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Attempts to go beyond the framework of local quantum field theory include scenarios in
which the action of external symmetries on the quantum fields Hilbert space is deformed.
We show how the Fock spaces of such theories exhibit a richer structure in their multi-
particle sectors. When the deformation scale is proportional to the Planck energy, such
new structure leads to the emergence of a “planckian” mode-entanglement, invisible to
an observer that cannot probe the Planck scale. To the same observer, certain unitary
processes would appear non-unitary. We show how entanglement transfer to the addi-
tional degrees of freedom can provide a potential way out of the black hole information
paradox.
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1. Introduction

The phenomenon of black hole quantum radiance discovered by Hawking1 is a

typical effect which characterizes the propagation of quantum fields on a classical

curved background spacetime. As it is well known, the semiclassical understanding

of black hole evaporation seems to be in contrast with the rules of ordinary quan-

tum mechanics.2 An evaporating black hole loses its mass, shrinks and eventually

disappears. The emitted radiation is in a thermal state, i.e. a highly mixed state.

Therefore starting with a black hole formed from a pure quantum state, at the end

of the evaporation process, all we are left with is a mixed state. This conclusion
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violates the unitarity of evolution of closed quantum states, one of the basic pillars

of quantum mechanics. Such a contradiction is known as the black hole information

paradox. The problem can be clearly stated in the framework of quantum infor-

mation theory. Vacuum fluctuations on a Schwarzschild background lead to the

creation of entangled pairs, that can be approximatively seen as Bell pairs. One

member of the pair is inside the horizon, while the other one is outside. All these

qubits are entangled with respect to the bipartition (inside the horizon)–(outside

the horizon). When the evaporation process is completed, the particles originally

outside the horizon would be entangled with nothing because the bipartition has

disappeared. It follows that either the fundamental theory is not unitary, or the

entanglement has to decrease to zero during the evaporation.

Three decades of attempts to resolve the information paradox seem to indicate

that the new ingredient needed beyond semiclassical gravity, i.e. local quantum

field theory (QFT) on a classical curved background, is some form of nonlocality

(see, e.g., Ref. 3). Indeed there seems to be at least two main indications that

locality might be only an approximate concept in a quantum gravity framework.

On the one hand, locality in QFT leads to an extensivity in the degrees of freedom

which is in strident contrast with arguments based on the holographic principle,4

in particular the holographic entropy bound.5 On the other hand, there seems to

be a fundamental difficulty, starting from a diffeomorphism invariant setting, in

constructing observables that, in a certain limit, reproduce the familiar observables

of local QFT.6–8

In this paper, we discuss how attempts to “stretch” the framework of local QFT,

motivated by the introduction of nonlocal effects, can endow the Hilbert space of

the theory with a richer structure and with degrees of freedom accessible only to ob-

servers which can resolve planckian scales. The new “planckian” degrees of freedom

allow for unitary quantum processes which can appear to a macroscopic observer

as non-unitary. Moreover, the entanglement created during black hole evaporation

can then be transferred from the original in–out bipartition to a new bipartition

outside the horizon. We argue that mode entanglement between “planckian” modes

and ordinary “macroscopic” modes could help escaping the puzzling conclusions of

the information paradox.

2. Nonlocality, Quantum Symmetries, and Momentum Dependent

Statistics

If one is willing to adhere to some nonlocality paradigm, as discussed above, then

the natural question is whether there exist some modifications of local QFT, whose

features are qualitatively different in contexts like, for example, particle production

in the presence of a horizon. Lower dimensional QFT models provide some useful

insights in this regard. Nonlocal currents are well-studied objects in two-dimensional

QFT and their associated charges exhibit a nontrivial algebraic structure which is

described in terms of quantum groups.10 The emergence of algebraic structures
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more complex than ordinary Lie algebras can be traced back to the possibility of

relaxing one of the assumptions of the Coleman–Mandula theorem, namely the

requirement that the charges (symmetry generators) act on multi-particle states

following a generalized Leibnitz rule. As it will be discussed in what follows, such

property is intimately related to the Lie algebra structure of the generators of

symmetries, their (adjoint) action on observables of the theory, and ultimately, to

locality. It has been argued11 that relaxing the requirement of locality in a controlled

way naturally leads to generalizing the description of the spacetime symmetries of

quantum fields to the realm of quantum groups. Quantum fields with quantum

group symmetries provide in turn a possible framework for noncommutative field

theories (see, e.g. Refs. 12 and 13). Here we elaborate on the argument given in

Ref. 11 and, focusing on a specific example, we discuss the nontrivial features that

distinguish the new model from ordinary local QFT.

