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Abstract. We prove that a compact Riemannian manifold of dimension m ≥
3 with harmonic curvature and bm−1

2 c-positive curvature operator has constant
sectional curvature, extending the classical Tachibana theorem for manifolds with
positive curvature operator. The condition of bm−1

2 c-positivity originates from
recent work of Petersen and Wink, who proved a similar Tachibana-type theorem
under the stronger condition that the manifold be Einstein. We show that the
same rigidity property holds for complete manifolds assuming either parabolicity,
an integral bound on the Weyl tensor or a stronger pointwise positive lower bound
on the average of the first bm−1

2 c eigenvalues of the curvature operator. For 3-
manifolds, we show that positivity of the curvature operator can be relaxed to
positivity of the Ricci tensor.
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1. Introduction

By a classical theorem of S.-I. Tachibana [32], any compact Riemannian manifold
(M, g) of dimension m ≥ 3 with harmonic curvature tensor and positive curva-
ture operator has constant (positive) sectional curvature, hence it is isometric to a
quotient of a sphere of constant curvature. If the curvature operator is only non-
negative, then the manifold is locally symmetric.

The Riemann curvature tensor is harmonic if and only if the Ricci tensor is a
Codazzi tensor, as a consequence of the second Bianchi identity. In particular,
Einstein manifolds (of dimension at least 3) have harmonic curvature. If m ≥ 3,
then the Ricci tensor is Codazzi if and only if the scalar curvature is constant and
the Cotton tensor is zero. If m ≥ 4 then this is equivalent to having constant scalar
curvature and harmonic Weyl curvature tensor (whereas in dimension m = 3 the
Weyl tensor vanishes for any Riemannian metric).

Recently, H. Tran, [33], has proved that a compact Riemannian manifold M of
dimension m ≥ 4 with harmonic Weyl curvature tensor W and positive curvature
operator is locally conformally flat, that is, W ≡ 0. As positive curvature opera-
tor implies positive Ricci curvature, the following classification theorem of M. H.
Noronha [26] shows that in this case M is globally conformal to a quotient of a
standard sphere.

Theorem 1.1 ([26], Theorem 1 and Proposition 4.2). Let M be a locally conformally
flat, compact manifold with Ric ≥ 0 and dimension m ≥ 3. Then the universal cover
of M is either
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(i) globally conformally equivalent to Sm, or
(ii) isometric to Sm−1 × R or Rm.

If M is also locally symmetric, then its universal cover is isometric to either Sm,
Sm−1 × R or Rm (that is, the conformal equivalence in (i) can be strengthened to
isometry).

Tran also observed that if the curvature operator is non-negative then the Weyl
tensor is parallel and so, by a theorem of A. Derdziński and D. Roter, [15, Theorem
2], the manifold is either locally conformally flat or locally symmetric. Both cases
can occur, as shown by the simple example of M = T2 × Sm−2, that has harmonic
curvature and non-negative curvature operator, and is locally symmetric but not
locally conformally flat. In view of Noronha’s classification theorem, Tran’s theorem
can be summarized as

Theorem 1.2 ([33, 28]). Let M be a compact manifold of dimension m ≥ 4 with
harmonic Weyl tensor and non-negative curvature operator. Then M is either glob-
ally conformal to a quotient of Sm or locally symmetric. If the curvature operator is
positive at some point, then the first case occurs.

In the recent works [27, 28], P. Petersen and M. Wink came to consider the
more general case where M is a compact Riemannian manifold with bm−1

2
c-positive

curvature operator. We recall that the curvature operator is said to be k-positive
(resp., k-non-negative) if the sum of its k smallest eigenvalues, counted according to
multiplicity, is positive (resp., non-negative). For the sake of brevity, we introduce
the following notation: denoting by R : ∧2M → ∧2M the curvature operator of M ,
for every x ∈M we let

λ1(x) ≤ λ2(x) ≤ · · · ≤ λ(m2 )(x)

be the eigenvalues of Rx : ∧2
xM → ∧2xM repeated according to multiplicities and

for every integer 1 ≤ k ≤
(
m
2

)
we set

R(k) =
1

k

k∑
α=1

λα .

In [27] Petersen and Wink proved that a compact Einstein manifold with R(bm−1
2
c) >

0 has constant sectional curvature, and more generally it is locally symmetric if
R(bm−1

2
c) ≥ 0. In [28] they showed that a compact manifold with harmonic Weyl

tensor and R(bm−1
2
c) ≥ 0 is either globally conformal to a quotient of Sm or locally

symmetric, and that the first possibility always occurs if R(bm−1
2
c) > 0.

Their proofs, as well as those of Tachibana and Tran, are examples of applications
of the Bochner technique, originated by S. Bochner and K. Yano, [7, 8]. If T is
a harmonic algebraic curvature tensor on a Riemannian manifold M (that is, T
satisfies the second Bianchi identity and has zero divergence – we refer to subsection
2.4 for this and every other relevant definition) then

1

2
∆|T |2 = |∇T |2 +

1

2
〈ΓT, T 〉 (1.1)

where ∆ is the Laplace-Beltrami operator of M , ∇ is the Levi-Civita connection and
Γ = Γ4 is one of the family {Γq} of self-adjoint endomorphism Γ = Γq : T 0

qM → T 0
qM

defined by A. Lichnerowicz in [22] on the bundle of q-covariant tensor fields, for
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any q ∈ N. A key point in the application of the Bochner technique consists in
establishing effective lower bounds on the quadratic term 〈ΓT, T 〉 in order to apply
some form of the maximum principle (or the divergence theorem, if M is compact)
to equation (1.1).

In [32], Tachibana dealt with the case T = Riem and showed that a lower bound
on 〈ΓT, T 〉 is implied by a lower bound for the first eigenvalue λ1 of the curvature
operator R. In [27], Petersen and Wink identified new curvature conditions in
terms of the partial traces R(k) that are effective for the application of the Bochner
technique to harmonic p-forms. As a consequence of their analysis they proved that a
lower bound on R(bm−1

2
c) yields a lower bound on 〈ΓT, T 〉 whenever T is an algebraic

curvature tensor whose Ricci contraction is a multiple of the metric. This happens
if T is the Weyl tensor of any Riemannian manifold (whose Ricci contraction is the
zero tensor) or if T is the Riemann tensor of an Einstein manifold (whose Ricci
contraction, that is, the Ricci tensor of the manifold, is by definition a multiple of
the metric).

Main results. One of the original contributions of this paper is a refinement of
Petersen and Wink’s estimate. Namely, we prove that a lower bound on R(bm−1

2
c)

yields a lower bound on 〈ΓT, T 〉 for any algebraic curvature tensor T , without addi-
tional structural assumptions (Theorem 3.14). As a consequence, we obtain the full
generalization of Tachibana’s theorem under the sharpened positivity conditions on
the curvature operator, relaxing the condition that M be Einstein to the weaker
assumption that the curvature tensor is harmonic.

Theorem 1.3. Let M be a compact Riemannian manifold of dimension m ≥ 3 with
R(bm−1

2
c) ≥ 0 and harmonic curvature. Then M is locally symmetric. If R(bm−1

2
c) > 0

at some point then M is a quotient of Sm.

In cases m = 3, 4 we have bm−1
2
c = 1, so R(bm−1

2
c) = R(1) = λ1 and the positivity

assumptions on R reduce to the standard ones of Tachibana’s theorem. In case
m = 3, in which harmonic curvature is equivalent to local conformal flatness and
constant scalar curvature, see [16, page 92], the lower bounds on the curvature
operator can in fact be relaxed to lower bounds on the Ricci tensor. This may
come unsurprising to the expert reader, since it is known from the literature, see
R. Hamilton’s [18], that in dimension m = 3 the curvature terms in the Bochner
identity for the Riemann tensor can be controlled assuming only Ric ≥ 0, although
this condition is much less demanding than even non-negative sectional curvature
(see [18, Corollary 8.2]). However, we are not aware of any reference in the literature
to such a “modified Tachibana’s theorem” for the 3-dimensional case and thus we
provide a self-contained proof (see Theorem 4.3 in Section 4).

Theorem 1.4. Let M3 be a compact 3-dimensional Riemannian manifold with
Ric ≥ 0. If M is locally conformally flat with constant scalar curvature, then it
is isometric to a quotient of S3, S2 × R or R3. Moreover, if Ric > 0 at some point
then M is a quotient of S3.

We also deal with the complete case. A key point is the observation that condition
R(bm−1

2
c) ≥ 0 implies Ric ≥ 0, hence some powerful tools from the theory of complete

Riemannian manifolds with nonnegative Ricci curvature are available. Again, the
picture is a bit different in cases m = 3 and m ≥ 4. For complete 3-manifolds
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we have the following Theorem 1.5, whose statement is formally similar to that of
Theorem 1.4 even though the proof relies on an additional classification theorem for
locally conformally flat complete manifolds with Ric ≥ 0.

Theorem 1.5. Let M3 be a complete 3-dimensional Riemannian manifold with
Ric ≥ 0. If M is locally conformally flat with constant scalar curvature, then it is
isometric to a quotient of S3, S2×R or R3. Moreover, if Ric > 0 at some point then
M is a quotient of S3.

If m ≥ 4 then we find ourselves bound to make some additional assumptions on
the geometry of M . We present three different results (Theorems 1.6, 1.7 and 1.8).
In the first one, we assume slow volume growth of the manifold.

Theorem 1.6. Let M be a complete, Riemannian manifold of dimension m ≥ 4
with harmonic curvature and R(bm−1

2
c) ≥ 0. Assume that for some fixed reference

point o ∈M ∫ +∞

1

t

|Bt|
dt = +∞ (1.2)

where |Bt| is the volume of the geodesic ball Bt of radius t with center at o. Then

M is locally symmetric. Moreover, if R(bm−1
2
c) > 0 somewhere then M is isometric

to a quotient of Sm.

For any m ≥ 2 the product R2 × Sm−2 provides an example of complete, non-
compact manifold that satisfies all the assumptions in Theorem 1.6 and is not locally
conformally flat. On the contrary, the hypotheses of Theorems 1.7 and 1.8 below
yield local conformal flatness of M .

Theorem 1.7. Let M be a complete Riemannian manifold of dimension m ≥ 4
with harmonic curvature and R(bm−1

2
c) ≥ 0. If the Weyl tensor satisfies

lim
R→+∞

1

|BR|

∫
BR

|W |p = 0 (1.3)

for some p ∈ [1,+∞), then M is isometric to a quotient of Sm, Sm−1 × R or Rm.

Moreover, if R(bm−1
2
c) > 0 somewhere then M is isometric to a quotient of Sm.

Theorem 1.8. Let M be a complete Riemannian manifold of dimension m ≥ 4
with harmonic curvature. Assume that

R(bm−1
2
c) ≥ 0 on M , R(bm−1

2
c) ≥ c

1 + r2
on M \K (1.4)

for some compact set K (M and some c > 0, where r is the distance function from
a fixed origin o ∈M . Then M is a quotient of Sm.

A few remarks are in order. In the assumptions of Theorem 1.7, if M is com-
pact then condition (1.3) amounts to W ≡ 0 and Theorem 1.3 ensures that M is
locally symmetric, so the conclusion follows from Theorem 1.1. As a consequence of
Theorem 1.7 we have the following

Corollary 1.9. Let M be a complete Einstein manifold of dimension m ≥ 4 with
R(bm−1

2
c) ≥ 0. If the Weyl tensor satisfies (1.3) then M has constant sectional

curvature.
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Remark 1.10. In [14, Theorem 1.4], G. Cho, N. T. Dung and T. Q. Huy proved

that a complete, noncompact Einstein manifold M with R(bm−1
2
c) ≥ 0 has constant

sectional curvature provided |W | ∈ Lp(M) for some p ≥ 2. Corollary 1.9 shows
that the summability condition on |W | can be slightly relaxed. Indeed, under the
aforementioned assumptions M happens to be a complete, noncompact manifold
with Ric ≥ 0, hence its volume is infinite (see for instance [31, page 25]) and if
|W | ∈ Lp(M) then (1.3) is satisfied.

Remark 1.11. The second condition in (1.4) implies the following lower bound on
the Ricci tensor

Ric ≥ m− 1

2

c

1 + r2
on M \K . (1.5)

By a theorem of G. Galloway, [17], see also J. Cheeger, M. Gromov, M. Taylor,
[13, Theorem 4.8], a sufficient condition for compactness of a complete Riemannian
manifold Mm is that

lim inf
s→+∞

s2 Ric(γ̇(s), γ̇(s)) >
m− 1

4

for every unit speed geodesic γ : [0,+∞) → M issuing from a fixed origin o ∈ M ,
and the constant m−1

4
is sharp in this respect. Hence, if (1.4) holds with c > 1/2

then compactness of M is a priori guaranteed via (1.5). However, we allow c > 0 to
be arbitrarily small in Theorem 1.8.

Sketch of the proofs. The proofs of Theorems 1.5, 1.6, 1.7 and 1.8 bear some
similarities. To illustrate the main circle of ideas, we sketch the argument of the
proof of Theorem 1.7: since |W | happens to be a subharmonic function (see formula
(1.7) below) on a complete manifold with Ric ≥ 0, by Li-Schoen’s mean value in-
equalities for non-negative subharmonic functions as a consequence of (1.3) we have
W ≡ 0. Then we apply the following classification theorem for locally conformally
flat complete Riemannian manifolds with non-negative Ricci curvature, which is a
refinement by G. Carron and M. Herzlich, [11], of a result of S. Zhu, [36].

Theorem 1.12 ([11]). Let M be a locally conformally flat, complete Riemannian
manifold with Ric ≥ 0 and dimension m ≥ 3. Then the universal cover of M is
either

(i) isometric to Rm,
(ii) isometric to Sm−1 × R,

(iii) globally conformally equivalent to Sm, or
(iv) non-flat and globally conformally equivalent to Rm.

Cases (i) and (ii) already fit into the thesis of Theorem 1.7. In case (iii) – where M
happens to be compact – we show that conformal equivalence can be strengthened
to isometry, using Theorem 1.3 to deduce local symmetry of M and then applying
Noronha’s Theorem 1.1. Lastly, alternative (iv) is ruled out by a contradiction
argument drawn from the proof of Theorem 1.1 of [29]: if (iv) were satisfied under
the assumptions of our Theorem 1.7, then the universal cover M̃ of M would be
a complete Riemannian manifold of constant positive scalar curvature conformally
equivalent to the Euclidean space Rm, and this is impossible by the celebrated
rigidity theorem of L. Caffarelli, B. Gidas and J. Spruck, [10, Corollary 8.2].

