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Abstract
Preference learning, or the analysis of preference rankings, is gaining more and more
importance in various scientific disciplines. Preference learning methods allow pre-
dicting preferences on a set of alternatives. The ingredients are a pool of evaluators
and a set of objects or items to be ranked in order of preference. The rank aggrega-
tion problem must be solved in order to aggregate preferences or rankings with the
aim to find a consensus or collective decision. Branch-and-bound-like procedures are
usable up to problems involving a relatively small number of objects, say less than
200. When the number of items becomes very large, the rank aggregation problem
becomes increasingly difficult to approach so that it is universally recognized as anNP-
hard problem. Several heuristic methods have been proposed to provide increasingly
accurate solutions. These assume the Kemeny axiomatic approach that better deals
with tied rankings. In this paper, we adopt a strategy based on Particle Swarm Opti-
mization by adapting procedures born to solve optimization problems in continuous
spaces to discrete combinatorial optimization problems. A simulation study shows the
performance of the proposed algorithm in a controlled environment. A benchmarking
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complex data set and two real world data sets with large number of items are consid-
ered. As a result, the proposed algorithm provides significant savings in computational
time and comparable accuracy with respect to other recent algorithms.

Keywords Preference learning · Kemeny problem · Tied rankings · Heuristics ·
Particle swarm optimization

Mathematics Subject Classification 62-08 · 90-08 · 68W25

1 Introduction

Preference learning concerns learning from observed preference information
(Fürnkranz and Hüllermeier 2011): it is a modern term that includes the historical
topic of preference rankings analysis (Marden 1996). The ingredients of preference
learning are always a pool of judges (or assessors) that must evaluate a set of items
(or objects). The concept of judges and items has evolved over time. Depending on
the scope of application and study, judges can be people, evaluation agencies, users of
web platforms while items can be perceptions, services, universities, genes, and so on
(see, for example, Birlutiu et al. 2010; Csató and Tóth 2020; D’Ambrosio et al. 2019;
Vitelli et al. 2023).

In the context of the analysis of preference rankings, depending on whether a set
of covariates is available or not, most statistical methods and models, supervised
or unsupervised, parametric and non-parametric, can be used (Murphy and Martin
2003; Lee and Yu 2010; Grbovic et al. 2013; D’Ambrosio and Heiser 2016; Mollica
and Tardella 2017; Müllensiefen et al. 2018; Vitelli et al. 2018; Plaia and Sciandra
2019; D’Ambrosio and Heiser 2019; Patil and Gupta 2023). Nevertheless, the most
important step is to determine which ranking of a set of items best summarizes all
rankings expressed by a pool of judges on the same items. Finding such ranking is a
very old problem (de Borda 1781; de Condorcet 1785), in the literature, depending
on the scientific field, it is known by several names, such as social choice problem,
rank aggregation problem,Kemeny problem,median ranking problem, central ranking
problem (see, among others, Cook and Kress 1990; Bossert and Storcken 1992; Zhang
et al. 2012; Emond and Mason 2002; Crispino and Antoniano-Villalobos 2022).

The ways of aggregating preferences depend on the definition of formal axiomatic
statements that define both the measures of agreement between rankings and the geo-
metric space in which the problem is to be defined (Kemeny and Snell 1962; Cook
and Saipe 1976; Cook et al. 1986, 2007; Biernacki and Jacques 2013). We frame our-
selves in the axiomatic framework of Kemeny and Snell (1962), which is based on the
definition of a rigorous and widely accepted set of axioms that any distance defined
on preference rankings should respect, culminating in the definition of the Kemeny
distance that has been proved to satisfy all the Kemeny and Snell’s axioms.

Over the years it has been recognized as the rank aggregation method that better
deals with both full and tied rankings: the Kemeny distance is unequivocally related
with the well-known Kendall’s distance in the case of the restricted space of full
rankings (Heiser and D’Ambrosio 2013). It is completely defined in the permutation
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polytope, which is the convex hull of the preference rankings with n items included in
R
n , which has become the geometric reference space of preference rankings (Thomp-

son 1993;Marden 1996; Heiser and D’Ambrosio 2013; Alvo and Yu 2014).Moreover,
it is a rank aggregation method stable and neutral (Young and Levenglick 1978; Young
1995).

There are other widely used distances for this problem (Spearman distance, Spear-
man’s footrule, Kendall distance, Hamming distance, and so on). Nevertheless, most
of thesemetrics are defined and used considering preference rankings only as full rank-
ings and, in general, in the category of distance-based models (Diaconis 1988). When
dealing with tied rankings, the results of the rank aggregation process can be inconsis-
tent. For example, Emond and Mason (2002) showed that Spearman’s distance is not
independent of the so-called irrelevant alternatives, while Kendall’s distance violates
the triangular inequality. For an exhaustive discussion of these distances, we refer to
Marden (1996). Especially when the number of items to be ranked is large, we always
assume that the universe of rankings includes all possible tied rankings. In other words,
we assume that tied rankings are not indifference declarations, but they are ‘positive
statements of agreement’ (Emond and Mason 2002).

The rank aggregation problem is known to be an NP-hard problem. For this reason,
when the number of items to be ranked is large, several heuristic solutions have been
proposed over the years (Dwork et al. 2001; Amodio et al. 2016; Mandhani and Meila
2009; D’Ambrosio et al. 2017; Aledo et al. 2017, 2018; Badal and Das 2018; Aledo
et al. 2021; Acampora et al. 2021; Yoo and Escobedo 2021; Akbari and Escobedo
2023a, b; D’Ambrosio et al. 2015). Most of these proposals either deal with full
rankings or follow other axiomatic frameworks.

