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ABSTRACT. We prove that a compact Riemannian manifold of dimension m >
3 with harmonic curvature and L%J—positive curvature operator has constant
sectional curvature, extending the classical Tachibana theorem for manifolds with
positive curvature operator. The condition of | ! |-positivity originates from
recent work of Petersen and Wink, who proved a similar Tachibana-type theorem
under the stronger condition that the manifold be Einstein. We show that the
same rigidity property holds for complete manifolds assuming either parabolicity,
an integral bound on the Weyl tensor or a stronger pointwise positive lower bound

on the average of the first |1 | eigenvalues of the curvature operator. For 3-

manifolds, we show that positivity of the curvature operator can be relaxed to
positivity of the Ricci tensor.
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1. INTRODUCTION

By a classical theorem of S.-I. Tachibana [32], any compact Riemannian manifold
(M, g) of dimension m > 3 with harmonic curvature tensor and positive curva-
ture operator has constant (positive) sectional curvature, hence it is isometric to a
quotient of a sphere of constant curvature. If the curvature operator is only non-
negative, then the manifold is locally symmetric.

The Riemann curvature tensor is harmonic if and only if the Ricci tensor is a
Codazzi tensor, as a consequence of the second Bianchi identity. In particular,
Einstein manifolds (of dimension at least 3) have harmonic curvature. If m > 3,
then the Ricci tensor is Codazzi if and only if the scalar curvature is constant and
the Cotton tensor is zero. If m > 4 then this is equivalent to having constant scalar
curvature and harmonic Weyl curvature tensor (whereas in dimension m = 3 the
Weyl tensor vanishes for any Riemannian metric).

Recently, H. Tran, [33], has proved that a compact Riemannian manifold M of
dimension m > 4 with harmonic Weyl curvature tensor W and positive curvature
operator is locally conformally flat, that is, W = 0. As positive curvature opera-
tor implies positive Ricci curvature, the following classification theorem of M. H.
Noronha [26] shows that in this case M is globally conformal to a quotient of a
standard sphere.

Theorem 1.1 ([26], Theorem 1 and Proposition 4.2). Let M be a locally conformally
flat, compact manifold with Ric > 0 and dimension m > 3. Then the universal cover
of M s either
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(i) globally conformally equivalent to S™, or

(ii) isometric to S™ ! x R or R™.
If M is also locally symmetric, then its universal cover is isometric to either S™,
S™t x R or R™ (that is, the conformal equivalence in (i) can be strengthened to
isometry).

Tran also observed that if the curvature operator is non-negative then the Weyl
tensor is parallel and so, by a theorem of A. Derdzinski and D. Roter, [I5, Theorem
2], the manifold is either locally conformally flat or locally symmetric. Both cases
can occur, as shown by the simple example of M = T? x S™2, that has harmonic
curvature and non-negative curvature operator, and is locally symmetric but not
locally conformally flat. In view of Noronha's classification theorem, Tran’s theorem
can be summarized as

Theorem 1.2 (33| 28]). Let M be a compact manifold of dimension m > 4 with
harmonic Weyl tensor and non-negative curvature operator. Then M is either glob-
ally conformal to a quotient of S™ or locally symmetric. If the curvature operator is
positive at some point, then the first case occurs.

In the recent works [27], 28], P. Petersen and M. Wink came to consider the
more general case where M is a compact Riemannian manifold with LmT_lj—positive
curvature operator. We recall that the curvature operator is said to be k-positive
(resp., k-non-negative) if the sum of its k smallest eigenvalues, counted according to
multiplicity, is positive (resp., non-negative). For the sake of brevity, we introduce
the following notation: denoting by R : A2M — A2M the curvature operator of M,
for every x € M we let

M) < o) < -0 S Ay (@)

2

be the eigenvalues of R, : A2M — A2M repeated according to multiplicities and
for every integer 1 < k < (7;) we set

k
"M =3 "),
a=1
In [27] Petersen and Wink proved that a compact Einstein manifold with R >
0 has constant sectional curvature, and more generally it is locally symmetric if

m—1

R(F2D > 0. In [28] they showed that a compact manifold with harmonic Weyl
tensor and K" ) > 0 is either globally conformal to a quotient of S or locally
symmetric, and that the first possibility always occurs if Rr(77 ) > 0.

Their proofs, as well as those of Tachibana and Tran, are examples of applications
of the Bochner technique, originated by S. Bochner and K. Yano, [7, §]. If T is
a harmonic algebraic curvature tensor on a Riemannian manifold M (that is, T
satisfies the second Bianchi identity and has zero divergence — we refer to subsection
for this and every other relevant definition) then

> =

%A|T!2 _ VTP + %(FT, T) (1.1)

where A is the Laplace-Beltrami operator of M, V is the Levi-Civita connection and
I' = Iy is one of the family {I',} of self-adjoint endomorphism I' = T'; : T(?M — TSM
defined by A. Lichnerowicz in [22] on the bundle of g-covariant tensor fields, for
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any ¢ € N. A key point in the application of the Bochner technique consists in
establishing effective lower bounds on the quadratic term (I'T, T') in order to apply
some form of the maximum principle (or the divergence theorem, if M is compact)
to equation (|1.1]).

In [32], Tachibana dealt with the case T' = Riem and showed that a lower bound
on (I'T,T) is implied by a lower bound for the first eigenvalue A\; of the curvature
operator R. In [27], Petersen and Wink identified new curvature conditions in
terms of the partial traces S*) that are effective for the application of the Bochner
technique to harmonic p-forms. As a consequence of their analysis they proved that a
lower bound on R(L“2)) yields a lower bound on (I'T, T) whenever T is an algebraic
curvature tensor whose Ricci contraction is a multiple of the metric. This happens
if T is the Weyl tensor of any Riemannian manifold (whose Ricci contraction is the
zero tensor) or if 7' is the Riemann tensor of an Einstein manifold (whose Ricci
contraction, that is, the Ricci tensor of the manifold, is by definition a multiple of
the metric).

Main results. One of the original contributions of this paper is a refinement of
Petersen and Wink’s estimate. Namely, we prove that a lower bound on R
yields a lower bound on (I'T, T') for any algebraic curvature tensor 7', without addi-
tional structural assumptions (Theorem . As a consequence, we obtain the full
generalization of Tachibana’s theorem under the sharpened positivity conditions on
the curvature operator, relaxing the condition that M be Einstein to the weaker
assumption that the curvature tensor is harmonic.

Theorem 1.3. Let M be a compact Riemannian manifold of dimension m > 3 with
R > 0 and harmonic curvature. Then M is locally symmetric. If%(LmTflJ) >0
at some point then M is a quotient of S™.

In cases m = 3,4 we have || =1, so R(L"2) = RM = )| and the positivity
assumptions on R reduce to the standard ones of Tachibana’s theorem. In case
m = 3, in which harmonic curvature is equivalent to local conformal flatness and
constant scalar curvature, see [10, page 92|, the lower bounds on the curvature
operator can in fact be relaxed to lower bounds on the Ricci tensor. This may
come unsurprising to the expert reader, since it is known from the literature, see
R. Hamilton’s [18], that in dimension m = 3 the curvature terms in the Bochner
identity for the Riemann tensor can be controlled assuming only Ric > 0, although
this condition is much less demanding than even non-negative sectional curvature
(see [I8, Corollary 8.2]). However, we are not aware of any reference in the literature
to such a “modified Tachibana’s theorem” for the 3-dimensional case and thus we
provide a self-contained proof (see Theorem [4.3]in Section [4).

Theorem 1.4. Let M3 be a compact 3-dimensional Riemannian manifold with
Ric > 0. If M is locally conformally flat with constant scalar curvature, then it
is isometric to a quotient of S*, S? x R or R®. Moreover, if Ric > 0 at some point
then M is a quotient of S®.

We also deal with the complete case. A key point is the observation that condition
R(=) > 0 implies Ric > 0, hence some powerful tools from the theory of complete
Riemannian manifolds with nonnegative Ricci curvature are available. Again, the
picture is a bit different in cases m = 3 and m > 4. For complete 3-manifolds
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we have the following Theorem [I.5, whose statement is formally similar to that of
Theorem even though the proof relies on an additional classification theorem for
locally conformally flat complete manifolds with Ric > 0.

Theorem 1.5. Let M3 be a complete 3-dimensional Riemannian manifold with
Ric > 0. If M 1is locally conformally flat with constant scalar curvature, then it is
isometric to a quotient of S, S2 x R or R3. Moreover, if Ric > 0 at some point then
M is a quotient of S3.

If m > 4 then we find ourselves bound to make some additional assumptions on
the geometry of M. We present three different results (Theorems , and .
In the first one, we assume slow volume growth of the manifold.

Theorem 1.6. Let M be a complete, Riemannian manifold of dimension m > 4
with harmonic curvature and R D > 0. Assume that for some fixed reference

point o € M
+oo t
—dt = 1.2
[ = (12)

where |By| is the volume of the geodesic ball By of radius t with center at o. Then

M s locally symmetric. Moreover, if R > 0 somewhere then M is isometric
to a quotient of S™.

For any m > 2 the product R? x S™~2 provides an example of complete, non-
compact manifold that satisfies all the assumptions in Theorem and is not locally
conformally flat. On the contrary, the hypotheses of Theorems and below
yield local conformal flatness of M.

Theorem 1.7. Let M be a complete Riemannian manifold of dimension m > 4
with harmonic curvature and K™D > 0. If the Weyl tensor satisfies

lim

—_ WIP =0 1.3
R—+o0 |BR| Br | | ( )

for some p € [1,+00), then M is isometric to a quotient of S™, S™ ! x R or R™.
Moreover, if RU"TD > 0 somewhere then M is isometric to a quotient of S™.

Theorem 1.8. Let M be a complete Riemannian manifold of dimension m > 4
with harmonic curvature. Assume that
c

m—1

RV >0 on M, R >
- T 142

for some compact set K C M and some ¢ > 0, where r is the distance function from
a fized origin o € M. Then M 1is a quotient of S™.

on M\ K (1.4)

A few remarks are in order. In the assumptions of Theorem [1.7] if M is com-
pact then condition amounts to W = 0 and Theorem ensures that M is
locally symmetric, so the conclusion follows from Theorem [I.1] As a consequence of
Theorem [1.7] we have the following

Corollary 1.9. Let M be a complete Finstein manifold of dimension m > 4 with

R(") > (. If the Weyl tensor satisfies (1.3|) then M has constant sectional
curvature.
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Remark 1.10. In [14, Theorem 1.4], G. Cho, N. T. Dung and T. Q. Huy proved
that a complete, noncompact Einstein manifold M with R(1"7) > 0 has constant
sectional curvature provided |W| € LP(M) for some p > 2. Corollary shows
that the summability condition on |W| can be slightly relaxed. Indeed, under the
aforementioned assumptions M happens to be a complete, noncompact manifold

with Ric > 0, hence its volume is infinite (see for instance [31, page 25]) and if
|W| e LP(M) then (1.3)) is satisfied.

Remark 1.11. The second condition in implies the following lower bound on
the Ricci tensor
m—1 ¢
2 1+
By a theorem of G. Galloway, [I7], see also J. Cheeger, M. Gromov, M. Taylor,
[13, Theorem 4.8], a sufficient condition for compactness of a complete Riemannian
manifold M™ is that

Ric > on M\ K. (1.5)

lim inf 5 Ric(3(s), ¥(s)) > —

for every unit speed geodesic v : [0, 4+00) — M issuing from a fixed origin 0o € M,
and the constant ™ is sharp in this respect. Hence, if (L.4) holds with ¢ > 1/2
then compactness of M is a priori guaranteed via (|1.5). However, we allow ¢ > 0 to

be arbitrarily small in Theorem [1.§

Sketch of the proofs. The proofs of Theorems [1.6] and [I.§ bear some
similarities. To illustrate the main circle of ideas, we sketch the argument of the
proof of Theorem [1.7} since |IW| happens to be a subharmonic function (see formula
below) on a complete manifold with Ric > 0, by Li-Schoen’s mean value in-
equalities for non-negative subharmonic functions as a consequence of we have
W = 0. Then we apply the following classification theorem for locally conformally
flat complete Riemannian manifolds with non-negative Ricci curvature, which is a
refinement by G. Carron and M. Herzlich, [I1], of a result of S. Zhu, [36].