As just remarked, a key point in the proof of Theorem 1.7 is the fact that harmonic
curvature implies constant scalar curvature. In this work we also observe that for any
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integer k <
(
m
2

)
the k-non-negativity of the curvature operator implies a pointwise

pinching condition

|Riem | ≤ cm,kS (1.6)

on the full norm |Riem | of the Riemann tensor in terms of the (necessarily non-
negative) scalar curvature function S, see Corollary 2.4. Hence, harmonic curvature

and condition R(bm−1
2
c) ≥ 0, together with a suitable Bochner inequality, imply that

the function |W | ≤ |Riem | ≤ cm,kS is a bounded solution of

∆|W | ≥ (m− 1)R(bm−1
2
c)|W | . (1.7)

If M satisfies the slow volume growth condition (1.2) then it is parabolic, that is,
the only upper bounded subharmonic functions on M are the constant functions. In
particular in this case |W | is constant, and it must vanish if R(bm−1

2
c) > 0 somewhere

on M . If (1.2) is not in force but R(bm−1
2
c) satisfies a sufficiently strong pointwise

lower bound as that in (1.4), then |W | vanishes as well. These are the starting
points in the proofs of Theorems 1.6 and 1.8.

Generic algebraic curvature tensors. In the compact setting, the argument of
the proof of Theorem 1.4 carries on without modification for any harmonic algebraic
curvature tensor. Hence, we have the following

Theorem 1.13. Let Mm, m ≥ 3, be a compact Riemannian manifold with R(bm−1
2
c) ≥

0. If T is a harmonic algebraic curvature tensor on M , then ∇T ≡ 0. Moreover, if
R(bm−1

2
c) > 0 at some point then T is a constant multiple of 〈 , 〉 ©∧ 〈 , 〉.

On complete manifolds the situation is a bit more complicated, as there seems to
be no natural condition ensuring a priori boundedness for the norm of an arbitrary
harmonic curvature tensor. However, if this additional assumption is made then we
have analogues of Theorems 1.6, 1.7 and 1.8. These are stated and proved in Section
4 as Theorems 4.17 and 4.18.

To exemplify the situation, let us consider the case of manifolds with harmonic
Weyl curvature tensor. In this case we have no a priori constancy of the scalar
curvature, so (1.6) does not immediately imply boundedness of |W | but it certainly
does if S is just assumed to be bounded.

Theorem 1.14. Let Mm be a complete Riemannian manifold with R(bm−1
2
c) ≥ 0

and harmonic Weyl tensor. Assume that

lim
R→+∞

1

|BR|

∫
BR

|W |p = 0

for some p ∈ [1,+∞). Then M is locally conformally flat.

Theorem 1.15. Let M be a complete Riemannian manifold of dimension m ≥ 4
with harmonic Weyl tensor and bounded scalar curvature. Assume that R(bm−1

2
c) ≥ 0

and that either

(a) R(bm−1
2
c) > 0 at some point and (1.2) is satisfied, or

(b) R(bm−1
2
c) satisfies (1.4) for some compact set K ( M , some constant c > 0

and some fixed origin o ∈M .

Then M is globally conformally equivalent to a quotient of Sm or Rm.
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Remark 1.16. In the assumptions of both Theorems 1.14 and 1.15, M happens to
be a complete locally conformally flat manifold with Ric ≥ 0. Alternatives (i), (ii)

and (iii) in Theorem 1.12 are all compatible with the condition R(bm−1
2
c) ≥ 0 (the

manifolds in (i) and (ii) have R ≥ 0 and, by continuity, Sm can be conformally
deformed to manifold of non-constant sectional curvature with R > 0), but (i)

and (ii) are incompatible with the strict inequality R(bm−1
2
c) > 0 at any point and

therefore are excluded from the conclusion of Theorem 1.15. It is natural to ask if
case (iv) in Theorem 1.12 is compatible with the condition R(bm−1

2
c) ≥ 0. Note that

in the sketch of the proof of Theorem 1.7 case (iv) was dismissed as incompatible
with constant scalar curvature, but this is not the case in Theorems 1.14 and 1.15.

Remark 1.17. We stress that in the terminology adopted here, an algebraic curvature
tensor T is said to be harmonic if it has zero divergence and satisfies the second
Bianchi identity, that is,

(∇V T )(X, Y, Z,W ) + (∇WT )(X, Y, V, Z) + (∇V T )(X, Y,W,Z) = 0 (1.8)

for all vector fields X, Y, Z,W, V . These combined conditions amount to ∆LT = 0
(thus justifying the term “harmonic”), where ∆L is the Lichnerowicz Laplacian
given by ∆L = ∆B + 1

2
Γ with ∆B = − div(∇ · ) the Bochner (or rough) Laplacian

on covariant tensors and Γ the operator mentioned above.
The Riemann curvature tensor always satisfies the second Bianchi identity, so it

is harmonic if and only if it has zero divergence. For the Weyl curvature tensor W
the validity of the second Bianchi identity is equivalent to condition divW = 0, so
it turns out that ∆LW = 0 is equivalent to divW = 0. However, for an arbitrary
algebraic curvature tensor T the two conditions div T = 0 and (1.8) are generally
independent from each other, so in particular div T = 0 is not necessarily equivalent
to harmonicity of T in the present sense. Some examples of this fact can be observed
in geometrically relevant situations:

(i) If (M, g) is a Ricci soliton with potential f ∈ C∞(M), that is, there exists
λ ∈ R such that

Ric +Hessf = λg

then div(e−f Riem) = 0. This is equivalent, more generally, to the condition
that Ric +Hessf is a Codazzi tensor. However, in general e−f Riem does not
satisfy the second Bianchi identity.

(ii) If ϕ : (M, gM)→ (N, gN) is a harmonic map between Riemannian manifolds
such that

RicM = λgM + αϕ∗gN (1.9)

for some λ ∈ R and some coupling constant α ∈ R∗, then the structure
(M,N,ϕ) is said to be a harmonic Einstein structure, see [35]. Harmonic
Einstein structures are fixed points of the coupled Ricci-harmonic map flow
introduced by R. Buzano, [25]. In [3], in a more general context it has been
introduced an algebraic curvature tensor, the ϕ-Weyl tensor Wϕ, which re-
flects the part of the Riemann tensor of M that is not prescribed by the
algebraic structure of Ricϕ = RicM −αϕ∗gN . For a harmonic Einstein struc-
ture the tensor Wϕ satisfies the second Bianchi identity, see [23, Proposition
3.2], but in general it is not divergence free (unless the pull-back metric ϕ∗gN
is a Codazzi tensor on M).
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Plan of the paper. In Section 2 we fix our notation and terminology, we review
the definition and relevant properties of Lichnerowicz’ operators Γ and we collect a
series of facts about algebraic curvature tensors. In Section 3 we prove the Bochner
identity for smooth algebraic curvature tensors and we establish the lower bound on
〈ΓT, T 〉 in term of R(bm−1

2
c) for an arbitrary algebraic curvature tensor T . In Section

4 we apply this to the proof of Tachibana-type theorems both in the compact setting
and in the complete one. Theorems 1.3, 1.4, 1.5, 1.6, 1.7, 1.8, 1.13, 1.14, 1.15 from
this introduction correspond to Theorems 4.2, 4.3, 4.13, 4.16, 4.14, 4.15, 4.1, 4.17,
4.18 there.

Acknowledgements. The authors are thankful to Luciano Mari for suggestions on
preliminary drafts of this note, that led to improvements in the overall presentation
of the results and in particular to the formulation of Theorem 1.6.

2. Preliminaries

2.1. Notation. Let (M, 〈 , 〉) be a Riemannian manifold of dimension m. For each
positive integer q, the Riemannian metric 〈 , 〉 induces an inner product, that we still
denote with 〈 , 〉, on the bundle T 0

qM . The standard construction is the following:
for any x ∈M and α, β ∈ T ∗xM we set

〈α, β〉 = 〈a, b〉
with a, b ∈ TxM the vectors metrically equivalent to α and β, respectively, then we
extend 〈 , 〉 to T 0

q,xM×T 0
q,xM = (T ∗xM)⊗q×(T ∗xM)⊗q by q-linearity in both variables.

We also set
|A| =

√
〈A,A〉 ∀A ∈ T 0

q,xM ,x ∈M.

In the following, we will perform many computations in local notation. Let
{ei}1≤i≤m be a local reference frame for TM defined on an open subset U ⊆ M
and let {θi}1≤i≤m be its dual coframe, acting as a local reference frame for T ∗M on
U . The Riemannian metric is written as

〈 , 〉 = gij θ
i ⊗ θj on U

where we adopt the Einstein summation convention over repeated indices. Letting
(gij) = (gij)

−1 as matrices, we have gij = 〈ei, ej〉 and gij = 〈θi, θj〉 for any 1 ≤ i, j ≤
m. Hence, for any q ∈ N we can describe the inner product on T 0

qM as follows: for
every pair of (0, q)-type tensor fields

A = Ai1···ip θ
i1 ⊗ · · · ⊗ θiq , B = Bi1···iq θ

i1 ⊗ · · · ⊗ θiq

we have
〈A,B〉 = gi1j1 · · · giqjqAi1...iqBj1...jq = Ai1...iqB

i1...iq

where we are also adopting the convention of lowering or raising indexes to denote
contraction with g or g−1, respectively. Note that when the local reference frame
{ei} is chosen to be orthonormal we have gij = gij = δij for 1 ≤ i, j ≤ m, with δ the
Kronecker symbol.

If A is a differentiable section of T 0
qM , we locally express its covariant derivative

∇A ∈ Γ(T 0
q+1M) and the iterations ∇2A = ∇(∇A) ∈ Γ(T 0

q+2M), . . . as

∇A = Ai1···ip,j θ
j ⊗ θi1 ⊗ · · · ⊗ θiq ,

∇2A = Ai1···ip,jk θ
k ⊗ θj ⊗ θi1 ⊗ · · · ⊗ θiq ,
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and so on. The divergence of A is the tensor field divA of type (0, q− 1) defined by

(divA)(X1, . . . , Xq−1) = trg[(Y, Z) 7→ (∇YA)(Z,X1, . . . , Xq−1)] .

for every X1, . . . , Xq−1 ∈ X(M), and with our notation for ∇A we have

(divA)i1...iq−1 = Aji1...iq−1,j
.

Remark 2.1. It is also customary to locally denote covariant differentiation by plac-
ing a subscript on the symbol ∇, so that alternative notations for the coefficients of
∇A, ∇2A, . . . are

Ai1···ip,j = ∇jAi1···ip , Ai1···ip,jk = ∇k∇jAi1···ip , . . .

and we have

(divA)i1...iq−1 = ∇jAji1...iq−1 .

However, we shall not use this notation in the sequel.

2.2. Curvature operator. We define the Riemann curvature tensor Riem by set-
ting

Riem(W,Z,X, Y ) = 〈W,R(X, Y )Z〉 = 〈W,∇X∇YZ −∇Y∇XZ −∇[X,Y ]Z〉

for every X, Y, Z,W ∈ X(M), so that the Ricci tensor is given by the Ricci contrac-
tion

Ric(X, Y ) = trg[(Z,W ) 7→ Riem(Z,X,W, Y )]

for every X, Y ∈ X(M) and the scalar curvature is the trace

S = trg Ric .

With respect to a local coframe {θi} we write

Riem = Rijkt θ
i ⊗ θj ⊗ θk ⊗ θt , Ric = Rij θ

i ⊗ θj

and we have Rij = Rk
ikj, S = Ri

i = Rij
ij. The Riemann tensor has the symmetries

Rijkt = −Rjikt = Rktij ∀ 1 ≤ i, j, k, t ≤ m

and satisfies the first and second Bianchi identities

Rijkt +Ritjk +Riktj = 0 ∀ 1 ≤ i, j, k, t ≤ m

Rijkt,l +Rijlk,t +Rijtl,k = 0 ∀ 1 ≤ i, j, k, t, l ≤ m.

The symmetries of Riem allow us to define a linear, self-adjoint endomorphism R,
the curvature operator, on the space ∧2M of 2-forms on M . With respect to a local
coframe {θi}, for every 2-form ω = ωij θ

i⊗θj ≡ 1
2
ωij θ

i∧θj we let Rω = (Rω)kt θ
k⊗θt

be given by

(Rω)kt = Rijktω
ij . (2.1)

For every x ∈M , we denote by {λα(x)}1≤α≤(m2 ) the non-decreasing sequence of the

eigenvalues of Rx : ∧2xM → ∧2xM repeated according to multiplicity. We also let
{ωα}α be an orthonormal basis for ∧2

x(M) consisting of eigenvectors of R corre-
sponding to {λα}α. Then, in local notation

Rijkt =
∑
α

λαω
α
ijω

α
kt ,

1

2
(gikgjt − gitgjk) =

∑
α

ωαijω
α
kt . (2.2)
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Definition 2.1. Let M be a Riemannian manifold of dimension m ≥ 2. For k ∈
{1, . . . ,

(
m
2

)
}, the k-th (normalized) partial trace of R is the function

x 7→ R(k)(x) = inf
V≤∧2xM
dimV=k

(
1

k

k∑
α=1

〈Rψα, ψα〉

)
(2.3)

where {ψα}kα=1 is any orthonormal basis of V .

By standard linear algebra we have that the infimum in the RHS of (2.3) is
attained when V = span{ω1, . . . , ωk}, so that

R(k) =
1

k

k∑
α=1

λα

for every k ∈ {1, . . . ,
(
m
2

)
}. In particular we observe that

R(h) ≥ R(k) for every 1 ≤ k ≤ h ≤
(
m

2

)
(2.4)

as a consequence of the following elementary

Lemma 2.2. Let N ≥ 1 and let {ai}1≤i≤N be a nondecreasing sequence of real
numbers. Then

1

h

h∑
i=1

ai ≥
1

k

k∑
i=1

ai for every 1 ≤ k ≤ h ≤ N .

Proof. By induction, it suffices to prove the inequality in case k < N and h = k+ 1.
Since ak+1 ≥ ai for 1 ≤ i ≤ k, we have ak+1 ≥ 1

k

∑k
i=1 ai and then

1

k + 1

k+1∑
i=1

ai =
k

k + 1

1

k

k∑
i=1

ai +
1

k + 1
ak+1

≥ k

k + 1

1

k

k∑
i=1

ai +
1

k + 1

1

k

k∑
i=1

ai =
1

k

k∑
i=1

ai .