In this paper, we propose a heuristic algorithm called Particle Swarm Optimization
for Preference Rankings (PSOPR) able to find extremely accurate solutions to the rank
aggregation problem when the number of items is really large. As a matter of fact,
Particle Swarm Optimization was born to optimize continuous functions which is not
the case of preference rankings. We provide an adapted algorithm to deal with a very
complex combinatorial optimization problem in the discrete domain. To the best of
our knowledge, particle swarm optimization has never been proposed for solving such
types of problems. Our results are compared in a simulation study with the proposals
that were introduced to deal with rank aggregation by considering all kinds of rankings
(full, tied, partial). We also show a couple of examples of preference rankings analysis
using real world data sets. A final application outlines the usefulness of our proposal
in a more general context of data analysis, such as clustering.

2 The Kemeny axiomatic framework

Rank data can be expressed through n dimensional rank vectors (or simply rankings) in
which, once the positions of the items are fixed in any arbitrary order, the i-th element
of the vector identifies the rank of the related item with respect to the others (Marden
1996). Rank data can also be expressed through orderings, when the objects are placed
in order from the best to the worst. When an assessor cannot assign a clear position of
preference for one item over another (or others), then we refer to a tied ranking. When
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an assessor expresses a ranking by clearly assigning a position to each item, then we
refer to full rankings. When instead in a rank vector some items are not ranked at all,
then we refer to partial rankings.

Let X and Y be two rankings of n objects. As in the τb correlation coefficient of
Kendall (1938), the two rankings can be represented into the so-called scorematricesX
andY, which are skew-symmetricmatrices of generic elements xi j and yi j respectively
defined as:

xi j (yi j ) �
⎧
⎨

⎩

1 if object i is ranked ahead of object j
−1 if object i is ranked behind object j
0 if the objects are tied, or if i � j

(1)

Kemeny and Snell (1962) defined a distance between two rankings as:

d(X , Y ) � 1

2

n∑

i , j�1

∣
∣xi j − yi j

∣
∣. (2)

Such a distance, known as the Kenemy distance, satisfies the set of desirable axioms
that a distance for rankings should have:

1. It must be a metric;
2. It must be invariant under addition or subtraction of equally ranked first and/or

last objects;
3. It must be invariant under the same permutation of all objects;
4. Its minimum positive value is equal to one.

Let Hn be the universe of rankings with n objects. Good (1975) showed that

∣
∣Hn

∣
∣ �

n∑

r�0

r !

{
n
r

}

, (3)

where |Hn| denotes the cardinal of Hn , and { n
r

} indicates the ways to partition a set

of n objects into r non-empty subsets, sometimes called ‘buckets’ (Stirling number of
the second kind).

Let A1, . . . , Am be a set of rankings of n items produced by m assessors. The
median ranking Ŝ is defined as that ranking, or those rankings, that minimizes the sum
of distances:

Ŝ � arg min
S∈Hn

m∑

k�1

d(Ak , S). (4)

It is clear that finding the median ranking becomes computationally intractable as
early as a few dozen items (|H20|� 2.677688e + 21).
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Emond and Mason (2002) proposed a branch-and-bound algorithm able to find the
exact solution(s) in a reasonable amount of time till n ≤ 30. They also defined a new
rank correlation coefficient, τX , showing that it is related to the Kemeny distance:

τX (X , Y ) � 1 − 2
d(X , Y )

n(n − 1)
. (5)

Moreover, Emond and Mason (2002) slightly modified the score matrices in order
to better deal with tied rankings. Let xi j the generic elements of the score matrix X
related to the ranking X: they assumed xi j � 1 if either the i-th object is preferred to
the j-th item or if they are in a tie. Thus, τX (X , Y ) has been formally defined as:

τX (X , Y ) �
n∑

i , j�1

xi j yi j
n(n − 1)

. (6)

τX (X , Y ) provides a clear interpretation of the rank aggregation solution, since

Ŝ � arg min
S∈Hn

m∑

k�1

d(Ak , S) � arg max
S∈Hn

1

mn(n − 1)

n∑

i , j�1

ci j si j , (7)

where ci j are the elements of the so-called combined input matrix C, which is the sum
of the m score matrices of the sample of assessors, namely C � ∑m

j�1A j , and si j are

the elements of the score matrix of the consensus ranking Ŝ.
It means that, in comparing two solutions for the same problem, we say that it is

better the one achieving the larger averaged τX because it corresponds to the one with
the lower sum of the distances.

3 Particle swarm optimization (PSO)

Firstly introduced by Kennedy and Eberhart (1995), Particle Swarm Optimization
(PSO) is a powerful heuristic optimization algorithm that tries to replicate bird
flocks/fish schools behaviours to iteratively improving a candidate solution according
to a loss function. As described by Meissner et al. (2006), the idea of PSO is to have a
swarm of particles “flying” through a multidimensional search space, looking for the
global optimum. By exchanging information the particles can influence each others’
movements. Each particle retains an individual (or “cognitive”) memory of the best
position it has visited, as well as a global (or “social”) memory of the best position
visited by all particles in the swarm. A particle calculates its next position based on a
combination of its last movement vector, the individual and global memories, and a
random component.