Theorem 1.12 ([I1]). Let M be a locally conformally flat, complete Riemannian
manifold with Ric > 0 and dimension m > 3. Then the universal cover of M s
either
(i) isometric to R™,
(ii) isometric to S™! x R,
(iii) globally conformally equivalent to S™, or
(iv) non-flat and globally conformally equivalent to R™.

Cases (i) and (ii) already fit into the thesis of Theorem [1.7] In case (iii) — where M
happens to be compact — we show that conformal equivalence can be strengthened
to isometry, using Theorem to deduce local symmetry of M and then applying
Noronha’s Theorem [1.1] Lastly, alternative (iv) is ruled out by a contradiction
argument drawn from the proof of Theorem 1.1 of [29]: if (iv) were satisfied under
the assumptions of our Theorem , then the universal cover M of M would be
a complete Riemannian manifold of constant positive scalar curvature conformally
equivalent to the Euclidean space R™, and this is impossible by the celebrated
rigidity theorem of L. Caffarelli, B. Gidas and J. Spruck, [10, Corollary 8.2].

As just remarked, a key point in the proof of Theorem [1.7]is the fact that harmonic
curvature implies constant scalar curvature. In this work we also observe that for any
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integer k < ("21) the k-non-negativity of the curvature operator implies a pointwise
pinching condition
| Riem | < ¢, 1S (1.6)

on the full norm | Riem| of the Riemann tensor in terms of the (necessarily non-
negative) scalar curvature function S, see Corollary . Hence, harmonic curvature
and condition Rz > 0, together with a suitable Bochner inequality, imply that
the function |W| < |Riem| < ¢, 1S is a bounded solution of

AIW| > (m — DR D). (1.7)

If M satisfies the slow volume growth condition then it is parabolic, that is,
the only upper bounded subharmonic functions on M are the constant functions. In
particular in this case |IW| is constant, and it must vanish if R > 0 somewhere
on M. If is not in force but K™D satisfies a sufficiently strong pointwise
lower bound as that in (1.4)), then |WW| vanishes as well. These are the starting
points in the proofs of Theorems [I.6] and [I.8]

Generic algebraic curvature tensors. In the compact setting, the argument of
the proof of Theorem [1.4]carries on without modification for any harmonic algebraic
curvature tensor. Hence, we have the following

Theorem 1.13. Let M™, m > 3, be a compact Riemannian manifold with R(L73H) >
0. If T is a harmonic algebraic curvature tensor on M, then VT = 0. Moreover, if

m—1

RUL“D > 0 at some point then T is a constant multiple of {, )Y ® (, ).

On complete manifolds the situation is a bit more complicated, as there seems to
be no natural condition ensuring a priori boundedness for the norm of an arbitrary
harmonic curvature tensor. However, if this additional assumption is made then we
have analogues of Theorems|[1.6], [1.7 and [1.8] These are stated and proved in Section
[l as Theorems [4.17 and [4.18]

To exemplify the situation, let us consider the case of manifolds with harmonic
Weyl curvature tensor. In this case we have no a priori constancy of the scalar
curvature, so does not immediately imply boundedness of |W| but it certainly
does if S is just assumed to be bounded.

Theorem 1.14. Let M™ be a complete Riemannian manifold with Rl ) > 0
and harmonic Weyl tensor. Assume that

lim ——

(W= 0

for some p € [1,400). Then M is locally conformally flat.

Theorem 1.15. Let M be a complete Riemannian manifold of dimension m
with harmonic Weyl tensor and bounded scalar curvature. Assume that K7D
and that either
(a) RUL"D > 0 at some point and is satisfied, or
(b) Rl ) satisfies for some compact set K C M, some constant ¢ > 0
and some fixed origin o € M.

>
>

Then M is globally conformally equivalent to a quotient of S™ or R™.
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Remark 1.16. In the assumptions of both Theorems and [I.T5] M happens to
be a complete locally conformally flat manifold with Ric > 0. Alternatives (i), (ii)
and (iii) in Theorem are all compatible with the condition K"} > 0 (the
manifolds in (i) and (ii) have 98 > 0 and, by continuity, S can be conformally
deformed to manifold of non-constant sectional curvature with S8 > 0), but (i)
and (ii) are incompatible with the strict inequality RU"D > 0 at any point and
therefore are excluded from the conclusion of Theorem [LI5 It is natural to ask if
case (iv) in Theorem is compatible with the condition 93("27)) > 0. Note that
in the sketch of the proof of Theorem case (iv) was dismissed as incompatible
with constant scalar curvature, but this is not the case in Theorems and [1.15]

Remark 1.17. We stress that in the terminology adopted here, an algebraic curvature
tensor T is said to be harmonic if it has zero divergence and satisfies the second
Bianchi identity, that is,

(Vv T)(X,Y, Z, W) + (VwT)(X,Y,V,Z) + (VvT)(X,Y,W,Z) = 0 (1.8)

for all vector fields X,Y, Z W, V. These combined conditions amount to AT = 0
(thus justifying the term “harmonic”), where Ay is the Lichnerowicz Laplacian
given by Ay = Ap + 3I" with Ag = —div(V +) the Bochner (or rough) Laplacian
on covariant tensors and I' the operator mentioned above.

The Riemann curvature tensor always satisfies the second Bianchi identity, so it
is harmonic if and only if it has zero divergence. For the Weyl curvature tensor W
the validity of the second Bianchi identity is equivalent to condition divWW = 0, so
it turns out that AW = 0 is equivalent to divWW = 0. However, for an arbitrary
algebraic curvature tensor 7' the two conditions div7 = 0 and are generally
independent from each other, so in particular divT" = 0 is not necessarily equivalent
to harmonicity of 7" in the present sense. Some examples of this fact can be observed
in geometrically relevant situations:

(i) If (M, g) is a Ricci soliton with potential f € C°(M), that is, there exists
A € R such that

Ric+Hessf = Ag

then div(e~/ Riem) = 0. This is equivalent, more generally, to the condition
that Ric +Hessf is a Codazzi tensor. However, in general e~/ Riem does not
satisfy the second Bianchi identity.

(ii) If o : (M, gn) — (N, gn) is a harmonic map between Riemannian manifolds
such that

Ricy = Agyr + ap”gn (1.9)

for some A € R and some coupling constant o € R*, then the structure
(M, N, p) is said to be a harmonic Einstein structure, see [35]. Harmonic
Einstein structures are fixed points of the coupled Ricci-harmonic map flow
introduced by R. Buzano, [25]. In [3], in a more general context it has been
introduced an algebraic curvature tensor, the ¢-Weyl tensor W%, which re-
flects the part of the Riemann tensor of M that is not prescribed by the
algebraic structure of Ric” = Ricy; —ap*gy. For a harmonic Einstein struc-
ture the tensor W¥ satisfies the second Bianchi identity, see [23, Proposition
3.2], but in general it is not divergence free (unless the pull-back metric ¢*gy
is a Codazzi tensor on M).
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Plan of the paper. In Section [2] we fix our notation and terminology, we review
the definition and relevant properties of Lichnerowicz’ operators I' and we collect a
series of facts about algebraic curvature tensors. In Section |3| we prove the Bochner
identity for smooth algebraic curvature tensors and we establish the lower bound on
(I'T,T) in term of R(L"37) for an arbitrary algebraic curvature tensor 7. In Section
we apply this to the proof of Tachibana-type theorems both in the compact setting

and in the complete one. Theorems [I.3] [1.4] [1.6] [1.7] 1.13] [I.14] [I.15] from
this introduction correspond to Theorems [4.2] [4.3] [.13] (.16}, [4.14] [4.15] [4.17)
418 there.

Acknowledgements. The authors are thankful to Luciano Mari for suggestions on
preliminary drafts of this note, that led to improvements in the overall presentation
of the results and in particular to the formulation of Theorem [I.6]

2. PRELIMINARIES

2.1. Notation. Let (M, (, )) be a Riemannian manifold of dimension m. For each
positive integer ¢, the Riemannian metric (, ) induces an inner product, that we still
denote with (, ), on the bundle T[?M . The standard construction is the following:
for any x € M and o, 8 € T M we set

<O" 5 > = <aa b>
with a,b € T, M the vectors metrically equivalent to a and 3, respectively, then we
extend (, ) to Ty, M x T .M = (T; M)®?x (T;y M) by g-linearity in both variables.
We also set
Al =V(AA)  VAeT) M, xeM.

In the following, we will perform many computations in local notation. Let
{ei}1<i<m be a local reference frame for TM defined on an open subset U C M
and let {6"}1<;<,, be its dual coframe, acting as a local reference frame for T*M on
U. The Riemannian metric is written as

(,)=gi;0' @0 on U
where we adopt the Einstein summation convention over repeated indices. Letting
(") = (g9s5)"" as matrices, we have g;; = (e;,¢;) and g9 = (0",67) for any 1 <, j <
m. Hence, for any ¢ € N we can describe the inner product on T;]M as follows: for
every pair of (0, ¢)-type tensor fields
A= Ailmip Hil Q- R 6”? , B = Bi1~~~iq Gil [ Qiq
we have
<Aa B> = g“]l e gijinl---iqBj =A Bt

where we are also adopting the convention of lowering or raising indexes to denote
contraction with g or g~!, respectively. Note that when the local reference frame
{ei} is chosen to be orthonormal we have g;; = ¢ = ¢;; for 1 <, j < m, with § the
Kronecker symbol.

If A is a differentiable section of Tl?M , we locally express its covariant derivative

VA e T(T), M) and the iterations V*A = V(VA) € I(T),,M), ... as
VA=A ;@ 0" - @6,
VA=A .30 @0 @0"2- - @09,

1---jq il---iq
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and so on. The divergence of A is the tensor field div A of type (0,q — 1) defined by
(div A)(Xy, ..., Xgo1) =trg[(Y, Z) = (Vv A)(Z, X4, ..., X4-1)].
for every Xi,...,X,—1 € X(M), and with our notation for VA we have
(div A)y, 4, , = A’

i1..8g—1,] °

Remark 2.1. Tt is also customary to locally denote covariant differentiation by plac-
ing a subscript on the symbol V| so that alternative notations for the coefficients of

VA, V2A, ... are
Aiy iy g = ViAis iy Aiy iy gk = ViVidi iy,
and we have
(le A)il---iq—l == V]Ajil---iq—l .
However, we shall not use this notation in the sequel.

2.2. Curvature operator. We define the Riemann curvature tensor Riem by set-
ting
Riem(W, Z, X, Y) = <W, R(X, Y)Z> = <W, vayz - VvaZ - V[X,y]Z>
for every XY, Z, W € X(M), so that the Ricci tensor is given by the Ricci contrac-
tion
Ric(X,Y) = try[(Z, W) — Riem(Z, X, W,Y)]
for every X,Y € X(M) and the scalar curvature is the trace
S = try Ric .
With respect to a local coframe {6} we write
Riem = Rijkt 91 X Hj X Qk X Qt s Ric = Ri]’ 92 X Qj

k
ikjo

Rijie = —Rjire = Ry V1<i,jkt<m

and we have R;; = R%, .. S =R, = Rijij. The Riemann tensor has the symmetries

and satisfies the first and second Bianchi identities

Rijie + Rigjr + Rigj = 0 V1<i,jkt<m
Rijkey + Rijigs + Rijur =0 V1<, g,k tl<m.