The Hilbert space of a linear scalar field is usually described in terms of “plane-

wave” state vectors (the “wave-modes” of the field) labeled by their eigenvalues with

respect to the space-translation generators. In the usual picture, such translation

generators are identified with the charges associated to the translational symmetry

of the classical theory. In particular such charges are suitable integrals of the quan-

tized Noether currents. The fact that they generate the symmetry is most easily

seen using the Ward identity involving the current and a product of n-fields.14 In-

tegrating such identity, one finds that the action of the translation generators Pµ

on a basis “mode” vector |k〉 = a†(k)|0〉 is given in terms of the conserved charges

Πµ by

Pµ ⊲ |k〉 = kµ|k〉 = [Πµ, a
†(k)] |0〉 . (1)

From a mathematical point of view, the commmutator on the right-hand side rep-

resents the adjoint action of the (Lie) algebra of translation generators on the alge-

bra of creation operators. Additivity of the translation generators on multiparticle

states immediately follows from the well-known property of the commutator

[A,B1B2 · · ·Bn] =

n∑

i=1

B1 · · · [A,Bi] · · ·Bn . (2)

In 2D quantum integrable models, the complete nonperturbative knowledge of the

S-matrix leads to the construction of nonlocal charges whose action on multi-

particle states is non-additive.10 Such behavior reveals an algebraic structure de-

scribed by quantum algebras instead of ordinary Lie algebras. In Ref. 11 it was

argued that an analogous situation might occur for the generators of spacetime

symmetries in QFT when their associated charges experience an intrinsic nonlocal-

ity determined by dynamical gravity. To understand how quantum deformations

of the algebra provide a generalization of the Leibnitz rule and of the adjoint ac-

tion (1) we note that for a translation generator the action on a tensor product

(two-particle) state is described by the operator

∆(0)(Pµ) = Pµ ⊗ 1 + 1⊗ Pµ . (3)
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In general, given a quantum deformed algebra, with deformation parameter h, such

operator becomes

∆(Pµ) = ∆(0)(Pµ) + h∆(1)(Pµ) +O(h2) (4)

with the important property that given the “flip” operator σ: σ(a⊗ b) = b⊗ a one

has ∆(Pµ) ◦ σ 6= ∆(Pµ). The adjoint action is defined by

Pµ ⊲ |k〉 = (id⊗ S)∆(Pµ) ⋄ a†(k)|0〉 , (5)

where (F⊗G)⋄a ≡ FaG and S(Pµ) = S(0)(Pµ)+hS
(1)(Pµ)+O(h

2) with S(0)(Pµ) =

−Pµ. Note how S(Pµ) provides a deformed inversion map (involution). In the case

h = 0, one recovers the usual adjoint action (1) of the Poincaré (Lie) algebra.

The deformed quantum algebra can capture nonlocal effects that would manifest

in Planck-scale suppressed corrections to the classical adjoint action (1)

〈0|Pµ ⊲ |k〉 ≡ 〈0|[Pµ, a
†(k)]|0〉 + α1E

−1
p F (1)(k) +O(E−2

p )

if one identifies the deformation parameter h with E−1
p , the inverse Planck energy.11

In this paper we will focus on the particular example of the κ-Poincaré algebra,

a well-known quantum Poincaré algebra with deformation parameter h = 1/κ.15

For spatial momenta one has

∆(Pi) = Pi ⊗ 1 + e−P0/κ ⊗ Pi , (6)

while the time-translation generator still acts according to the Leibnitz rule. Only

recently a satisfactory understanding of the basic properties of free scalar quantum

fields with such κ-symmetries has been reached.16 The most peculiar feature of the