PSO popularity immediately starts rising while considering that it performed
remarkablywellwithin optimization task nomatter the huge dimensionality of the con-
sidered problem (Poli et al. 2007). Thus, PSO has been successfully applied to many
fields and research topics such as, for instance: healthcare image analysis, financial
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forecasting, environmental sciences (Banks et al. 2008), industrial engineering (Zhang
et al. 2015), and some more general purpose aspects like data clustering (Alam et al.
2014).

Moreover, considering both PSO performance and versatility, researchers have
shown interest to further exploring new variants and hybridizations for real world
applications. Forby, many variants of PSO have been proposed in literature (see for
example Imran et al. (2013) for an overview). For more details about the general
usability see the systematic review proposed by Gad (2022).

In the next Section, we propose a new implementation of PSO suitable for Prefer-
ence Rankings data.

4 The PSO-based algorithm for preference rankings

Recalling that the Particle Swarm Optimization works on a continuous space, the pro-
posed PSOPR algorithm (see Algorithm 1) builds upon the classical implementation
of PSO from the R package “pso” (Claus 2022) making it suitable for discrete data.
Thus, it allows us to find the consensus ranking of some preference data if the parame-
ters are properly configured. PSOPR utilizes the default values of the input parameters
specified in the original implementation of pso. More clarification on this matters and
details on the impact of each parameter in the algorithm behaviour will be discussed
at the end of this section.

In the following, PSOPR is formally proposed as an heuristic for a m × n matrix
A composed by m judges expressing preferences for n items. Moreover, whilst con-
sidering the eventuality that all the same preference rankings are represented only
one time, a frequency weight vector Wk is defined. Considering �·� � round(·), like-
wise the standard implementation, we have n p � �10 + 2

√
n� particles representing

a swarm (i.e. vectors of n positive integers each) P ⊂ (Z+)n ∈ [bl;bu] s.t.:

bl � (1, 1, · · · , 1
︸ ︷︷ ︸

n elements

) bu � (n, n, · · · , n
︸ ︷︷ ︸

n elements

),

whereZ+ is the set of all positive integers, and bl (bu) is the lower (upper) bound vector
used to represent the range of values (i.e. rank) for each of the n items. Differently
from the original implementation, the type of data that PSOPR has to deal with are
rankings. Thus, each dimension (i.e. each value of the bounds) is always fixed because,
by definition of ranking with ties allowed, each item rank can vary in the following
range [1; n]. Hence, considering ‖·‖ as the Euclidean norm, the swarm’ breadth (i.e.
the search space diameter) is d � ‖bu − bl‖.

Therefore, each particle pi ∈ P with i � 1, . . . , n p is composed by three com-
ponents: position pi.pos, velocity pi .v, and the personal (i.e. individual) best solution
found by the particle pi.pbest.

The position pi.pos, represents a possible consensus ranking whilst each value of
the n dimensions of the particle is the rank of the assigned item. It is worth to notice
that there could be ex aequo. The velocity pi .v is a parameter used to compute how
far a certain particle should move from the previous pi.post to the next one pi.post+1,
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whilst the inertiaω � 1 + 2 ln(2)

8
defines the amount of velocity to keep at each update.

Considering that each particle “remembers” the personal best solution found, the final
solution estimated in the swarm is the global best pbest � max(pi.pbest) ∀pi ∈ P .
Despite of the availability of different options to evaluate the goodness of the estimated
solution, we consider the coefficient τX (Eq. 6)

The first phase of the algorithm (Initialization) consists of initializing all the parti-
cles. The position and velocity are randomly assigned by sampling with replacement
from a uniform distribution of integers U {min, max}, s.t.:

pi.pos ∼ U {1, n} pi .v ∼ U {−|n − 1|, |n − 1|}. (8)

Next, the algorithm starts the Update phase. Each particle starts moving to a new
position by first updating the velocity:

pi .vt+1 � ω · pi .vt + φp · rp · (pi.pbestt − pi.post ) + φg · rg · (pbest.pbestt − pi.post )
(9)

where rp ∼ U (0, 1) and rg ∼ U (0, 1) are two random numbers sampled with replace-
ment from a uniform distribution of reals U (min, max). Each rp and rg represents a
stochastic component to compute the direction for the particle newposition. They act as
weights, making the particle randomly considering more the personal best (pi.pbest)
position and/or the swarm best (pbest.pbest) position respectively; φp and φg are two

constants

(

φp � φg � 1 + 2 ln(2)

2

)

, working as weights to a-priori force the particle

to quantify how much it follows the personal best and/or the swarm best directions,
respectively. Thus, the updated velocity provides the information to move the particle
to a new place s.t. pi.post+1 � �pi.post + pi.vt+1�. Therefore, the updated particle
position is evaluated, and both pi.pbest and pbest are also updated according the new
values of τX (pi.pos, A, Wk) computed for each pi ∈ P . It is worth noticing that this
update step could also be done asynchronously (see for example Zuwairie (2014)).
The process is iterated whilst restarting (if the restart criteria is satisfied) until one of
the following stopping criteria is met:

1. maximum number of iterations reached (max j ). This count does not reset if the
algorithm restarts;

2. maximum number of “stagnate” (i.e. no improvement) iterations (maxs);
3. some particular cases (all-tie solution, τX (·) � 1).

To prevent situations where all particles in the swarm are stacked together in the same
area (i.e. stagnate, probably a local maximum if not reached the global maxima), a
lower bound threshold αr � 0.0018 is specified; αr is the percentile of the swarm’
breadth d � ‖bu − bl‖, where bl and bu are updated at each iteration as follows:

bl � min pi.pos bu � max pi.pos ∀pi ∈ P (10)
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Once one of the stopping criteria is met the algorithm terminates, producing
in output the estimated solution Ŝ � pbest.pos that is the consensus ranking for
the data matrix A, and the associated measure of the adequacy of the solution
ŜτX � τX (pbest.pos, A, Wk).