The symmetries of Riem allow us to define a linear, self-adjoint endomorphism R,
the curvature operator, on the space A2M of 2-forms on M. With respect to a local
coframe {0'}, for every 2-form w = w;; '®07 = w;; 0°A07 we let Rw = (Rw )y, 0F©0*
be given by

(%w)kt = Rl'jkthj . (21)
For every x € M, we denote by {A\a(2)},, <(7) the non-decreasing sequence of the

eigenvalues of R, : A2M — A2M repeated according to multiplicity. We also let
{w*}, be an orthonormal basis for A2(M) consisting of eigenvectors of R corre-
sponding to {\,}s. Then, in local notation

o, « 1 o, O
Rijie = Z AW » §(gikgjt = itgjr) = Zwijwkt : (2.2)
(07 (07
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Definition 2.1. Let M be a Riemannian manifold of dimension m > 2. For k£ €
{1,...,(%)}, the k-th (normalized) partial trace of R is the function

k
1
(k) — - a o
z = R (x) Vgn/gM (k > Ry >> (2.3)
dim V=Fk a=l
where {¢*}%_, is any orthonormal basis of V.

By standard linear algebra we have that the infimum in the RHS of ({2.3)) is

attained when V = span{w!,...,w*}, so that
Lk
I W
>
for every k € {1,..., (”21) }. In particular we observe that
R > Rr*) for every 1 <k <h < (7721) (2.4)

as a consequence of the following elementary

Lemma 2.2. Let N > 1 and let {a;}1<i<y be a nondecreasing sequence of real
numbers. Then

h k

1 1

EE ai2E§ a; forevery 1 <k<h<N.
i=1 i=1

Proof. By induction, it suffices to prove the inequality in case k < N and h = k+1.
Since ag1 > a; for 1 <4 < k, we have agyq > %Zle a; and then

k+1

1< 1
k+12az kE+1 E;a k1
A 1< 1<
S TR TR T R

@
Il
=

O

A 2-form w is said to be decomposable if there exist 1-forms v, u such that w =
%v A wu. In local components, this means that w;; can be expressed as

1
Q(Uiuj — UjUZ') .

The values assumed by the quadratic form (JR-, -) on decomposable 2-forms are
related to the sectional curvatures of M up to normalization. For any x € M and
for any 2-plane 7 < T, M, the sectional curvature Sect(7) of 7 is given by

Riem(X,Y, X,Y)
[(XPY]? = (X, Y)?

wij =

Sect(m) =

for any couple of tangent vectors X,Y € T, M such that 7 = span{X,Y}. The value
of the quotient appearing on the right-hand side does not depend on the choice of
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the basis {X,Y}. If u, v are the 1-forms metrically equivalent to X, Y, respectively,
and w = %u A v, then

R(X, Y, X, Y) = Rijktuivjukvt = Rz’jktwijwkt
XPIYP = (X,Y) = wve? — wv'vlv; = 2wiw”

so we have ( >

1 (Rw,w
In particular, a lower bound on ¥ yields a lower bound on the average of the sec-
tional curvature on any collection of £ mutually orthogonal 2-planes, and therefore
also on the Ricci curvature if & < m — 1. More precisely, let use give the following
definitions.

Definition 2.2. Let M be a Riemannian manifold of dimension m > 2 and let
x € M. We say that two 2-planes my, 7y < T, M are mutually orthogonal, and we
write (my,m) = 0, if for some (equivalently, for any) choice of bases {X3,Y;} and
{X5,Y5} of m and o, respectively, the 2-forms

1 1
w1 = §u1 A1 and Wy = §u2 A Uy

are orthogonal with respect to the inner product on A2M, where uy,us, vy, vy are
the 1-forms metrically equivalent to X, X, Y7, Y5, respectively.
In particular, any two 2-planes 7y, mo < T, M are mutually orthogonal if either

(i) each one of them is contained in the orthogonal complement of the other, or
(i) dim(m Nme) = 1 and there exist three mutually orthogonal vectors X,Y, Z €
T, M such that m; = span{X,Y} and m = span{X, Z}.

Definition 2.3. Let M be a Riemannian manifold of dimension m > 2. For

ke{l,..., (g”)}, the k-th averaged lower bound on the sectional curvature is the
function
L&
z > Sect®™(z) = inf - Sect(7;
( ) {71,k } k ; ( )
where the infimum is taken with respect to {m, ..., 7} varying among all collections

of k£ mutually orthogonal 2-planes in T, M.

From the above definitions together with (2.5)) and a further application of Lemma
2.2

1
Sect) > Sect® > ®  vi<k<h< (7;) . (2.6)
In particular, for the (non-normalized) Ricci tensor we have
Ric > (m — 1) Sect™
and therefore
- "> M= Loaw
Ric > (m — 1) Sect'™ > ——R forany 1<k <m-—1. (2.7)

We conclude this subsection by showing that non-negativity of SR for some

k < (ZL) implies an upper bound on |Riem | in terms of the scalar curvature S.
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To this aim, we first observe that |Riem | and S are equal, respectively, to the
Hilbert-Schmidt norm and the trace of fR, that is,

[Riem > =) A2,  S=> A, (2.8)

This can be directly seen from (2.2)). Then, we apply the following

Lemma 2.3. Let N > 1 and let {a;}1<i<y be a nondecreasing sequence of real

numbers. If
k
Zai >0 (2.9)
i=1
for some k € {1,...,N — 1}, then

N | N 1/2
2
Z a; > (N Z ai> .
i=1 =1
Proof. We can find j such that |a;| > y/+ f;l a?. By (2.9), there exists h €

{1,...,k} such that a; < 0if i < h and a; > 0 if ¢ > h. Note that a; > 0 for i > k.
If j > h then a; = |a;|, hence

N k
Zai:Zaz ZGZ>ZGZ+GK>CL€>G] |aj|
=1 =1

i=k+1

x|

for ¢ = max{j, k + 1}. If j < h then we observe that

k h—1 h—1
(k=h+Day > a;> =Y a; =Y |ai| > |ay|
i=h =1 i=1

where the second inequality is a rewriting of a SO

ol N —k
;al Zaz Z _Za/z_ Gk_mi|

i=k+1 i=k+1
In conclusion,

N N
N —k N —k
E > mi v 1> mi V=R 2
az_mln{l,k_h 1}|a3|_m1n{ S 1}( g Z)

i=1

/2

and,as 1 <k< Nand1<k—h+1<k, Wehavemln{l >

1
' E—h+1 h+1 ke
Corollary 2.4. Let M be a Riemannian manifold of dimension m > 2. If R*) >0

for some 1 <k < () then k*(")S? > | Riem |.

2.3. The operator I' and its relation with . In [22], A. Lichnerowicz defined
for every ¢ > 1 a self-adjoint endomorphism I' = I : TC?M — T(?M whose action can
be described in the following way: in any local coframe {6}, for every g-covariant
tensor Q = Q;,..4,0" ® --- ® 0% the components of I'Q = (I'Q);, .4, 0" ® - ® 0
are given by

FQ 11...0q ZR”JQ“ ...... iq Z Ru]%thu ......... iq (2'10)

1<l#h<q
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where on the right-hand side j and ¢ occupy the [-th and h-th places, respectively,
among the indexes of () (note that in the second term we do not necessarily have
[ < h). If Q is twice continuously differentiable, then

(FQ)il...z’q = Z (Qil...t...iq,iht - Qil...t...iq,tih> . (2-11)

h=1

Indeed, considering Ricci identities

Qil...iq,st - Qil...iq,ts = - Z RzmstQ“ ,,,,,, iq

we have, for h=1,...,q,

Qil...k.‘.’iq,’iht - Qil..‘k‘...iq,tih = Rk‘]lthzl Ap_1 thrl g - § Rlljlth“

hl=1

Hence summing over 1 < h < ¢ and tracing with respect to k and ¢ yields .

Establishing lower bounds on the quadratic form (I'-, -) acting on (subbundles
of) T(?M is a key point in the development of the Bochner technique. The restriction
of (I'-, -) to the subbundle A7M C TqOM was already considered in S. Bochner and
K. Yano’s book [8, Formula (3.6)]. In case ¢ = 1 it is known that a lower bound on
Ric is sufficient to establish a lower bound on (I'-, ), and this is the original key
idea of Bochner in [7]. In case ¢ > 2, M. Berger [4] and then D. Meyer [24] showed
that a lower bound on fR is sufficient, and generally needed, to give a lower bound
on (I'-, -) on A?M. Remarkably, Berger and D. Ebin observed in [5, Proposition
6.1] that a lower bound on the sectional curvature of M is enough to ensure a lower
bound on (I'E, EY) when F is a symmetric bilinear form.

The curvature operator R naturally extends to a self-adjoint endomorphism

RIM . TOM @ A°M — TOM @ N2M

on the bundle T) M ®A*M of T;) M-valued 2-forms, where self-adjointness is intended
with respect to the inner product on T£+2M D T)M @ A*M. Given a local coframe
{6} on M, for any section w = w;,. i, 0" @ -+ ® 0 @ 6° @ 0" of T(?M ® A2M the
tensor KT My is locally defined by

TOM ST
(iﬁ a W)il...iqkt = Rsrktwil,,,iq .

Following an idea of Berger [4] later clarified by Meyer [24], and adopting the nota-
tion used by Petersen and Wink in [27], to any tensor @ of type (0, q) we associate

a TqOM —valued 2-form Q of local components

. 1< 1<
Qil...iqsr = 5 Z Qil...s...iqgilr - 5 Z Qil...r...iqgils . (2~12)
=1 =1
Any symmetry that ) may enjoy is inherited by Q in its first ¢ indexes. We have

(%TOMQ 21 gkt — Z Rszlth“ = - Z Ru]th“
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and if V' is another tensor field of type (0, ¢) then

where on the right-hand side j occupies the [-th place among the indexes of @), and
k occupies the h-th place among the indexes of V. Splitting the cases h = [ and
h # 1, we get

<mTq°MQ7V> _ ZRijh J iqvil.“k...iq . Z Rizjthz’l it Voineke g

and renaming k£ = 7, it is apparent that
(REMQ,V) = (TQ. V). (2.13)

This shows that a lower bound on the quadratic form (R, -) implies a lower
bound on (I'-, -). Indeed, if {6} is orthonormal and for any g-uple (iy,...,i,) €
{1,...,m}? we define the 2-form

QU = Qiy iy 0° 00"
(this is more similar to the approach also used by Tachibana in [32]) then
<9{T8MQ7 Q> _ Z <%Q(i1,...,iq)7 Q(il,.‘.,iq)> '
1<i1, ... ig<m
Remark 2.5. For a twice covariant tensor field E = E;; 0" @ 67 we have
2Eijsr = Fy;gir + Eisgjr — Erjgis — Eirgjs -

If £ is symmetric and {6} is chosen so that the dual frame {e;} is an orthonormal
basis of eigenvectors of F with corresponding eigenvalues ¢;, then (no summation
over ¢ or j is intended)

2B = 2F;;, 0° Q0" =00 @0 +e,0' Q07 —,0' 00" — 7 60" = (e, — ;) NG

This shows that (R2ME, E) can be reduced to a linear combination of evalua-
tions of (R -, -) on decomposable 2-forms, that is, a linear combination of sectional
curvatures. Namely,

A 1 & . .
(REME E) = T > (R(Eye 0° ®07), 7, 0" @ 0"

ij=1
_ }1 S (e o) RO A G). 0 A 67
ij=1
that is
(RTEME E) = zm: (i — €j)* Sect(e; A ej) = i(e, —;)* Rijij -
i,j=1 4,j=1

So, a lower bound on sectional curvatures of M alone is sufficient to obtain lower
bounds on (I, -) acting on symmetric twice covariant tensors.
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Remark 2.6. For a one-form w = w;0" we have 20,5 = wsGir — wrgis, hence
Q@isr 6* ® 0" = GirW ® 0" — gises Rw = GirWw NG

Choosing {#'} as an orthonormal coframe with w = |w|6' we get

~ lzm i i
W—EiZIG ®<W/\9>
and then
. 1 : : .
T*M o~ Ay i i 2
(R w,w>—ZE (RwAO),wANO) = |w| E Sect(ey A e;)

i=1 =1
= |w|*Ric(ey, e1) = Ric(w?, w?)

with w* the vector field metrically equivalent to w. Thus, a lower bound on Ric is
enough to have a lower bound on (I'-, -) acting on one-forms.