Hilbert space of κ-bosons is that they obey a momentum dependent statistics17

arising from the nontrivial structure of the multi-particle sector of the theory. Such

structure is a direct consequence of the “non-symmetric” form of (6). Take for

example the two states |p1〉 ⊗ |p2〉 and |p2〉 ⊗ |p1〉. Unlike the undeformed case

they now have two different eigenvalues of the linear momentum, respectively pi1+

e−p01/κpi2 and pi2+ e
−p02/κpi1. Clearly the usual “symmetrized” two-particle state

1/
√
2(|p1〉 ⊗ |p2〉+ |p2〉 ⊗ |p1〉) (7)

is no longer an eigenstate of the momentum operator. Rather, given two modes p1

and p2, we have two different κ-symmetrized two-particle states

|p1p2〉κ =
1√
2
[|p1〉 ⊗ |p2〉+ |(1− ǫ1)p2〉 ⊗ |(1− ǫ1(1 − ǫ2))

−1p1〉] ,

|p2p1〉κ =
1√
2
[|p2〉 ⊗ |p1〉+ |(1− ǫ2)p1〉 ⊗ |(1− ǫ2(1 − ǫ1))

−1p2〉] ,

with ǫi =
|pi|
κ .16
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3. The Fine Structure of κ-Hilbert Space and Mode Entanglement

The construction of QFT using the deformed symmetries described above induces

a radical modification in the number of degrees of freedom of the system. We show

here how the new fine structure of the Hilbert space is determined by the splitting

in the linear momenta between quantum states with different mode ordering. For

the sake of simplicity, let us focus on the two-mode state case. We have already seen

that the states |p1p2〉κ and |p2p1〉κ are not identical. In fact they are orthogonal for

every finite κ, as it can be verified by taking the scalar product

〈p1p2 |p2p1〉κ ≃ 1

2
δ(3)(ǫ2p1)δ

(3)

(
ǫ1(1− ǫ2)

1− ǫ1(1− ǫ2)
p2

)

+ 1 ↔ 2 .

In the undeformed case (κ → ∞) we recover the indistinguishability of the two

states, i.e. 〈p2p1 |p1p2〉κ = 1. The two states can be distinguished by measuring

the splitting in their linear momenta. The linear momentum for the state |pipj〉κ is

Pij = pi + e−p0

i
/κpj , where p

0
i = −κ log(1− |pi|/κ). The resulting splitting is thus

|∆P12| ≡ |P12 −P21| =
1

κ
|p1|p2| − p2|p1|| ≤

2

κ
|p1||p2| . (8)

Since such splitting is a quantity of the order |pi|2/κ, we see that the states indeed

become indistinguishable in the limit of κ → ∞. In practice, this happens when

the resolution of our measurements is much smaller than the splitting. We can see

that only for very high momenta the splitting becomes relevant for an observer

that has a reasonable resolution. Nevertheless, the Hilbert space has now a new

degree of freedom: the mode of being of the type |p1p2〉κ or |p2p1〉κ. Formally, the

Hilbert space acquires the following tensor product structure: H2
κ
∼= S2H2 ⊗ C2,

where S2H2 is the standard symmetrized two-particle Hilbert space. We can write

the two states as

|E〉 ⊗ |0〉 = |p1p2〉κ , (9)

|E〉 ⊗ |1〉 = |p2p1〉κ , (10)

where E = E(p1) + E(p2). The C2 degrees of freedom can only be seen under a

planckian “magnifying glass”. Far from the Planck scale, this variable is hidden.

Many interesting phenomena can occur because of these additional degrees of free-

dom. First, one can have mode entanglement. The state of the superposition of

two total “classical” energies EA = E(pA) + E(qA) and EB = E(pB) + E(qB)

can be entangled with the additional hidden modes. We could have, for instance, a

superposition of the form |Ψ〉 = 1/
√
2(|EA〉 ⊗ |0〉+ |EB〉 ⊗ |1〉).

In the case of n particles with distinct momenta we will have n! orthogonal plane

wave states corresponding to n! different orderings. In general, given n-particles,

of which ni have momentum pi with
∑R

i=1 ni = n, we denote their κ-symmetrized

Hilbert space with H(nR)
κ where nR ≡ (n1, . . . , nR). The number of orthogonal
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states in H(nR)
κ is N(nR) = n!/

∏R
i=1 ni!. For such space we can write the following

decomposition

H(nR)
κ

∼= SnHn ⊗ C
N(nR) , (11)

where Hn = H1 ⊗H1 · · · ⊗ H1

︸ ︷︷ ︸

n times

and Sn sums over all permutations of n objects.