�

A 2-form ω is said to be decomposable if there exist 1-forms v, u such that ω =
1
2
v ∧ u. In local components, this means that ωij can be expressed as

ωij =
1

2
(viuj − ujvi) .

The values assumed by the quadratic form 〈R · , · 〉 on decomposable 2-forms are
related to the sectional curvatures of M up to normalization. For any x ∈ M and
for any 2-plane π ≤ TxM , the sectional curvature Sect(π) of π is given by

Sect(π) =
Riem(X, Y,X, Y )

|X|2|Y |2 − 〈X, Y 〉2

for any couple of tangent vectors X, Y ∈ TxM such that π = span{X, Y }. The value
of the quotient appearing on the right-hand side does not depend on the choice of
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the basis {X, Y }. If u, v are the 1-forms metrically equivalent to X, Y , respectively,
and ω = 1

2
u ∧ v, then

R(X, Y,X, Y ) = Rijktu
ivjukvt = Rijktω

ijωkt

|X|2|Y |2 − 〈X, Y 〉2 = uiu
ivjv

j − uiviujvj = 2ωijω
ij

so we have

Sect(π) =
1

2

〈Rω, ω〉
|ω|2

. (2.5)

In particular, a lower bound on R(k) yields a lower bound on the average of the sec-
tional curvature on any collection of k mutually orthogonal 2-planes, and therefore
also on the Ricci curvature if k ≤ m − 1. More precisely, let use give the following
definitions.

Definition 2.2. Let M be a Riemannian manifold of dimension m ≥ 2 and let
x ∈ M . We say that two 2-planes π1, π2 ≤ TxM are mutually orthogonal, and we
write 〈π1, π2〉 = 0, if for some (equivalently, for any) choice of bases {X1, Y1} and
{X2, Y2} of π1 and π2, respectively, the 2-forms

ω1 =
1

2
u1 ∧ v1 and ω2 =

1

2
u2 ∧ v2

are orthogonal with respect to the inner product on ∧2xM , where u1, u2, v1, v2 are
the 1-forms metrically equivalent to X1, X2, Y1, Y2, respectively.

In particular, any two 2-planes π1, π2 ≤ TxM are mutually orthogonal if either

(i) each one of them is contained in the orthogonal complement of the other, or
(ii) dim(π1∩π2) = 1 and there exist three mutually orthogonal vectors X, Y, Z ∈

TxM such that π1 = span{X, Y } and π2 = span{X,Z}.

Definition 2.3. Let M be a Riemannian manifold of dimension m ≥ 2. For
k ∈ {1, . . . ,

(
m
2

)
}, the k-th averaged lower bound on the sectional curvature is the

function

x 7→ Sect(k)(x) = inf
{π1,...,πk}

(
1

k

k∑
i=1

Sect(πi)

)
where the infimum is taken with respect to {π1, . . . , πk} varying among all collections
of k mutually orthogonal 2-planes in TxM .

From the above definitions together with (2.5) and a further application of Lemma
2.2

Sect(h) ≥ Sect(k) ≥ 1

2
R(k) ∀ 1 ≤ k ≤ h ≤

(
m

2

)
. (2.6)

In particular, for the (non-normalized) Ricci tensor we have

Ric ≥ (m− 1) Sect(m−1)

and therefore

Ric ≥ (m− 1) Sect(k) ≥ m− 1

2
R(k) for any 1 ≤ k ≤ m− 1 . (2.7)

We conclude this subsection by showing that non-negativity of R(k) for some
k <

(
m
2

)
implies an upper bound on |Riem | in terms of the scalar curvature S.
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To this aim, we first observe that |Riem | and S are equal, respectively, to the
Hilbert-Schmidt norm and the trace of R, that is,

|Riem |2 =
∑
α

λ2α , S =
∑
α

λα . (2.8)

This can be directly seen from (2.2). Then, we apply the following

Lemma 2.3. Let N ≥ 1 and let {ai}1≤i≤N be a nondecreasing sequence of real
numbers. If

k∑
i=1

ai ≥ 0 (2.9)

for some k ∈ {1, . . . , N − 1}, then

N∑
i=1

ai ≥
1

k

(
1

N

N∑
i=1

a2i

)1/2

.

Proof. We can find j such that |aj| ≥
√

1
N

∑N
i=1 a

2
i . By (2.9), there exists h ∈

{1, . . . , k} such that ai < 0 if i < h and ai ≥ 0 if i ≥ h. Note that ai ≥ 0 for i ≥ k.
If j ≥ h then aj = |aj|, hence

N∑
i=1

ai =
k∑
i=1

ai +
N∑

i=k+1

ai ≥
k∑
i=1

ai + a` ≥ a` ≥ aj = |aj|

for ` = max{j, k + 1}. If j < h then we observe that

(k − h+ 1)ak ≥
k∑
i=h

ai ≥ −
h−1∑
i=1

ai =
h−1∑
i=1

|ai| ≥ |aj|

where the second inequality is a rewriting of (2.9), so

N∑
i=1

ai =
k∑
i=1

ai +
N∑

i=k+1

ai ≥
N∑

i=k+1

ai ≥ (N − k)ak ≥
N − k

k − h+ 1
|aj| .

In conclusion,

N∑
i=1

ai ≥ min

{
1,

N − k
k − h+ 1

}
|aj| ≥ min

{
1,

N − k
k − h+ 1

}(
1

N

N∑
i=1

a2i

)1/2

and, as 1 ≤ k < N and 1 ≤ k − h+ 1 ≤ k, we have min
{

1, N−k
k−h+1

}
≥ 1

k
. �

Corollary 2.4. Let M be a Riemannian manifold of dimension m ≥ 2. If R(k) ≥ 0
for some 1 ≤ k <

(
m
2

)
then k2

(
m
2

)
S2 ≥ |Riem |2.

2.3. The operator Γ and its relation with R. In [22], A. Lichnerowicz defined
for every q ≥ 1 a self-adjoint endomorphism Γ = Γq : T 0

qM → T 0
qM whose action can

be described in the following way: in any local coframe {θi}, for every q-covariant
tensor Q = Qi1...iq θ

i1 ⊗ · · · ⊗ θiq the components of ΓQ = (ΓQ)i1...iq θ
i1 ⊗ · · · ⊗ θiq

are given by

(ΓQ)i1...iq =

q∑
l=1

RiljQ
j

i1... ...iq
−

∑
1≤l 6=h≤q

RiljihtQ
j t

i1... ... ...iq
(2.10)
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where on the right-hand side j and t occupy the l-th and h-th places, respectively,
among the indexes of Q (note that in the second term we do not necessarily have
l < h). If Q is twice continuously differentiable, then

(ΓQ)i1...iq =

q∑
h=1

(
Q t
i1... ...iq ,iht

−Q t
i1... ...iq ,tih

)
. (2.11)

Indeed, considering Ricci identities

Qi1...iq ,st −Qi1...iq ,ts = −
q∑
l=1

RiljstQ
j

i1... ...iq

we have, for h = 1, . . . , q,

Qi1...k...iq ,iht −Qi1...k...iq ,tih = −RkjihtQ
j

i1...ih−1 ih+1...iq
−

q∑
h6=l=1

RiljihtQ
j

i1... ...k...iq
.

Hence summing over 1 ≤ h ≤ q and tracing with respect to k and t yields (2.11).
Establishing lower bounds on the quadratic form 〈Γ · , · 〉 acting on (subbundles

of) T 0
qM is a key point in the development of the Bochner technique. The restriction

of 〈Γ · , · 〉 to the subbundle ∧qM ⊆ T 0
qM was already considered in S. Bochner and

K. Yano’s book [8, Formula (3.6)]. In case q = 1 it is known that a lower bound on
Ric is sufficient to establish a lower bound on 〈Γ · , · 〉, and this is the original key
idea of Bochner in [7]. In case q ≥ 2, M. Berger [4] and then D. Meyer [24] showed
that a lower bound on R is sufficient, and generally needed, to give a lower bound
on 〈Γ · , · 〉 on ∧qM . Remarkably, Berger and D. Ebin observed in [5, Proposition
6.1] that a lower bound on the sectional curvature of M is enough to ensure a lower
bound on 〈ΓE,E〉 when E is a symmetric bilinear form.

The curvature operator R naturally extends to a self-adjoint endomorphism

RT 0
qM : T 0

qM ⊗ ∧2M → T 0
qM ⊗ ∧2M

on the bundle T 0
qM⊗∧2M of T 0

qM -valued 2-forms, where self-adjointness is intended

with respect to the inner product on T 0
q+2M ⊇ T 0

qM ⊗∧2M . Given a local coframe

{θi} on M , for any section ω = ωi1...iqsr θ
i1 ⊗ · · · ⊗ θiq ⊗ θs ⊗ θr of T 0

qM ⊗ ∧2M the

tensor RT 0
qMω is locally defined by

(RT 0
qMω)i1...iqkt = Rsrktω

sr
i1...iq

.

Following an idea of Berger [4] later clarified by Meyer [24], and adopting the nota-
tion used by Petersen and Wink in [27], to any tensor Q of type (0, q) we associate

a T 0
qM -valued 2-form Q̂ of local components

Q̂i1...iqsr =
1

2

q∑
l=1

Qi1...s...iqgilr −
1

2

q∑
l=1

Qi1...r...iqgils . (2.12)

Any symmetry that Q may enjoy is inherited by Q̂ in its first q indexes. We have

(RT 0
qMQ̂)i1...iqkt =

q∑
l=1

RsilktQ
s

i1... ...iq
= −

q∑
l=1

RiljktQ
j

i1... ...iq
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and if V is another tensor field of type (0, q) then

〈RT 0
qMQ̂, V̂ 〉 = −

q∑
l,h=1

RiljktQ
j

i1... ...iq
V i1...k...iqgiht

where on the right-hand side j occupies the l-th place among the indexes of Q, and
k occupies the h-th place among the indexes of V . Splitting the cases h = l and
h 6= l, we get

〈RT 0
qMQ̂, V̂ 〉 =

q∑
l=1

RjkQ
j

i1... ...iq
V i1...k...iq −

∑
1≤l 6=h≤q

RiljktQ
j t

i1... ... ...iq
V i1...k...iq

and renaming k = ih it is apparent that

〈RT 0
qMQ̂, V̂ 〉 = 〈ΓQ, V 〉 . (2.13)

This shows that a lower bound on the quadratic form 〈R · , · 〉 implies a lower
bound on 〈Γ · , · 〉. Indeed, if {θi} is orthonormal and for any q-uple (i1, . . . , iq) ∈
{1, . . . ,m}q we define the 2-form

Q(i1,...,iq) = Q̂i1...iqsr θ
s ⊗ θr

(this is more similar to the approach also used by Tachibana in [32]) then

〈RT 0
qMQ̂, Q̂〉 =

∑
1≤i1,...,iq≤m

〈RQ(i1,...,iq), Q(i1,...,iq)〉 .

Remark 2.5. For a twice covariant tensor field E = Eij θ
i ⊗ θj we have

2Êijsr = Esjgir + Eisgjr − Erjgis − Eirgjs .

If E is symmetric and {θi} is chosen so that the dual frame {ei} is an orthonormal
basis of eigenvectors of E with corresponding eigenvalues εi, then (no summation
over i or j is intended)

2E(ij) = 2Êijsr θ
s⊗ θr = εjθ

j⊗ θi + εiθ
i⊗ θj− εjθi⊗ θj− εiθj⊗ θi = (εi− εj) θi∧ θj .

This shows that 〈RT 0
2M Ê, Ê〉 can be reduced to a linear combination of evalua-

tions of 〈R · , · 〉 on decomposable 2-forms, that is, a linear combination of sectional
curvatures. Namely,

〈RT 0
2M Ê, Ê〉 =

1

4

m∑
i,j=1

〈R(Êijsr θ
s ⊗ θr), Êij

kt θ
k ⊗ θt〉

=
1

4

m∑
i,j=1

(εi − εj)2〈R(θi ∧ θj), θi ∧ θj〉

that is

〈RT 0
2M Ê, Ê〉 =

m∑
i,j=1

(εi − εj)2 Sect(ei ∧ ej) =
m∑

i,j=1

(εi − εj)2Rijij .

So, a lower bound on sectional curvatures of M alone is sufficient to obtain lower
bounds on 〈Γ · , · 〉 acting on symmetric twice covariant tensors.
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Remark 2.6. For a one-form ω = ωiθ
i we have 2ω̂isr = ωsgir − ωrgis, hence

2ω̂isr θ
s ⊗ θr = girω ⊗ θr − gisθs ⊗ ω = girω ∧ θr .

Choosing {θi} as an orthonormal coframe with ω = |ω|θ1 we get

ω̂ =
1

2

m∑
i=1

θi ⊗ (ω ∧ θi)

and then

〈RT ∗M ω̂, ω̂〉 =
1

4

m∑
i=1

〈R(ω ∧ θi), ω ∧ θi〉 = |ω|2
m∑
i=1

Sect(e1 ∧ ei)

= |ω|2 Ric(e1, e1) = Ric(ω], ω])

with ω] the vector field metrically equivalent to ω. Thus, a lower bound on Ric is
enough to have a lower bound on 〈Γ · , · 〉 acting on one-forms.

2.4. Symmetric tensors and algebraic curvature tensors. Let (M, 〈 , 〉) be a
Riemannian manifold of dimension m > 2. We say that a 4-covariant tensor field T
is an algebraic curvature tensor if it shares the symmetries of the Riemann curvature
tensor and satisfies the first Bianchi identity. Namely, if {θi}mi=1 is a local coframe
on M and

T = Tijkt θ
i ⊗ θj ⊗ θk ⊗ θt

we require that

Tijkt = −Tjikt = Tktij ∀ 1 ≤ i, j, k, t ≤ m, (2.14)

Tijkt + Tiktj + Titkj = 0 ∀ 1 ≤ i, j, k, t ≤ m. (2.15)

We remark that (2.15) is a consequence of (2.14) if m ≤ 3, see [6, page 46].
If T is a smooth algebraic tensor field, we say that T satisfies the second Bianchi

identity if
Tijkt,l + Tijlk,t + Tijtl,k = 0 ∀ 1 ≤ i, j, k, t, l ≤ m. (2.16)

More generally, define a first-order differential operator B : T 7→ B(T ) on the bundle
of algebraic curvature tensors of M by setting

B(T )(X, Y, Z,W, V ) = (∇V T )(X, Y, Z,W ) + (∇WT )(X, Y, V, Z)

+ (∇ZT )(X, Y,W, V )

for every X, Y, Z,W, V ∈ X(M). In local notation this reads as

B(T )ijktl = Tijkt,l + Tijlk,t + Tijtl,k

and T satisfies the second Bianchi identity if and only if B(T ) = 0.