As previously mentioned, there are many input parameters that can be specified in
Algorithm 1. Considering the fine tuning adopted in the original proposal, the default
values available in Claus (2022) have been preserved. An exception to that is αr , which
is equal to zero in the original proposal, but that completely disables the possibility
for the algorithm to restart if it stuck into a local optima. Thus, we consider as default
a value close to zero (αr << 0.01) that allows the algorithm to restart if needed.

On the other hand, the most important differences with the original proposal are:
the sampling is done from a uniform distribution of integers (instead of a uniform
distribution of reals); the rounding operations are done during the iterative updates;
the proper set of bounds. This permits PSOPR to deal with ranking data and guarantees
that the output is, in fact, a ranking.

The other parameters (n p, ω, φp, φg) are common inputs for the usual PSO. Forby,
their impact on the algorithm has already been studied (see for example Kennedy and
Eberhart (1995); Zuwairie (2014); Gad (2022)). Thus, in short:

• for n p −→ 1 (i.e. the minimum number of particles), the computation time is
drastically reduced, likewise the chances of finding a good solution;

• for n p −→ +∞, the computation time exponentially increases, but the search is
done in deep, approaching an extensive search;

• ω −→ 0 impacts relevantly in Eq. 9. In fact, asω represents the inertia, each particle
will not keep any amount of the previous velocity. Forby, after each iterative update,
the search start to become more local than expected;

• ω −→ 1 impacts relevantly in Eq. 9. Each particle will keep all the previous
velocity and, instead of slowing down time by time, it accelerates. This changes the
behaviour of the algorithm, as the search relies more on exploration rather than of
local refinement;

• φp and φg play an important role into defining the algorithm behaviour as they
largely impact on Eq. 9. If φp � φg (default), there is a balance between exploratory
and local search;

• if φp > φg (φp < φg), the algorithm accelerates more slowly (quickly) at the global
best, as the exploratory (local) search is preferred;

• for φp −→ 0, each particle relies solely on the swarm best identified solution.
Therefore, the swarm quickly converges to the first best position identified by one
of the particles;

• for φg −→ 0, each particle relies solely on its best identified solution ignoring the
swarm. Therefore, the swarm prefers to explore in the area of its personal best.
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Algorithm 1 Particle Swarm Optimization for Preference Rankings (PSOPR)
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5 Benchmarking

To assert the usefulness of PSOPR, it is fundamental to compare it with the most
popular algorithms in the field in terms of twomain aspects: goodness of the estimated
solution (in terms of τX ), and computational efficiency (in terms of running time
expressed in seconds).

Considering the state of the art, our comparisons rely on the ConsRank R package
(D’Ambrosio 2023), which implements many algorithms for finding the consensus
ranking like DECOR, QUICK, and FAST (D’Ambrosio et al. 2015, 2017; Albano and
Plaia 2021). These are, to the best of our knowledge, the only proposals based on
the Kemeny’s axiomatic framework, not limiting the searching space to the universe
of only full rankings (namely, n!). Nevertheless, the RankAggSIgFUR R package
(Parker et al. 2023) that implements the SIGFUR algorithm (Badal and Das 2018) is
also considered but for the simulation study only, since it limits the searching space
to the universe of full rankings only.

In this section, a simulation study is first presented to assess the performance of
the proposed PSOPR algorithm in a controlled environment (Sect. 5.1). Secondly, a
popular complex and simulated data set used for benchmarking algorithms aimed at
finding the consensus ranking is considered (Sect. 5.2). Finally, our empirical inves-
tigation is completed in the analysis of two real world and public data sets presenting
a large number of items (Sect. 5.3, 5.4).

5.1 Simulation study

We used the rgmm function implemented in the PerMallows R package (Irurozki
et al. 2016) to generate a sample ofm permutations from aGeneralizedMallowsModel
GMM(n, σ , θ ), where n is the number of items, σ is the central permutation, and θ

represents the dispersion parameter. Note that although called a dispersion parameter,
in fact θ is a concentration parameter in that the greater its value, the greater the
concentration of the rankings in the sample of judges around the consensus ranking. If
θ is zero, then each ranking has an equal probability of being the consensus ranking.

Considering the two main aspects needed to compare the algorithms (goodness of
the estimated solution and computational efficiency), different sets of data are sampled
from GMM with all the combinations of the following parameters:

• m � 20,
• n ∈ {100, 250, 500, 1000},
• σ � {1, . . . , n},
• θ ∈ {0.0125, 0.1, 0.8}.
As it is possible to notice in Figs. 1 and 2, PSOPR obtains τX values at the same
levels of the other state of the art algorithms. Up to n � 100 items there is not a
huge difference in terms of computation time but, as soon as n increases such required
time drastically increases. This is especially noticeable on algorithms that instead of
computing for a couple of seconds, starts to needmore that 24 h thus not being feasible
anymore (i.e. DECOR/QUICK with n ≥ 1000 and FAST/SIGFUR with n ≥ 500).
The performance of the algorithms in terms of averaged τx is quite similar. Note how
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Fig. 1 Algorithms goodness of the best solution found (the higher τX , the better) while varying the dispersion
parameter (θ ∈ {0.0125, 0.1, 0.8}) and the number of items (n)

the computing time for branch-and-bound-like algorithms strongly depends also on
the value of θ : when θ � 0.8 the noise level in sampling rankings is quite low, hence
the search space is reduced after a few tens of evaluated branches. The only algorithm
whose computing time depends neither on the number of objects nor on θ is PSOPR.

