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Abstract At river confluences, the complex hydrodynamics result in significant alterations to flow
structures, and the maximum velocity zone serves as one of the primary drivers of pollutant transport and
riverbed erosion. This study investigates maximum longitudinal velocity formation in fully ice-covered
confluences, statistically validating the substitution of depth-averaged maximum longitudinal velocity at the
widest recirculation section for depth-averaged maximum longitudinal velocity. In this study, a semi-analytical
model is developed to address transitional shear layer modes: (a) wake mode employing dual control volumes,
and (b) mixing layer mode treating converging flow as a single control volume. The momentum equation
incorporating secondary flow effects predicts maximum depth-averaged velocities, verified against 3D
simulations and experimental data with mean errors below 0.42%. Results confirm both models accurately
predict velocities within their respective flow regimes, providing the first mechanistic framework for ice-
covered confluence hydrodynamics.

1. Introduction

River confluences, which represent fundamental geomorphic units within river networks, are widely distributed
in natural rivers. These channels often exhibit intricate hydrodynamic behaviors (Bradbrook et al., 2000; Con-
stantinescu & Gualtieri, 2024; Gualtieri et al., 2020; Leite Ribeiro et al., 2012b; Lewis et al., 2020; Weber
et al., 2001; Yuan, Zhu, et al., 2022, Yuan, Qiu et al., 2023), which significantly influence bed morphology
(Constantinescu et al., 2014, 2016), sediment (Cheng & Constantinescu, 2018; Leite Ribeiro et al., 2012a;
Szupiany et al., 2012; Umar et al., 2018; Yuan et al., 2018), contaminant transport (Tang et al., 2018; Zhang
et al., 2023), and thermal mixing (Bahmanpouri et al., 2022; Rhoads & Johnson, 2018).

Best (1987) classified the flow zones within confluence channels into six categories: stagnation zone, deflection
zone, separation zone, maximum velocity zone, recovery zone, and shear layer zone. These flow characteristics
significantly influence key environmental factors such as temperature, sediment suspension, nutrient dynamics,
and oxygen concentration within the confluence channel, thereby shaping the local ecosystem (Qiu et al., 2025;
Yuan, Xu, et al., 2022; Zheng et al., 2020). Due to their unique hydrodynamic and nutrient distribution char-
acteristics, confluence zones are vital habitats and feeding grounds for fish and aquatic organisms (Liao
et al., 2003; Prechtel et al., 2018; Zhang et al., 2015), Additionally, multiple hypotheses concerning geomorphic
dynamics at confluence zones have been advanced, including the effects of maximum velocity zones, intense
turbulence, shear layers, and separation zones (Guillén-Ludefia et al., 2015, 2016; Rhoads et al., 2009; Rhoads &
Sukhodolov, 2001; Rice et al., 2006; Weber et al., 2001).

The formation of the maximum velocity zone results from streamline contraction induced by the low-velocity
separation zone (Best, 1987; Shakibainia et al., 2010). This zone is situated near the point where the separa-
tion zone reaches its maximum width, commonly referred to as the vena contracta (Shakibainia et al., 2010).
Identifying the location and magnitude of the maximum velocity is critical, given that shear stress and scour
typically peak in this region. Furthermore, the maximum velocity zone notably affects pollutant dynamics and
adsorption processes (Ashmore, 1982; Ashmore et al., 1992). Additionally, the maximum velocity affects
pollutant transport and adsorption (Liu et al., 2021; Yang et al., 2009; Yu et al., 2020). The formation mechanisms
and characteristics of the maximum velocity zone have been investigated through field and flume experiments,
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with numerical models also serving as critical tools for analyzing confluence flow dynamics. These models
include one-dimensional (Rice et al., 2006), two-dimensional (Holzner et al., 2024; Yan et al., 2022), and three-
dimensional (Behzad et al., 2024; Bradbrook et al., 1998, 2000; Lazzarin et al., 2026; Sandilya et al., 2025)
approaches.

Rivers in cold regions are influenced by low winter temperatures, which result in ice cover formation on the water
surface. Compared to open channels, the ice cover's underside and riverbed introduce unique roughness differ-
ences, leading to asymmetric flow within confluence channels (Zhong et al., 2018). Ice-covered confluence
channels exhibit distinct hydrodynamic and geomorphic traits compared to open channels (Lau & Krishnap-
pan, 1981; Morse & Hicks, 2005; Robert & Tran, 2012; Zare et al., 2016). Biron et al. (2019) examined 3D flow
differences at confluences under ice-covered and open conditions based on field experiments and proposed a
conceptual model to describe the mixing layer structure. Therefore, exploring confluence dynamics under ice-
covered conditions is essential. While many studies have extensively examined separation zones at open-
channel confluences, the characteristics of the maximum velocity zone under ice-covered conditions remain to
be explored.

Ice-covered channels exhibit distinct hydrodynamic characteristics compared to open channels, with the ice cover
introducing additional challenges for channel management (Ettema, 2002). Although numerical simulations can
determine the maximum longitudinal velocity, these complex models require extensive empirical parameters
(e.g., turbulence closure, roughness specification) and entail high computational costs, making them less suitable
for rapid assessment or numerous scenario analyses. Furthermore, direct measurement of the maximum velocity
in ice-covered rivers using Acoustic Doppler Current Profilers (ADCPs) is particularly difficult and hazardous.
During floods or other extreme events, timely and rapid estimation of the maximum velocity is often required for
operational decisions (e.g., ice jam flood forecasting, infrastructure safety assessment), yet direct measurement
under such conditions is often infeasible or impractical (Kakavandi et al., 2024), while numerical modeling for
each scenario is time-consuming. Consequently, this study also develops a computationally efficient semi-
analytical alternative method for predicting the maximum depth-averaged longitudinal velocity in ice-covered
confluence channels, based on an understanding of the key physical mechanisms governing the flow. There-
fore, this study proposes a computationally efficient alternative approach for predicting the depth-averaged
maximum longitudinal velocity in ice-covered confluence channels. The remainder of this paper is structured
as follows. Sections 2 and 3 outline the experimental flume setup and three-dimensional numerical simulations,
respectively. Section 4 investigates the dynamic characteristics of flow velocity under ice-covered conditions.
Based on experimental and simulation results, Section 5 proposes equations for calculating the depth-averaged
maximum longitudinal velocity. The accuracy of the equation is evaluated in Section 6, while Section 7 dis-
cusses the secondary flow coefficient incorporated in the equations and addresses the model's limitations.

2. Experimental Setup and Instrumentation

This experiment was conducted in a recirculating flume at Zhengzhou University, China, capable of varying
junction angles 6 and discharge ratios 7. Ten experimental conditions were designed, incorporating two junction
angles (60° and 90°) and five discharge ratios ranging from 0.15 to 0.43. These values were selected considering
previous studies in natural confluences (0.15-0.43) (Boyer et al., 2006; Rhoads & Sukhodolov, 2008).
Furthermore, the Froude number (0.19-0.22) is consistent with previous field (0.03—0.85) and laboratory studies
(0.02-0.5) (Yu et al., 2020). Details of the experimental configuration are provided in Table 1.

The main channel of the flume is 14 m long and 1 m wide, while the tributary channel measures 3 m in length and
0.5 m in width. The downstream section of the flume is connected to a bottom water tank, enabling water
recirculation through transport pipes linking the upstream sections of the main and tributary channels to the water
tank. The flume walls were made of glass, and the longitudinal slope was set at S, = 0.01%. The discharge ratios in
the main and tributary channels were adjusted by controlling the pump power along the transport pipes and
monitored using electromagnetic flowmeters (accuracy: 3 cm’/s) installed on each pipe. The water depth in the
flume was controlled by adjusting the tailgate opening located at the downstream end of the main channel and was
set at 0.25 m using the depth-measuring probe (accuracy: 0.1 mm) for monitoring.