Definition 2.4. A smooth algebraic curvature tensor T is harmonic if div T = 0
and B(T ) = 0.

We let ET denote the Ricci contraction of T defined by

ET (X, Y ) = trg[(Z,W ) 7→ T (Z,X,W, Y )]

for every X, Y ∈ X(M). In local notation, ET = Eij θ
i ⊗ θj with

Eij = T kikj .

We also set ST = trg ET and we denote ZT = ET − ST
m
〈 , 〉 the traceless part of ET .

We say that an algebraic curvature tensor is totally traceless if all of its contractions



16 GIULIO COLOMBO, MARCO MARIANI, AND MARCO RIGOLI

with the metric tensor vanish (equivalently, if its Ricci contraction is the zero tensor).
Any algebraic curvature tensor T can be orthogonally decomposed in a unique way
as the sum

T = WT + VT + UT (2.17)

of a totally traceless Weyl part WT and two additional terms VT and UT that are fur-
ther irreducible with respect to the action of the orthogonal group O(m). Explicitely
(see [2]),

VT =
1

m− 2
ZT ©∧ 〈 , 〉 , UT =

ST
2m(m− 1)

〈 , 〉 ©∧ 〈 , 〉 , (2.18)

with ©∧ the Kulkarni-Nomizu product of symmetric bilinear forms. Setting

AT = ET −
ST

2(m− 1)
〈 , 〉 ≡ ZT +

m− 2

2m(m− 1)
ST 〈 , 〉 (2.19)

we can also write

T = WT +
1

m− 2
AT ©∧ 〈 , 〉 . (2.20)

Note that WT , VT , UT and AT©∧ 〈 , 〉 also are algebraic curvature tensors. Moreover,
if m ≤ 3 then the Weyl part WT of T is always zero, so that T is completely
determined by its Ricci contraction ET , see [6, observation 1.119.b)].

Remark 2.7. For ease of notation, in the rest of this section and in the next Section
3 we drop the subscript T and we simply write E, S, Z, A, W , V , U instead of
ET , ST , ZT , AT , WT , VT , UT to denote the tensors associated to T as above. This
won’t cause ambiguity with the notation that we adopted for the Weyl curvature
tensor (W ) and scalar curvature (S) of the manifold (M, 〈 , 〉), since these geometric
objects will not appear in our analysis. On the other hand, we reserve the notation
Rijkt and Rij for the components of the Riemann and Ricci curvature tensors of
(M, 〈 , 〉). In Section 4 we will resume to the use of the subscript T , since also the
Weyl curvature tensor and the scalar curvature of M will come back into the play.

Lemma 2.8. For any algebraic curvature tensor T we have

|T |2 = |W |2 +
4

m− 2
|Z|2 +

2S2

m(m− 1)
(2.21)

|∇T |2 = |∇W |2 +
4

m− 2
|∇Z|2 +

2|∇S|2

m(m− 1)
(2.22)

or, equivalently,

|T |2 = |W |2 +
4

m− 2
|E|2 − 2S2

(m− 1)(m− 2)
(2.23)

|∇T |2 = |∇W |2 +
4

m− 2
|∇E|2 − 2|∇S|2

(m− 1)(m− 2)
. (2.24)

Proof. By orthogonality of the decomposition T = W + V + U we have |T |2 =
|W |2 + |V |2 + |U |2, then a direct computation yields

|V |2 =
4

m− 2
|Z|2 , |U |2 =

2S2

m(m− 1)
.
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The second identity is proved by similar computations using ∇〈 , 〉 = 0. The third
and fourth identities are equivalent to the first two since

|E|2 = |Z|2 +
S2

m
, |∇E|2 = |∇Z|2 +

|∇S|2

m
.

�

To any algebraic curvature tensor T we can associate a 4-covariant tensor P = PT
of local components

Pijkt = Tijkt −
1

m− 1
(gikEjt − gitEjk) . (2.25)

Note that P is not an algebraic curvature tensor. However, its definition is not
accidental. In case T = Riem (thus, E = Ric) the (1, 3) version P i

jkt ei⊗ θj⊗ θk⊗ θt
of P , of local components

P i
jkt = Ri

jkt −
1

m− 1
(δikRjt − δitRjk) ,

is the projective curvature tensor, which is invariant under projective transforma-
tions and vanishes if and only if the manifold has constant sectional curvature. In
general, we have

Lemma 2.9. Let T be an algebraic curvature tensor and let P be as in (2.25). Then

|P |2 = |T |2 − 2

m− 1
|E|2 = |W |2 +

2m

(m− 2)(m− 1)
|Z|2 . (2.26)

In particular, P = 0 if and only if T =
S

2m(m− 1)
〈 , 〉 ©∧ 〈 , 〉.

Proof. By direct computation,

|P |2 = |T |2 − 2Tijkt(g
ikEjt − gitEjk)

m− 1
+

(gikEjt − gitEjk)(gikEjt − gitEjk)

(m− 1)2

= |T |2 − 2

m− 1
|E|2

and substituting (2.21) and |E|2 = |Z|2 + 1
m
S2 we obtain

|P |2 = |W |2 +
4

m− 2
|Z|2 +

2S2

m(m− 1)
− 2

m− 1

(
|Z|2 − S2

m

)
= |W |2 +

2m

(m− 2)(m− 1)
|Z|2 .

�

2.5. Algebraic curvature tensors with B(T ) = 0. The condition B(T ) = 0 has
many relevant implications, that we briefly describe with the aim of establishing
Propositions 2.10 and 2.11 below. The arguments are essentially those that one
applies when dealing with the case T = Riem, where the condition B(T ) = 0 is
always satisfied, to deduce well known relations between the actions of several first
order differential operators on the Riemann, Ricci, Weyl, Schouten and Einstein
tensors of a Riemannian manifold.
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First, let us recall that a symmetric twice covariant tensor field E is a Codazzi
tensor if

(∇XE)( · , Y ) = (∇YE)( · , X) ∀X, Y ∈ X(M) ,

that is, if

Eij,k − Eik,j = 0 ∀ 1 ≤ i, j, k ≤ m.

More generally we can define a differential operator C : E 7→ C(E) on the bundle
of symmetric twice covariant tensors by setting

C(E)(X, Y, Z) = (∇ZE)(X, Y )− (∇YE)(X,Z) ∀X, Y, Z ∈ X(M) .

In local notation, this reads as

C(E)ijk = Eij,k − Eik,j
and then E is Codazzi if and only if C(E) = 0.

Let us assume that T satisfies B(T ) = 0. Tracing (2.16) with respect to i and l
we get

(div T )jkt = T ijkt,i = Ejt,k − Ejk,t
hence div T = 0 if and only if E is a Codazzi tensor. Tracing again with respect to
j and t we obtain the Schur’s identity

2Ei
k,i = Sk , that is, 2 divE = ∇S .

Schur’s identity is equivalent to the Einstein-like tensor G = E − 1
2
S〈 , 〉 being

divergence-free. Equivalently, the Cotton-like tensor C(A) of local components

Cijk = Aij,k − Aik,j (2.27)

is totally trace-free,

Ci
ji = Ci

ij = C i
j i = 0 . (2.28)

Writing

Eij,k − Eik,j = Cijk +
1

2(m− 1)
(Skgij − Sjgik) ,

(2.28) implies that the right-hand side is the sum of two orthogonal covariant tensors,
hence it is apparent that E is Codazzi if and only if C = 0 and∇S = 0. In particular,

| div T |2 = |C(A)|2 +
|∇S|2

2(m− 1)
. (2.29)

Summarizing, (2.29) proves the validity of

Proposition 2.10. Let M be a Riemannian manifold of dimension m ≥ 3 and let T
be a smooth algebraic curvature tensor satisfying the second Bianchi identity. Then

div T = 0 ⇔ C(A) = 0 and ∇S = 0 .

If dimM = 3 then the Weyl part of any algebraic curvature tensor vanishes. If
m ≥ 4 then, as a second relevant consequence of B(T ) = 0, there is a tight relation
between C = C(A), B(W ) and divW , which allows to restate Proposition (2.10)
in a different form, see Proposition 2.11 below. Writing (2.20) in local notation we
have

Wijkt = Tijkt −
1

m− 2
(Aikgjt + Ajtgik − Aitgjk − Ajkgit)
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Applying the operator B to both sides and using B(T ) = 0 = ∇〈 , 〉 we get

B(W )ijktl = − 1

m− 2
(Ciklgjt + Ciltgjk + Citkgjl

− Cjklgit − Cjltgik − Cjtkgil) .
(2.30)

We trace with respect to i and l. Since W i
jik,t = W i

jti,k = 0 as W is totally traceless,
we obtain

W i
jkt,i = B(W )ijkti =

m− 3

m− 2
Cjtk , that is, divW = −m− 3

m− 2
C . (2.31)

Formulas (2.31) and (2.30) show that C(A) = 0 amounts to divW = 0 and implies
B(W ) = 0. The converse is also true. To see this, we compute |B(W )|2. Note that
we can write

|B(W )|2 =
2

(m− 2)2
(XijktlX

ijktl −XijktlX
jiktl)

with Xijktl = Ciklgjt + Ciltgjk + Citkgjl. Then we have

XijktlX
ijktl = 3CiklC

iklgjtg
jt + 2CiklC

iltgjtg
jk

+ 2CiklC
itkgjtg

jl + 2CiltC
itkgjkg

jl

= 3mCijlC
ijl + 2CiklC

ilk + 2CikjC
ijk + 2CijtC

itj

= 3(m− 2)CijkC
ijk ,

where we have used the symmetry Cijk = −Cikj, and

XijktlX
jiktl = (Ciklgjt + Ciltgjk + Citkgjl)g

itCjkl

+ (Ciklgjt + Ciltgjk + Citkgjl)g
ikCjlt

+ (Ciklgjt + Ciltgjk + Citkgjl)g
ilCjtk

= 3CiklC
ikl

where we have also exploited (2.28). Summing up, we get

|B(W )|2 =
6(m− 3)

(m− 2)2
|C(A)|2 , | divW |2 =

(m− 3)2

(m− 2)2
|C(A)|2 .

In conclusion, we have the following

Proposition 2.11. Let M be a Riemannian manifold of dimension m ≥ 4 and let T
be a smooth algebraic curvature tensor satisfying the second Bianchi identity. Then

div T = 0 ⇔ divW = 0 and ∇S = 0

and

divW = 0 ⇔ B(W ) = 0 ⇔ C(A) = 0 .

In particular, T is harmonic if and only if W is harmonic and S is constant.
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3. Bochner identities and curvature bounds

3.1. Bochner identities. Let M be a Riemannian metric of dimension m ≥ 2. For
any smooth algebraic curvature tensor T we have

1

2
∆|T |2 = |∇T |2 +

1

2
〈ΓT, T 〉 − 1

3
|B(T )|2 − 2| div T |2 + divX(T ) (3.1)

where X(T ) is the vector field whose components along a local frame {ei} are given
by

X(T )i = T sjktB(T ) i
sjkt + 2T ijkt(div T )jkt . (3.2)

In particular, if T is harmonic (i.e., T satisfies the second Bianchi identity and
div T = 0) then

1

2
∆|T |2 = |∇T |2 +

1

2
〈ΓT, T 〉 . (3.3)

A lower bound on the curvature operator R yields a lower bound on 〈ΓT, T 〉. In

[27], Petersen and Wink showed that a lower bound on the partial trace R(bm−1
2
c)

suffices to obtain a lower bound on 〈ΓT, T 〉 when the Ricci contraction E of T has
the form E = S

m
〈 , 〉, that is, when its traceless part Z = 0. In particular, by their

result a lower bound on R(bm−1
2
c) is enough to deduce a lower bound on 〈ΓW,W 〉,

where W is the Weyl part of T .
In this section we will prove that a lower bound on R(bm−1

2
c) in fact yields a lower

bound on 〈ΓT, T 〉 for any algebraic curvature tensor T , whitout further structural
assumptions. This is done showing that

〈ΓT, T 〉 = 〈ΓW,W 〉+
4

m− 2
〈ΓZ,Z〉 (3.4)

(where in the last term the action of Γ and 〈 , 〉 is intended on the bundle T 0
2M),

and then estimating 〈ΓZ,Z〉 from below. Building on the ideas in [27] and [5], we
show that a lower bound on 〈ΓZ,Z〉 can be established just assuming a lower bound
on the sum of the sectional curvatures of any collection of bm

2
c mutually orthogonal

2-planes in TM , and the latter is in turn implied by a lower bound on R(k) for some
k ≤ bm

2
c, so in particular by a lower bound on R(bm−1

2
c). Putting together the lower

bounds on 〈ΓW,W 〉 and 〈ΓZ,Z〉 we shall see that

1

2
〈ΓT, T 〉 ≥ (m− 1)C|P |2

provided R(bm−1
2
c) ≥ C, where P is the pseudo-projective curvature tensor defined

in (2.25). Note that for T = Riem this is precisely the estimate given by Tachibana
in [32] under the stronger assumption R ≥ C.

Hence, the main goal of this section will be the proof of the following

Theorem 3.1. Let M be a Riemannian manifold of dimension m ≥ 2 with R(bm−1
2
c) ≥

a(x) for some function a : M → R and let T be a smooth algebraic curvature tensor.
Then

1

2
∆|T |2 ≥ |∇T |2 + (m− 1)a(x)|P |2 − 1

3
|B(T )|2 − 2| div T |2 + divX(T ) (3.5)

where P and X(T ) are as in (2.25) and (3.2). If T is harmonic,

1

2
∆|T |2 ≥ |∇T |2 + (m− 1)a(x)|P |2 . (3.6)
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3.2. Proofs of (3.1) and (3.4). We start with the proof of the Bochner-type iden-
tity (3.1).

Proposition 3.2. Let (M, 〈 , 〉) be a Riemannian manifold and let T be a smooth
algebraic curvature tensor. Then

1

2
∆|T |2 = |∇T |2 +

1

2
〈ΓT, T 〉 − 1

3
|B(T )|2 − 2| div T |2 − divX(T )

where X(T ) is the vector field given by (3.2).