This is explainable by the fact that PSOPR computational time is almost invariant
to n whilst depending only on the number of particles n p. Thus, despite of still being
feasible for n ≤ 100, those results suggest to use PSOPR for data set with n ≥ 250,
especially if n >> 250.

Usually, the branch-and-bound algorithm struggle while increasing n. Forby, by
construction, this simulation study was focused on assessing the performances while
increasing the number of items and varying the dispersion parameter (i.e. lower to
stronger consensus).

5.2 EMD data set

The ConsRank R package (D’Ambrosio 2023) includes the EMD data set (Emond
and Mason 2000), described in Table 1. This peculiar data set, despite of not having a
huge number of items (n � 15), contains many missing (i.e., NA) data and many local
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Fig. 2 Algorithms computational time (in seconds) while varying the dispersion parameter (θ ∈ {0.0125,
0.1, 0.8}) and the number of items (n)

maxima that are usually a deadlock for heuristics. Moreover, it is also well known that
there are only three global maxima with the same exact τX � 0.16556 s.t.:

S1. < D J (E-K) (A-B) I N (C-L) H F G (M-O) >

S2. < D J (E-K) (A-B-N) (C-L) I H F G (M-O) >

S3. < D J (E-K) (B-N) A (C-L) I H F G (M-O) >

where (S1, S2, S3) are the orderings representing the three consensus rankings with
the highest value of τX . Hence, all the tree well known solutions of the consensus
ranking problem for the EMD data set are considering the item D at first place, item
J at second place, items E and K ex-aequo at third place, and so on.

Thus, all those characteristics define the popularity of this data set for benchmarking
within the context of algorithms that are not limiting the searching space to the universe
of full rankings only (Plaia et al. 2021; Amodio et al. 2016; D’Ambrosio et al. 2017).

As it is possible to notice in Table 2, while running all the algorithms with default
parameters, PSOPR and all the state-of-the-art heuristics were able to find at least one
global maxima. It is crucial to consider that the computational time for algorithms
like PSOPR and DECOR strictly depends on the iteration number, but for others like
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Table 1 EMD data set as contained in ConsRank R package

A B C D E F G H I J K L M N O Wk

2 8 4 8 7 1 2 5 2 3 6 7 8 – – 4

7 8 4 5 7 1 6 5 3 2 7 9 10 11 12 4

11 12 3 11 7 1 4 5 12 2 6 10 11 8 9 4

11 10 4 8 9 1 7 12 2 3 2 6 13 5 14 4

4 7 8 6 13 2 3 12 9 1 5 10 5 11 11 4

6 10 14 5 7 1 8 3 2 3 4 11 13 12 9 4

1 6 4 5 – 1 2 7 3 1 5 2 6 5 5 4

2 9 5 1 4 3 2 7 3 1 8 6 3 4 8 5

3 9 7 1 2 8 13 6 1 10 5 11 9 4 14 5

7 2 – 1 2 10 5 3 9 8 6 7 7 6 4 5

6 1 3 3 6 2 6 5 4 5 1 1 2 1 1 5

7 4 6 1 5 14 10 12 15 3 13 9 8 2 11 5

4 2 9 1 3 12 6 10 13 14 11 9 7 8 5 5

2 4 3 3 11 8 10 9 6 10 5 1 5 7 5 5

8 4 7 2 1 11 4 6 3 12 6 10 13 5 9 7

– – 5 6 12 9 10 8 2 11 1 4 7 2 3 7

4 3 5 11 12 10 13 7 6 8 2 1 9 9 11 7

– – 3 1 1 5 5 4 5 2 4 2 6 7 8 7

– – 4 7 2 10 11 5 8 8 9 1 2 3 6 7

6 6 8 1 1 3 5 1 10 7 2 10 9 4 6 7

9 8 7 6 3 4 – 2 5 1 3 7 6 4 6 7

Table 2 State of the art heuristics
performance with the EMD
dataset

Heuristic Solution τX Time (s)

PSOPR {S1, S2} 0.16556 3.789

DECOR {S2, S3} 0.16556 26.87

QUICK {S2} 0.16556 0.28

FAST {S3} 0.16556 1.29

QUICK and FASTmostly depends on the number of items (n). In this specific context,
where there is a small number of items (n < 45, D’Ambrosio et al. (2017)), it is not
surprising that QUICK (and FAST as a consequence) runs in an instant. Nevertheless,
PSOPR has proved to be 7x times faster than DECOR whilst finding an equivalent
number of solutions (one more than QUICK/FAST).
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5.3 Global university rankings

Abigger (n � 1, 173) public data set is now considered. Available at https://preflib.org
(Mattei andWalsh 2013), Boehmer and Schaar (2022) provided theGlobal University
Ranking data set (Table 3), that contains rankings of universities according to different
criteria for year 2015 (i.e. file 00046-00000004.soi). In this case, differently from
the EMD data set, solutions are not known nor published by the authors. Therefore,
considering that the Branch and Bound (BB) algorithm can’t produce solutions in
acceptable time with a huge n, with few obvious exceptions (i.e. all judges with the
same rankings), there is no way to know the “real” solution.