To ensure a fully developed flow upstream of the confluence, honeycomb-patterned short tubes were installed at
the upstream sections of the main and tributary channels. Given the analogous hydraulic-relevant characteristics
(continuous, rigid, impermeable, buoyant) of rigid foam board (Expanded Polystyrene, EPS) and ice cover, EPS
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Table 1
Experiment Cases Under Different Discharge Ratios
Case Al A2 A3 A4 AS B1 B2 B3 B4 B5
6 (°) 60 60 60 60 60 90 90 90 90 90
0, (m*s)  0.0675 0.0625  0.06125 0.05 0.05 0.0675  0.0625  0.06125 0.05 0.05
u,, (m/s) 0.27 0.25 0.245 0.2 0.2 0.27 0.25 0.245 0.2 0.2
R,, 39,500 41,501 35,850 33,201 33,201 39,500 41,501 35,850 33,201 33,201
0, (m*/s) 0.0117  0.0156 0.024 0.025 0.0375  0.0117  0.0156 0.024 0.025 0.0375
u, (m/s) 0.093 0.125 0.19 0.2 0.3 0.093 0.125 0.19 0.2 0.3
R, 10,270 15,563 21,040 24,900 37,350 10,270 15,563 21,040 24,900 37,350
. 0.2 0.2 0.22 0.19 0.22 0.2 0.2 0.22 0.19 0.22
R, 46,340 51,860 49,900 49,801 58,102 46,340 51,860 49,900 49,801 58,102
M, 0.06 0.12 0.30 0.5 1.13 0.06 0.12 0.30 0.5 1.13
n 0.15 0.2 0.28 0.33 0.43 0.15 0.2 0.28 0.33 0.43
Note. Q is the discharge; F and R are the Froude number and the Reynolds number after the quasi-equilibrium stage; M, is the
momentum ratio calculated by (Q,u,)/(Q,,u,,). The subscripts “m”, “t” and “pc” represent the main channel, the tributary and
the post-confluence, respectively; # is the discharge ratio calculated by Q/(Q, + Q,,).
foam boards were applied to simulate the latter (Sui et al., 2010; Wang et al., 2020, 2021), with dimensions of
5.5 m X 1 m in the main channel and 2 m X 0.5 m in the tributary channel. Existing research indicates that
Manning's roughness coefficient n for EPS is approximately 0.0105, slightly higher than that of the flume bed (Li
et al., 2024). Based on those studies (Wang et al., 2020, 2021), which successfully elucidated key hydraulic
properties under the ice cover, the EPS foam board was deemed a suitable material for this study's objectives.
During the test, the fixed simulated ice cover was tightly attached to the water surface and could not fluctuate with
the flow, but could float up and down with the change of water depth. The experimental setup, with a junction
angle of 90°, is illustrated in Figure 1.
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- || [] Tributary
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Figure 1. Sketch of the full-coverage ice cover configuration under a 90° junction angle; the pink-shaded regions delineate
the spatial extent of ice cover.
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Figure 2. Schematic top view and cross-section of the measuring point arrangement, taking the 90° junction angle case for
example.

To guarantee that the first measurement section was fully influenced by the ice cover and that the flow was
adequately developed, it was positioned 2 m downstream from the beginning of the ice-covered confluence. A
total of 20 measurement sections were established, with the first five sections spaced at 10 cm and the remaining
15 at 20 cm intervals. Each measurement section included 11 vertical measurement lines spaced at 10 cm apart,
and each line contained five measurement points spaced at 5 cm intervals. The distribution of measurement
sections and points is shown in Figure 2.

The three-dimensional velocity field of the flow was measured using a SonTek 3D acoustic Doppler velocimeter
(ADV) (accuracy: 0.01 cm/s). This device operates based on the Doppler effect, assuming that the particle ve-
locity within the sampling volume equals the flow velocity. The sampling volume is located 5 cm in front of the
probe and has a volume of 0.42 cm®. The ADV was sampled continuously at 100 Hz for 60 s. To ensure accurate
velocity measurements, only data with a correlation coefficient greater than 85% and a signal-to-noise ratio (SNR)
above 15 were retained. Talcum powder was added to the water throughout the entire experiment to enhance the
acoustic signal. The ADV was fixed on a movable frame, and the position of the frame was manually adjusted and
calibrated using a steel ruler (accuracy: 0.1 cm).

3. Numerical Model

3.1. Turbulence Model and Domain Meshes

The flow field within the confluence flume was derived by solving the 3D model of the Reynolds-Averaged
Navier-Stokes (RANS) equations. The continuity and momentum equations for incompressible fluid under the
Boussinesq approximation in the Cartesian coordinate system are expressed as follows (Marzouk &
Huckaby, 2009):

U _ ()

opu;  Opuu; 0 0 ou; Ou;
pUi | OPY =_7p+7x(p(y+yt)<7z+7/>> )

v =C,— 3)

where 7 is time, s; u; is the flow velocity of each direction, m/s; p is the pressure, pa; p is the fluid density, kg/m3; v
is the molecular kinematic coefficient, m/s; v, is the eddy viscosity coefficient, m*/s; C,, is an empirical constant,
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which was calculated as 0.085; k is the turbulence kinetic energy, m?/s°; ¢ is the turbulence dissipation rate. The
RNG k—e model was selected based on its demonstrated efficacy in simulating confluence hydrodynamics
through quantitative validation studies. According to Shen et al. (2022), a systematic comparison of the Reynolds
Stress Model (RSM), standard k—& model, and RNG k—e model revealed that the RNG k—¢ model outperformed
others in capturing complex flow structures at confluences. This advantage arises because the RNG k—¢ model
incorporates a modified formulation for turbulent viscosity and accounts for rotational and swirling effects,
enabling more accurate prediction of flows with high strain rates and significant streamline curvature—a critical
feature in confluence zones. Consequently, compared to other turbulence models (Bradbrook et al., 2000;
Mahmodinia & Javan, 2021; Shen et al., 2019, 2023; Shi et al., 2025), the RNG k—¢ model is more accurate for
confluences. Using the RNG k-¢ turbulence model, the turbulent kinetic energy k and dissipation rate ¢ are
computed using the following expressions (Yakhot & Orszag, 1986):

ok ok , ,0u; Ou (K, ok
—+ uji = —u; uf— —_— — & (4)
dat 0x; 10x;  0x;\00x;
de de € du; 0 (K,0¢ €
—+u—=—-C,-uju;— +—|—— —Cyp—-—R 5
or oy T T oy T oy, <a€axj) 2k ®)

K, = u(l + (’3)“)2 ©)

R = Cﬂl’]/3(l - 77l/’7(/))g2

;
(1+p1)k @

k[ (0w, ouy\ ou;]"*
e f s e ) Dt 8
o e[(axﬁaui)ax,] ®

where K, is the time-averaged strain rate; R is the extra strain rate; 7’ is the dimensionless shear rate, 7' is the
fixed point value 7' = 4.38; C,; and C,, are constants that are usually determined from benchmark experiments
and have values of 1.42 and 1.68, C,, is the power law of turbulence decay, o, and o, are the reciprocals of the
effective turbulent Prandtl number of k and ¢, respectively, and both are 0.7179; # is an empirical constant, and its
value is 0.012 (Shen et al., 2019, 2021).