2.4. Symmetric tensors and algebraic curvature tensors. Let (M, (, )) be a
Riemannian manifold of dimension m > 2. We say that a 4-covariant tensor field T’
is an algebraic curvature tensor if it shares the symmetries of the Riemann curvature
tensor and satisfies the first Bianchi identity. Namely, if {6°}, is a local coframe
on M and ‘ ‘
T=Tiut 000

we require that

Tijkt = —Tiine = Thij V1<i,j,kt<m, (2.14)

We remark that ([2.15)) is a consequence of (2.14)) if m < 3, see [0, page 46].
If T is a smooth algebraic tensor field, we say that T satisfies the second Bianchi

identity if

Tijkeq + Tijing + Tijup = 0 V1<i, gk t,l<m. (2.16)
More generally, define a first-order differential operator B : T'+— B(T') on the bundle
of algebraic curvature tensors of M by setting

B(T)(X.,Y, Z,W,V) = (VWWI)(X,Y,Z,W) + (VwT)(X,Y,V, Z)
+ (VT (X,Y,IW,V)
for every X, Y, Z, W,V € X(M). In local notation this reads as
B(T)ijku = Tijkeg + Tijies + Lijuk
and T satisfies the second Bianchi identity if and only if B(T") = 0.

Definition 2.4. A smooth algebraic curvature tensor 7' is harmonic if divT = 0
and B(T) = 0.
We let Ep denote the Ricci contraction of T' defined by
Er(X)Y) =tr,[(Z, W)= T(Z,X,W,Y)]
for every X,Y € X(M). In local notation, Er = E;; 0 ® 67 with
Eij =T, .

We also set Sy = try Ep and we denote Zp = Ep — %(, ) the traceless part of Erp.

We say that an algebraic curvature tensor is totally traceless if all of its contractions
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with the metric tensor vanish (equivalently, if its Ricci contraction is the zero tensor).
Any algebraic curvature tensor T can be orthogonally decomposed in a unique way
as the sum

T=Wr+Vr+Ur (2.17)
of a totally traceless Weyl part W and two additional terms V7 and Ur that are fur-

ther irreducible with respect to the action of the orthogonal group O(m). Explicitely
(see [2),

1 St

Vi = A Ur=—F"—"— 2.18
T m—9 T@<7>7 T 2m(m—1)<’>®<’>’ ( )

with @ the Kulkarni-Nomizu product of symmetric bilinear forms. Setting

St m — 2
Ar=Fr — ——— =Jr+-——=5 2.19
e 2(m—1)<’> Tt Sn(m — 1) r() (2.19)
we can also write
1

T:WT+m_2AT®<,>. (2.20)

Note that Wy, Vp, Ur and Ar @ (, ) also are algebraic curvature tensors. Moreover,
if m < 3 then the Weyl part Wyr of T is always zero, so that T' is completely
determined by its Ricci contraction E7, see [0, observation 1.119.b)].

Remark 2.7. For ease of notation, in the rest of this section and in the next Section
we drop the subscript r and we simply write E, S, Z, A, W, V, U instead of
Er, Sr, Zr, Ar, Wr, Vp, Ur to denote the tensors associated to T as above. This
won’t cause ambiguity with the notation that we adopted for the Weyl curvature
tensor (W) and scalar curvature (S) of the manifold (M, (, )), since these geometric
objects will not appear in our analysis. On the other hand, we reserve the notation
Rijii and R;; for the components of the Riemann and Ricci curvature tensors of
(M, (,)). In Section {4 we will resume to the use of the subscript 7, since also the
Weyl curvature tensor and the scalar curvature of M will come back into the play.

Lemma 2.8. For any algebraic curvature tensor T" we have

4 252
T = 7P+ —— 2.21
77 =Wl"+ — 2| A r— (2.21)
4 2|V S|?
T)? = 2y —|VZ)PP 4+ ——— 2.22
VTP = (VWP 4 V2P s (2.22)
or, equivalently,
4 252
TP = W)+ ——|E* - 2.23
TP = WP+ P = o (2.23)
4 2|VS|?
TP = >+ ——|VE|* - : 2.24
VT = VW[ + ——|VE| =D —9) (2.24)

Proof. By orthogonality of the decomposition 7= W + V + U we have |T|* =
W+ |V|?> + |U|?, then a direct computation yields
252

m(m—1)"

4
|V|2:m|z|27 U =
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The second identity is proved by similar computations using V{, ) = 0. The third
and fourth identities are equivalent to the first two since

52 NE
B> =|Z)* + —, \VE|? =|VZ|* + [VSI® .
m m

0

To any algebraic curvature tensor 7' we can associate a 4-covariant tensor P = Pr
of local components

1
Pijer = Tijie — — (9 Eje — guEji) - (2.25)
m—1
Note that P is not an algebraic curvature tensor. However, its definition is not
accidental. In case T = Riem (thus, E = Ric) the (1,3) version P, e; @6’ @ 6* @ 6"
of P, of local components

gt = B = —— (04 Ry = 0 R}

is the projective curvature tensor, which is invariant under projective transforma-
tions and vanishes if and only if the manifold has constant sectional curvature. In
general, we have

Lemma 2.9. Let T be an algebraic curvature tensor and let P be as in (2.25)). Then

2 2m
PP =|T|? = ——|E] = |W/|? ZP 2.26
PR = [T = 2 B = WP+ g2 (226)
In particular, P = 0 if and only if T' = 2m(r§— 1)<, YD ()

Proof. By direct computation,
2T g™ B = g"E) | (9B = guEn) (9" E" = 9" E)
m—1 (m—1)2

P2 = |1 -
2
= TP - —|EJ?
m—1

and substituting (2.21)) and |E|? = |Z|* + 1 5% we obtain

4 252 2 S?
P2:W2 —ZZ o ZQ__
[Pl = W[+ —— |+m(m_1) — 2=
2m | ’2

=W w4

O

2.5. Algebraic curvature tensors with B(7) = 0. The condition B(7T) = 0 has
many relevant implications, that we briefly describe with the aim of establishing
Propositions [2.10] and [2.11] below. The arguments are essentially those that one
applies when dealing with the case T' = Riem, where the condition B(T) = 0 is
always satisfied, to deduce well known relations between the actions of several first
order differential operators on the Riemann, Ricci, Weyl, Schouten and Einstein
tensors of a Riemannian manifold.
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First, let us recall that a symmetric twice covariant tensor field £ is a Codazzi
tensor if

(VXE)(,Y):(VyE)(,X) \V/X,YGX(M),
that is, if
Eijr — Eij =0 V1<i,j,k<m.

More generally we can define a differential operator C' : E — C(FE) on the bundle
of symmetric twice covariant tensors by setting

In local notation, this reads as
C(E)ijk = Eijr — Eir

and then E is Codazzi if and only if C(E) = 0.

Let us assume that T satisfies B(T') = 0. Tracing (2.16]) with respect to i and [
we get

(divT)jer = Tipy s = Ejer — Ejie

hence divT = 0 if and only if F is a Codazzi tensor. Tracing again with respect to
j and t we obtain the Schur’s identity

2B ;= Sk, that is, 2divE =VS.

Schur’s identity is equivalent to the Einstein-like tensor G = E — %S (,) being
divergence-free. Equivalently, the Cotton-like tensor C'(A) of local components

Ciji = Aijp — Ainj (2.27)
is totally trace-free,
Czjz‘ = Clij - Cfi =0. (2.28)
Writing
1
Eijr — B = Ciji + m(skgij — Sigir) ,

(2.28)) implies that the right-hand side is the sum of two orthogonal covariant tensors,
hence it is apparent that F is Codazzi if and only if C' = 0 and V.S = 0. In particular,
[VS|?

ivT|)? = |C(A)]* + ——.
AT = O + 5=

(2.29)

Summarizing, ([2.29) proves the validity of

Proposition 2.10. Let M be a Riemannian manifold of dimension m > 3 and let T
be a smooth algebraic curvature tensor satisfying the second Bianchi identity. Then

divl'=0 & C(A) =0 and VS =0.

If dim M = 3 then the Weyl part of any algebraic curvature tensor vanishes. If
m > 4 then, as a second relevant consequence of B(T') = 0, there is a tight relation
between C' = C(A), B(W) and div W, which allows to restate Proposition ([2.10))
in a different form, see Proposition below. Writing in local notation we
have

1
Wikt = Tijie — m(Aikgjt + Ajigin — AitGix — AjrGit)
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Applying the operator B to both sides and using B(T) =0 = V{(, ) we get

1
BW)ijku = _m—_(Ciklgjt + Cingir + Cirgii

2 (2.30)

— Cjngit — Ciugic — Cinga) -

We trace with respect to i and I. Since W, , = W"

ik = 0 as W is totally traceless,
we obtain

, -3 -3
;’kt,i = B(W)z]ktz = %Cjtk 3 that iS, divW = —m—QC . (231)

m —

Formulas (2.31)) and (2.30) show that C'(A) = 0 amounts to divW = 0 and implies
B(W) = 0. The converse is also true. To see this, we compute |B(W)|?. Note that
we can write

2

|B(W)|? = m—2p

(Xijkthijktl . Xijk:thjiktl)
with Xz’jktl = C’iklgjt + C’iltgjk + Citkgjl- Then we have
X XM = 30,0 g;197" + 2C3,C ™ 9167
+ 201 C"™ g1 + 2C3C™" g9
= 3mCy;;C" + 201, C"™* + 204, C* 4 2C;;,C™"
= 3(m - 2)6’%0% y
where we have used the symmetry Cjjp = —Clyj, and
Xijean X7* = (Cipagje + Cugir + Cingsi) g O
+ (Citagje + Cinsgjn + Citegin) g™ C"
+ (Cirgje + Cinngjx + Cixgi)g" C™*
= 3C; C™
where we have also exploited ([2.28)). Summing up, we get

6(m — 3)
(m —2)?

(m —3)

|B(W)|? = (m =2y

CA)F,  div V[ =

In conclusion, we have the following

Proposition 2.11. Let M be a Riemannian manifold of dimension m > 4 and let T’
be a smooth algebraic curvature tensor satisfying the second Bianchi identity. Then

divT =0 < divW =0 and VS=0

and
diviW=0 & BW)=0 < CC(A)=0.

In particular, T is harmonic if and only if W is harmonic and S is constant.
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3. BOCHNER IDENTITIES AND CURVATURE BOUNDS

3.1. Bochner identities. Let M be a Riemannian metric of dimension m > 2. For
any smooth algebraic curvature tensor 7" we have

1 1 1
5A|T|2 = |VT)? + S (IT.T) — g|B(T)|2 —2|divT|* + div X (T') (3.1)

where X (T) is the vector field whose components along a local frame {e;} are given
by

X(T) =T"B(T), ;" + 2T (div T) ji - (3.2)
In particular, if 7" is harmonic (i.e., T satisfies the second Bianchi identity and
divT = 0) then

1 1
5A|T|2 = |VT|* + S {IT.T) . (3.3)

A lower bound on the curvature operator R yields a lower bound on (I'T", T'). In
[27], Petersen and Wink showed that a lower bound on the partial trace Rz )
suffices to obtain a lower bound on (I'T,T) when the Ricci contraction E of T has
the form F = %(, ), that is, when its traceless part Z = 0. In particular, by their

result a lower bound on R(L"z) is enough to deduce a lower bound on (I'W, W),
where W is the Weyl part of T.

