twin primes conjecture.

2 Notation

e N is the set of positive integer.

e P is the set of positive prime numbers; the letter p (with or without subscript) is reserved
for the prime numbers.

e The prime power factorization of n € Nis [ | peP pU»™  where all but a finite number of
the exponents v, (n) are zero.

e The symbol (m, n) denotes the greatest common divisor of the integers m, n.

(hy % hp)(n) =) din h1(d)hy(n/d) is the Dirichlet product of the arithmetic functions

hy, hy.

wn)=#pelP: pln}, Vn e N.

t(n) =#{d e N: d|n}, Vn e N.

 is the Mébius function, i.e., u(n) = (=)™ if n is square-free, u(n) = 0 otherwise.

S ={g € N: u(g) # 0} is the set of the square-free positive integers.

Mainly within formule, we often write m = n (k) to mean that m = n (mod k), i.e., k

divides m — n.

Unless otherwise stated, in sums like Y d<z it is assumed that d € N.

e The Ramanujan sum is
jn
cqg(n) = E e(;),

JEL

where ZZ ={meNN[l,g]: (m,qg) =1} and e(x) = exp(2wix) for any real number
X.

Warning. It is clear from (6) that if ¢ ¢ S, then K;(q) = 0. The reader is cautioned
that most of the considerations in sections 4 and 5 are valid only because it is often tacitly
assumed that we are dealing with square-free integers of the A, support. For example, we
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On Ramanujan expansions and primes...

shall freely use without explicit mention the fact that if ¢ € S, then (d, g/d) = 1 for all d|q,
so that g(q) = g(d)g(gq/d) for any multiplicative arithmetic function g involved here.

3 Lemmata

In the first lemma we resume some properties of the Ramanujan sums.

Lemma 1
w(g/(n, )
cgn) =pl@)——=, Vg,nelN; (11)
! o(q/(n,q))
lcgm)l < (n,q), Vg.neN; (12)
q .
L, ifg=1,
(1) = A7 N; 13
;Cq() [0, otherwise, 1€ (13)
1 cq(n) ifr=gq,
lim — - (h Sy =11 Vr, N, Vn € Z; 14
xggox hg:xc (h +m)cg(h) {O otherwise, s e 14
Z x(k)cg(k +n) =d ulg/d)cqa(n)x*(—n), Vq e€S,Vn e, (15)

keZz

where x is a Dirichlet character (mod q) and x* is the primitive character (modd) that
induces x, so that the conductor of x is dy =d.

Proof For (11), (12), (13), and (14) we refer the reader respectively to [11, Th. 4.1], [11,
§4.1.1, Ex.3], [11, §4.1.1, Ex.4], and [12, Th. 1]. The equation (15) is a particular instance
of Toth’s generalization of Cohen’s identity [15, Cor. 2.6]

tu(g/@td))

D x(®R)cgk +n) =dp(@)x*(=n) Y o(td)

keZ;; tlg/d
(t.m)=1

combined with the Brauer-Rademacher identity [2, Cor. 34], [10, Ch. 2] to see that forg € S
we can write
3 tu(q/ad)) 1 3 t(q/(d)  u(q/d)

pid) o) S e )

(t,n)=1 (t,n)=1

cq/a(n).

The lemma is completley proved. O

Remark 3 Let us recall that a first well-known consequence of (11) is that ¢, (n) is multi-
plicative with respect to g.

The next lemma is an application of Delange’s aforementioned theorem to the correlation
Ca, Ay (N, n). See the work of Coppola and Murty [5] for a more general account on the
Ramanujan expansions of correlations.

Lemma 2 [f the series (8) converges for some N € N, then

Ay (@)
v(q)

Can, (N.h)y=>"

q=N

cq(h) Y An)eq(n), Yh € N.

n<N
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Proof Letusset f(h) = Cy, Ay (N, h) for simplicity, and observe that the claimed expansion

follows from Delange’s theorem once the coefficients f(q) are determined as in (3). Indeed,
we use (5) to write

Y fhegh) =Y R () Y Am) Y er(n+hycg(h),  ¥g €N.
h<x r<N n<N h<x

Therefore, by applying (14) we get

—~ 1 — .1
flor=—= DAL D AWM lim = e (n+ hycg(h)
(Y r<nN n<N * h=<x
Ay
v(@) 3" Alnyeyn) ifq <N,
=1 ¢@ =
0 otherwise.
The lemma is completely proved. O