The finite volume method for solving the coupled unsteady governing equations was established using the
PimpleFoam solver in the OpenFOAM software. The PimpleFoam solver incorporates the PIMPLE algorithm,
which combines the SIMPLE and PISO algorithms. The PIMPLE algorithm solves transient incompressible flow
over long-time steps efficiently. The smoothSolver algorithm was applied to compute the implicit matrices for
velocity, turbulent kinetic energy, and turbulent dissipation rate variables. OpenFOAM's nutkRoughWall-
Function, which directly specifies the roughness height (k,) and roughness constant (C,). k; was calibrated to
0.005 m for the bed and sidewall boundaries, and to 0.009 m for the ice cover. A uniform C, = 0.5 was
maintained across all surfaces. These parameter settings align with the experimental conditions. Parallel
computing was employed to save computational time. The time step was adjusted based on the Courant number,
which was maintained below 1 in all cases. The detailed configuration of the OpenFOAM solver is presented in
Table 2.

The boundary and initial conditions in the numerical simulation were determined based on experimental con-
ditions. The main and tributary inflows were set with fixed flow rates, while the outlet was set with a zero-pressure
gradient. The ice cover and wall boundaries were set as no-slip walls. An unstructured rectangular mesh was
employed for the simulation. To accurately capture flow separation phenomena, local mesh refinement was
implemented with increased vertical resolution near the walls and enhanced grid density in the confluence region,
as explicitly visualized in Figure 3. The maximum mesh size in the flume was set to 10 X 10 X 10 mm, while the
minimum mesh size near the walls was 1.3 X 1.3 X 1.3 mm, as present in Figure 3. The near-wall grid resolution
(1.3 X 10 x 10 mm) was governed by y* criteria (y* = 20) in the numerical framework. The computational
domain comprised 4,906,535 unstructured grids. Grid Convergence Index (GCI) analysis yielded a value of 2.3%
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Table 2
Summary Table of Numerical Simulation Settings
Category Parameter Setting/Method
Solver and Algorithm Solver PimpleFoam
Algorithm PIMPLE and smoothSolver
Time step Adaptive (based on Courant number)
Max Courant Number Below 1
Boundary condition Inlet Velocity
Outlet zoreGradient
Wall noSlip
Ice-cover noSlip
Turbulence model Model RNG k-¢ model
Wall function epsilonWallFunction
Discretization Schemes Time derivatives Euler
Laplacian term Gauss linear
Gradient term Gauss linear
Convection Term Gauss upwind and Gauss linear
Mesh type Unstructured hexahedral
Mesh Maximum mesh 10 X 10 X 10 mm
Minimum mesh 1.3 x 1.3 % 1.3 mm
Total number 4,906,535

(Celik et al., 2008), confirming solution independence from grid size. Complete grid sensitivity studies are
documented in Appendix A.

The wall function was applied at the wall boundaries using the following equation:

y* y* < 11.63,

lln(Ey*) y = 11.63,
K

(c) Transverse view

(b) Local plane view

‘ Inlet velocity of mainstream
[:> Inlet velocity of tributary

‘ Outlet zeroGradient

(a) 3D view and boundary conditions

Figure 3. Computational domain, boundary conditions, and mesh details. (a) Boundary conditions and the computational domain. (b) Mesh refinement in the confluence
zone, highlighting enhanced resolution near sidewalls and the confluence corner. (c) Cross-sectional mesh demonstrating vertical refinement near the bed and walls.
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Table 3
Key Residual Criteria and Results of the Velocity of the Numerical Models

Velocity

Statistical indicators Formula Range Ideal value 90° 60°

Bias (m/s) Iy Qisim = Uiex) (—00,400) 0.0042 0.0297

Relative bias Iy (Uigim — Uiex)/Uiex (-1, 0.0157 0.0841
MSE (m/s) 1 ’}=l(u’_'5im _ ui‘ex)z (0,+0)

ndi
(0,40)

0
0
0 0.0018 0.0021
0

RMSE (m/s) 0.0426 0.0455

2
ui,cx)

%Z?:](”l’,sim -
MAE (m/s) e Hesien— e (0,400) 0 0.0322 0.0366

AME (m/s) Max|u; sim — Uiex| (0,4+00) 0 0.1555 0.1311

Note. u, ,, represents the experimental velocity data and u; ;, denotes the corresponding simulated velocity.

i,sim

1/41,1/2
*zﬂ()cu/k/

10
T/p (10)

y = poCY K2y
u

amn

where U* and y* are both dimensionless parameters and represent velocity and distance; « is the Karman constant
and the value is 0.41; E is the experiment constant and the value is 9.81; y is the distance between the node and the
wall, m; 7,, is the wall shear stress; k is the turbulent kinetic energy at the calculation node; and g, is the fluid
dynamic viscosity.

3.2. Validation of the Numerical Simulations

The solvers available in the open-source OpenFOAM software have been widely used in numerous studies
(Fuentes-Pérez et al., 2018; Shaheed et al., 2019). In this section, the numerical model data are compared with
experimental data to provide a clearer assessment of the model's performance. The evaluation follows the criteria
introduced by Bennett et al. (2013), which include key residual metrics such as bias, relative bias, mean squared
error (MSE), root mean squared error (RMSE), mean absolute error (MAE), and absolute maximum error (AME).
The results are shown in Table 3, and Figure 4 compares simulated and experimental longitudinal velocities at the
J section under Cases A5 and BS5, demonstrating transverse distributions (a—f) and vertical distributions (g—i) of
the flow field. The longitudinal flow velocity u is expressed as a dimensionless number u/u,, where u,,; is the cross-
sectional average flow velocity in the post-confluence channel being u, =(Q, + Q,,)/Wh, and W, is the width of
the main channel, 4 is the water depth. Figure 4 (g, j, k) exhibits diminished longitudinal velocities at mid-depth,
resulting from the maximum width of the recirculation zone occurring near intermediate depths. Lower longi-
tudinal velocities along the recirculation boundaries generate transverse shear stresses. Consequently, flow at
mid-depth experiences greater transverse shear forces than near the ice cover and bed, producing the observed
velocity dip.

It was found that the average error across different cases generally remained within 10%, with the maximum error
near the recirculation zone boundary, bed and wall surfaces. This discrepancy may originate from the selected y*
value of 20 in the numerical simulation, which requires the use of a wall-function approach. This method sim-
plifies boundary layer resolution by neglecting the viscous sublayer and buffer layer, but may compromise ac-
curacy in regions with strong flow separation, such as near separation or recirculation zones. Although the model
has inherent limitations in resolving complex separated flows, its accuracy in capturing the flow characteristics of
interest—primarily including the size of separation/recirculation zones and depth-averaged maximum longitu-
dinal velocity—remains reasonable for engineering applications (Shakibainia et al., 2010; Shen et al., 2022). If
data points near the wall and the recirculation zone boundary are excluded, the average error was less than 5%,
demonstrating the accuracy of the numerical simulations.
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Figure 4. Comparison between numerical results and experimental data for the lateral (a)—(f) and vertical (g-1) distribution of the dimensionless longitudinal velocity at
(j) Subfigures include (a) z=0.15m, (b) z=0.1 m, (c) z=0.05m, (g) y=0.3 m, (h) y=0.5m, (i) y = 0.7 m for Case A5, and (d) z=10.15m, (¢) z=0.1 m, (f) z=0.05 m,
(g)y=03m,(h)y=0.5m, (i) y= 0.7 m for Case BS5.
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Figure 5. Type of shear layer: (a) wake and (b) mixing-layer (adapted from Rhoads & Sukhodolov, 2008).

4. Longitudinal Velocity Distribution
4.1. The Impact of the Shear Layer on Longitudinal Flow Velocity

Velocity differentials between the main channel and tributary generate a shear layer comprising quasi-two-
dimensional vortices with near-vertical axes. Confluence mixing follows two distinct regimes: wake mode and
mixing-layer mode (Sukhodolov et al., 2023), as illustrated in Figure 5. During its formation, the shear layer
exhibits the wake mode and evolves to the mixing-layer mode as it progresses downstream.