Proof. We compute

1

2
∆|T |2 = div(∇|T |2) = (T ijktT l

ijkt, ),l = T ijkt,lT
l

ijkt, + T ijktT l
ijkt, l

and T ijkt,lT
l

ijkt, = |∇T |2. Looking at the second term, we rewrite

T l
ijkt, l = T l

ijkt, l + T l
ij k,tl + T l

ijt ,kl − T
l

ij k,tl − T
l

ijt ,kl

= B(T ) l
ijkt ,l + T l

ijk ,tl − T
l

ijt ,kl

so that, using the symmetry T ijtk = −T ijkt,

T ijktT l
ijkt, l = T ijktB(T ) l

ijkt ,l + 2T ijktT l
ijk ,tl .

We further rewrite

T l
ijk ,tl = T l

ijk ,lt + T l
ijk ,tl − T

l
ijk ,lt

and summing up we obtain

1

2
∆|T |2 = |∇T |2 + T ijktB(T ) l

ijkt ,l + 2T ijktT l
ijk ,lt

+ 2T ijkt(T l
ijk ,tl − T

l
ijk ,lt) .

(3.7)

“Integrating by parts” we get

T ijktB(T ) l
ijkt ,l = div

(
T ijktB(T ) l

ijkt el

)
− T ijkt,lB(T )ijktl

= div
(
T ijktB(T ) l

ijkt el

)
− 1

3
|B(T )|2 ,

T ijktT l
ijk ,lt = div

(
T ijktT l

ijk ,l et

)
− T ijkt,tT

l
ijk ,l

= div
(
T ijktT l

ijk ,l et

)
− | div T |2

hence

T ijktB(T ) l
ijkt, l + 2T ijktT l

ijk ,lt = divX(T )− 1

3
|B(T )|2 − 2| div T |2 . (3.8)

On the other hand, by the symmetries of T and (2.11) we have

4T ijkt(T l
ijk ,tl − T

l
ijk ,lt) = T ijkt(T l

ijk ,tl − T
l

ijk ,lt) + T ijtk(T l
ij k,tl − T

l
ij k,lt)

+ T ktij(T l
k ij,tl − T l

k ij,lt) + T tkij(T lkij,tl − T lkij,lt)
= 〈ΓT, T 〉 .

Substituting this and (3.8) into (3.7) we obtain the desired conclusion. �

We now turn to (3.4), that is a consequence of the following
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Proposition 3.3. Let T , T̃ be algebraic tensor fields. Then

〈ΓT, T̃ 〉 = 〈ΓW, W̃ 〉+
4

m− 2
〈ΓZ, Z̃〉

where W , W̃ are the Weyl parts of T , T̃ and Z, Z̃ are the traceless parts of their
respective Ricci contractions E, Ẽ.

The proof of Proposition 3.3 is essentially a long computation, that we split into
the proofs of several lemmas.

Lemma 3.4. Let T, T̃ be algebraic curvature tensors. Then

〈ΓT, T̃ 〉 = 4RisT
s
jktT̃

ijkt − 4RisjlT
sl
ktT̃

ijkt − 8RisklT
s l
j tT̃

ijkt . (3.9)

Proof. From the very definition (2.10) we have

(ΓT )ijkt = RisT
s
jkt +RjsT

s
i kt +RksT

s
ij t +RtsT

s
ijk

−RisjlT
sl
kt −RjsilT

ls
kt −RisklT

s l
j t −RksilT

l s
j t

−RistlT
s l
jk −RtsilT

l s
jk −RjsklT

sl
i t −RksjlT

ls
i t

−RjstlT
s l
i k −RtsjlT

l s
i k −RkstlT

sl
ij −RtsklT

ls
ij .

We contract with T̃ ijkt. Using the symmetries of T , T̃ and renaming indexes we get

RisT
s
jktT̃

ijkt +RjsT
s
i ktT̃

ijkt +RksT
s

ij tT̃
ijkt +RtsT

s
ijk T̃

ijkt

= RisT
s
jktT̃

ijkt +RjsT
s
iktT̃

jikt +RksT
s
tijT̃

ktij +RtsT
s
kijT̃

tkij

= 4RisT
s
jktT̃

ijkt ,

RisjlT
sl
ktT̃

ijkt +RjsilT
ls
ktT̃

ijkt +RkstlT
sl

ij T̃ ijkt +RtsklT
ls

ij T̃ ijkt

= RisjlT
sl
ktT̃

ijkt +RjsilT
sl
ktT̃

jikt +RkstlT
sl
ijT̃

ktij +RtsklT
sl
ijT̃

tkij

= 4RisjlT
sl
ktT̃

ijkt ,

RisklT
s l
j tT̃

ijkt +RksilT
l s
j tT̃

ijkt +RistlT
s l
jk T̃

ijkt +RtsilT
l s
jk T̃

ijkt

= RisklT
s l
j tT̃

ijkt +RksilT
s l
t jT̃

ktij +RistlT
s l
j kT̃

ijtk +RtsilT
s l
k jT̃

tkij

= 4RisklT
s l
j tT̃

ijkt ,

RjsklT
sl
i tT̃

ijkt +RksjlT
ls
i tT̃

ijkt +RjstlT
s l
i k T̃

ijkt +RtsjlT
l s
i k T̃

ijkt

= RjsklT
s l
i tT̃

jikt +RksjlT
s l
t iT̃

ktji +RjstlT
s l
i kT̃

jitk +RtsjlT
s l
k iT̃

tkji

= 4RjsklT
s l
i tT̃

jikt = 4RisklT
s l
j tT̃

ijkt .

Summing up we obtain (3.9). �

In the next three Lemmas we denote by g = 〈 , 〉 the metric tensor of M .

Lemma 3.5. Let W be a totally traceless algebraic curvature tensor and E a sym-
metric 2-covariant tensor. Then

〈ΓW,E©∧ g〉 = 0 . (3.10)

Proof. We apply (3.9) with T = W and T̃ = E©∧ g. We write

(E©∧ g)ijkt = Eikgjt + Ejtgik − Eitgjk − Ejkgit .
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We separately compute the three terms in (3.9):

RisW
s
jkt(E©∧ g)ijkt = RisW

s
jktE

jtgik −RisW
s
jktE

jkgit

= RisW
s i
j tE

jt −RisW
s i
jkE

jk

= 2RisW
s i
j tE

jt ,

RisjlW
sl
kt(E©∧ g)ijkt = RisjlW

sl
kt(E

ikgjt − Eitgjk)

+RisjlW
sl
kt(E

jtgik − Ejkgit)

= 2RisjlW
sl
ktE

ikgjt + 2RisjlW
sl
ktE

jtgik

= 2RisjlW
sl j
k E

ik + 2RisjlW
sli
tE

jt ,

RisklW
s l
j t(E©∧ g)ijkt = RisklW

s l
j tE

jtgik −RisklW
s l
j tE

itgjk

−RisklW
s l
j tE

jkgit

= RslW
s l
j tE

jt −RisklW
skl
tE

it −RisklW
s li
j E

jk ,

where we also used that W is totally traceless. Summing up, we obtain

1

8
〈ΓW,E©∧ g〉 = RisW

s i
j tE

jt −RisjlW
sl j
k E

ik −RisjlW
sli
tE

jt

−RslW
s l
j tE

jt +RisklW
skl
tE

it +RisklW
s li
j E

jk .

A few algebraic manipulations yield

RisW
s i
j tE

jt ≡ RlsW
s l
j tE

jt = RslW
s l
j tE

jt ,

RisjlW
sl j
k E

ik = RjlisW
lsj
kE

ik ≡ RisjlW
sli
tE

jt

RisklW
skl
tE

it = RklisW
l sk
t Eti ≡ RisklW

s li
j E

jk ,

where “≡” denotes mere renaming of indexes while “=” indicates the use of some
symmetry of Ric, Riem, W or E. Substituting and manipulating a little more we
get

1

16
〈ΓW,E©∧ g〉 = RisklW

skl
tE

it −RisjlW
sl j
k E

ik

= RisklW
skl
tE

it +RisjlW
slj
kE

ik

≡ RisklW
skl
tE

it +RislkW
skl
tE

it

= (Riskl +Rislk)W
skl
tE

it

= 0 .

�

Lemma 3.6. Let E, Ẽ be symmetric 2-covariant tensors and let Z, Z̃ be their re-
spective traceless parts. Then

〈ΓZ, Z̃〉 = 〈ΓE, Ẽ〉 = 2RisE
s
jẼ

ij − 2RisjlE
lsẼij . (3.11)

Proof. From (2.10) we have

(ΓE)ij = RisE
s
j +RjsE

s
i − 2RisjlE

sl . (3.12)

Contracting with Ẽij we get the second equality (3.11). In case E = g, from (3.12)
we deduce Γg = 0. The first equality in (3.11) then follows by linearity and self-
adjointness of Γ on T 0

2M . �
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Lemma 3.7. Let E, Ẽ be symmetric 2-covariant tensors and let Z, Z̃ be their re-
spective traceless parts. Then

〈Γ(E©∧ g), Ẽ©∧ g〉 = 4(m− 2)〈ΓE, Ẽ〉 = 4(m− 2)〈ΓZ, Z̃〉 . (3.13)

Proof. We separately compute the three terms in (3.9) for T = E©∧ g, T̃ = Ẽ©∧ g.
We have

(E©∧ g)slkt(Ẽ©∧ g)ijkt = Es
k(Ẽ©∧ g)ijkl − Es

t(Ẽ©∧ g)ijlt

+ El
t(Ẽ©∧ g)ijst − El

k(Ẽ©∧ g)ijks

= 2Es
k(Ẽ©∧ g)ijkl − 2El

k(Ẽ©∧ g)ijks

= 2Es
kẼ

ikgjl + 2EsiẼjl − 2Es
kẼ

jkgil − 2EsjẼil

− 2El
kẼ

ikgjs − 2EliẼjs + 2El
kẼ

jkgis + 2EljẼis .

Hence,

Ris(E©∧ g)sjkt(Ẽ©∧ g)ijkt = Risglj(E©∧ g)slkt(Ẽ©∧ g)ijkt

= 2mRisE
s
kẼ

ik + 2RisE
siẼj

j − 2RisE
s
kẼ

ik − 2RisE
s
lẼ

il

− 2RilE
l
kẼ

ik − 2RisE
i
j Ẽ

js + 2Ri
iEjkẼ

jk + 2RisẼ
isEj

j

= 2(m− 4)RijE
j
kẼ

ik + 2RijE
ijẼk

k + 2RijẼ
ijEk

k + 2Ri
iEjkẼ

jk ,

Risjl(E©∧ g)slkt(Ẽ©∧ g)ijkt = 4RsjE
s
kẼ

jk + 4RisljE
sjẼil .

Similarly

(E©∧ g)s lj t(Ẽ©∧ g)ijkt = Esl(Ẽ©∧ g)ijkj − Es
t(Ẽ©∧ g)ilkt

− E l
j (Ẽ©∧ g)ijks + Ejtg

sl(Ẽ©∧ g)ijkt

= EslẼikgjj + EslẼj
jg
ik − EslẼi

jg
jk − EslẼjkgij

− Es
tẼ

ikglt − Es
tẼ

ltgik + Es
tẼ

itglk + Es
tẼ

lkgit

− E l
j Ẽ

ikgjs − E l
j Ẽ

jsgik + E l
j Ẽ

isgjk + E l
j Ẽ

jkgis

+ EjtẼ
ikgslgjt + EjtẼ

jtgslgik − EjtẼitgslgjk − EjtẼjkgslgit

= mEslẼik + EslẼj
jg
ik − EslẼik − EslẼik

− EslẼik − Es
tẼ

ltgik + Es
tẼ

itglk + EsiẼlk

− EslẼik − El
jẼ

jsgik + EklẼis + El
jẼ

jkgis

+ ẼikEj
jg
sl + EjtẼ

jtgslgik − Ek
tẼ

itgsl − Ei
jẼ

jkgsl

that is

(E©∧ g)s lj t(Ẽ©∧ g)ijkt = (m− 4)EslẼik − Es
tẼ

ltgik − El
jẼ

jsgik

− Ek
tẼ

itgsl − Ei
jẼ

jkgsl + EslẼj
jg
ik

+ ẼikEj
jg
sl + EjtẼ

jtgslgik + Es
tẼ

itglk

+ EsiẼlk + EklẼis + El
jẼ

jkgis .
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We contract with Riskl to get

Riskl(E©∧ g)s lj t(Ẽ©∧ g)ijkt = (m− 4)RisklE
slẼik − 4RslE

s
tẼ

lt

+RslE
slẼj

j +RikẼ
ikEj

j +Ri
iEjtẼ

jt

Summing up,

〈Γ(E©∧ g), Ẽ©∧ g〉 = 8(m− 4)RijE
j
kẼ

ik + 8RijE
ijẼk

k + 8RijẼ
ijEk

k

+ 8Ri
iEjkẼ

jk − 16RsjE
s
kẼ

jk − 16RisljE
sjẼil

− 8(m− 4)RisklE
slẼik + 32RslE

s
tẼ

lt

− 8RslE
slẼj

j − 8RikẼ
ikEj

j − 8Ri
iEjtẼ

jt

= 8(m− 2)RijE
j
kẼ

ik − 8(m− 2)RisklE
slẼik

and by (3.11) we obtain (3.13). �

Proof of Proposition 3.3. As in (2.20), we write

T = W +
1

m− 2
A©∧ g , T̃ = W̃ +

1

m− 2
Ã©∧ g

where A, Ã are the Schouten-like tensors associated to T , T̃ as in (2.19). Then we
apply the previous Lemmas with the choices E = 1

m−2A, Ẽ = 1
m−2Ã, noting that Z,

Z̃ are also the traceless parts of A, Ã. �

3.3. Lower bounds on 〈Γ · , · 〉. We now proceed to prove that a lower bound on

R(bm−1
2
c) ensures a lower bound on 〈ΓT, T 〉 for any algebraic curvature tensor T .

Among the results stated and proved in this subsection, our original contribution
is represented by Proposition 3.10 and Theorem 3.14. Lemma 3.11 is formally
equivalent to Lemma 3 in [32], while the statements of Lemma 3.12 and Proposition
3.32 are covered by Lemma 2.1, Lemma 2.2(c) and Proposition 2.5(b) of [27]. Since
the formalism (as well as the choice of normalization constants in the definition of
the norm of an anti-symmetric tensor) adopted here differs from that of [27], we
provide self-contained proofs along the lines of those in [27] for ease of the reader.