In this section we will prove that a lower bound on R in fact yields a lower
bound on (I'T, T for any algebraic curvature tensor 7', whitout further structural
assumptions. This is done showing that

(T, T) = (TW, W) + %(PZ, Z) (3.4)

(where in the last term the action of T" and (, ) is intended on the bundle T35 M),
and then estimating (I'Z, Z) from below. Building on the ideas in [27] and [5], we
show that a lower bound on (I'Z, Z) can be established just assuming a lower bound
on the sum of the sectional curvatures of any collection of || mutually orthogonal
2-planes in T'M, and the latter is in turn implied by a lower bound on R* for some
k < [%], so in particular by a lower bound on R("27)). Putting together the lower
bounds on (I'W, W) and (I'Z, Z) we shall see that

1
ST T) 2 (m—~ 1)C|PP?
provided R ) > (', where P is the pseudo-projective curvature tensor defined
in (2.25). Note that for 7' = Riem this is precisely the estimate given by Tachibana
in [32] under the stronger assumption R > C.

Hence, the main goal of this section will be the proof of the following

Theorem 3.1. Let M be a Riemannian manifold of dimension m > 2 with R >
a(x) for some function a : M — R and let T be a smooth algebraic curvature tensor.
Then

1 1
5A|T|2 > |VT|? + (m — 1)a(z)|P|* — g|B(T)|2 —2|divT]? +divX(T) (3.5)

where P and X (T) are as in (2.25) and (3.2). If T is harmonic,

1
5A|T|2 > |VT|? + (m — 1)a(x)|P|* . (3.6)
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3.2. Proofs of (3.1) and (3.4). We start with the proof of the Bochner-type iden-

tity (3.1).

Proposition 3.2. Let (M, (,)) be a Riemannian manifold and let T' be a smooth
algebraic curvature tensor. Then

1

%A|T|2 IVT|? + (FT T>——|B( ) = 2| div T|* — div X (T)

where X (T) is the vector ﬁeld given by (3.2).

Proof. We compute
1 g .
—Mmzwwm><www> = T T+ T Ty

and T Tiire. = |VT|?. Looking at the second term, we rewrite

zgkt
Tijkt,ll = Tijkt,ll + TJ k,tl + ngt Kl Tz]lktl Tz‘jtl,kz
- B(T)ijkt 1 + szk tl Tijt l,kl
so that, using the symmetry 7% = Tk
TUktkat 1= TijktB(T)ijk:tl,l + QTi]ktT;]k tl -

We further rewrite
! ! I
T =T ut ka a— Lijku

)

and summing up we obtain
1 %] B
§A’T‘2 = |VTPP+T ]ktB(T)z]kt 27 ]ktTjk It
i ! l
+2T ]kt(Tijk a0~ T ae) -
“Integrating by parts” we get

T B(T),.1, L= div (T9*B(T )ijkt €z> T B(T)ijru
1
= div (T¥"B(T ijht €l> - _|B(T)|2’

TZ]ktT‘zgk = div (ka ijk let) szkt ,I‘zjkll

div (T4, let) | divT]?
hence
TURB(T), ) + 27T, = div X(T) — %\B(T)P _oldivTPR. (38
On the other hand, by the symmetries of 7" and we have
ATy = Ty w) = T (T = Tigp ) + TV (T = Tiead)
+ ij(Tklij,tl - Tklij,lt) + Ttk”(leij,tl - leij,lt)
=(I'T,T).
Substituting this and into (3.7) we obtain the desired conclusion. O
We now turn to , that is a consequence of the following
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Proposition 3.3. Let T, T be algebraic tensor fields. Then
. . 4 .
m— 2
where W, W are the Weyl parts of T, T and Z, Z are the traceless parts of their
respective Ricci contractions E, E.

The proof of Proposition [3.3]is essentially a long computation, that we split into
the proofs of several lemmas.

Lemma 3.4. Let T, T be algebraic curvature tensors. Then
(TT,T) = AR, T%;, T — 4R,y T T — 8 Ryypy T°} T | (3.9)
Proof. From the very definition (2.10)) we have
(TT)ijet = Ris T + Bys Ty + RBies T3 + Res Ty

— RigyT% — RjsaT" — Rig T, — Ry T’

— RiguT%)! — ResaT'y’ — Rjs Ty, — Rusii T},

— RT3 — Ry T} — RiesuTy;™ — R T .
We contract with 7% . Using the symmetries of T', T' and renaming indexes we get

RisTsjktTijkt + R]s isktj‘vijkt + RksT STijkt _i_RtSizviijTijkt

ijt
= Ry T%, T + Ry T3, T"™ + Ry T3, TM + Ry T, T

o s ikt
= 4R T%,T IR
R Tsl Tijkt R Tls Tijk:t RunT slTijkt RiT lsj:vijkt
isild ot + fijsad + Lo d 5 + Lskid
sl gkt sl rjikt sl rpktij sl itkij
= RiggT* T + RT3, T + Risu T ;T + Rysd T T
sl gkt
= 4R T, T |
R Tsl Tijk:t R Tl sj:vijkt R.,T? lTijkt R Tl sj:vijkt
iskid ¢ + Ligsitd 5 + Lsud Ty T+ Ligsind
sl rijkt s | rpktij sl rpijtk sl ritkij
= Ris 1", T + Risa 1T + Ry T, T + Rysat T ;T
sl rijkt
= 4Rislej tT J )
R Tsl Tijkt R Tls Tijkt RinT? lTijkt R Tl sTijkt
jskidi ¢ + Ligsjid; + Lijsud + Ligsjid; g
s | ikt s |l rpktji sl rjitk s | mitkji
= Rjsu T 17 + Risit T T + Rjsu T3 17" + Rysyg T, 17
1 ikt 1 gkt
= 4R 17 17" = 4R,~SleSj WA
Summing up we obtain (13.9)). U

In the next three Lemmas we denote by g = (, ) the metric tensor of M.

Lemma 3.5. Let W be a totally traceless algebraic curvature tensor and E a sym-
metric 2-covariant tensor. Then

TW,E® g) = 0. (3.10)
Proof. We apply [3.9) with T =W and T'= E ® g. We write
(ED 9)ijir = Eirgjt + Ejtgie — Eagix — Ejrgit -
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We separately compute the three terms in (3.9)):
Riswsjkt(E O g)i‘jkt = RisWSjktEjtgik - RisWSjktEjkgit
= Ry W%\, " — Ry ,W*,[E'*
= 2R, W* ET"
RigiW(E @ 9)7" = RiggW* (E™¢’" — E"g'")
+ RisjlWSlkt(Ejtgik o E]k’gzt)
— 2RisjlW8lktEikgjt + QRiSﬂWSZktEjtgik
= 2R, WY E™ 4 2R, ;Wi Bt
Risklwsjlt<E @ g)l]kt — RisklwsjltEjtgik o RisleSthEitgjk
o Riskl WsjltEjkgit
— RslwsjltEjt - RisleSkltEit o RisleSjliEjk 7

where we also used that W is totally traceless. Summing up, we obtain

1 o o o
STW.E @ g) = RisW 5, B = RignW*) B — Rigy W™, B
- RleSjltEjt + RisuW*™ E™ + RisklwsjliEjk :
A few algebraic manipulations yield
Ri W& B = RGWSL B = RyW*! B
RigW*/ E™ = Ry W' E* = R W*", B
RisleSkltEit _ RkliswltskEti = RisleSjliEjka

—» “_»

where “=” denotes mere renaming of indexes while indicates the use of some
symmetry of Ric, Riem, W or E. Substituting and manipulating a little more we
get
1 s i sl j i
E(FW7 E @ g> = Risk‘lW kltE b — RisjlW k]E b
— RisleSkltEit + RisjlWSljk.Eik
= RigaW™E" + Ry W**,E"
= (Rigi + Riir) W, E"
=0.
O

Lemma 3.6. Let E,E be symmetric 2-covariant tensors and let Z, Z be their re-
spective traceless parts. Then

(TZ,Z)y = (TE,E) = 2R, EE7 — 2R,y E¥E" . (3.11)
Proof. From ([2.10) we have
(FE)” == RZSESJ + RjSEiS - 2RZ‘5J‘1ESZ . (312)

Contracting with E% we get the second equality (3.11)). In case F = g, from (3.12)
we deduce I'g = 0. The first equality in (3.11) then follows by linearity and self-
adjointness of T on T9 M. O
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Lemma 3.7. Let E,E be symmetric 2-covariant tensors and let Z,Z be their re-
spective traceless parts. Then

TEPG,EQg)=4m—2)(TE,E)=4(m —2)(I'Z, Z). (3.13)

Proof. We separately compute the three terms in (3.9) for T = E ® g, T=EQy.
We have

(EQ 9)"(E® 9)"™ = ES(E@ 9)™ — E{(E® g)™"
+EYEQ )" — EWYEDg)7*™
=2E5(E® g)"" = 2EY(E @ g)"*
= 2FS Bk git 4 oS It — oS Ek gt — o psI B
. QEIkEikgjs _ o pli s + 2Elkijkgis 4 9 Rl s
Hence,
Ris(E® 9)° i (E D 9)7™ = Risgiy(E ® 9)* 1 (E D g)7™
= 2mR B3 E™ + 2Ry BV E’, — 2R, B E™ — 2R, BV E"
— 2Ry EY E™* — 2R B E? + 2R\ E;, % + 2R, E* E,
= 2(m — 4) Ry B, E™ + 2R;;FVE* + 2R,; EVEX + 2R E;, 7" |
Riji(E® 9)" 1 (E® 9)"* = 4R, E% F7* + 4R, EY E™ .

Similarly
(EQ®9)(E®9)™ = ENED 9)”; — EY(ED g)™
_ Ejl<E®g)ijks 4 Ejtgsl(E®g)ijkt
_ Eleikgjj i Elejjgik _ Eleijgjk _ Elejkgij
_ BBkt _ ps Rt 4 g Fitghh 4 s Fk git
_ Eleikgjs _ Elejsgik i Eleisgjk X Elejkgis
4 Ethikgslgjt 4 Ethjtgslgik _ Ethitgslgjk _ Ethjkgslgit
— mELE* 4 gl EJJ gt — BRLET _ gl ik
_ Elfik _ gsEltgik g Fitglk 4 gsi Elk
_ gLk _ Elejsgik 1 gk s o Elejkgis
4 EikEégsl + Ethjtgslgik — EkEitgl EijEjkgsl
that is
(E® g)sjlt<E ® g)* = (m — ) EVE* — B3 Eltgt Elejsgik
_ EREitg EijEjkgsz 1 Elevjjgik
+ EikEjjgsl + Ethjtgslgik + EiEitgm
L psiEk 4 g s 4 Elejkgis'
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We contract with R;s, to get
Riut(E @ 9)7(E @ 9)* = (m — 4) Rigu B E™ — 4Ry B, E"
+ RyE" B’ + Ry B E’, + R’ E; BV
Summing up,
T(E@g),EDg) =8(m—4)R,F’ E* + 8R,;EYE" + 8R;; E7E,
+ 8RR E;, EF — 16R; E5 E% — 16R;; B E"
— 8(m — 4) Ry E*'E™* + 32R, F5 E"
— 8RyE*E’, — 8Ry E'* B, — 8R' B "
=8(m — 2)Ri;E,E"™* — 8(m — 2) Ry E¥' E**

and by (3.11]) we obtain (3.13]). d
Proof of Proposition[3.3. As in (2.20]), we write

1 ~ - 1 -
T=W+—AQNy, T=W+——ARPyg
m — 2 m — 2

where A, A are the Schouten-like tensors associated to T, T as in ([2.19). Then we
apply the previous Lemmas with the choices F = ﬁA, E= %214, noting that Z,

m

Z are also the traceless parts of A, A. 0

3.3. Lower bounds on (I'-, -). We now proceed to prove that a lower bound on

R(L"7)) ensures a lower bound on (I'T,T) for any algebraic curvature tensor 7.
Among the results stated and proved in this subsection, our original contribution
is represented by Proposition [3.10] and Theorem [3.14 Lemma [3.11] is formally
equivalent to Lemma 3 in [32], while the statements of Lemma and Proposition
are covered by Lemma 2.1, Lemma 2.2(c) and Proposition 2.5(b) of [27]. Since
the formalism (as well as the choice of normalization constants in the definition of
the norm of an anti-symmetric tensor) adopted here differs from that of [27], we
provide self-contained proofs along the lines of those in [27] for ease of the reader.