In the wake mode, the mean velocity within the shear layer is lower than adjacent flows, featuring significant
transverse velocity gradients (Rhoads & Sukhodolov, 2008) and elevated Reynolds shear stresses <u'v'>
compared to external regions (Yuan et al., 2016). This produces dual velocity peaks flanking the shear layer
within the contracted flow section, as shown in Figures 5a and 6 (Rhoads & Sukhodolov, 2001; Shakibainia
et al., 2010). Consequently, the shear layer partitions the flow into two control volumes: V; (mainstream inflow)
and V, (tributary inflow). The hypothetical interface between these volumes is defined by loci of minimum
velocity within the shear layer at each cross-section. For V|, bounded by the hypothetical interface and outerwall,
maximum velocities arise under the combined influence of both the shear stress from the wall and shear layer.
Similarly, V,—constrained between the recirculation zone boundary and hypothetical interface—develops peak
velocities modulated by the shear stress from the recirculation zone and shear layer. Figure 7a schematizes V,; and
V,, and their associated shear stress distributions.

The position of the shear layer is predominantly governed by the momentum ratio (Boyer et al., 2006; De Serres
et al., 1999; Jiang et al., 2023), thereby yielding an expression for the hypothetical interface location as follows:

w - sin (6’
_2 — QTUS : ( ) + ® (]2)
Wi Orus - cos(0) + Omus

where ¢ is an empirical coefficient delineating the impact of secondary flows on the hypothetical interface's
position, calibrated as 0.04 through simulated results; W; and W, are the effective cross-sectional widths of the
flow for V; and V,, respectively; 0’ is the inflow angle of the tributary flow. When the shear layer transitions into
the mixing-layer mode, as shown in Figure 5b and a single velocity peak appears along the horizontal mea-
surement line, accompanied by a velocity gradient within the shear layer from the high-velocity control volume
toward the low-velocity control volume. At the entrance to the contracted section, the shear layer in wake mode
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Figure 6. Transverse distributions of longitudinal velocity in wake mode shear layer: Case Al at (a) x =0.7 m, z =0.125 m
and (b) x =1.1m, z=0.125m; Case Bl at (¢c) x =0.7m, z=0.125 m and (d) x =09 m, z = 0.125 m.
divides the flow into two parts, as illustrated in Figure 8. As the flow develops downstream, the wake mode
evolves into the mixing-layer mode, and the contraction section is analyzed using a single control volume, V;,
whose schematic is shown in Figure 7b. This control volume is subjected to shear stresses from both the wall and
the recirculation zone, leading to the formation of a single velocity peak within V3, as depicted in Figure 7.
4.2. The Impact of the Ice Cover and Recirculation Zone on Longitudinal Flow Velocity
In ice-covered channels, open-channel flow transitions to a confined conduit while retaining essential open-
channel flow characteristics (Zhang et al., 2021). The ice cover is treated as a no-slip boundary that imposes
additional shear stresses on the contracting flow, fundamentally altering the vertical distribution of longitudinal
velocity (Tsai & Ettema, 1994), as shown in Figure 9. Consequently, the maximum longitudinal velocity shifts
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Figure 7. Sketch of control volume, (a) the shear layer in the wake mode; (b) the shear layer in the mixing-layer mode, z,, is
the wall shear stress, 7,, is the shear stress from the recirculation zone, and W is the effective flow section.

from near the free surface to the inner water. The presence of the ice cover causes an increase in the wetted
perimeter, elevates flow resistance, and reduces discharge capacity (Peters et al., 2017). Owing to the differential
roughness between the ice cover and channel bed, the velocity profile exhibits vertical asymmetry. Most studies
employ Einstein's resistance separation theory (Einstein, 1942), which segments the flow at the maximum lon-
gitudinal flow velocity locus into two hydraulically independent layers: the upper ice layer and lower bed layer.
Each layer follows a distinct two-power law distribution, influenced exclusively by ice-cover roughness (k;) and
bed roughness (k;), respectively. The shear stress 7, varies linearly with depth, reaching maxima at the ice cover

underside (7;) and channel bed (7;,) (Tsai & Ettema, 1994). Thus, the Reynolds shear stress is expressed as:
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Figure 8. Transverse distributions of longitudinal velocity in mixing-layer mode for the shear layer: Case A4 at (a) x = 0.7 m,
z=0.125mand (b)x =13 m,z=0.125m; Case B4 at (c) x =0.7m, z=0.125mand (d) x = 1.3 m, z = 0.125 m.
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y=0.8m.

In rectangular channels, the maximum longitudinal velocity typically occurs at the position of zero shear stress
(r_. = 0). However, within contracted flow sections, a deviation arises between the locations of maximum lon-
gitudinal velocity and zero shear stress due to the presence of three-dimensional recirculation zones. When a
tributary enters the main channel at an oblique angle, its transverse momentum deflects the main flow toward the
outer wall. Concurrently, acute junction angles induce flow separation downstream, forming a recirculation zone
characterized by low velocities, high turbulence intensity, and negative pressure. The recirculation zone reduces
the effective flow cross-sectional area, thereby accelerating the flow and causing the depth-averaged maximum
longitudinal velocity to occur within the contraction region bounded by the recirculation zone boundary and the
outerwall (Jin et al., 2023; Schindfessel et al., 2015; Shakibainia et al., 2010).

Crucially, the position of the maximum recirculation zone width deviates from the z_, = 0 location, causing
misalignment between peak velocity and zero-shear stress positions. Figure 10 presents the dimensionless peak
velocities (u,,,,/u,) across cases, revealing a positive correlation with the discharge ratio #. This is because a
higher 5 leads to an expansion of the recirculation zone, thereby enhancing its constrictive effect on the contracted
flow and thereby increasing u,,,,/u,.

max'

5. Calculation of the Depth-Averaged Maximum Longitudinal Velocity

The development of depth-averaged maximum longitudinal velocity is governed by the combined influence of
recirculation zone pressure and boundary shear stresses (ice cover and channel bed). However, due to the dif-
ficulty in determining the three-dimensional structure of the recirculation zone, the mathematical model devel-
oped in this study is designed to estimate the depth-averaged maximum longitudinal velocity in the confluence
zone. While the model provides only an approximation, it is sufficiently accurate for most practical engineering
applications (Hsu et al., 1998).

Figure 11 illustrates the close agreement between u,,,, and u,,, .. at this cross-section. Their differences are
quantified in terms of relative and absolute errors.
u —u
€, = | max,re maxl % 100% (14)
umax

The absolute error is given as:
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—=— 6=60°
L6l Error analyses for 90° and 60° junction angles (Table 4) reveal maximum
’ absolute errors of 0.002 m/s (Case B4) and consistent relative errors below
1%. This validates u,,, . as a robust estimator for u,, . Further analysis
§: mi revealed a statistically significant strong positive linear correlation between
3§ ' Upax.re and u,, . with a correlation coefficient of » = 0.999922 (p < 0.001).
The very high (r ~ 1) r-value and highly statistically significant p-value
12k confirm a clear linear relationship between the two variables. The correlation
’ coefficient and its associated p-value were calculated using the following
equations:
M 02 03 0.4 0.5 " X y
| o ' ' S |G L) ; (16)
\/Z?:l (x; — 3)2\/25;1 ()’i - y)
Figure 10. Schematic diagram of the depth-averaged maximum longitudinal
velocity variation derived from simulations. n—2
p=r a7

1—r

Therefore, u,,,, . can be regarded as a reliable estimate of u,,,. For the 90° junction angle, both ¢, and ¢, are
generally higher than those for the 60° confluence. Moreover, as 7 increases, the deviation between u,,,,, and u

max max,re

also grows, indicating that a higher lateral momentum ratio leads to a greater discrepancy. Consequently, the
maximum depth-averaged recirculation zone width (W,,) must be determined prior to deriving the expression for
the depth-averaged maximum longitudinal velocity, as detailed in Appendix B.