Lemma 3.8. Let N ≥ 2 be a positive integer and let {ai}1≤i≤N , {bi}1≤i≤N be se-
quences of non-negative real numbers such that

ai ≤ ai+1 for 1 ≤ i < N and bi ≥ 0 for i = 1, . . . , N . (3.14)

Let 1 ≤ k < N be an integer such that

bi ≤
1

k

N∑
j=1

bj for i = 1, . . . , N . (3.15)

Then
N∑
i=1

aibi ≥
1

k

k∑
i=1

ai

N∑
j=1

bj . (3.16)
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Proof. We separately estimate

N∑
i=k+1

aibi ≥ ak+1

N∑
i=k+1

bi ,

k∑
i=1

aibi =
k∑
i=1

(ai − ak+1)bi + ak+1

k∑
i=1

bi

≥ 1

k

k∑
i=1

(ai − ak+1)
N∑
j=1

bj + ak+1

k∑
i=1

bi ,

where we have used (3.15) and ai − ak+1 ≤ 0 for i ≤ k. Summing up,

N∑
i=1

aibi ≥

[
1

k

k∑
i=1

(ai − ak+1) + ak+1

]
N∑
j=1

bj =

[
1

k

k∑
i=1

ai

]
N∑
j=1

bj .

�

Remark 3.9. If (3.15) holds with 1 ≤ k < N a real number then it also holds with k
replaced by bkc, which is an integer in the range {1, . . . , N − 1}. Hence, if {ai}, {bi}
are as in (3.14) then for any real number 1 ≤ k < N we have the implication

bi ≤
1

k

N∑
j=1

bj ∀ i = 1, . . . , N ⇒
N∑
i=1

aibi ≥
1

bkc

bkc∑
i=1

ai

N∑
j=1

bj .

Proposition 3.10. Let x ∈ M , C ∈ R and assume that for every collection
{π1, . . . , πbm

2
c} of mutually orthogonal 2-planes in TxM it holds

1

bm
2
c

bm
2
c∑

i=1

Sect(πi) ≥ C . (3.17)

Then for any traceless symmetric 2-covariant tensor Z we have

〈ΓZ,Z〉 ≥ 2mC|Z|2 at x. (3.18)

Proof. Consider a coframe {θi} whose dual frame {ei} consists of eigenvectors of Z,
with corresponding eigenvalues {ζi}1≤i≤m. From (3.12) we obtain (no summation is
intended on i)

(ΓZ)ii = 2Riiζi − 2
m∑
j=1

Rijijζj = 2
m∑
j=1

Rijij(ζi − ζj) for i = 1, . . . ,m

hence

〈ΓZ,Z〉 =
m∑
i=1

(ΓZ)iiZ
ii =

m∑
i=1

(ΓZ)iiζi = 2
m∑

i,j=1

Rijijζi(ζi − ζj) (3.19)

and this can be rewritten as

〈ΓZ,Z〉 =
m∑

i,j=1

Rijijζi(ζi − ζj) +
m∑

i,j=1

Rjijiζj(ζj − ζi) =
m∑

i,j=1

Rijij(ζi − ζj)2 .
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Since
∑m

i=1 ζi = 0, we have
∑m

i,j=1 ζiζj = 0 and therefore

m∑
i,j=1

(ζi − ζj)2 = m

m∑
i=1

ζ2i +m
m∑
j=1

ζ2j − 2
m∑

i,j=1

ζiζj = 2m
m∑
i=1

ζ2i = 2m|Z|2 . (3.20)

Moreover, for any 1 ≤ k < t ≤ m we have

(ζk − ζt)2 ≤ 2(ζ2k + ζ2t ) ≤ 2|Z|2 =
2

m

∑
1≤i<j≤m

(ζi − ζj)2 . (3.21)

We order the set {(i, j) ∈ N × N : 1 ≤ i < j ≤ m} as a sequence {(iα, jα)}1≤α≤(m2 )
so that

Riαjαiαjα ≤ Riβjβiβjβ ∀ 1 ≤ α ≤ β ≤
(
m

2

)
and we set κα = Riαjαiαjα , cα = (ζiα − ζjα)2 for every 1 ≤ α ≤

(
m
2

)
. Then (3.21)

reads as

cα ≤
2

m

(m2 )∑
β=1

cβ ∀ 1 ≤ α ≤
(
m

2

)
(3.22)

and (3.19), (3.20) can be expressed as

〈ΓZ,Z〉 = 2
∑

1≤i<j≤m

Rijij(ζi − ζj)2 = 2

(m2 )∑
α=1

καcα ,

(m2 )∑
α=1

cα = m|Z|2 .

Applying Remark 3.9 with N =
(
m
2

)
, k = m

2
<
(
m
2

)
and using (3.17) we conclude

〈ΓZ,Z〉 ≥ 2

bm
2
c

bm
2
c∑

α=1

κα

(m2 )∑
β=1

cβ ≥ 2C

(m2 )∑
β=1

cβ = 2mC|Z|2 .

�

Lemma 3.11 ([32]). Let T be an algebraic curvature tensor. Then

|T̂ |2 = 2(m− 1)|P |2 (3.23)

where P is the tensor defined in (2.25) and T̂ is defined as in (2.12). In particular,
if T = W is totally traceless then

|Ŵ |2 = 2(m− 1)|W |2 . (3.24)

Proof. From the defining formula (2.12) we have

2T̂ijktsr = Tsjktgir + Tisktgjr + Tijstgkr + Tijksgtr

− Trjktgis − Tirktgjs − Tijrtgks − Tijkrgts .

A direct computation, using the symmetries of T , yields

T̂ ijktsrT̂ijktsr = T̂ ijktsr(Tsjktgir + Tisktgjr + Tijstgkr + Tijksgtr)

= 4T̂ ijktsrTsjktgir
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and then

2T̂ ijktsrTsjktgir = T sjktTsjktg
irgir + T isktTsjktg

jrgir

+ T ijstTsjktg
krgir + T ijksTsjktg

trgir

− T rjktTsjktgisgir − T irktTsjktgjsgir
− T ijrtTsjktgksgir − T ijkrTsjktgtsgir

= mT sjktTsjkt + T isktTsikt + T ijstTsjit + T ijksTsjki

− T rjktTrjkt − 2EjtEjt

= (m− 1)|T |2 − 2|E|2 + T iskt(Tsikt + Tksit + Ttski)

= (m− 1)|T |2 − 2|E|2 + T iskt(Tsikt + Tksit + Tikst)

= (m− 1)|T |2 − 2|E|2

where in the last equality we have used the fact that T satisfies the first Bianchi
identity. The conclusion then follows by (2.26). �

Lemma 3.12 ([27]). Let T be an algebraic curvature tensor and ω a 2-form. Then

ωijωktT̂
ij

abcd T̂ abcdkt ≤ 4ωijω
ijTabcdT

abcd . (3.25)

Proof. The values appearing on both sides (3.25) do not depend on the local coframe
{θi} chosen to perform computations. For the sake of simplicity, we assume that
{θi} is an orthonormal coframe. Note that in this case we can avoid raising and
lowering indexes to denote contraction with g or g−1, since gij = gij = δij, the
Kronecker symbol.

First, we observe that

ωijT̂abcdij = ωiaTibcd + ωibTaicd + ωicTabid + ωidTabci . (3.26)

Then, we assume that the coframe {θi} is chosen so that ω can be expressed as

ω = ω12 θ
1 ∧ θ2 + ω34 θ

3 ∧ θ4 + · · ·+ ω2k−1,2k θ
2k−1 ∧ θ2k

with k = bm
2
c. For every 1 ≤ a ≤ m, set

a′ =


a− 1 if a ≤ 2k, a even,

a+ 1 if a ≤ 2k, a odd,

a otherwise.

Then, (3.26) rewrites as (no summation is intended over repeated indexes on the
RHS)

ωijT̂abcdij = ωa′aTa′bcd + ωb′bTab′cd + ωc′cTabc′d + ωd′dTabcd′ . (3.27)

By Cauchy’s inequality we can bound

(ωijT̂abcdij)
2 ≤

(
ω2
a′a + ω2

b′b + ω2
c′c + ω2

d′d

) (
T 2
a′bcd + T 2

ab′cd + T 2
abc′d + T 2

abcd′

)
but in fact we also have the more effective bound

(ωijT̂abcdij)
2 ≤

(
m∑

i,j=1

ω2
ij

)(
T 2
a′bcd + T 2

ab′cd + T 2
abc′d + T 2

abcd′

)
. (3.28)

Since for every 1 ≤ i, j ≤ m we have ω2
ij = ω2

ji, to justify deduction of (3.28)
from (3.27) one observes that, up to dropping out vanishing terms from the RHS
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of (3.27), for every i 6= j there are at most two sets, amongst {a, a′}, {b, b′}, {c, c′}
and {d, d′}, that coincide with {i, j}. Indeed, if a = b then a′ = b′, and ωa′a = ωb′b
while Ta′bcd = Tb′acd = −Tab′cd; if a = b′ then b = a′ and Ta′bcd = 0 = Tab′cd. Hence,
for any a, b, c, d we have

ωa′aTa′bcd + ωb′bTab′cd 6= 0 ⇒ {a, a′} ∩ {b, b′} = ∅

and similarly

ωc′cTabc′d + ωd′dTabcd′ 6= 0 ⇒ {c, c′} ∩ {d, d′} = ∅ .

Summing over all tuples (a, b, c, d), we obtain

ωijωktT̂abcdijT̂abcdkt ≤ ωijωij

m∑
a,b,c,d=1

(
T 2
a′bcd + T 2

ab′cd + T 2
abc′d + T 2

abcd′

)
= 4ωijωijTabcdTabcd

where equality follows since the map a 7→ a′ is a bijection of {1, . . . ,m} into itself,
so that

m∑
a,b,c,d=1

T 2
a′bcd =

m∑
a,b,c,d=1

T 2
abcd

and similarly for the other terms. �

Proposition 3.13 ([27]). Let x ∈M , C ∈ R and assume that

R(bm−1
2
c)(x) ≥ C .

Then for every totally traceless algebraic curvature tensor W we have

〈ΓW,W 〉 ≥ 2(m− 1)C|W |2 at x.

Proof. Let {ωα}α be an orthonormal basis of ∧2
xM consisting of eigenvectors of R

with corresponding eigenvalues {λα}α. Then, with respect to any local coframe {θi}
we have

Rijkt =
∑
α

λαω
α
ijω

α
kt , gikgjt − gitgjk = 2

∑
α

ωαijω
α
kt . (3.29)

From (2.13) then we have

〈ΓW,W 〉 = 〈RT 0
4MŴ , Ŵ 〉 =

(m2 )∑
α=1

λαω
α
ijω

α
ktŴ

ij
abcd Ŵ abcdkt =

(m2 )∑
α=1

λαcα (3.30)

where we have set cα = ωαijω
α
ktŴ

ij
abcd Ŵ abcdkt. By (3.24) and the second in (3.29) we

have

2(m− 1)|W |2 = |Ŵ |2 = gijgktŴ
ij

abcd Ŵ abcdkt

=
1

2
(gijgkt − gitgjk)Ŵ ij

abcd Ŵ abcdkt =

(m2 )∑
α=1

cα

and then by (3.25) for every α

cα ≤ 4|W |2 =
2

m− 1
|Ŵ |2 =

2

m− 1

(m2 )∑
β=1

cβ ∀ 1 ≤ α ≤
(
m

2

)
. (3.31)
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Applying Remark 3.9 we obtain the desired conclusion. �

Theorem 3.14. Let x ∈M , C ∈ R and assume that

R(bm−1
2
c)(x) ≥ C . (3.32)

Then for every algebraic curvature tensor T we have

〈ΓT, T 〉 ≥ 2(m− 1)C|P |2 at x, (3.33)

where P is the tensor defined in (2.25).

Proof. First, recall from (3.4) that

〈ΓT, T 〉 = 〈ΓW,W 〉+
4

m− 2
〈ΓZ,Z〉 . (3.34)

By Proposition 3.13 we have

〈ΓW,W 〉 ≥ 2(m− 1)C|W |2 . (3.35)

By (2.4), from (3.32) we deduce R(bm
2
c)(x) ≥ C and then by (2.6)

1

bm
2
c

bm
2
c∑

i=1

Sect(πi) ≥
C

2

for every set {π1, . . . , πbm
2
c} of mutually orthogonal 2-planes in TxM . Then, by

Proposition 3.10
〈ΓZ,Z〉 ≥ mC|Z|2 . (3.36)

Putting together (3.34), (3.35), (3.36) and using (2.26) we conclude

〈ΓT, T 〉 ≥ C

[
2(m− 1)|W |2 +

4m

m− 2
|Z|2

]
= 2(m− 1)C|P |2 .

�

Combining Proposition 3.2 and Theorem 3.14 we deduce Theorem 3.1.

4. Tachibana-type theorems

4.1. The compact case.

Theorem 4.1. Let (M, 〈 , 〉) be a compact Riemannian manifold of dimension m ≥ 3

satisfying R(bm−1
2
c) ≥ 0. If T is a harmonic algebraic curvature tensor on M , then

∇T ≡ 0. Moreover, if R(bm−1
2
c) > 0 at some point then T is a constant multiple of

〈 , 〉 ©∧ 〈 , 〉.

Proof. By Theorem 3.1, we have

1

2
∆|T |2 ≥ |∇T |2 + (m− 1)R(bm−1

2
c)|PT |2 ≥ 0

where PT is the pseudo-projective tensor field associated to T as in (2.25). By
compactness of M , the subharmonic function |T |2 must be constant, hence |∇T |2 ≡
0 and R(bm−1

2
c)|PT |2 ≡ 0 since R(bm−1

2
c) ≥ 0. In particular we have ∇T ≡ 0 as

claimed.
By parallelism of the metric, ∇T ≡ 0 implies ∇ET ≡ 0, where ET is the Ricci

contraction of T , and then ∇PT ≡ 0. In particular, |PT | is constant. If R(bm−1
2
c) > 0

at some point then necessarily |PT | ≡ 0 on M , that is, PT ≡ 0 and this yields
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T = c〈 , 〉 ©∧ 〈 , 〉, where c = trg ET
2m(m−1) = ST

2m(m−1) is also constant by Proposition

2.11. �

As a direct consequence we have the following generalization of Tachibana’s the-
orem.