As it is possible to observe in Table 4, the only algorithm (in the set of considered
ones) able to estimate a solution in an acceptable computational time is the PSOPR.
In fact, dealing with a huge number of items is a hard task: both DECOR and QUICK
aren’t even able to start due to a stack overflow error, whilst FAST (whose elaboration
time depends not only on the number of iterations but mostly on the number of items)
runs formanyhours before interrupting due to a stack overflowerror (in facts it relies on
executing QUICK 10 times from different starting points). An excerpt of the solution
estimated by PSOPR is shown in Table 5 i.e. top 50).

Table 3 First 5 columns of the Global University Ranking dataset (year 2015)

Bielefeld Univ Hebrew Univ. of
Jerusalem

Federal Univ. of
Santa Maria

Univ. at
Buffalo

National Univ. of
Còrdoba

.

663 163 393 395 945 .

363 135 962 231 889 .

528 359 971 285 779 .

366 90 968 289 783 .

762 33 978 229 962 .

471 114 942 196 706 .

536 15 964 418 924 .

471 14 961 310 921 .

408 491 491 297 491 .

405 491 491 264 491 .

262 491 491 226 491 .

448 491 491 232 491 .

346 489 489 315 489 .

319 287 395 279 395 .

244 212 395 180 395 .

336 154 395 128 395 .

298 123 395 134 395 .

381 74 384 260 384 .

252 332 376 230 376 .
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Table 4 State of the art heuristics
performance with the Global
University Ranking dataset (year
2015)

Heuristic τX Time (s)

PSOPR 0.4375569 6.579

DECOR – –

QUICK – –

FAST – –

Table 5 Top 50 universities as estimated by PSOPR using the Global University Ranking data set (year
2015)

Rank University Rank University

1 Harvard University 26 University of Minnesota }

2 Stanford University 27 University of British Columbia

3 {Massachusetts Institute of Technology 28 University of Copenhagen

4 University of California} 29 Osaka University

5 University of Cambridge 30 University of Maryland

6 University of Oxford 31 {Boston University

7 {California Institute of Technology 32 Carnegie Mellon University

8 Columbia University} 33 Karolinska Institute}

9 {Princeton University 34 {University of Texas at Austin

10 University of Chicago 35 Utrecht University}

11 Yale University} 36 Vanderbilt University

12 Johns Hopkins University 37 University of Southern California

13 Cornell University 38 {University of Arizona

14 University of Pennsylvania 39 University of Zurich}

15 {University College London 40 Washington University in St. Louis

16 University of Toronto} 41 Brown University

17 Duke University 42 University of Edinburgh

18 University of Michigan 43 {Georgia Institute of Technology

19 University of Tokyo 44 National University of Singapore

20 {Kyoto University 45 Ohio State University}

21 Northwestern University} 46 {University of Geneva

22 {Imperial College London 47 University of Rochester}

23 New York University} 48 Emory University

24 University of North Carolina at Chapel Hill 49 {Leiden University

25 {McGill University 50 University of Florida}
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Table 6 First 25 rows of the Italian Football dataset

Player Role Team Match played Goal Yellow card .

Danilo Defender JUV 37 3 5 .

G. Di Lorenzo Defender NAP 37 3 2 .

Kim Min-Jae Defender NAP 35 2 5 .

M. Lautaro Striker INT 38 21 3 .

K. Kvaratskhelia Striker NAP 34 12 1 .

V. Osimhen Striker NAP 32 26 4 .

S. Milinkovic-Savic Midfielder LAZ 36 9 10 .

F. Anguissa Midfielder NAP 36 3 3 .

M. Zaccagni Striker LAZ 35 10 9 .

Felipe Anderson Striker LAZ 38 9 3 .

R. Leao Striker MIL 35 15 5 .

Carlos Augusto Defender MON 35 6 4 .

S. Lobotka Midfielder NAP 38 1 2 .

A. Romagnoli Defender LAZ 34 2 6 .

A. Rabiot Midfielder JUV 32 8 9 .

M. Pessina Midfielder MON 35 5 6 .

T. Koopmeiners Midfielder ATA 33 10 7 .

N. Barella Midfielder INT 35 6 6 .

R. Ibanez Defender ROM 33 3 9 .

F. Tomori Defender MIL 33 1 5 .

Luis Alberto Midfielder LAZ 35 6 4 .

Bremer Defender JUV 30 4 6 .

Amir Rrahmani Defender NAP 29 2 2 .

C. Smalling Defender ROM 32 3 7 .

S. Posch Defender BOL 30 6 6 .

. . . . . . .

5.4 Serie A footballers

Another case study analyzing a public dataset is presented. Therefore, we considered
the performances of Serie A footballers that played in Italy in years 2022/20231; an
excerpt of this data is shown in Table 6. Specifically, we considered defenders (193),
midfielders (157) and strikers (121) jointlywith the following characteristics: PTS,CR,
Goal Difference, Appearances, Starting player, Minutes played, Goals, Shots, Target
Shots, penalty goal, Successful dribbles, Assists, Successful Passes, Key Passes, Fouls
Committed, Fouls Suffered,YellowCards, RedCards, StolenBalls, Tackles, andClean
Sheets. Each of those has been considered as a judge who ranks players according to

1 Available at https://www.kickest.it/it/serie-a/statistiche/giocatori/tabellone/2022-2023.
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Table 7 State of the art heuristics
performance with the Italian
Football dataset

Subset (n) Heuristic τX Time (s)

Full (471) PSOPR 0.4426848 250.54

DECOR 0.4413856 368.65

QUICK 0.4500606 1616.13

FAST 0.4506104 8974.75

Defenders only (193) PSOPR 0.4596055 109.37

DECOR 0.4561487 98.46

QUICK 0.4677811 113.94

FAST 0.4682360 615.7

Midfielders only (157) PSOPR 0.4817355 97.56

DECOR 0.4786908 75.99

QUICK 0.4855035 80.67

FAST 0.4858924 454.89

Strikers only (121) PSOPR 0.5039879 56.81

DECOR 0.5000722 55.05

QUICK 0.5062574 48.44

FAST 0.5060934 270.3

such an aspect. Thus, for the Italian Football data set (X), we have 471 players (the
items, n) and 21 characteristics (the judges, m).