5.1. Calculation of the Depth-Averaged Maximum Longitudinal Velocity

As depicted in Figure 12, a new Cartesian coordinate system was established with its origin positioned at the
boundary of the recirculation zone; the x-axis runs parallel to the main channel wall, while the y-axis is
perpendicular to the tangent at the boundary of the maximum width of the recirculation zone. The governing
equations are derived from the streamwise Navier-Stokes momentum equation and continuity equation. At the
main channel maximum contracted section (MCS), these equations are expressed as:

07y, 07y, ou*  ouv  Juw
Xz S =p| — + —+— 18
ady + 0z Tres=p Jx  dy + 0z (18)

where x, y and z represent the longitudinal, lateral, and vertical directions, respectively; u, v and w represent
velocity components in the x, y and z directions, respectively; 7,, and 7. are the Reynolds shear stresses with

respect to the vertical and horizontal planes, expressed as z,, = —pu'v' and 7,, = —pu'w’; p denotes the fluid
@ )
Uy = Unax
—— 1}

umax.r: max,re

1.6
14} /

0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 0.4 0.5

Figure 11. The depth-averaged maximum longitudinal velocity u,,. in the confluence versus the depth-averaged maximum
cross-sectional flow velocity u, at the largest width of the recirculation zone. (a) Cases at a 60° junction angle; (b) Cases
at a 90° junction angle.

max,re
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Table 4

Error Between u,,,, and u, for Different Cases

‘max,re

Case Al A2 A3 A4 AS Bl B2 B3 B4 BS

g, (m/s) 0.0005 0 0.00005 0 0.0016 0.0016 0.0005 0.0006 0.002 0.0008
&, (%) 0.16 0 0.014 0 0.31 0.44 0.13 0.12 0.47 0.14

density; S, represents the slope of the riverbed. Integrating Equation 18 over the water depth yields the depth-
averaged, two-dimensional momentum equation at the MCS:

— o o(u?), L 0w, | duw),

19
ox ay 0z (19)

07,
pghS, —h ay

where (%), _ % foh (uz) dz; (uv), = % j(')h(uv) dz; (uw), - % j(')h(uw) dz; 7, is the depth-averaged composite boundary
shear stress from the bed and ice cover acting on the constricted flow and 7, = 7, + 7;, 7, is the width-averaged

bed and ice cover shear stress acting on the constricted flow, and 7, = % foh (—pu’v") dz. In an open channel flow

under steady flow, by depth-averaging Equation 16, and noting that the velocity component of w at both the
surface and the bottom of channel is zero, Equation 17 becomes as:

07, o(u?), o
pghS, —h T)_szph Q.F(M_V)d (20)
ay ox ady
u2
For MCS under fully developed flow conditions, where it is assumed that d((,—x)d = 0, Equation 20 becomes:
o7, 0
pghS, —h L —rd=phﬂ @2n
ay ay

In view of the pervasive application of the eddy viscosity approach to numerical modeling, the approach can be
utilized to express 7, as (Shiono & Knight, 1991):

_ _ Ou,
Ty = pgxya_y (22)

where u, is the depth-averaged longitudinal velocity, and u, = % fohudz; &, is the depth-averaged eddy viscosity,
and g, = A,hu,; 1, is the dimensionless comprehensive eddy viscosity; u, is the local shear velocity, and
u, = (tp)">° = u, (£48)°; f, is the Darcy—Weisbach comprehensive friction factor. Thus, the comprehensive
boundary shear stress 7, is expressed as:

Ty = p&uf (23)

Mainstream

|
|
— ¢ B
|
|

7 ==
Vs ~
/ 7
/ /

/" Recirculation zone

SO~

The occurrence of secondary flow at confluences has been attributed to the
X unbalance between centrifugal force and pressure gradient forces, which is

similar to the generation of secondary flow in meander bends. Therefore, this

Vs

ﬁ Tributary

study adopts the same approach for secondary flow treatment as in curved
channels, assuming # = K u, and v = K,u,, (Ervine et al., 2000). Accordingly,
Equation 19 can be expressed as:

07, ou?
PghS; —h=5 " =74 = phK 5 - 24)
Figure 12. Sketch of the Cartesian coordinate system with x-axis and y-axis, Y Y
MCS: main channel maximum contracted section. K=K K,
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where K is the secondary flow coefficient. Substituting Equations 22 and 23 into Equation 24 results in:

P
pghS, — pAsh®—

0 ou?
6y<uvﬁ> - p&u2 = thﬁ (25)

ay

The analytical solution to Equation 25 can be derived as follows:

u, =4/Cren?y + Cre”Y + w

1 /8 0\
=— [-|K K* 420, %
" ﬁz[ VAT "(8) )

2K |8
Z -

ety
8ghS,
Ja

(26)

w =

where C, and C, are unknown constants. Within V|, the boundary shear stress z,, exerted by the wall on V, and the
shear force 7, exerted on the control volume at the interface act in opposing directions, mirroring shear stress
conditions found in asymmetric channels (Tsai & Ettema, 1994). Following Einstein's theory of drag separation
(Einstein, 1942), V, is bisected into two layers by the zero-shear stress position: one influenced by wall shear
stress and the other by hypothetical interface shear stress, assuming shear forces are linearly varying. Similarly, in
V,, the shear stress from the recirculation zone opposes that from the hypothetical interface, partitioning V, into
layers, namely, the interface shear stress layer and the recirculation zone shear stress layer. The lateral depth-
averaged shear stresses 7,,,7y, and 7, in V; and V, are defined as:

W] +W2—y
W,

?xy,Vl =T, — (?w + %sh)
@n

_ _ _ _ y
Ty, Vy = Tre — (Tre + Tsh) W,
2

where 7,,,7; and 7, are the depth-averaged shear stress from the recirculation zone, shear layer and wall,

.

respectively, and 7,, = p(’f) W, 7, = p(%’) wand7, = p (%) u?, fis the friction coefficient. At the shear layer

v v

in the mixing-layer mode, the contracted flow is considered as a single control volume, influenced solely by the
transverse shear stress from the recirculation zone and walls. The depth-averaged shear stress 7,, and 7;, within V;
are then expressed as:

?xy,V3 = Tpe — (fre + ?W) Wl:; (28)

In each control volume, it is assumed that the positions where the shear stress, 7,, is zero coincide with the lo-
cations of depth-averaged maximum longitudinal velocity within the control volume. Consequently, by
substituting 7,,, = 0 into Equations 27 and 28 the positions of depth-averaged maximum longitudinal velocity in
Vi, V, and V; are expressed as:

W, (29)
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When the shear layer at the cross-section corresponding to the maximum depth-averaged width of the recircu-
lation zone is in the wake mode, Equation 26 is applied to the MCS of control volumes V, and V,. When the shear
layer at this cross-section is in the mixing-layer mode, Equation 26 is applied to the MCS of control volume V.
Combining Equation 29 with Equation 26. This allows the calculation of the depth-averaged maximum longi-
tudinal velocity (i, o) at the MCS for each mode and each control volume, which serves as an approximation of
the depth-averaged maximum longitudinal velocity (¢,,,y)-

5.2. Boundary Conditions and Coefficients
5.2.1. Boundary Conditions

To solve Equation 26, appropriate boundary conditions must be imposed on the unknown variables. The integration
constants C,—C; are determined by substituting velocity profiles at arbitrary locations within each control volume.
Solution accuracy improves when selected points approach the depth-averaged maximum longitudinal velocity
location. For the results presented in Section 6, boundary conditions were specified at midpoints between the depth-
averaged maximum longitudinal velocity position and lateral boundaries in each control volume (V, V,, and V3),
with velocity data extracted from numerical simulations.