Lemma 3.8. Let N > 2 be a positive integer and let {a;}1<i<n, {bi}1<i<n be se-
quences of non-negative real numbers such that

a; < ajpq for 1<i< N and bi >0 fori=1,...,N. (3.14)

Let 1 < k < N be an integer such that
1 )
biS—ij fori=1,...,N. (3.15)

Then

N 1 k N
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Proof. We separately estimate

N N
E a;b; > ap41 E b;
i=k+1 i=k+1

k
Z a;b; = Z — Qgg1)b; + apia Z b;

Zl g v
Ez a; = ar) )b+ ak Y by,
i=1 j=1 i=1

where we have used (3.15)) and a; — agy1 < 0 for ¢ < k. Summing up,

N 1 k N
ijzlgzaz]ij
7=1 i=1 J=1

N k

Z a;b; > % Z(ai — Q1) + Qg1

i=1 =1

O

Remark 3.9. If (3.15]) holds with 1 < k& < N a real number then it also holds with k
replaced by | k|, which is an integer in the range {1,..., N —1}. Hence, if {a;}, {b;}
are as in (3.14]) then for any real number 1 < k < N we have the implication

k] N

1 ,
big%;bj Vi=1,...,N = Zabz_ kJZaZZb

Proposition 3.10. Let v € M, C' € R and assume that for every collection
{m1,...,mm} of mutually orthogonal 2-planes in T, M it holds

3

14

1%

|

Sect(m;) > C'. (3.17)
1

—
|3 —
|

%

Then for any traceless symmetric 2-covariant tensor Z we have
(TZ,Z) >2mC|Z|>  at . (3.18)

Proof. Consider a coframe {#'} whose dual frame {e;} consists of eigenvectors of Z,
with corresponding eigenvalues {(;}1<i<m. From (3.12) we obtain (no summation is
intended on 1)

(FZ)” = 2R”Cz — 2 Z RijijCj = QZRUU(Q — Cj) fOI' Z = 17 oo,
i=1 j=1

hence
(0Z2,2) = (T2)aZ" =Y (T2)aC; =2 RijiGi(G — ) (3.19)
i=1 i=1 i,j=1

and this can be rewritten as

FZ Z Z RZ]”Q i CJ) + Z RjijiCj( Cz) = Z 151 (C CJ) .
3,7=1

2,7=1 3,7=1
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Since > ", ¢; = 0, we have > " (;(; = 0 and therefore

D> G=GP=m) G+m> -2 GG=2m> ¢=22m|Z]. (3.20)
i=1 j=1 i=1

i,j=1 1,j=1

Moreover, for any 1 < k <t < m we have
2
(G—C)P<2G+) <22P== > (G- (3.21)
M 1<ici<m
We order the set {(i,7) € NxN:1<i<j<m} as a sequence {(ia,ja)}1<a<(m)
=2
so that

m
Ricjaiaja < Rigjnisis Vi<a<p< (2)

and we set Ko = Rijoinjas Ca = (Go — Ga)? for every 1 < o < (7). Then (3:21)
reads as

2 m
< — < < .
ca_mg s Vl_a_(z) (3.22)

B=1

and (3.19)), (3.20) can be expressed as
(3)
<FZ,Z> =2 Z Rl]Z](CZ_C])z ZQZK/QCQ, an :7’7’L|Z|2

1<i<j<m a=1 a=1

(r7,7) > 2 Ko Y c5>2CY c5=2mC|Z|?
EIPZUP RS
U
Lemma 3.11 ([32]). Let T be an algebraic curvature tensor. Then
IT? = 2(m — 1)|PJ? (3.23)

where P is the tensor defined in [2.25) and T is defined as in ([2.12). In particular,
if T' =W is totally traceless then

W = 2(m — 1)|W|%. (3.24)
Proof. From the defining formula (2.12)) we have
Qj—zijktsr = Tsjk:tgir + ,I‘isktgjr + T;jstgkr + T;jksgtr
— Lyjktis — Lirkt9js — LijrtGks — ﬂjkrgts .
A direct computation, using the symmetries of T, yields
Tijktsrﬂjktsr = Tijktsr (Tsjktgir + ,-Tz'sktgj'r + Ejstgkr + ,-Tijksgtr>
= 4TijktsrTsjk:tgir
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and then
20 T ragir = T Tgreg™ gir + T Tjreg” g
+ T T e g™ gin + T Tojiag” gir
_ Trjk:tTSjkt gis Gir — Tirkthjkt gjs Gir
— T i109" gir — T Tij11g" giy
— TR+ TN T + T + T,
— Ty — 2E7 By
= (m = 1D)|T]> = 2|E|* + T"*"(Tyins + Thosit + Tysni)
= (m — 1)|T)* = 2|E|* + T"*(Tyins + Thosir + Tinst)
— (m— O[T — 2/BP

where in the last equality we have used the fact that T satisfies the first Bianchi
identity. The conclusion then follows by ([2.26]). O

Lemma 3.12 ([27]). Let T be an algebraic curvature tensor and w a 2-form. Then
wijwktTabcd ijj-vabcdkt é 4wijwijTadeT“de . (325)

Proof. The values appearing on both sides (3.25)) do not depend on the local coframe
{6"} chosen to perform computations. For the sake of simplicity, we assume that
{6'} is an orthonormal coframe. Note that in this case we can avoid raising and

lowering indexes to denote contraction with g or g=!, since g = g¢;; = 0,5, the
Kronecker symbol.
First, we observe that
WijTapedij = WiaLived + WivT aicd + WicT abia + wWial upei - (3.26)

Then, we assume that the coframe {6} is chosen so that w can be expressed as
w=wia0' N+ ws PN+ g0, 0 A G
with k = [F]. For every 1 <a < m, set
a—1 if a <2k, aeven,
ad=<a+1 if a <2k, aodd,
a otherwise.

Then, (3.26)) rewrites as (no summation is intended over repeated indexes on the
RHS)
Wz'jjjabcdij = Wa’aTzz’bcd + wb’bTab’cd + <")c’cirabc’d + Wd’dTabcd’ . (327)
By Cauchy’s inequality we can bound
(wijTapeaij)” < (Wirg + Wiy + e +wia) (Tiea + Tayea + Topera + Topear)

but in fact we also have the more effective bound
(Wijfabcdij )? < <Z W%) (T2 + Toyed + Topera + Topear) - (3.28)
ij=1

Since for every 1 < 4,j < m we have wj; = w, to justify deduction of (3.28)
from ([3.27) one observes that, up to dropping out vanishing terms from the RHS
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of (3.27)), for every i # j there are at most two sets, amongst {a,a’}, {b,b'}, {c,c}
and {d,d'}, that coincide with {7, j}. Indeed, if @ = b then o’ = ¥, and wuy = Wy
while Typed = Tyaed = —Tayeq; if a = then b = o’ and T,peg = 0 = Typyeq. Hence,
for any a, b, ¢, d we have

wa/aTa’bcd + wb’bTab’cd 7& 0 = {CL, a,} N {bv b/} =9
and similarly
wc’cTabc’d + wd’dTabcd’ 7& 0 = {Ca C,} N {da d/} =9J.

Summing over all tuples (a, b, ¢, d), we obtain

m

WijWht Tabedi Tabedkt < WijWij Z (Tied + Tayea + Topera + Taear)
a,b,c,d=1
= 4wijwijTabchabcd
where equality follows since the map a — o’ is a bijection of {1,...,m} into itself,
so that
m m
2 2
Z Ta’bcd = Z Tabcd
a,b,c,d=1 a,b,c,d=1
and similarly for the other terms. U

Proposition 3.13 ([27]). Let x € M, C € R and assume that
R (2) > C.
Then for every totally traceless algebraic curvature tensor W we have
TW,W) > 2(m — 1)C|W|? at .

Proof. Let {w®}, be an orthonormal basis of A2M consisting of eigenvectors of R
with corresponding eigenvalues {\, }. Then, with respect to any local coframe {6"}
we have

Rijke = ) AaWiwly,  Gingse — GinGje = 2 ) wiiwfy (3.29)

From ([2.13) then we have
) - (%)
(TW, W) = (RN, W) = " Aawiiwpy Wy "W =3 " Naca (3.30)
a=1 a=1

where we have set ¢, = w%wg‘tWabcd iyyabedkt By (3:24) and the second in (3.29) we

have

2(m — 1)|W]? = \VT/|2 = Gi; Ot i abcdijWabcdkt

] o (%)
= §(gijgkt — GitGin)Wgpeq " WM = Z Ca
a=1

and then by (3.25) for every «

(3)
2 A 2

Ca < AW = m|W|2 - mz% Vi<a< (7;) : (3.31)

B=1



30 GIULIO COLOMBO, MARCO MARIANI, AND MARCO RIGOLI

Applying Remark we obtain the desired conclusion. 0
Theorem 3.14. Let x € M, C' € R and assume that
R D(2) > C. (3.32)
Then for every algebraic curvature tensor T we have
(TT,T) >2(m —1)C|P|>  at g, (3.33)

where P is the tensor defined in (12.25)).

Proof. First, recall from (3.4]) that
4
(rr, 7) = (TW, W) + m(FZ, Z). (3.34)
By Proposition [3.13| we have
(TW, W) > 2(m — 1)C|W|?. (3.35)

By (2.4), from (3.32) we deduce Rz (x) > C and then by (2.6))
15
C
Sect(m;) > B
1

w[3

—
o3| —
|

%

for every set {m,...,m =} of mutually orthogonal 2-planes in T, M. Then, by
Proposition [3.10

(TZ,Z) >mC|Z|*. (3.36)
Putting together (3.34)), (3.35)), (3.36]) and using we conclude

4dm

(TT,T) > C [Q(m — D)W + m\zﬁ} =2(m —1)C|PJ*.

Combining Proposition [3.2] and Theorem [3.14] we deduce Theorem [3.1]

4. TACHIBANA-TYPE THEOREMS
4.1. The compact case.

Theorem 4.1. Let (M, (, )) be a compact Riemannian manifold of dimensionm > 3
satisfying R ) > 0. If T is a harmonic algebraic curvature tensor on M, then
VT = 0. Moreover, if R > 0 at some point then T is a constant multiple of

(D).
Proof. By Theorem (3.1} we have

1 e
AT 2 VTP + (m — DRET P > 0

where Pr is the pseudo-projective tensor field associated to 7' as in (2.25). By
compactness of M, the subharmonic function |T'|*> must be constant, hence |VT|* =
0 and RUL"ZD|Pp|2 = 0 since RL"2)) > 0. In particular we have VT = 0 as
claimed.

By parallelism of the metric, VI' = 0 implies VE; = 0, where Er is the Ricci
contraction of 7', and then VPr = 0. In particular, |Pr| is constant. If R("7) > 0
at some point then necessarily |Pr| = 0 on M, that is, Pr = 0 and this yields
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T =¢(,)®(,), where ¢ = 25(977%1) = Qm(fgq) is also constant by Proposition

211 O

As a direct consequence we have the following generalization of Tachibana’s the-
orem.

Theorem 4.2. Let M be a compact Riemannian manifold of dimension m > 3 with
m—1
harmonic curvature and R > 0. Then M is locally symmetric. Moreover, if

m—1

RIZTD > 0 somewhere then M is isometric to a quotient of S™.

In cases m = 3,4 we have || = 1, hence the assumption on the curvature

operator reduce to 8 > 0 (and possibly R > 0 somewhere, for the second part of
the theorem) as in the standard Tachibana’s theorem. However, we point out that
in case m = 3 the non-negativity (resp., positivity) of the curvature operator can
be relaxed to the milder condition that the Ricci curvature is non-negative (resp.,
positive).