Remark 4 Wintner [16, §34] observed that, although the convergence of

(% ()]
D

n

(16)
n=1

implies the existence of the coefficients (3), it is compatible with the divergence of the series
(2). On the other hand, it was pointed out by Cohen [3] that absolutely convergent expansions
(2) can be deduced for some special classes of multiplicative functions by assuming just the
convergence of (16), which is clearly a condition weaker than the Delange hypothesis on (1).
Recently, Coppola has announced a result that would allow us to replace the hypothesis on
the convergence of the series (8) in the previous lemma by that of the convergence of (16)
with f(n) = CA’AN (N, n) (see https://arxiv.org/pdf/2012.11231.pdf). Of course, with such
a result in place, Theorem 1 would be refined accordingly.

4 The proof of Theorem 1

Bearing in mind the definitions of ¥ (N; g, k) and § (h; g, k), let us use the expansion (5) and
the fact ¢4 (n) = u(q) for (n, g) = 1 to write

AN =Y Ay Y A(n)(cq(n +h)— M) 17
ot by v(q)
(n.g)=1
Ay (@)
=Cpny(N,B) =) cq(h) Y Am)eg(n) = R(N, ),
e v(q) =

where we have set

RN.hy= Y A(n)AT(q)(cq(Hh)—
n,g<N
(n,g)>1

cq(n)cy(h) )
@) )

Thus, in view of Lemma 2 it suffices to show that

R(N,h) L (N + h)°.

@ Springer


https://arxiv.org/pdf/2012.11231.pdf

On Ramanujan expansions and primes...

For this purpose, we note first that, since A(n) = 0, unless n = p* with p € P, @ € N, the
condition (g, n) > 1 for g € Sin R(N, h) reduces to (¢, n) = (¢, p*) = p with pl|q, i.e.,
plg and p?fq. Then, we can also assume that g € S \ P because, taking ¢ = p and n = p*
in R(N, h), immediately we see that

Cp(pa)cp( ) <P(P)Cp(h)
DAl A —— =0
o) cp(h) —

ep(p+ )= o(p)

*
Hereafter, in sums denoted by the symbol Z we mean that g € S\ IP. Further, we set
q

Si={qeS: (g,d) =1}.
Thus, using (11), let us write

Cq (p” )Cq (h)

R(N,h) =Y logp Z Av@ Y. <cq<p +h) == )

P<N qg<N oz<LpN
q=0(p)
*
=Y logp Y > > A@%patq),
P=N a<Lp,N teS ¢=<N, 4= 0 (p)

tp*+h (q,p*+h)=t
where we have set L,N = [logp N]and

mlg/t)  cqip(P*)cp(p®)eq(h)

Sn(p,a.t,q) = p(q)

v/ v(q)
h
= pyulg/n) — P9
®(q/p)

Therefore, we have that

RN, h) = 21 n 211’

with

21=21°g1’ Yod e Y Ay (pulpg/n),

PN a<L,N teS q€Sy,q<N/p

tIp*+h (pq,p*+h)=t
A u(g)cpq(h)
S, oYk ¥ XY muetlm?
p<N a<L,N teS qe€S,,q<N/p vl

1P +h (pg, p*+hy=t

Now, let us recall that v, (m) denotes the nonnegative integer such that pr||m, for any
givenm € N.Note thatifs € S,v,(t) = 1,and v, (h) # 0, then the condition (pg, p*+h) =
t, with g € S,, becomes (¢, p* + h) = t/p, with v,(¢/p) = 0. On the other hand, if
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v, (h) =0, then (pg, p® + h) =t is equivalent to (g, p® + h) = t. Consequently,

D= D logp Yo D e > R (pule/n

p<N a<Lp,N teS q€Sp.q<N/p
v, (h)=0 t|p%+h (q,p*+h)=t
— Z log p Z Z (1) Z Ay (pq)u(q/t)
p<N a<L,N teS, vy(1)=0 q€Sp. q<N/p
vy (h)>1 t|p*+h (q,p“+h)=t
t t —
+ > eplogp > > w(f)u(*) > A (png)
p<N a<L,N teS p p q€Sp,
vp (=1 vp()=1 a<N/p
t|p%+h (q,p“‘+h)=%

- _21,1 - 21,2 + 21,3’

say. By applying (6) and the inequality for the divisor function, t(n) <. n® [11, §2.3], we
get

Y= 2 lgp Y Y e 3 A (padu(q)

p=N estrl res g €Sp. g < N/(pD)
vp(h) =0 tHp* +h (q. p* +h) =1
lo t 1
«wPEREY Y]
P=N a<L,N t|p¥+h g<N
lo
<Y BN g
p=N a<L,N