Here, H1 is the usual one-particle Hilbert space. The n-particle Hilbert space will

be given by Hn
κ = ⊕n1,...,nR

H(nR)
κ and we can thus have states containing up to

log2N ebits with respect to the tensor product structure in (11).

4. Loss of Unitarity and the Black Hole Information Paradox

What are the implications of this construction for an observer that is unable to

resolve the degrees of freedom on the right-hand side of the tensor product in

Eq. (11)? To answer this question, consider a quantum system evolving unitarily,

through a Hamiltonian H defined on the Hilbert space Hn
κ . The quantum evolution

of the system, described by the density matrix ρ(t), would read

ρ(t) = U(t)ρ(0)U †(t) ,

where U(t) = T e−iHt. Now assume we start with a pure state ρ(0) factorized with

respect to the bipartition in H(nR)
κ . If the unitary U(t) acts as an entangling gate,

the state ρ(t) will be entangled. In order for this to happen, it is necessary that the

Hamiltonian addresses simultaneously the degrees of freedom in the bipartition of

H(nR)
κ . If the observer is not able to resolve the planckian degrees of freedom, what

she will see is the reduced system obtained by tracing out the degrees of freedom

in CN(nR). Notice that if the pure state ρ(0) is separable, also the reduced system

ρobs(0) = TrPl ρ(0) will be pure. As the system evolves, we have

ρobs(t) = TrPl ρ(t) = TrPl[U(t)ρ(0)U †(t)] . (12)

For the observer, this evolution is not unitary. We have in fact started with a

pure state ρobs(0) and ended up with a mixed state ρobs(t). This is analogous to

evolution in open quantum systems. The reduced system evolves according to a

completely positive map, taking density matrices into density matrices, but the

process is not unitary. The entanglement with the environment makes the system

dissipative.a Here, the environment is simply constituted by those internal degrees

of freedom that the observer cannot measure. The environment is not “out” there,

but “in” there. What we have obtained is an apparent loss of unitarity, related to

the incapability of the observer to resolve the fine structure of the deformed Hilbert

space of the theory. We could prepare a pure state, send it into a unitary channel,

which is able to affect the planckian degrees of freedom, and measure the purity

aA somewhat similar framework has been proposed in Ref. 19, where it was argued that space-
time foam effects, modeled as nonlocal interactions, would cause a loss of coherence in quantum
evolution.
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of the final state. If the final state is not pure, it is because it is mixed with the

degrees of freedom which we cannot resolve. But what could be such a channel?

An example could be represented by a black hole. If we believe in quantum me-

chanics, a black hole that evaporates is a unitary channel, but nevertheless trans-

forms a pure state into a mixed state. This is the black hole information paradox.

The essence of the paradox can be seen in the nature of the emitted radiation con-

sisting of entangled pairs (for a recent review see, e.g., Ref. 18). The mechanism

for Hawking radiation has its roots in the properties of the vacuum of a quantum

field. Quantum fluctuations of the vacuum can create a pair of particle–antiparticle

straddling the black hole horizon. The particles inside the horizon are confined in

the black hole, while outside particle can flow away to infinity. Particle creation will

produce states of the type

|ψ〉i = Ceγib̂
†
i
ĉ†
i |0〉bi |0〉ci , (13)

where C is a normalization constant and γi = exp(−8πωiGM). Here, the bi modes

live inside the horizon, while the ci modes are outside the horizon. The total state

is the vacuum |ψ〉in for an observer at past null infinity that looks populated by a

thermal spectrum of quanta to an observer at future null infinity. In the Heisenberg

representation the total state is given by

|ψ〉in = exp

(
∑

i

γib
†
ic

†
i

)

|ψ〉fin =

N⊗

i=1

|ψ〉i , (14)

where the sum is ordered from lowest to higher energy. Low energy particles are

emitted at earlier time slices than high energy ones. We can write the Hilbert space

for the quantum field as

H = Hin ⊗Hout . (15)

It is easy to see that the total state |ψ〉in is entangled in the bipartition (in–out) of

this space. The evolution for the partial state ρout(t), outside the black hole will not

be unitary. When at time tf the whole black hole has completely evaporated, the

full system will be described by the density matrix ρout(tf), representing a mixed

state. Here we see that starting with a pure state we end up with a mixed one even

if the evolution is unitary, thus leading to a contradiction.