5.2.2. Dimensionless Comprehensive Eddy Viscosity 1,

Research on the dimensionless eddy viscosity coefficient (1,) has primarily focused on trapezoidal channels, open
channels, and compound river systems, with limited studies addressing its values in ice-covered confluences. The
adoption of depth-averaged momentum equations in the modeling framework reduces the 3D system to 2D,
applying the depth-averaged contraction coefficients to compute the effective flow width at the MCS. Conse-
quently, employed the established 1, value for rectangular ice-covered channels in this study, 4, = 0.067 (Zhong
et al., 2019).

5.2.3. Friction Factor

For the combined boundary shear stress 7, caused by the bed and ice cover, the friction coefficient is formulated
based on the relationship between bed shear stress and ice cover shear stress. That is 7, = 7; + 7;,, where 7; and 7,,
denote the shear stresses exerted by the ice cover and bed on the contracted flow, respectively. Considering,

7, = p(fi/8)u? and 7, = p(f;/8) u2, we have:

7= p(g") up = p@ u; + p(%) u (30)

where f; and f;, are the Darcy-Weisbach friction coefficients for the ice cover and bed, respectively. The force
balance within each control volume is analogous to that in ice-covered straight channels. Numerous models have
derived expressions for these friction factors. The expressions adopted in the present mathematical model are
given below, with detailed derivations provided in Appendix C.
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where n represents the roughness coefficient, n,, and n, are experimentally determined via logarithmic velocity
profile fitting at any cross-section.
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Table 5

Parameter Statistics Table

Case Al
Wake
Model  model

A2
Mixing-layer
model

A3 A4 A5 Bl B2 B3 B4 B5

Mixing-layer ~Mixing-layer ~Mixing-layer ~Mixing-layer —Mixing-layer ~Mixing-layer ~Mixing-layer =~ Mixing-layer

model model model model model model model model

n, 0.016
n, 0.016
n 0.0177
Ny, 0.00351
n 0.001
K 0.013

0.016
0.016
0.0177
\
0.00844
0.015

0.016 0.016 0.016 0.016 0.016 0.016 0.016 0.016
0.016 0.016 0.016 0.016 0.016 0.016 0.016 0.016
0.0177 0.0177 0.0177 0.0177 0.0177 0.0177 0.0177 0.0177
\ \ \ \ \ \ \ \
0.00801 0.00978 0.0117 0.00775 0.00927 0.0104 0.0123 0.0154
0.039 0.029 0.076 0.01 0.016 0.014 0.034 0.017

5.2.4. Secondary Flow Coefficient K

Two distinct secondary flows formed at the confluence alter the velocity and shear stress distributions (Shen
et al., 2022). This study employs the secondary flow coefficient K to quantify its influence on longitudinal ve-
locity, where K is relative to the number, rotational direction, and strength of secondary current cells (Wang
et al., 2020). As the junction angle increases, both secondary flow strength within the cross-section due to
enhanced centrifugal forces and greater lateral pressure gradients at larger angles (Shen et al., 2022; Yuan, Xu,
et al., 2022). Downstream evolution reveals that with the gradual replenishment and superposition mixing of the
vertical flow, the strength of the secondary flow gradually decreases until it disappears (Bradbrook et al., 2000;
Chen et al., 2017). These complexities pose challenges for the direct determination of the K value at the MCS.
Assuming a uniform K value across the MCS cross-section, the K value can be inversely calculated by substituting
depth-averaged flow velocity data from a single point within the control volume into Equation 24. The accuracy
of the estimated K value can be further improved by incorporating additional experimental data points. The in-
fluence of K variations in the secondary flow coefficient on the depth-averaged maximum longitudinal velocity
will be analyzed in the subsequent discussion section.

6. Result

To validate the effectiveness and reliability of the proposed models, the results calculated by the models were
compared to the simulated results. Since this paper does not involve the physical analysis of the flow charac-
teristics in the recirculation zones, the boundary location of the recirculation zone is determined using the
simplified zero-unit-discharge method proposed by Schindfessel et al. (2017). In the zero-unit-discharge method,
it is assumed that the discharge across the cross-section of the recirculation zone is zero. The local width of the
horizontal recirculation zone at a specified height (z) and cross-sectional position (x) above the riverbed (denoted
as W, (x,z)) is defined as the flow corresponding to a unit height, obtained by integrating the longitudinal flow
velocity component (u) laterally from the inner bank to the outer bank. When the resulting integral equals zero, the
discharge within the width at that height is considered to be zero. Hence, the value of W, (x,z) represents the width
of the recirculation zone at the position (x, z), This condition is mathematically expressed as:

Wi (x,2)
/ u(x,y,z)dy =0 (32)
0

The parameters required for the calculations are presented in Table 5. As shown in Table 5, the values of n,, and
ng, are not constant. Specifically, significant variability is observed in the values of n,,, while data for n, are
limited due to the infrequent occurrence of wake modes under the studied flow conditions. If the apparent
roughness is assumed to reflect the influence of turbulent structures, the observed variations in these values may
be explained by the presence of intense turbulence near the boundaries of the recirculation zone and within the
shear layer—a region characterized by the advection of large-scale coherent structures (Rhoads & Sukhodo-
lov, 2001, 2004; Sukhodolov & Rhoads, 2001). Crucially, under mixed-flow conditions, the value of n,, for a
junction angle of 60° is consistently lower than that for a 90° angle. This difference arises directly from the
formation of significantly larger and more dynamically intense recirculation zones at the larger (90°) junction
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Figure 13. Comparison of model predictions versus numerical simulations; (a) maximum depth-averaged recirculation zone
width; (b) depth-averaged maximum longitudinal velocity.

angles. These larger recirculation zones are associated with stronger adverse pressure gradients and enhanced
flow reversal near the channel boundaries. This intensified flow reversal and the associated stronger shear
significantly amplify turbulence production along the boundaries of these recirculation zones, thereby increasing
the apparent roughness (7,,) and its observed variability. This can also explain the observed increase in the
roughness coefficient (n,,) with increasing discharge ratio under identical confluence angles. Simultaneously, the
deformability of the ice cover itself increases the complexity and variability of these interactions, inherently
limiting the accuracy of an analytical expression for the roughness coefficient.

Before validating the depth-averaged maximum longitudinal velocity, the accuracy of Equation B5 (maximum
depth-averaged recirculation zone width) must first be verified. Figure 13a provides comparative plots of the
calculated versus simulated results for Equation B4. Equation B4 exhibits a maximum relative error of 8.7% and a
peak absolute deviation of 0.009 in Case AS. Crucially, relative errors remain below 10% across all validation
cases, confirming the equation's accuracy and demonstrating its robustness for the studied conditions.

The relative and absolute errors between the calculated and simulated values were determined using Equations 14
and 15, respectively, and the resulting errors are summarized in Table 6. Absolute errors range from 0.0003 to
0.0011 m/s, while relative errors span 0.03%—1.61%, both peaking in Case B1. Case A2 exhibits the highest
precision. These error metrics confirm the model's capability to predict maximum depth-averaged longitudinal
velocities at 60° and 90° junction angles in channel confluences. Furthermore, a comparative analysis of the
predictive accuracy between the depth-averaged maximum longitudinal velocity calculated using the mass-
conservation method and the present semi-analytical model is provided in Appendix D. The results demon-
strate that the predictive accuracy of our model is significantly higher than that of the simplified approach.