1
e (N+WL* Y = < (N+h)*L*log L.
p<N

We can proceed in a completely analogous way for the sums ), , and ) ; 3 (which make
sense only for 4 > 2). Indeed, we see that

1
erd er4
E 12 Le (N+h)°L E ; Le (N+h)*L" logh.

plh
Further,

dos= 2 ¢mlogp ) Yo e/p Y. Agnug)

P<N a<LpN 1 e, v,(1)=1 qES;, q<N/t

vp(h)>1 tp*+h (g, p*+h)=1

»(p) @(t/p) 1

p<N <N eS, v, =1 9=N
vp(h) > 1 tp*+h

KN+ LYY D) oty + LY,
plh
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Since w(h) = Zplh 1 <>, An) =logh [1, Th. 2.10], we conclude that
Y, e (N +m)°Llog(hL).

Now, let us turn our attention to ) _,;, and write

Yy=- Lowr ¥ Y Koot

a<L,N IES qup q=<N/p @)
Up(h) 0 Hp*+h (g, p*+h)=t
—, g)eg(h)
+ > eplogp > Y. >, AN(pq)T
P<N a<L,NteS, v,(t)=0q€S,,g<N/p

vp(h)>1 t|p*+h  (q.p*+h)=t

+ Y eplogp > > 3 K (pgea®

p<N a<L,NteS,vy(t)=1 qeSy,q<N/p ¢(@)
vp(h)=1 tlp*+h  (q.p"+h)=t/p

- _211,1 T 211,2 T 211,3’

say. Thus, by using (12), we infer

2111 Z log p Z Z M(t) Z K;(Pqt)iﬂ(q(jcqt(h)

p<N a<L,N teS qup,,qEN/(pt) @
v, ()=0 t|p¥ +h (q,p*+h)=1
w2 Y loep (t.h) < (q.h)
oyt WELN 18 (1) i=N q9(q)

v, (h)=0 t|p*+h

Now, let us apply the inequality ¢(n) > n/loglogn [11, Th. 2.9] to see that

(g, h (g, h 1
PDICTLNSM S LTS ST D

qg=<N q<N d|h q=<N q
(q.h)=d
=logL Z Z — < max{l,logh}log L.
dih = m<N/d
(dm,h)=d

Further, note that if t € S, t|p* + h, and (¢, h) = d > 1, then necessarily d = p. Conse-
quently, recalling that v, (k) = 0, one has

t,h
@ ) gL Z < logL.
teS to(t) teS
t|p*+h t|p*+h

Thus,
Z” < max {1, logh}L>log® L.
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Analogously, for 4 > 2 we obtain

(1) . M(@Qﬁ(%)
Yo.= D emlogp Yo Y ey > Ry(pan— "=
’ p<N a<Lp,N teS ¢ q€Spr vlq
vp(h)>1 vp(;)=0 g<N/(pt)
fp%h (q.p*+h)=1

<2 Y i, 3% (’;;’(C?Z(q’h/”)

PN p a<LpNteS, v,(t)=0 q=<N q(/)(Q)
vp(h)=1 11p*-+h

<L log2 L max{1, logh}logh,

and

(h,t/p) (q,h)
2”,3 <L* > eplogp > Y 1o/ ) >

pP<N a<LpN teS, vy (t)=1 g<N q(p(q)
vp(h)=1 t1p%+h
w(p) 1 (g, h)
<y Mgy 33 )3
or I ST 168, =1 P PP [ a9(@)
vp()=1 11p%+h

< L’ log2 L max{l1, logh}logh.

Therefore, since ¢ > 0 is arbitrarily small, we can conclude that

RN =) =D < (N+h).

Theorem 1 is completely proved.

5 Some reformulations of A(N, h)

Let us set
Sn(g.kir)= Y cr(n),
n<N
n=k (q)
so that
D =) Snlg k).
n<N kEZ;;

(n.q)=1

We postpone some properties of Sy (¢, k; r) until the next section, because they are not used
in what follows here, but still they might be interesting in their own right. Here we use such
sums to provide with alternative expressions for A(N, h) "without primes".