As it is possible to observe in Table 7, PSOPR has proved to be faster likewise
DECOR but consistently provides a better solution. Moreover, the provided solution
is very close to both those of QUICK and FAST, with the relevant consideration of
being definitely much faster when n is big: ∼ 3× than QUICK and ∼ 17× than FAST
(Table 8).

6 Clustering example

As an example of the usefulness of our proposal within a general data analysis frame-
work, we show how rank aggregation can be used in a clustering example.We used the
subset of the 157midfielders of the Italian Serie A footballers.We computed thematrix
of Kemeny distances among the 21 “judges" and did clustering using the method of
k-medoids (Kaufman and Rousseeuw 2008). As it is possible to observe in Table 9,
the “optimal" number of clusters has been identified with the GAP statistic (Tibshirani
et al. 2001) using the R package cluster (Maechler et al. 2023). The default method
firstSEmax has been considered. It looks for the smallest number of clusters (k) such
that its value is not more than 1 standard error away from the first local maximum.
Results reported in Fig. 3 highlight the suggested choice of using k � 2.

The unconditional rank aggregation solution using PSOPR returned a solution with
averaged τX � 0.4817355. The first cluster is composed of PTS (which is the cluster
medoid), CR, Goal Difference, Appearances, Starting player, Minutes played, Goals,
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Table 8 Top 25 players comparison as estimated by the state of the art algorithms using the Italian Football
dataset (Full)

Rank PSO DECOR QUICK FAST

1 {G.Di.Lorenzo {G.Di.Lorenzo {G.Di.Lorenzo {G.Di.Lorenzo

2 K.Kvaratskhelia} K.Kvaratskhelia} K.Kvaratskhelia} K.Kvaratskhelia}

3 Felipe.Anderson Felipe.Anderson {Danilo M.Lautaro

4 {F.Anguissa F.Anguissa Felipe.Anderson} {Danilo

5 M.Lautaro {M.Lautaro S.Milinkovic.Savic F.Anguissa

6 S.Milinkovic.Savic} S.Milinkovic.Savic} {F.Anguissa Felipe.Anderson

7 {Danilo {Danilo M.Lautaro S.Milinkovic.Savic}

8 S.Lobotka} M.Zaccagni M.Zaccagni} {M.Pessina

9 M.Zaccagni S.Lobotka} {Carlos.Augusto M.Zaccagni

10 Carlos.Augusto Carlos.Augusto M.Pessina S.Lobotka}

11 M.Pessina M.Pessina R.Leao {A.Rabiot

12 D.Frattesi D.Frattesi S.Lobotka} Carlos.Augusto

13 {L.Pellegrini.ROM {L.Pellegrini.ROM {A.Rabiot D.Frattesi

14 R.Leao} N.Barella D.Frattesi D.Udogie

15 {A.Rabiot R.Leao} T.Koopmeiners H.Theo

16 Kim.Min.Jae {A.Rabiot V.Osimhen} Kim.Min.Jae

17 N.Barella Kim.Min.Jae Luis.Alberto L.Pellegrini.ROM

18 V.Osimhen} V.Osimhen} {H.Theo Luis.Alberto

19 Luis.Alberto Luis.Alberto L.Pellegrini.ROM} N.Barella

20 {P.Ciurria {D.Udogie {A.Candreva P.Ciurria

21 T.Koopmeiners} P.Ciurria B.Dia P.Zielinski

22 {N.Vlasic T.Koopmeiners} D.Udogie R.Leao

23 P.Dybala} P.Dybala F.Kostic T.Koopmeiners

24 {D.Udogie {H.Calhanoglu G.Strefezza V.Osimhen}

25 H.Theo} H.Theo} H.Calhanoglu} F.Kostic

Shots, Target Shots, Successful dribbles, Assists, Successful Passes, Key Passes, Fouls
Committed, Fouls Suffered,YellowCards, RedCards, StolenBalls, Tackles, andClean
Sheets, with within cluster τX � 0.6160379. The second cluster is composed of Fouls
Committed (which is the cluster medoid), Penalty goals and YellowCards, with within
cluster τX � 0.7011269. Note that we detected three solutions of the rank aggregation
problem of the second cluster center, with a few differences at the positions 127, 128
and 129 (first versus second solution, ‘M. Brozovic’ and ‘R.Mandragora’ in a tie with
rank 127, then ‘P. Ciurria’ instead of ‘R.Mandragora’ that precedes ‘M. Brozovic’ and
‘P. Ciurria’ both in a tie) and at the positions 99, 100 and 101 (second versus third
solution, ‘L. Samardzic’ and ‘N. Matic’ in a tie with rank 99 and then ‘S. Lobotka’
instead of ‘N. Matic’ that precedes ‘S. Lobotka’ and ‘L. Samardzic’ both in a tie).
Table 10 shows in the second column the first solution. Note that in any case the top
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25 and the worst 26 midfielders would not have changed. The weighed τX associated
with the cluster solution is equal to 0.6281935, which comparedwith the unconditional
τX shows a good gain in terms of overall cluster homogeneity.