Theorem 4.3. Let M? be a compact 3-dimensional Riemannian manifold with har-
monic curvature and Ric > 0. Then M is isometric to a quotient of S®, S> x R or
R3. Moreover, if Ric > 0 somewhere then M is isometric to a quotient of S3.

Proof. Since M has harmonic curvature, by Proposition |3.2

1 1
§A] Riem |[* = |V Riem |* + §<P Riem, Riem) . (4.1)

As dim M = 3, the Weyl tensor vanishes. So, by Proposition and (3.11)
1 2
5 (I'Riem, Riem) = —=— (I Ric, Ric) = 2(I'Ric, Ric)
= 4(R;; R R — Ry R ).

Moreover, again since W = 0, we have

S
Rijie = Rirgje + Rjgir — Rigjx — Rjrgic — E(Qikgjt — GitGjk)

and substituting this into (4.2)) we obtain

1 . y . S8
g<r Riem, Riem) = R;; R/, R* — 2SR;; RV + 2R R*"R,} + — — o

2 2
= 3R, R’ R — gSRin” + % :

Denoting by A, i, v the eigenvalues of the Ricci operator, we have
Ry R, RF = tr(Ric®) = N + 1 +1°
Rinij = tI‘(RiCQ) = )\2 —+ ,u2 —+ V2
S=tr(Ric) =A+pu+v
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and therefore

1

; (T Riem, Riem) = 60 + 12+ ) =5 AN+ pu+ )N+ 2+ )+ A+ p+v)?
=6\ + 7 +0°) = N+ p+v)[BON + i + %) = (A + p+v)?]
= 6N + 12+ 1) — N+ p+)[ANE 4 12 + %) — 20+ v + )]
= 6(N\* + p® + %)

— 4N+ P ) — AN P A 4 v 4 vp?)

+ 20020+ N+ A Py A u?) 4 6w
= 2N 4 P+ — A — WP — A = — AR — v 4 3
=2AMA = p)A =v) +p(p = N(p—v)+vv = A) (v —p)].

We show that this term is non-negative if Ric > 0. Without loss of generality, we
can assume A < pu < v. Then we can write

p=tr+(l—t)A=A+ts=v—(1—1t)s
for some 0 <t <1, where s =v — A > 0. Thus
AN =) A=) = XA = X —ts5)(—s) = Ats?
p(p =N =v) = pA +ts = X)(v = (1 =t)s —v) = —pt(1 - t)s?
v(v =N —p)=vs(v—v+(1—1t)s)=v(l —t)s
and then
i(r Riem, Riem) — 2\ — pt(1 — ) + (1 — 1)]s?
=2[M— (tv+ (1 —t)N)t(1 —t) + v(1 — t)]s*
=2\t — t(1 —t)*X — 2(1 — t)v + v(1 —t)]s*
=2[2(2—t)A+ (1 —t)*(1 + t)v]s®
>0

where the inequality holds since 2 —¢ > 0 and 1 4+ ¢ > 0 by construction, while
A, v > 0 since we have assumed Ric > 0. Moreover, equality holds if and only if one
the following cases occurs:

(i) s =0, that is, A = u = v;

(i) A=0and t =1, thatis, 0 = A < p = v.
Having established (I' Riem, Riem) > 0, applying the divergence theorem (or the
maximum principle) to (4.1)) we see that V Riem = 0, that is, M is locally symmetric.
The Cotton tensor of M is zero by harmonicity of the curvature, hence M is locally
conformally flat and by Noronha’s Theorem we conclude that M is isometric to
a quotient of either S?, S? x R or R3. Note that all three cases are compatible with
either condition (i) or (ii) mentioned above. Lastly, if Ric > 0 at some point then
M is necessarily a quotient of S?. O

Ifm = dim M > 4 and M is locally conformally flat, the conclusions of Tachibana’s
theorem also hold under the assumption that Sect!tz) > 0, with possibly strict in-
equality at some point. Recall that Sect®® has been defined in Definition and
that condition Sect{LZ!) > ¢ is weaker than R > ¢ by .
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Proposition 4.4. Let (M™ {,)) be a compact, locally conformally flat Riemann-
ian manifold with constant scalar curvature S. If Sect'L2D) > 0 then M is locally
symmetric, and if Sect'3D > 0 at some point then M is a quotient of ST.

Proof. Since W =0 and S is constant, M has harmonic curvature and thus
1 1
5[ Riem 2 = |V Riem |* + 5 (T Riem, Riem)
As W = 0 we have (I'Riem, Riem) = —%(T'Ric, Ric), so by Proposition we

estimate
&m

Sect L2 |Ric|?
m — 2

1
§A| Riem |* > |V Riem |* +

where Ric is the traceless part of Ric. Then the desired conclusion follows reasoning
as in the proof of Theorem [4.1] O

4.2. Bounded subharmonic functions on complete manifolds with Ric > 0.
In this subsection we collect a series of results that will be useful in the following
one to deal with the case of complete manifolds with harmonic curvature. We first
have the following mean value inequalities for subharmonic functions due to P. Li,
[20], and Li-Schoen, [19].

Proposition 4.5 ([20], Theorem 4). Let (M, (, )) be a complete Riemannian man-
ifold with Ric > 0. Let f € L>®(M) be a subharmonic function. Then for any

reM
1

lim ———— f=supf. 4.3
R—+o00 |BR<ZL')| Br(z) M ( )

Proposition 4.6 ([19], Theorem 2.1). Let (M™,(,)) be a complete Riemannian
manifold with Ric > —(m—1)k?. Let R >0, z € M and let f > 0 be a subharmonic
function defined on Br(x). There exists a constant C' = C(m,p) > 0 such that

1
sup fP < 7 C0+RR) 1P (4.4)
Ba_7myr(®) |BR(x)| Bgr(x)
for every T € (0,1/2).
Corollary 4.7. Let (M, (, )) be a complete Riemannian manifold with Ric > 0. Let
f >0 be a nonnegative subharmonic function. Then for any p € [1,4+00)

1
lim fP =sup fP. 4.5
R+oo |Br(7)| J ) M (45)

Proof. First observe that if f > 0 is subharmonic, then f? is also subharmonic for
any p > 1. If f is bounded then f? is also bounded and the conclusion follows by
Proposition . If f is unbounded then by Proposition both sides of (4.5)) equal

+00 and the conclusion follows. O

The next Proposition 4.8 together with its proof, rephrases in general terms an
observation contained in [12].

Proposition 4.8 ([12]). Let (M,(,)) be a complete Riemannian manifold with
Ric > 0. Let f € L>®(M) be a subharmonic function. Then for any x € M
2

im —— Af=0. 4.6
P TBa@)] Sy (4.6)
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Proof. Let r denote the distance function from z. By the Laplacian comparison
theorem we have

Ar? < 2m (4.7)
where m = dim M. Define h = sup,,; f — f > 0. Green’s identities give

r2 ) 1 1
1——= A+ — hAr? = h(Vr? vy >0
/BR<m> ( R? R? @) R Jopn

for almost every R > 0. Since h > 0 and —Ah = Af >0, by (4.7) we estimate
2m 1 r? 3
— h>— hm?z/ (1——)Af2—/ Af.
R /) ? JBr@) Br() R? 4 J B ()
Hence, dividing by |Bg/s()| we have
1 3 R?
S [ — Af>0. (4.8)
|BR/2(95)\ Br(x) 8m ’BR/2($)’ Bpys(@)
By Bishop-Gromov theorem we also have |Bg/o(x)| > 2™|Bg(x)|, hence
2m 1

h > - h (4.9)
|Br()| Br(z |Br/2(2)] J B
and by Proposition
1
h=sup f — f—0 as R — +oo. (4.10)
[Br(@)] /50 M IBR( )I Br(x)

Putting together (1.8)), (4.9) and we obtain (4.6)). O

Let (M, (, )) be a complete Riemannian manifold. For every z € M, R > 0 and
for every measurable function ¢) on Bg(x) we define
1
(&
[Br(2)] Ja)
whenever the RHS of this equality happens to be well defined. From the work of
P. Buser, [9], combined with Cheeger’s inequality it is known (see for instance L.

Saloff-Coste, [30, page 439]) that geodesic balls of a complete Riemannian manifold
with non-negative Ricci curvature support the following Poincaré inequality.

¢az,R

Proposition 4.9 ([9],[30]). Let (M™,(, )) be a complete Riemannian manifold with
Ric > 0. Then, there exists C = C(m) > 0 such that for every x € M and R > 0

/ = forl? < CR? / VP YfeC®(Bal)). (4.11)
Bpg(z) Br(x)

We are now in the position to prove the next Liouville-type theorem.

Theorem 4.10. Let (M, (, )) be a complete, noncompact Riemannian manifold with
Ric > 0. Let a > 0 be a measurable function on M and let 0 < f € L>®(M) satisfy

Af >af on M.

Assume that for some x € M one of the following conditions is satisfied:
i) fur = 0 as R — 400,
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ii) for some constant Cy > 0 and for some compact set K C M
Cs
a > e on M\ K (4.12)

where r is the distance function from x,
iii) for some constants Cy,Cy > 0

Cl 1 2 C(2
Az R 2> — , a— Qg < 4.13
=R |Br(®)| JBg) | "< R* (4.13)
for all sufficiently large R > 0.

Then f =0.

Proof. Since a > 0 and f > 0, we have that f is a bounded, nonnegative subharmonic
function on M. Hence, by Proposition [.5] the limit

K_Rlim sz

exists and equals sup,, f € [0, +00), and by Proposition we also have

2 —
RLHE R(af)sr=0. (4.14)

Since f > 0, the desired conclusion f = 0 is equivalent to having ¢ = 0. Note that
this is, in turn, equivalent to i). Hence let us assume, by contradiction, that ¢ > 0.
Then we must be in either case ii) or iii). In both cases we aim at showing that
cannot hold, hence concluding the proof by contradiction.

If ii) is in force, then fix Ry > 0 large enough so that K C Bg,(z). For every

R > Ry we have, using (4.12]),

R2
B@Der 2 [ L

CO CO
> J = Cofon— 20 / s
B Joor !~ T Br@)]

M has infinite volume as it is a complete noncompact manifold with Ric > 0, see
for instance [31, page 25], hence letting R — +o0 in the above inequality we obtain

liminfRZ(af)x7R > Col >0,
R—+4o00

af

contradicting (4.14)).
If iii) is in force, then writing a = a, g + (a —a, g) and f = f. p+ (f — fu.r) One

has

1
TBalo) Sy "~ =V~ o)

for every R > 0. Using Cauchy-Schwarz inequality together with (4.13]) we further
estimate

1/2
R*(af)er > Cifor —/Cao (’ BRl( i/ | f- fx,RP) . (4.15)

The function f? is also bounded and subharmonic. In particular,

Af*=2fAf + 2V 22|V [P

(af):v,R = az,Rf:Jc,R + =
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and by Proposition [£.8 we get
R2
lim ——
R—+o00 |BR| Br

Hence, by proposition (4.9)

V2= 0.

1
lim ——— \f — for)*=0 (4.16)
R—+o0 | Br(7)| J ) &

and by (4.15) and (4.16)) we obtain
lim inf R*(af)er > Cil >0,

—+00
again contradicting (4.14)). O

We remark that if M is a complete parabolic Riemannian manifold, in the sense
of the subsequent Definition [4.1], then the analogue of Theorem holds with less

restrictive conditions on a and f and no requirements on the Ricci tensor.

Definition 4.1. We say that a complete Riemannian manifold M is parabolic if
every upper bounded subharmonic function on M is constant.

This terminology originates from the complex analytic classification of (noncom-
pact) Riemann surfaces, where the function theoretic property expressed by Defini-
tion distinguishes the parabolic from the hyperbolic ones, see [I,, Section IV.1.6].