Theorem 4.2. Let M be a compact Riemannian manifold of dimension m ≥ 3 with
harmonic curvature and R(bm−1

2
c) ≥ 0. Then M is locally symmetric. Moreover, if

R(bm−1
2
c) > 0 somewhere then M is isometric to a quotient of Sm.

In cases m = 3, 4 we have bm−1
2
c = 1, hence the assumption on the curvature

operator reduce to R ≥ 0 (and possibly R > 0 somewhere, for the second part of
the theorem) as in the standard Tachibana’s theorem. However, we point out that
in case m = 3 the non-negativity (resp., positivity) of the curvature operator can
be relaxed to the milder condition that the Ricci curvature is non-negative (resp.,
positive).

Theorem 4.3. Let M3 be a compact 3-dimensional Riemannian manifold with har-
monic curvature and Ric ≥ 0. Then M is isometric to a quotient of S3, S2 × R or
R3. Moreover, if Ric > 0 somewhere then M is isometric to a quotient of S3.

Proof. Since M has harmonic curvature, by Proposition 3.2

1

2
∆|Riem |2 = |∇Riem |2 +

1

2
〈Γ Riem,Riem〉 . (4.1)

As dimM = 3, the Weyl tensor vanishes. So, by Proposition 3.3 and (3.11)

1

2
〈Γ Riem,Riem〉 =

2

m− 2
〈Γ Ric,Ric〉 = 2〈Γ Ric,Ric〉

= 4(RijR
j
kR

ki −RijktR
ikRjt) .

(4.2)

Moreover, again since W ≡ 0, we have

Rijkt = Rikgjt +Rjtgik −Ritgjk −Rjkgit −
S

2
(gikgjt − gitgjk)

and substituting this into (4.2) we obtain

1

8
〈Γ Riem,Riem〉 = RijR

j
kR

ki − 2SRijR
ij + 2RitR

ikR t
k +

S3

2
− S

2
RikRik

= 3RijR
j
kR

ki − 5

2
SRijR

ij +
S3

2
.

Denoting by λ, µ, ν the eigenvalues of the Ricci operator, we have

RijR
j
kR

ki = tr(Ric3) = λ3 + µ3 + ν3

RijR
ij = tr(Ric2) = λ2 + µ2 + ν2

S = tr(Ric) = λ+ µ+ ν
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and therefore

1

4
〈Γ Riem,Riem〉 = 6(λ3 + µ3 + ν3)− 5(λ+ µ+ ν)(λ2 + µ2 + ν2) + (λ+ µ+ ν)3

= 6(λ3 + µ3 + ν3)− (λ+ µ+ ν)[5(λ2 + µ2 + ν2)− (λ+ µ+ ν)2]

= 6(λ3 + µ3 + ν3)− (λ+ µ+ ν)[4(λ2 + µ2 + ν2)− 2(λµ+ λν + µν)]

= 6(λ3 + µ3 + ν3)

− 4(λ3 + µ3 + ν3)− 4(λµ2 + λν2 + µλ2 + µν2 + νλ2 + νµ2)

+ 2(λ2µ+ λ2ν + λµ2 + µ2ν + λν2 + µν2) + 6λµν

= 2[λ3 + µ3 + ν3 − λµ2 − λν2 − µλ2 − µν2 − νλ2 − νµ2 + 3λµν]

= 2[λ(λ− µ)(λ− ν) + µ(µ− λ)(µ− ν) + ν(ν − λ)(ν − µ)] .

We show that this term is non-negative if Ric ≥ 0. Without loss of generality, we
can assume λ ≤ µ ≤ ν. Then we can write

µ = tν + (1− t)λ ≡ λ+ ts ≡ ν − (1− t)s
for some 0 ≤ t ≤ 1, where s = ν − λ ≥ 0. Thus

λ(λ− µ)(λ− ν) = λ(λ− λ− ts)(−s) = λts2

µ(µ− λ)(µ− ν) = µ(λ+ ts− λ)(ν − (1− t)s− ν) = −µt(1− t)s2

ν(ν − λ)(ν − µ) = νs(ν − ν + (1− t)s) = ν(1− t)s2

and then

1

4
〈Γ Riem,Riem〉 = 2[λt− µt(1− t) + ν(1− t)]s2

= 2[λt− (tν + (1− t)λ)t(1− t) + ν(1− t)]s2

= 2[λt− t(1− t)2λ− t2(1− t)ν + ν(1− t)]s2

= 2[t2(2− t)λ+ (1− t)2(1 + t)ν]s2

≥ 0

where the inequality holds since 2 − t ≥ 0 and 1 + t ≥ 0 by construction, while
λ, ν ≥ 0 since we have assumed Ric ≥ 0. Moreover, equality holds if and only if one
the following cases occurs:

(i) s = 0, that is, λ = µ = ν;
(ii) λ = 0 and t = 1, that is, 0 = λ ≤ µ = ν.

Having established 〈Γ Riem,Riem〉 ≥ 0, applying the divergence theorem (or the
maximum principle) to (4.1) we see that∇Riem ≡ 0, that is, M is locally symmetric.
The Cotton tensor of M is zero by harmonicity of the curvature, hence M is locally
conformally flat and by Noronha’s Theorem 1.1 we conclude that M is isometric to
a quotient of either S3, S2 ×R or R3. Note that all three cases are compatible with
either condition (i) or (ii) mentioned above. Lastly, if Ric > 0 at some point then
M is necessarily a quotient of S3. �

Ifm = dimM ≥ 4 andM is locally conformally flat, the conclusions of Tachibana’s
theorem also hold under the assumption that Sect(b

m
2
c) ≥ 0, with possibly strict in-

equality at some point. Recall that Sect(k) has been defined in Definition 2.3 and
that condition Sect(b

m
2
c) ≥ c is weaker than R(bm−1

2
c) ≥ c by (2.6).
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Proposition 4.4. Let (Mm, 〈 , 〉) be a compact, locally conformally flat Riemann-

ian manifold with constant scalar curvature S. If Sect(b
m
2
c) ≥ 0 then M is locally

symmetric, and if Sect(b
m
2
c) > 0 at some point then M is a quotient of SmS .

Proof. Since W ≡ 0 and S is constant, M has harmonic curvature and thus

1

2
∆|Riem |2 = |∇Riem |2 +

1

2
〈Γ Riem,Riem〉 .

As W = 0 we have 〈Γ Riem,Riem〉 = 4
m−2〈Γ Ric,Ric〉, so by Proposition 3.10 we

estimate
1

2
∆|Riem |2 ≥ |∇Riem |2 +

8m

m− 2
Sect(b

m
2
c) |

◦
Ric|2

where
◦

Ric is the traceless part of Ric. Then the desired conclusion follows reasoning
as in the proof of Theorem 4.1. �

4.2. Bounded subharmonic functions on complete manifolds with Ric ≥ 0.
In this subsection we collect a series of results that will be useful in the following
one to deal with the case of complete manifolds with harmonic curvature. We first
have the following mean value inequalities for subharmonic functions due to P. Li,
[20], and Li-Schoen, [19].

Proposition 4.5 ([20], Theorem 4). Let (M, 〈 , 〉) be a complete Riemannian man-
ifold with Ric ≥ 0. Let f ∈ L∞(M) be a subharmonic function. Then for any
x ∈M

lim
R→+∞

1

|BR(x)|

∫
BR(x)

f = sup
M

f . (4.3)

Proposition 4.6 ([19], Theorem 2.1). Let (Mm, 〈 , 〉) be a complete Riemannian
manifold with Ric ≥ −(m−1)κ2. Let R > 0, x ∈M and let f ≥ 0 be a subharmonic
function defined on BR(x). There exists a constant C = C(m, p) > 0 such that

sup
B(1−τ)R(x)

fp ≤ τ−C(1+κR) 1

|BR(x)|

∫
BR(x)

fp (4.4)

for every τ ∈ (0, 1/2).

Corollary 4.7. Let (M, 〈 , 〉) be a complete Riemannian manifold with Ric ≥ 0. Let
f ≥ 0 be a nonnegative subharmonic function. Then for any p ∈ [1,+∞)

lim
R→+∞

1

|BR(x)|

∫
BR(x)

fp = sup
M

fp . (4.5)

Proof. First observe that if f ≥ 0 is subharmonic, then fp is also subharmonic for
any p ≥ 1. If f is bounded then fp is also bounded and the conclusion follows by
Proposition 4.5. If f is unbounded then by Proposition 4.6 both sides of (4.5) equal
+∞ and the conclusion follows. �

The next Proposition 4.8, together with its proof, rephrases in general terms an
observation contained in [12].

Proposition 4.8 ([12]). Let (M, 〈 , 〉) be a complete Riemannian manifold with
Ric ≥ 0. Let f ∈ L∞(M) be a subharmonic function. Then for any x ∈M

lim
R→+∞

R2

|BR(x)|

∫
BR(x)

∆f = 0 . (4.6)
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Proof. Let r denote the distance function from x. By the Laplacian comparison
theorem we have

∆r2 ≤ 2m (4.7)

where m = dimM . Define h = supM f − f ≥ 0. Green’s identities give∫
BR(x)

(
1− r2

R2

)
∆h+

1

R2

∫
BR(x)

h∆r2 =
1

R2

∫
∂BR(x)

h〈∇r2, ν〉 ≥ 0

for almost every R > 0. Since h ≥ 0 and −∆h = ∆f ≥ 0, by (4.7) we estimate

2m

R2

∫
BR(x)

h ≥ 1

R2

∫
BR(x)

h∆r2 ≥
∫
BR(x)

(
1− r2

R2

)
∆f ≥ 3

4

∫
BR/2(x)

∆f .

Hence, dividing by |BR/2(x)| we have

1

|BR/2(x)|

∫
BR(x)

h ≥ 3

8m

R2

|BR/2(x)|

∫
BR/2(x)

∆f ≥ 0 . (4.8)

By Bishop-Gromov theorem we also have |BR/2(x)| ≥ 2m|BR(x)|, hence

2m

|BR(x)|

∫
BR(x)

h ≥ 1

|BR/2(x)|

∫
BR(x)

h (4.9)

and by Proposition 4.5

1

|BR(x)|

∫
BR(x)

h = sup
M

f − 1

|BR(x)|

∫
BR(x)

f → 0 as R→ +∞ . (4.10)

Putting together (4.8), (4.9) and (4.10) we obtain (4.6). �

Let (M, 〈 , 〉) be a complete Riemannian manifold. For every x ∈ M , R > 0 and
for every measurable function ψ on BR(x) we define

ψx,R =
1

|BR(x)|

∫
BR(x)

ψ

whenever the RHS of this equality happens to be well defined. From the work of
P. Buser, [9], combined with Cheeger’s inequality it is known (see for instance L.
Saloff-Coste, [30, page 439]) that geodesic balls of a complete Riemannian manifold
with non-negative Ricci curvature support the following Poincaré inequality.

Proposition 4.9 ([9],[30]). Let (Mm, 〈 , 〉) be a complete Riemannian manifold with
Ric ≥ 0. Then, there exists C = C(m) > 0 such that for every x ∈M and R > 0∫

BR(x)

|f − fx,R|2 ≤ CR2

∫
BR(x)

|∇f |2 ∀ f ∈ C∞(BR(x)) . (4.11)

We are now in the position to prove the next Liouville-type theorem.

Theorem 4.10. Let (M, 〈 , 〉) be a complete, noncompact Riemannian manifold with
Ric ≥ 0. Let a ≥ 0 be a measurable function on M and let 0 ≤ f ∈ L∞(M) satisfy

∆f ≥ af on M .

Assume that for some x ∈M one of the following conditions is satisfied:

i) fx,R → 0 as R→ +∞,
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ii) for some constant C0 > 0 and for some compact set K (M

a ≥ C2
0

r2
on M \K (4.12)

where r is the distance function from x,
iii) for some constants C1, C2 > 0

ax,R ≥
C1

R2
,

1

|BR(x)|

∫
BR(x)

|a− ax,R|2 ≤
C2

R4
(4.13)

for all sufficiently large R > 0.

Then f ≡ 0.

Proof. Since a ≥ 0 and f ≥ 0, we have that f is a bounded, nonnegative subharmonic
function on M . Hence, by Proposition 4.5 the limit

` = lim
R→+∞

fx,R

exists and equals supM f ∈ [0,+∞), and by Proposition 4.8 we also have

lim
R→+∞

R2(af)x,R = 0 . (4.14)

Since f ≥ 0, the desired conclusion f ≡ 0 is equivalent to having ` = 0. Note that
this is, in turn, equivalent to i). Hence let us assume, by contradiction, that ` > 0.
Then we must be in either case ii) or iii). In both cases we aim at showing that
(4.14) cannot hold, hence concluding the proof by contradiction.

If ii) is in force, then fix R0 > 0 large enough so that K ( BR0(x). For every
R > R0 we have, using (4.12),

R2(af)x,R ≥
R2

|BR(x)|

∫
BR(x)\K

af

≥ C0

|BR(x)|

∫
BR(x)\K

f = C0fx,R −
C0

|BR(x)|

∫
K

f .

M has infinite volume as it is a complete noncompact manifold with Ric ≥ 0, see
for instance [31, page 25], hence letting R→ +∞ in the above inequality we obtain

lim inf
R→+∞

R2(af)x,R ≥ C0` > 0 ,

contradicting (4.14).
If iii) is in force, then writing a = ax,R + (a− ax,R) and f = fx,R + (f − fx,R) one

has

(af)x,R = ax,Rfx,R +
1

|BR(x)|

∫
BR(x)

(a− ax,R)(f − fx,R)

for every R > 0. Using Cauchy-Schwarz inequality together with (4.13) we further
estimate

R2(af)x,R ≥ C1fx,R −
√
C2

(
1

|BR(x)|

∫
BR(x)

|f − fx,R|2
)1/2

. (4.15)

The function f 2 is also bounded and subharmonic. In particular,

∆f 2 = 2f∆f + 2|∇f |2 ≥ 2|∇f |2
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and by Proposition 4.8 we get

lim
R→+∞

R2

|BR|

∫
BR

|∇f |2 = 0 .

Hence, by proposition (4.9)

lim
R→+∞

1

|BR(x)|

∫
BR(x)

|f − fx,R|2 = 0 (4.16)

and by (4.15) and (4.16) we obtain

lim inf
R→+∞

R2(af)x,R ≥ C1` > 0 ,

again contradicting (4.14). �

We remark that if M is a complete parabolic Riemannian manifold, in the sense
of the subsequent Definition 4.1, then the analogue of Theorem 4.10 holds with less
restrictive conditions on a and f and no requirements on the Ricci tensor.