7. Discussion
7.1. Secondary Flow Coefficient K

The secondary flow coefficient serves as a primary controlling parameter in the semi-analytical model; however,
its accurate, mathematical determination remains challenging. Under the present experimental conditions, all
obtained K values were positive (0.01-0.076), indicating that a clockwise-rotating secondary circulation domi-
nated in the confluence zone. At a constant junction angle, K increased with the discharge ratio, suggesting that
the greater lateral momentum flux introduced by the tributary flow generated enhanced centrifugal forces.
Conversely, under a constant discharge ratio, K decreased as the junction angle increased due to the influence of
the recirculation zone: a larger junction angle leads to a wider recirculation zone, which in turn decreases the

Table 6
Error Statistics of the Depth-Averaged Maximum Longitudinal Velocity

Case Al A2 A3 A4 A5 B1 B2 B3 B4 BS

g, (m/s) 0.003 0.0001 0.0003 0.0003 0.0013 0.00592  0.0003 0.0029  0.0017 0.00092
e, (%) 0.90 0.036 0.067 0.074 0.26 1.62 0.077 0.64 0.39 0.16
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Figure 14. Effects of coefficients K on depth-averaged maximum longitudinal velocity distributions.

effective flow area. This increase decreases the K, term in Equation 24, ultimately resulting in a lower overall K
value. The relationships identified between K and key hydraulic/geometric parameters (discharge ratio, junction
angle) provide valuable insights and a foundation for developing future predictive methods for a priori esti-
mating K.

Figure 14 presents a systematic sensitivity analysis of the secondary flow coefficient (K;) across all investigated
cases. We varied the coefficient between 0.5 and 2.0 times its calibrated value (K; ;) while holding other pa-
rameters constant (Table 5). Figure 14 demonstrates that increasing K; reduces predicted values, whereas
decreasing K; elevates them. Cases with 90° junction angles exhibit greater sensitivity to K; variations than those
at 60°. Crucially, however, K; adjustments exert minimal influence on computed results, confirming that ice cover
and bed shear stresses and recirculation zone compression remain the dominant factors governing depth-averaged
maximum longitudinal velocity.

7.2. Empirical Coefficient ¢

In this study, the empirical coefficient ¢ is introduced into Equation 12 to correct for the influence of secondary
flow on the position of the shear layer. When the shear layer is in wake mode, this coefficient determines the zero-
shear stress location (and thus the depth-averaged maximum longitudinal velocity location in Equation 27). Based
on the experimental and numerical data presented, the value of ¢ is determined to be 0.04. Omitting ¢ from
Equation 12 would cause an overestimation of the effective flow area (W,) in control volume V, and an un-
derestimation of the corresponding area (W,) in V,. This would shift the predicted location of the depth-averaged
maximum longitudinal velocity toward the inner bank (see Equation 27). For constant secondary flow coefficient
and friction coefficients, subsequent prediction via Equation 24 would overestimate the depth-averaged
maximum longitudinal velocity in V; and underestimate it in V,. It should be noted that, due to the limited
range of conditions investigated, a generalized calculation method for ¢ requires future quantification through
scaled flume experiments or field measurements.

7.3. Limitations of the Model and Future Developments

This study proposes semi-analytical models to calculate u,,,, using the control volume method. The models do not
directly calculate u,,,, but they target u,,,,, ... which is proximate to u,,,,. This approach addresses the difficulty
of capturing the exact location of u,,,,, making it possible to calculate u,,,,. Compared to a numerical model, the
semi-analytical model developed in this study achieves a substantial improvement in computational efficiency.
Notably, this approach eliminates the need for grid generation, significantly reducing setup time and ensuring that
accuracy remains independent of grid properties such as size or shape. For many engineering applications,
simulating the complete three-dimensional flow field within a channel is not strictly needed, while the estimation
of the depth-averaged maximum longitudinal velocity or maximum width of the separation/recirculation zone is
enough. It is noteworthy that the semi-analytical model derives a formula for depth-averaged maximum longi-
tudinal velocity, providing approximate guidance for maximum longitudinal velocity in confluence zones. For
practical engineering applications, however, this level of precision proves adequate.
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The choice between a single or dual control-volume model for calculating u,,,, depends on the mixing mode of
the shear layer at the cross-section of the maximum recirculation zone width. This mode can be determined using
either the theoretical model proposed by Sukhodolov et al. (2023) for describing shear layer mixing processes or
through mixed dye visualization experiments (Sukhodolov & Rhoads, 2001). It is important to note that while the
theoretical model by Sukhodolov et al. (2023) was developed for open channels, it can be adapted for ice-covered
confluence channels by applying the two-layer assumption (Einstein, 1942). The primary distinction between
open and ice-covered channels lies in the source of shear stress: in the former, only bed shear stress is found,
whereas in the latter, a combined ice cover and bed shear stress is acting. Consequently, the bed shear stress
parameter in the original theoretical model should be replaced with the expression for the combined boundary
shear stress provided in Appendix C.

This semi-analytical model is tailored for two specific junction angles, whereas natural confluences exhibit a wide
spectrum of angles, constraining its broader applicability. However, in confluences with smaller @ (e.g., 30°), the
depth-averaged maximum longitudinal velocity was lower because smaller junction angles typically result in a
significantly narrower or non-existent recirculation zone, thereby minimizing the depth-averaged maximum
longitudinal velocity effect that would otherwise arise from the reduction in the effective flow cross-section. To
enhance the model's generalizability, future work will focus on deriving a more accurate expression for { through
experimental data covering an extended range of junction angles (6).

The mathematical models developed are based on the laboratory-scale confluence channel, including sharp
junction angles and rectangular cross-sections. As the derivation process of the semi-analytical models does not
account for the effects of bed discordance and velocity-dip phenomena, changes in conditions (such as trapezoidal
cross-section or smooth junction angle) may compromise their prediction accuracy (Li et al., 2025; Yuan, Yan,
etal., 2023, 2024). Therefore, when extending the model to large-scale natural river confluences, its applicability
requires further validation. Integrating additional hydrological data will help test and enhance this applicability.

8. Conclusion

To investigate hydrodynamic characteristics in confluent channels, this study examines factors influencing
maximum longitudinal velocity. By applying the control volume approach and momentum equation, a semi-
analytical model for calculating maximum depth-averaged longitudinal velocities at confluences is developed.
The model was validated against numerical simulations.

1. A novel interface position was established at the minimum-velocity location within the shear layer, incor-
porating effects of junction angle, discharge ratio, and secondary flows.

2. Depth-averaged maximum longitudinal velocity was characterized at sections with maximum recirculation
zone width, simplifying the solution process. Relative error analysis revealed a mean deviation of 0.18%
between approximated and simulated values, demonstrating the method's efficacy.

3. The dual-mode behavior of the shear layer was accounted for, with the secondary flow coefficient introduced
to quantify its influence on depth-averaged maximum longitudinal velocity.

Although this work presents an effective mathematical framework for computing maximum depth-averaged
longitudinal velocities, future studies could further refine the approach, particularly by deriving analytical so-
lutions for the secondary flow coefficient K and determining the range of the empirical coefficient ¢ through
further experimental studies or numerical simulations.

Appendix A

A grid sensitivity analysis targeting the downstream confluence velocity field—critical to recirculation zone
delineation—was conducted using three mesh configurations:

Medium mesh: 4.9 million cells (1.3 X 1.3 X 10 mm);
Fine mesh: 9.7 million cells (0.7 X 0.7 X 10 mm);
Coarse mesh: 2.4 million cells (4 X 4 X 10 mm).