Theorem 2 For any given h,n € N, one has:

AN = Y Ay(@ Y Ay(r)Dy(hig,r), where

3<q<N r<N
rg)=1
Dy(hig.r)= Y c:mdhiq.n) =Y Sn(q.k:r)s(h:q. k).
n<N keZj

(n.g)=1
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AL (q) _
2) AN by =) unp@) Y (“)’ > R ()Dy(t. hiq.r), where
tlh 3<g<N Y4 r<N
(g.m=t (r,q)=1
w@e@) Yy metm) Y ), ift =1,
mlq n<N
(n,g)=1
Dy(t,hiq.r) = 10 m
! ! Z me(m) Z cr(n), otherwise.
mlq n<N
(m,h)=1 (n,q)=1
n+h=0 (m)

Proof 1) First, by observing (17), it is plain that ¢ = 1 gives null contribution to A(N, k).
So does g = 2 because for any odd n one has

) n(2)ca(h)
8(h;2,n) = co(n +h) — o - c2(14+h) +ca(h) =0, Vh € Z.
%
Then, after recalling (6), note that, for any n € N such thatn < N, (n, ¢) = 1, one has
u(d)logd
A=A, =— Y udlogd=— Y. Tg 3 e
d<N d<N rld
dln,(d,q)=1 d,q)=1
= > A (e ).
r<N
(r,g)=1

Thus, the first equality for A(N, k) follows by inserting the latter expression inside the
reformulation in (17).

2) By using the second expression of Dy (h; ¢, r) above, Cohen’s identity (7), the orthog-
onality of Dirichlet characters x (modg) [9, §3.3], and (15), we get

h
Dy (h;q,r) = Z cglk+h)Sn(q, k;r) — M Z cr(n)

Pt o@ =
! (n,q)=1
1
= Zcq(k+h)< Z c,(n)—ﬁ Z Cr(n)>
keZ n<N v N
n=k (q) (n,q)=1
1
=0 X W0 ) xR+
v X #xo (mod q) keZ;
1 J—
= 2 Ha/dega (N (=) d.
v X#)&o(modq)

=
where xo is the principal character and we have set
Tr(N.X) =Y X(mer(n).
n=<N

Now, given any ¢ € S and any d|q such that (d, h) = 1, note that if (¢, h) = ¢, then
(g/d, h) = t. Inparticular, from (11) it follows that w (g /d)cyja(h) = pu(t)@(t). Thus, being
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plain that x*(—h) = 0if (d,, h) > 1, we can write

A,y = 3 @5 7 Z ( Jes YN0 1" (~h)d

32aoN @ = vl
(r,q)=1 (modq)
dy=d
N(CI) -
=Y une®) Y Y Ay Pya(g, ),
tlh 3<g<N r<N
(q,h)=t (r,q)=1
where
Onalg.r)= Y. YN.X) x*(—h)d
X #xo (mod q)
=dx
= Y o Y. Xmx*(—hdy.
n=<N X #Xx0 (mod q)

(n.q)=1

For (n,q) = 1,letn’ € N be such that n’/n = 1 (mod q). Since there is a canonical bijection
between the set of Dirichlet characters modulo ¢ and the set of primitive Dirichlet characters
whose conductor divides ¢, we have

Yo X x(=hdy= Y d Y X x*(=h

X#xo0 (mod q) dlq x* (mod d)
(d,h)=1 primitive

Y d Y e
dlq x* (modd)
(d,h)=1 primitive

dod Y empd/m

dlq m|(d,—hn'—1)
d,h)=1

2od D emud/m),

d|q m|(d,n+h)
d,h)=1

where we have used the formula [9, §3.3]

Yo o xf@= Y emud/m), if (a,d)=1.

x* (mod d) m|(d,a—1)
primitive

Therefore,

Onalg.r)= Y om Y d Y gmud/m)

n<N dlq m|(d,n+h)
(n,q)=1 (d,h)=1
= > dY_ emud/m)Tynm;q,r)
dlg m|d
d,h)=1
= Y emTIyutmiqg,r) Y dupd/m),
mlq dlgq,(d,h)=1
(m,h)=1 d=0 (m)
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where we have set

Tvamig.r)= Y cr(n).
n<N
(n,q)=1
n+h=0 (m)

Hence, the conclusion follows after observing that, for any divisor m of g such that (m, h) = 1,

one has
Y. dul/my=m Y dpd)=my dpd) Y uls)

dlq.(d.h)=1 dlq dlq s|(d.h)
d=0 (m) (d,h)=1
=m ) ps) Y dudy=m Y u(s)’s Y duld)
sl(q.h) dlq sl(q.h) diq/s
d=0 (s)
=m Y sulg/s)e(q/s)
sl(q.h)
_Jr@el@)m, if(q,h) =1,
m, otherwise.
The theorem is completely proved. O

6 Appendix: some properties of Sy(q, k; r)

Here we prove some properties of the sum Sy (g, k; r) defined in the previous section. Such
properties are either new or appeared to be missing from the literature. The first one is
a quantitative version of a known property [14, VIIL.8, Ex. 2]. Before going to the next
propositions, let us recall that [8] and || 8]| denote respectively the integer part of 8 € R and
the distance of § from the nearest integer.