Below we show how such contradiction could be evaded if the quantum fields

Hilbert space exhibits a deformed n-particle structure as described in Eq. (11). Let

us consider the creation of n pairs with distribution in momenta nR at a certain

stage of black hole evaporation. Their Hilbert space can be written as

H = Hin ⊗ (SnHn ⊗ C
N(nR))out ≡ HA ⊗HB ⊗HC . (16)

Let us consider terms in the expansion Eq. (14) that create pairs of modes, and for

the sake of simplicity consider the situation in which first two pairs of momenta

p1, p2 are created, namely by the term T ≡ 1/2(
∑

i=1,2 γib
†
ic

†
i )

2. And then, on a

later time slice, pairs of momenta p3, p4. We have thus the following four states:
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|E12, 0〉, |E12, 1〉, |E34, 0〉, |E34, 1〉 that are pairwise degenerate in energy, if we

neglect the back reaction of gravity. In fact, the effects of gravity manifest through

its coupling to the linear momentum and, consequently, to the spin degrees of

freedom. We assume that such coupling can be effectively written as V = δσz ,

where σz is the Pauli matrix in of eigenvectors |0〉, |1〉. This induces a splitting

in the energies: E12 ± ∆12, E34 ± ∆34. With this correction, the state |ψ〉in is a

non-uniform superposition of the four states |E12, 0〉, |E12, 1〉, |E34, 0〉, |E34, 1〉 and
therefore if we trace out the spin degrees of freedom we obtain a mixed state. The

energy and spin degrees of freedom are entangled. Since the dimension of the spin

Hilbert space grows at least exponentially in the number of the emitted particles,

we expect that most of the entanglement is transferred from the partition (in)–

(out) to the partition (energy)–(spin). In order for this to happen, the logarithm

of the dimensions of the Hilbert spaces HB, HC has to be greater than or equal

to the amount of entanglement initially created in the state |ψ〉AB. A reasonable

estimate of this entanglement can be given by the following argument. Expanding

(13), we can safely estimate the amount of entanglement for any emitted pair with

a number of order unity, since higher terms in the expansion will be negligible.

The total entanglement of the state will thus be given by an entropy S ∝ n, where

n is the number of emitted quanta.18 On the other hand, the logarithm of the

dimension of the Hilbert space HC grows faster than n. For instance, in the sector

ni = 1 ∀ i it will be given by log2N ∼ n log2 n and therefore all the entanglement

can be in principle transferred. Now we can wrap up the result. We start with a

completely separable pure state. The process of evaporation entangles the state in

many ways, but the final state is a product with respect to the bipartition A(B,C).

The disappearance of the degrees of freedom in A does not change the purity of

the state. Nevertheless the state is seen as a thermal state by an observer that is

not able to resolve the Planck scale, because she is just observing a partial system.

The whole process is unitary.

5. Conclusions and Outlook

We have explored the richer structure which emerges in the Hilbert space of certain

deformed field theories which can be seen as attempts to go beyond the standard

realm of local QFT. The new structure renders possible entanglement between

the modes of the field and allows in principle to “hide” the unitarity of a quantum

process in the fine structure of the new space. As an application, we have shown that

in the new framework entanglement can be transferred away from the bipartition

in–out for a radiating black hole. The presence of this entanglement lies at the basis

for the information paradox. We also want to remark that the additional Hilbert

space HC outside the black hole could also be used to “lock” the information

escaped from the black hole instead of hypothesizing a small remnant as proposed

in Ref. 20. In this paper, we have not provided a complete physical mechanism

for the entanglement transfer, but we have merely presented a sketch of how this
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could happen. We hope that this might open new roads for future efforts toward a

resolution of the black hole information paradox.
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