7 Concluding remarks

In this paper, a Particle Swarm Optimization-based algorithm for the rank aggrega-
tion problem completely defined within the Kemeny’s axiomatic approach has been
introduced. A comparison with an already proposed differential evolution algorithm

Fig. 3 Gap statistic and standard errors in 500 Monte Carlo bootstrap replications

Table 9 Details for the Gap statistic with 500 Monte Carlo bootstrap samples

k log(W (k)) E∗[log(W (k))] Gap � E∗[log(W (k))] − log(W (k)) SE(Gap)

1 9.128103 9.260826 0.1327236 0.04537412

2 8.834945 9.061786 0.2268410 0.03895869

3 8.720574 8.939883 0.2193091 0.04009425

4 8.575440 8.834534 0.2590947 0.04065714

5 8.462667 8.740984 0.2783164 0.04240186

6 8.356765 8.651727 0.2949624 0.04457111

7 8.250696 8.561134 0.3104377 0.04766944

8 8.139061 8.467409 0.3283475 0.05002222
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Table 10 Top 25 and worst 26midfielders players. The first column refers to the median ranking considering
all 21 assessors

Rank Median ranking Cluster center 1 Cluster center 2

1 S. Milinkovic-Savic S. Milinkovic-Savic S. Vignato

2 F. Anguissa F. Anguissa N. Pyyhtia

3 S. Lobotka S. Lobotka V. Carboni

4 M. Pessina A. Rabiot K. Zedadka

5 D. Frattesi M. Pessina E. Darboe

6 {Luis Alberto {D. Frattesi D. Samek

7 T. Koopmeiners} T. Koopmeiners} A. Barberis

8 {N. Barella {Luis Alberto T. Cipot

9 R. Pereyra} N. Barella} B. Bayeye

10 A. Rabiot L. Coulibaly G. Gaetano

11 L. Pellegrini ROM R. Pereyra D. Demme

12 N. Vlasic {L. Pellegrini ROM TH. Helgason

13 {H. Calhanoglu P. Ciurria} P. Pogba

14 P. Zielinski} Walace G. Wijnaldum

15 {A. Candreva {N. Vlasic {A. Hrustic

16 F. Kostic P. Zielinski} Y. Adli}

17 P. Ciurria} {H. Calhanoglu B. Tahirovic

18 Walace M. de Roon E. Ilkhan

19 S. Tonali S. Tonali} F. Paoletti

20 Brahim Diaz {A. Candreva M. Adopo

21 L. Coulibaly F. Kostic A. Vranckx

22 {L. Ferguson L. Ferguson} D. Crnigoj

23 M. Bourabia} S. Lovric {C. Volpato

24 S. Lovric Brahim Diaz M. D’Alessandro}

25 N. Dominguez N. Dominguez F. Ranocchia

— — — —

132 C. Volpato S. Iling-Junior {J. Cuadrado

133 S. Iling-Junior D. Crnigoj M. Lopez}

134 D. Crnigoj B. Tahirovic I. Bennacer

135 A. Barberis C. Volpato N. Barella

136 B. Tahirovic A. Barberis L. Henderson

137 T. Cipot A. Hrustic Joan Gonzalez

138 G. Gaetano T. Cipot Walace

139 {A. Hrustic {E. Ilkhan S. Tonali

140 M. D’Alessandro} M. D’Alessandro} F. Djuricic

141 TH. Helgason M. Adopo D. Frattesi

142 {E. Ilkhan Gerard Yepes F. Anguissa
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Table 10 (continued)

Rank Median ranking Cluster center 1 Cluster center 2

143 P. Pogba} A. Bianco {L. Ferguson

144 Y. Adli {G. Gaetano M. Locatelli}

145 A. Bianco TH. Helgason {A. Blin

146 M. Adopo Y. Adli} K. Linetty}

147 A. Vranckx {F. Paoletti N. Dominguez

148 Gerard Yepes P. Pogba} M. de Roon

149 {D. Demme A. Vranckx T. Rincon

150 F. Paoletti {B. Bayeye B. Cristante

151 N. Pyyhtia} D. Demme} A. Rabiot

152 B. Bayeye N. Pyyhtia {F. Bandinelli

153 {S. Vignato {D. Samek S. Milinkovic-Savic}

154 V. Carboni} S. Vignato S. Amrabat

155 {D. Samek V. Carboni} M. Leris

156 K. Zedadka} E. Darboe M. Hjulmand

157 E. Darboe K. Zedadka L. Coulibaly

shows that the results are extremely accurate, although compared with branch-and-
bound-like proposals it does notmatch its performance in terms of accuracy. Of course,
branch-and-bound-like proposals are usable up to problems involving a relatively small
number of objects (say, when n ≤ 200). A couple of examples on a practical appli-
cation of the rank aggregation problem in data analysis context, specifically also the
use in clustering problems, were shown. Compared with solutions proposed through
differential evolution algorithms, the performance are averagely better what’s more,
with significant savings in computational time. The latest have been shown to be con-
sistent not only on real data but also in a simulation study. Thus, the comparisons have
also been extended to algorithms that limit the searching space to the universe of only
full rankings (i.e. RankAggSIgFUR R package).
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