For M a complete Riemannian manifold of any dimension, M is parabolic in the
sense of Definition if and only if it does not admit any positive Green’s function.
A sufficient condition for parabolicity, which is also necessary for manifolds with
non-negative Ricci curvature, see [21], [34], is that

+oo t
——dt = +o0 4.17
| (4.17)

where | B;| is the volume of the geodesic ball B, of radius ¢ centered at a fixed point
o € M. Another sufficient condition for parabolicity of a complete manifold, weaker

than (4.17)), is that
/+oo dt N
= +00.
1 |0By

Theorem 4.11. Let (M, (,)) be a complete, parabolic Riemannian manifold. Let
a > 0 be a measurable function on M and let 0 < f € L>®°(M) satisfy

Af >af on M. (4.18)
Then f is constant. Moreover, if a > 0 somewhere then f = 0.

Proof. The function f is bounded and subharmonic, hence it is constant by parabol-
icity of M and from (4.18]) it follows that af = 0. If there exists € M such that
a(xz) > 0, then f(x) =0 and thus f =0 on M. O
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4.3. The complete case. In this subsection we prove Theorems [I.5] [L.6] and
from the Introduction. The following Proposition is instrumental to the
proof of all of them. It strengthens the thesis of Carron-Herzlich’s classification
Theorem for complete, locally conformally flat manifolds with Ric > 0 under
the additional assumption of constant scalar curvature.

Proposition 4.12. Let (M, g) be a complete and locally conformally flat Riemann-
ian manifold of dimension m > 3 with Ric > 0 and constant scalar curvature S.

i) If S = 0 then M is flat.

ii) If S > 0 then M is either isometric to a quotient of R x Sg‘/ﬁ%l)(mﬂ) or

conformally equivalent to a quotient of S™.
In particular, if Ric > 0 at some point then M is conformally equivalent to a quotient
of S™.
Proof. 1) If S = 0 then Ric = 0, and since we also have W = 0 we conclude that
Riem = 0.
ii) If S > 0, by the work of Zhu [36] and Carron, Herzlich [I1], see Theorem [1.12]

from the Introduction, we know that the universal cover (M, §) of (M, g) satisfies
one of the following:

a) (M, §) is isometric to R x Sg’%ln_l)(m_g),

b) (M, g) is conformally equivalent to S™,

c) (M, g) is conformally equivalent to R™.
We repeat the argument of Theorem 1.1 of [29] to show that ¢) cannot occur. Sup-
pose, by contradiction, that ¢) holds. Then M =TR" and § = wmne grm for some
0 < u € C*(R™) satisfying the Yamabe equation

Ayt + Sum—2 = 0 on R™| (4.19)

where ggm is the canonical Euclidean metric on R™. Since S is a positive constant,
by the celebrated work of Caffarelli, Gidas and Spruck [10, Corollary 8.2] it follows
that u is radially symmetric around some point xy € R™ and has the expression

grm

u(w) = A(B + |z — ao|?) "%
for some positive constants A, B only depending on m and S. In particular, (M, §) is
an m-sphere of constant curvature with one point removed, hence it is not complete.
But (M, g) is the universal Riemannian cover of the complete manifold (M, g),
contradiction. 0

We first deal with the 3-dimensional case.

Theorem 4.13. Let M? be a complete Riemannian manifold of dimension 3 with
harmonic curvature and Ric > 0. Then M is isometric to a quotient of R®, S* x R
or S®. If Ric > 0 at some point, then M is isometric to a quotient of S3.

Proof. The Ricci tensor of M is Codazzi by the second Bianchi identity. In particular
M has constant scalar curvature and vanishing Cotton tensor (this is a particular
case of Proposition [2.10] for 7 = Riem). Since dim M = 3, the latter means that M
is locally conformally flat, see [16, page 92]. Then we can we can apply Proposition
to infer that either M is isometric to a quotient of R? or S* x R, or it is globally
conformal to a quotient of S®. In the third scenario M is compact, thus Theorem
applies and M is in fact isometric to a quotient of S3. So the first part of the
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proposition is proved, and if Ric > 0 at some point then the only possible conclusion
is that M is isometric to a quotient of S3. ([l

We now turn to the case dim M > 4.

Theorem 4.14. Let M be a complete Riemannian manifold of dimension m > 4
with harmonic curvature and K™D > 0. If the Weyl tensor satisfies
1
lim ——— [WIP=0
R—+o0 | Br(7)| J g
for some p € [1,+00), then M is isometric to a quotient of either S™, S™ ! x R or
R™. Moreover, if R > 0 somewhere then M is isometric to a quotient of S™.

Proof. Since M has harmonic curvature, the Weyl tensor is also harmonic and by
Theorem B.1] we have

1
5A|W|2 > |VW]?*  on M. (4.20)
At any point where |IW| # 0 we have

1
FAWP = div([WIV[W]) = [WIA[W]+ [VIW[]* and  [V|W]}* < [VIV]?

hence

WIAW| = [VW]? = [V|W][* > 0
that is,

AlW| >0.

Since |W| > 0 on M, any point where |[W| = 0 is a global mininum point for |W],
hence A|W| > 0 holds in the weak sense on the whole M. By Proposition we
deduce that |W| = 0, hence M is locally conformally flat. Also, M has constant
scalar curvature and nonnegative Ricci curvature, hence by Proposition we have
that one of the following cases occurs:

a) M is a quotient of R™,

b) M is a quotient of S ! x R,

¢) M is conformally equivalent to a quotient of S™.
If ¢) is in force, then M is necessarily compact, so we can apply Theorem
to deduce that M is locally symmetric. Since we also know that M is locally
conformally flat and we have Ric > 0 as a consequence of R > 0, by Noronha’s
Theorem we conclude that M is in fact isometric to a quotient of S™, and this
proves the first part of the thesis. If R > 0 at some point x € M, then we also
have Ric > 0 at z, so alternatives a) and b) are ruled out and the only possibility is
that M is a quotient of S™. U

Theorem 4.15. Let M be a complete Riemannian manifold of dimension m > 4
with harmonic curvature. Assume that RUL"z ) > ¢ for some measurable function
a > 0 satisfying either condition i) or iii) of Theorem . Then M is compact,
and in particular it is a quotient of S™.

Proof. By the assumptions on a, we have that R is LmT’lJ—nonnegative on M, and

LmT_lj—positive at some point. If M is compact, then the conclusion follows by
Theorem . Hence, let us suppose (by contradiction) that M is noncompact.

Since |W| < |Riem | and M has constant scalar curvature, by Corollary [2.4] we see
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that |[TV| is bounded on M. Arguing as in the proof of Theorem we see that
|W | satisfies
A|W| > (m — 1)a|W| on M

(note that for 7" = W the tensor P defined as in is W itself), so by Theorem
we deduce |W| = 0, that is, M is locally conformally flat. From this point on,
we proceed as in the proof of Theorem and, since the assumptions on R imply
that Ric > 0 somewhere, the only possible conclusion is that M is a quotient of a
sphere, that in fact contradicts the noncompactness assumption. This concludes the
proof. O

Theorem 4.16. Let M be a complete Riemannian manifold of dimension m > 4
with harmonic curvature and R D > 0. Assume that for some fixed origin o € M

“+o00 t
At = 400, 1.21
| (4:21)

Then M is locally symmetric. If R ) > 0 somewhere, then M is a quotient of

S™.

Proof. As in the proof of Theorem we observe that |W| is bounded and satisfies
AW| > (m = DRET DWW on M.

As remarked at the end of the previous subsection, condition (4.21]) implies that M is
parabolic in the sense of Definition 4.1 From parabolicity of M and the assumption

m—1

R(L“7D > 0 we have that |IV| is constant on M. Then, by the Bochner inequality

1
SAIW > [V

it follows that VIW = 0 and so, by Theorem 2 in Derdzinski and Roter’s paper
[15], M is either locally conformally flat or locally symmetric. But if M is locally
conformally flat, then we can argue as in the last part of the proof of Theorem
to conclude that M is isometric to a quotient of either R™, S™~! xR or S™. Hence, in
any case M is locally symmetric. Lastly, if for some x € M we have D‘i(tmT_l”(:E) >0
then the constant function |W| must vanish, so M is locally conformally flat. As
just observed, in this case M is isometric to a quotient of either R™, S™~! x R or
S™. but since also Ric > 0 we conclude that only the last possibility can occur. [

4.4. The complete case: general curvature tensors.

Theorem 4.17. Let M be a complete Riemannian manifold of dimension m > 3

satisfying R(77) > 0. If T is a harmonic algebraic curvature tensor on M such

that .
lim ——— |[WrlP + | Zr|P =0
R—+o0 | Br(z)| Br(z)
for some x € M and p € [1,400), where Wr and Zr are the Weyl part of T and

the traceless part of the Ricci contraction of T. Then T is a constant multiple of

(D)

Proof. Let T'= Wy +Vp+Ur be the orthogonal decomposition of 1" given by —
(2.18). From Proposition we see that the total trace St of T' is constant, hence
Ur = %(, ) @D (, ) is parallel. By linearity, the tensor field 77 = Wy 4+ Vp =
T — Uy is again a harmonic algebraic curvature tensor and its standard orthogonal
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decomposition T = Wy + Vi + Urpr is given by Wy = Wp, Vir = Vi, Up = 0. In
particular, the traceless part Z7 of the Ricci contraction of T” coincides with the
analogous tensor Zp associated to T'. By Theorem [3.1] we have

1
5A|T’|2 > VTP + (m — )R D | P2 > 0

where Pp is the pseudo-projective curvature tensor associated to T” according to
(2.25)), which coincides with the one associated to 7. Arguing as in the proof of
Theorem we see that |7”| is a subharmonic function on M, and in particular
that

LL*l

AIT'| > (m — )R )| Py | (4.22)

pointwise on {|7”| > 0} and in the weak sense on M. Note that

T')? = Wl + |V | = [We? + Vi |?

) ) 9 (4.23)
= [Wrl +m|ZT! < \WT|+ﬁ|ZT|

thus, since (a + b)? < 271 (aP + bP) for any a,b > 0 and p > 1,

op

/\p p—1 p _
|T‘ <2 ’WT‘ + (m 2);; 1)/2

| Zr|P .

In particular, under the assumptions of the present theorem we have

1
lm ——— TP =0
R—+o0 | Br()| J )

and by Corollary we get 7" =0 on M, that is, T' = Uy. U

Theorem 4.18. Let M be a complete Riemannian manifold of dimension m > 3.

Assume that R > 0 and that either

(a) RL"TD) > 0 somewhere on M and ( is satisfied, or

(b) |mL7 =D > g for some measurable functwn a > 0 satisfying i) or i) in
Theorem [{.10,

If T is a harmonic algebmic curvature tensor on M such that

lim sup ———— |WT|p + | Z7P < 400 (4.24)

R—+o00 |BR( >| Br(x
for some x € M and p € [1,+00), then T is a constant multiple of (, ) @D (, ).

Remark 4.19. Under the assumptions of Theorem it is easy to check (using for
instance Propositions and that the algebraic curvature tensor fields Wy
and Z7 ) (, ) are both harmonic, hence |Wr| and |Zr| are subharmonic functions.
So, the lim sup in is in fact a limit and in particular

1
lim ———— |Wr|P + | Zr|P = sup |Wr|? + sup | Z7|P .
R—+o00 |BR<I)’ Br(x) M M

Hence, in this setting (4.24)) is equivalent to boundedness of the non-scalar part
WT+VT:WT+%ZT®<, > of T.
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Proof of Theorem[{.18 Letting 7" and Py be as in the proof of Theorem by
(2.26)) and (|4.23]) we compute

2m

1
Pr|? = [Wr|? Zrl2 > T
‘T‘ | T| +(m_2>(m_1)‘ T| —2‘ |
and therefore from (4.22)) we get
—1
A s =Y

V2
By the previous Remark [4.19| we see that |7”| is a bounded function, so we infer
|T"| = 0 applying Theorem or Theorem [4.10 depending on which assumption
among (a) and (b) is in force. This shows that T is a scalar multiple of (, ) ® (, ),
and the conclusion follows since the total trace Sy of T' is constant. ]
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