Definition 4.1. We say that a complete Riemannian manifold M is parabolic if
every upper bounded subharmonic function on M is constant.

This terminology originates from the complex analytic classification of (noncom-
pact) Riemann surfaces, where the function theoretic property expressed by Defini-
tion 4.1 distinguishes the parabolic from the hyperbolic ones, see [1, Section IV.1.6].

For M a complete Riemannian manifold of any dimension, M is parabolic in the
sense of Definition 4.1 if and only if it does not admit any positive Green’s function.
A sufficient condition for parabolicity, which is also necessary for manifolds with
non-negative Ricci curvature, see [21, 34], is that∫ +∞

1

t

|Bt|
dt = +∞ (4.17)

where |Bt| is the volume of the geodesic ball Bt of radius t centered at a fixed point
o ∈M . Another sufficient condition for parabolicity of a complete manifold, weaker
than (4.17), is that ∫ +∞

1

dt

|∂Bt|
= +∞ .

Theorem 4.11. Let (M, 〈 , 〉) be a complete, parabolic Riemannian manifold. Let
a ≥ 0 be a measurable function on M and let 0 ≤ f ∈ L∞(M) satisfy

∆f ≥ af on M. (4.18)

Then f is constant. Moreover, if a > 0 somewhere then f ≡ 0.

Proof. The function f is bounded and subharmonic, hence it is constant by parabol-
icity of M and from (4.18) it follows that af ≡ 0. If there exists x ∈ M such that
a(x) > 0, then f(x) = 0 and thus f ≡ 0 on M . �
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4.3. The complete case. In this subsection we prove Theorems 1.5, 1.6, 1.7 and
1.8 from the Introduction. The following Proposition 4.12 is instrumental to the
proof of all of them. It strengthens the thesis of Carron-Herzlich’s classification
Theorem 1.12 for complete, locally conformally flat manifolds with Ric ≥ 0 under
the additional assumption of constant scalar curvature.

Proposition 4.12. Let (M, g) be a complete and locally conformally flat Riemann-
ian manifold of dimension m ≥ 3 with Ric ≥ 0 and constant scalar curvature S.

i) If S = 0 then M is flat.
ii) If S > 0 then M is either isometric to a quotient of R × Sm−1S/(m−1)(m−2) or

conformally equivalent to a quotient of Sm.

In particular, if Ric > 0 at some point then M is conformally equivalent to a quotient
of Sm.

Proof. i) If S = 0 then Ric ≡ 0, and since we also have W ≡ 0 we conclude that
Riem ≡ 0.

ii) If S > 0, by the work of Zhu [36] and Carron, Herzlich [11], see Theorem 1.12
from the Introduction, we know that the universal cover (M̃, g̃) of (M, g) satisfies
one of the following:

a) (M̃, g̃) is isometric to R× Sm−1S/(m−1)(m−2),

b) (M̃, g̃) is conformally equivalent to Sm,
c) (M̃, g̃) is conformally equivalent to Rm.

We repeat the argument of Theorem 1.1 of [29] to show that c) cannot occur. Sup-

pose, by contradiction, that c) holds. Then M̃ = Rm and g̃ = u
4

m−2 gRm for some
0 < u ∈ C∞(Rm) satisfying the Yamabe equation

cm∆gRmu+ Su
m+2
m−2 = 0 on Rm , (4.19)

where gRm is the canonical Euclidean metric on Rm. Since S is a positive constant,
by the celebrated work of Caffarelli, Gidas and Spruck [10, Corollary 8.2] it follows
that u is radially symmetric around some point x0 ∈ Rm and has the expression

u(x) = A(B + |x− x0|2)−
m−2

2

for some positive constants A,B only depending on m and S. In particular, (M̃, g̃) is
an m-sphere of constant curvature with one point removed, hence it is not complete.
But (M̃, g̃) is the universal Riemannian cover of the complete manifold (M, g),
contradiction. �

We first deal with the 3-dimensional case.

Theorem 4.13. Let M3 be a complete Riemannian manifold of dimension 3 with
harmonic curvature and Ric ≥ 0. Then M is isometric to a quotient of R3, S2 × R
or S3. If Ric > 0 at some point, then M is isometric to a quotient of S3.

Proof. The Ricci tensor of M is Codazzi by the second Bianchi identity. In particular
M has constant scalar curvature and vanishing Cotton tensor (this is a particular
case of Proposition 2.10, for T = Riem). Since dimM = 3, the latter means that M
is locally conformally flat, see [16, page 92]. Then we can we can apply Proposition
4.12 to infer that either M is isometric to a quotient of R3 or S2×R, or it is globally
conformal to a quotient of S3. In the third scenario M is compact, thus Theorem
4.3 applies and M is in fact isometric to a quotient of S3. So the first part of the
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proposition is proved, and if Ric > 0 at some point then the only possible conclusion
is that M is isometric to a quotient of S3. �

We now turn to the case dimM ≥ 4.

Theorem 4.14. Let M be a complete Riemannian manifold of dimension m ≥ 4
with harmonic curvature and R(bm−1

2
c) ≥ 0. If the Weyl tensor satisfies

lim
R→+∞

1

|BR(x)|

∫
BR(x)

|W |p = 0

for some p ∈ [1,+∞), then M is isometric to a quotient of either Sm, Sm−1 ×R or

Rm. Moreover, if R(bm−1
2
c) > 0 somewhere then M is isometric to a quotient of Sm.

Proof. Since M has harmonic curvature, the Weyl tensor is also harmonic and by
Theorem 3.1 we have

1

2
∆|W |2 ≥ |∇W |2 on M. (4.20)

At any point where |W | 6= 0 we have

1

2
∆|W |2 = div(|W |∇|W |) = |W |∆|W |+ |∇|W ||2 and |∇|W ||2 ≤ |∇W |2

hence
|W |∆|W | ≥ |∇W |2 − |∇|W ||2 ≥ 0

that is,
∆|W | ≥ 0 .

Since |W | ≥ 0 on M , any point where |W | = 0 is a global mininum point for |W |,
hence ∆|W | ≥ 0 holds in the weak sense on the whole M . By Proposition 4.6 we
deduce that |W | ≡ 0, hence M is locally conformally flat. Also, M has constant
scalar curvature and nonnegative Ricci curvature, hence by Proposition 4.12 we have
that one of the following cases occurs:

a) M is a quotient of Rm,
b) M is a quotient of Sm−1 × R,
c) M is conformally equivalent to a quotient of Sm.

If c) is in force, then M is necessarily compact, so we can apply Theorem 4.2
to deduce that M is locally symmetric. Since we also know that M is locally
conformally flat and we have Ric ≥ 0 as a consequence of R(bm−1

2
c) ≥ 0, by Noronha’s

Theorem 1.1 we conclude that M is in fact isometric to a quotient of Sm, and this
proves the first part of the thesis. If R(bm−1

2
c) > 0 at some point x ∈M , then we also

have Ric > 0 at x, so alternatives a) and b) are ruled out and the only possibility is
that M is a quotient of Sm. �

Theorem 4.15. Let M be a complete Riemannian manifold of dimension m ≥ 4
with harmonic curvature. Assume that R(bm−1

2
c) ≥ a for some measurable function

a ≥ 0 satisfying either condition ii) or iii) of Theorem 4.10. Then M is compact,
and in particular it is a quotient of Sm.

Proof. By the assumptions on a, we have that R is bm−1
2
c-nonnegative on M , and

bm−1
2
c-positive at some point. If M is compact, then the conclusion follows by

Theorem 4.2. Hence, let us suppose (by contradiction) that M is noncompact.
Since |W | ≤ |Riem | and M has constant scalar curvature, by Corollary 2.4 we see
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that |W | is bounded on M . Arguing as in the proof of Theorem 4.14 we see that
|W | satisfies

∆|W | ≥ (m− 1)a|W | on M

(note that for T = W the tensor P defined as in (2.25) is W itself), so by Theorem
4.10 we deduce |W | ≡ 0, that is, M is locally conformally flat. From this point on,
we proceed as in the proof of Theorem 4.14 and, since the assumptions on R imply
that Ric > 0 somewhere, the only possible conclusion is that M is a quotient of a
sphere, that in fact contradicts the noncompactness assumption. This concludes the
proof. �

Theorem 4.16. Let M be a complete Riemannian manifold of dimension m ≥ 4
with harmonic curvature and R(bm−1

2
c) ≥ 0. Assume that for some fixed origin o ∈M∫ +∞

1

t

|Bt|
dt = +∞ . (4.21)

Then M is locally symmetric. If R(bm−1
2
c) > 0 somewhere, then M is a quotient of

Sm.

Proof. As in the proof of Theorem 4.15 we observe that |W | is bounded and satisfies

∆|W | ≥ (m− 1)R(bm−1
2
c)|W | on M.

As remarked at the end of the previous subsection, condition (4.21) implies that M is
parabolic in the sense of Definition 4.1. From parabolicity of M and the assumption
R(bm−1

2
c) ≥ 0 we have that |W | is constant on M . Then, by the Bochner inequality

1

2
∆|W |2 ≥ |∇W |2

it follows that ∇W ≡ 0 and so, by Theorem 2 in Derdziński and Roter’s paper
[15], M is either locally conformally flat or locally symmetric. But if M is locally
conformally flat, then we can argue as in the last part of the proof of Theorem 4.14
to conclude that M is isometric to a quotient of either Rm, Sm−1×R or Sm. Hence, in
any case M is locally symmetric. Lastly, if for some x ∈M we have R(bm−1

2
c)(x) > 0

then the constant function |W | must vanish, so M is locally conformally flat. As
just observed, in this case M is isometric to a quotient of either Rm, Sm−1 × R or
Sm, but since also Ric > 0 we conclude that only the last possibility can occur. �

4.4. The complete case: general curvature tensors.

Theorem 4.17. Let M be a complete Riemannian manifold of dimension m ≥ 3
satisfying R(bm−1

2
c) ≥ 0. If T is a harmonic algebraic curvature tensor on M such

that

lim
R→+∞

1

|BR(x)|

∫
BR(x)

|WT |p + |ZT |p = 0

for some x ∈ M and p ∈ [1,+∞), where WT and ZT are the Weyl part of T and
the traceless part of the Ricci contraction of T . Then T is a constant multiple of
〈 , 〉 ©∧ 〈 , 〉.

Proof. Let T = WT +VT +UT be the orthogonal decomposition of T given by (2.17)-
(2.18). From Proposition 2.11 we see that the total trace ST of T is constant, hence
UT = ST

2m(m−1)〈 , 〉 ©∧ 〈 , 〉 is parallel. By linearity, the tensor field T ′ = WT + VT ≡
T − UT is again a harmonic algebraic curvature tensor and its standard orthogonal
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decomposition T ′ = WT ′ + VT ′ + UT ′ is given by WT ′ = WT , VT ′ = VT , UT ′ = 0. In
particular, the traceless part ZT ′ of the Ricci contraction of T ′ coincides with the
analogous tensor ZT associated to T . By Theorem 3.1 we have

1

2
∆|T ′|2 ≥ |∇T ′|2 + (m− 1)R(bm−1

2
c)|PT ′|2 ≥ 0

where PT ′ is the pseudo-projective curvature tensor associated to T ′ according to
(2.25), which coincides with the one associated to T . Arguing as in the proof of
Theorem 4.14 we see that |T ′| is a subharmonic function on M , and in particular
that

∆|T ′| ≥ (m− 1)R(bm−1
2
c)|PT ′ | (4.22)

pointwise on {|T ′| > 0} and in the weak sense on M . Note that

|T ′|2 = |WT ′ |2 + |VT ′ |2 = |WT |2 + |VT |2

= |WT |2 +
4

m− 2
|ZT |2 ≤

(
|WT |+

2√
m− 2

|ZT |
)2 (4.23)

thus, since (a+ b)p ≤ 2p−1(ap + bp) for any a, b ≥ 0 and p ≥ 1,

|T ′|p ≤ 2p−1|WT |p +
2p

(m− 2)(p−1)/2
|ZT |p .

In particular, under the assumptions of the present theorem we have

lim
R→+∞

1

|BR(x)|

∫
BR(x)

|T ′|p = 0

and by Corollary 4.7 we get T ′ ≡ 0 on M , that is, T ≡ UT . �

Theorem 4.18. Let M be a complete Riemannian manifold of dimension m ≥ 3.
Assume that R(bm−1

2
c) ≥ 0 and that either

(a) R(bm−1
2
c) > 0 somewhere on M and (4.21) is satisfied, or

(b) R(bm−1
2
c) ≥ a for some measurable function a ≥ 0 satisfying ii) or iii) in

Theorem 4.10.

If T is a harmonic algebraic curvature tensor on M such that

lim sup
R→+∞

1

|BR(x)|

∫
BR(x)

|WT |p + |ZT |p < +∞ (4.24)

for some x ∈M and p ∈ [1,+∞), then T is a constant multiple of 〈 , 〉 ©∧ 〈 , 〉.

Remark 4.19. Under the assumptions of Theorem 4.18 it is easy to check (using for
instance Propositions 2.10 and 2.11) that the algebraic curvature tensor fields WT

and ZT ©∧ 〈 , 〉 are both harmonic, hence |WT | and |ZT | are subharmonic functions.
So, the lim sup in (4.24) is in fact a limit and in particular

lim
R→+∞

1

|BR(x)|

∫
BR(x)

|WT |p + |ZT |p = sup
M
|WT |p + sup

M
|ZT |p .

Hence, in this setting (4.24) is equivalent to boundedness of the non-scalar part
WT + VT = WT + 4

m−2ZT ©∧ 〈 , 〉 of T .
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Proof of Theorem 4.18. Letting T ′ and PT ′ be as in the proof of Theorem 4.17, by
(2.26) and (4.23) we compute

|PT ′ |2 = |WT |2 +
2m

(m− 2)(m− 1)
|ZT |2 ≥

1

2
|T ′|2

and therefore from (4.22) we get

∆|T ′| ≥ (m− 1)√
2

a|T ′| .

By the previous Remark 4.19 we see that |T ′| is a bounded function, so we infer
|T ′| ≡ 0 applying Theorem 4.11 or Theorem 4.10, depending on which assumption
among (a) and (b) is in force. This shows that T is a scalar multiple of 〈 , 〉 ©∧ 〈 , 〉,
and the conclusion follows since the total trace ST of T is constant. �
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