Proposition1 Letg,r, N € Nand k € Z be given.

1)

N —k )
Tcr(k)+0(|cr(k)l), ifrlq,

O(rlogr), otherwise.

Sn(g, k;r) =

2) Let us assume that (q,r) = 1 and let q',r" € N such that rr' = 1(q) and qq’ = 1 (r).
Further, let Q, R be the non-negative integers such that N = Qqr+ R with0 < R < gr,
i.e, R=N —[N/qrlqr. Then

[N/gl+vn(, k), ifr=1,

-
Z cr(vn(t, k), otherwise,

t=1

Swia.kir) = Y e ) (IN/far] + v (e, 0) =

t=1

where

1, ifkr'r +1tq'q = n (gr)for some integern € [1, R,
vy (t, k) =

0, otherwise.
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Proof 1) If r|q, then

Sn(q, k;r) = Zcr(t) Yol=ck Y1

n<N n<N
n=k(q) n=k (q)
n=t (r)

N —k N —k
= cr(k)|: 7 ] 7 ¢ (k) + 0(|Cr(k)|)-

Now, we consider the case r [g and write

Sn(g.kiry = > crlk+gqm)
m=<(N—k)/q
—1
_ ~ ; i
=Y e(k/r) Y e(igm/r) < Y r‘
JEL} m<(N—k)/q JEL

where we have applied the inequality [9, Ch. 8]
> e(mp) < min(x, |B]7") Vx.BeR.
m<x

Letussett = (g, r). Since (q/t, r/t) = 1, it turns out that

—1 ~1

jq ja/t J’ 1
s - £ Pl e gl g g
JeZt ,7%105(’/1) j'<rit jl<rft
J r

2) By applying the Chinese Remainder Theorem [1, Th. 5.26], we see that

Sniq. kir) = Zcrm > I—Zcr(z) >, L

n<N n<N
n=k (q) n=kr'r+tq’'q (qr)
n=t (r)

The conclusion follows immediately by using (13), after noticing that

. I=IN/grl+w@, k).
n<N
n=kr'r+tq'q (qr)
The proposition is completely proved. O

Proposition2 Let g, r, N € N be coprime, withr > 2, and let k € 7 be given.

1) Sy, (q.k;r) = SN,(q, k; r) for any Ny, Ny € N such that Ny = N (mod gr).

2) 1If, in addition, ¢ > 2 and k € Zy, then

qr qr
D Sw(g.kir)y == Sn(g.q —k;r).
N=1 N=1
Proof 1) It suffices to observe that Sy(q, k; r) = 0 for any N = 0 (mod gr) by applying
the second property of the previous proposition.
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2) As before, we write

ZSN(qkn—Zcr(t)Z > L

n<N
nfkr r+tq’q (qr)

Now, we see that

ZZI=ZZI

n<N n<qr
n=kr'r+tq'q (qr) n=kr'r+tq'q (qr)
= > (@r-n+D=gr+1-nk.n,
n=qr

n=kr'r+tq'q (qr)

where n(k, t) denotes the only solution of x = kr'r +tq’q (mod gr) suchthat 1 < x < gr.
Thus, by using (13) one has

qr r
D Sn(g kir) == e (nik, 1),

N=1 t=1

Zsmqq kir) = — Zq(x)n(q ko 1).

N=1 =1

Since ¢, (r —t) = ¢, (—t) =¢,(t) forany t € {1, ..., r}, we see that
r—1
Z Sn(g.q —kir) = Zmr —0n(g =k, 1) ==Y ¢ (Inlg —k,r —s).
=1 t=1 s=0
The conclusion follows after noticing that ¢,(0) = ¢,(r) and forany s € {0, 1,...,r — 1}
one has

ng—k,r—s)=(@q—kr'r+ @ —s)q'q=—-nk,s) (modgr).
The proposition is completely proved. O

Remark 5 An immediate consequence of the latter property is that

ZZSN(q kr)-Z Y. am=0

N=1keZ; N=1 n<N
(n,q)=1

for any coprime g, r > 2.
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