Velocity profiles along the longitudinal transect y = 0.5 m, z = 0.125 m revealed negligible differences between
fine mesh and medium mesh (Figure A1), and the Grid Convergence Index (GCI) for the medium mesh measured
2.29% (<3% threshold; Celik et al., 2008), demonstrating grid independence.
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-3.0 -2.5 '2~0( ) -1.5 -1.0 0.5 numerical simulations, and analytical formulations. As depicted in Figure B1,
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Figure A1. Comparison of the longitudinal distribution of the velocity for

coarse, medium, and fine mesh.

a Cartesian coordinate system is established with its origin at the midpoint of
the Tributary Downstream Section (TDS), where the n-axis aligns with the
TDS centerline. At the cross-section of maximum recirculation width, the
effective flow width of control volumes is conventionally assumed to be
bounded by the recirculation zone interface and the outerwall (MCS), with flow direction parallel to the sidewall
at this section. Based on mass conservation principles, the relationship between effective flow area and mean
velocity is derived as:

Owmcs = hvcs Wacstivcs = #Wahmcsimcs (B1)

where Qycs 1s the discharge through the MCS; y is the maximum flow contraction coefficient given by
1= Wynes/Wya upcs 18 the average cross-sectional flow velocity along the direction of s-axis at the MCS. Due to
the ice cover presence, the free surface is modeled as a rigid-lid boundary with constant water depth 4 throughout
the confluence zone. The relationship between u, 0, and 7 is determined by formulating energy and momentum
equations for a control volume bounded by MCS, the tributary upstream section (TUS), and the main channel
upstream section (MUS). The energy conservation equation for this control volume is expressed as:

2 2 2
arusQrus amus Qvus ames Ovcs
hrus + ——5 | Qrus + | rmus +— 5 | Omus = | mes +— 5 | Owmacs (B2)
( ng%Us 2gA%/IUS ZgAl%/ICS

where A is the effective cross-sectional area of the channel given by A = hW; assuming the upstream water depths

are equal (Creelle et al., 2016; Hager, 1987), namely Aryg = hyuss Q is the discharge through the effective cross-

section; «a is the energy correction coefficient. Accounting for tributary flow deflection prior to confluence and
neglecting interfacial shear stresses at ice cover and bed boundaries, the
momentum equation for the control volume bounded by MCS, TUS, and
MUS is formulated as:

| - 4\g
=gt e 1 1 .
Mainstream 1 / %' W LIUSETUS o65(67) + _h"ers Wius cos(0”) + _h12\/[Us Wyus + MUsZMus
™S s ghrus Wrus 2 2 ghwius Wwus
- —
Q Vs, = Vi Q2 1 p* .
§ = O ihlz\/lCS Wuics + —/hrysWrus sin(0")
s 8hnvics Waes g
(B3)
Tributary
where f is the momentum correction coefficient; ' is the flow junction angle

at the TDS as shown in Figure B1, P* is the average hydrodynamic pressure

Figure B1. Schematic diagram of the n-axis and s-axis Cartesian coordinate

system and naming convention for cross-sections and walls; TDS: tributary

exerted on the side walls of the tributary channel, calculated as Pryw-Prows

downstream section; TUS: tributary upstream section; MUS: main channel where P is the hydrostatic pressure, TIW and TOW are the inner and outer

upstream section.

banks of the branch channel respectively, as shown in Figure BI.
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Figure B2. Variation of (a) a;cg and (b) By s With discharge ratio.

Hager (1987) posited that P* solely correlates with the pressures at the TUS and MCS, thereby P* can be arti-
culated as:

« _ Prus+CPucs 1 hyyus + Chics
P = = — B4
1+¢ P I (B4)

where { is a dimensionless parameter. Upon synthesizing Equation B2 and B3, one can ascertain the relationship
among y, 17 and €. The maximum flow contraction coefficient is delineated as (Hager, 1987):

aMCS(1+Y+ T

2 1 sin(6”) — 1 (s
Vs + \/%cs s 145+ ST W |1 =0+ 4 cos@) W[4 4 WES

Csin(@')
WY) (BS)

in(@’ —
Y ll:_( C) ][Ulmus(1 - 77)3 + “Tus'lz/W2] }

where W is the width ratio, defined as W = Wyys/ Wius. Y is the depth ratio, defined as ¥ = Ay s/pics, Under
the constant-depth assumption, namely ¥ = 1.

B2. Energy Coefficient and Momentum Coefficient

The magnitudes of the energy coefficient in Equation B2 and the momentum coefficient in Equation B3 depend
on the junction angle and discharge ratio, and evolve as the flow develops downstream. These coefficients peak at
the location of the maximum recirculation zone width. At the upstream sections (MUS, TUS), both coefficients
are assumed to be unity, namely oyus = drus = Pmus = Prus = 1 (Hsu et al., 1998; Luo et al., 2018). Figure B2
presents the momentum and energy correction coefficients calculated at the MCS from numerical model results
across all test cases. The energy and momentum coefficients, aycg and fycs, are calculated by numerically
integrating over the cross-section using the velocity u at cell centers, using the following approach (Luo
et al., 2018):

_ fwedA A

= B6
”EJA “:31 Zi,inJ B0

2
f= fAusz _ Zi,f”i,inJ
WA ug A

(B7)

where A, is the grid area. The energy coefficient exhibits a greater range of variation than the momentum co-
efficient. Specifically, the energy coefficient ranges from 1.3 to 1.99, while the momentum coefficient ranges
from 1.1 to 1.37. The values of a and f increase linearly with increasing junction angle and discharge ratio,
attributable to the enhanced three-dimensionality of the flow field. For the practical determination of these
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85 coefficients in Equation B5, this study recommends employing the following
empirical equations, which are also used to generate the results presented in
= Section 6.
80

Inflow angle &' (°)
~
()]

3
(=)

65

Figure B3. Depth-averaged flow angle 6" across the branch channel entrance
at 90° confluence.

n 6'=-45.0997 + 88.426

R2=0.9856
B o
]

B ]

®  Simulation results

Fitted function for &'
1 1 1 1
0.1 0.2 0.3 0.4
n

B3. Inflow Angle 6’

anes = 1.16357 + 1.1328,0 = 60°
anes =2.14127 + 1.1242,0 = 90°

Pucs = 0.958y +0.9725,6 = 60°
Pucs = 0.87037 + 1.0232,0 = 90°

(B8)

(B9)

Numerous studies indicate that tributary flow deflects before entering the
main channel, resulting in an inflow angle 6’ in Equation B3 that differs from

0.5 the geometric junction angle. This deflection increases with both the junction

angle and the discharge ratio, becoming pronounced at 90°. Figure B3 shows

the tributary inflow angle for the 90° confluence case. Assuming no pre-entry

deflection occurs at a 60° junction angle, namely 8’ = 60°, and propose the

following empirical equation to calculate the deflection angle 8" for 90°
confluence, which is expressed as:

6" = —45.099y + 88.426

B4. Dimensionless Parameter ¢

(B10)

The dimensionless parameter ¢, which governs P* in Equation B4, exhibits dependencies on both # and 6. For

open-channel confluences, P* gradually decreases as 7 increases—corresponding to an increase in {—and is
typically greater at a junction angle () of 90° than at 60°. This trend arises because increasing 7 or decreasing ¢
reduces tributary flow deflection (Creelle et al., 2016; Hager, 1989), thereby diminishing the water depth dif-
ference along the sidewall and causing P* to decrease. In ice-covered channels, however, { follows a distinct trend
due to the rigid-lid effect at the water surface. Values of { across all cases, computed from numerical simulations,
as shown in Figure B4, reveal fitted functions and correlations between ¢ and # at constant 6. The empirical
expression derived from fitting procedures is described below:

¢ = —18.2857% + 15.243n — 1.6524,0 = 60°

(B11)
¢ = —1.22225 — 0.2097,6 = 90°
@ ®),,
®  Simulation result - = Simulation result
1.5 — = Fitted function for £ g Fitted Function for £
C 0.4} .
" 4 L] E
L4
'
1.0} # L
w % 4 - 0.5 ¢=-1.222277-0.2097
"/ £=-1828577 + 152437 - 1.6524 g Xm09135
/ R2=0.9743
7 0.6
05t ,
/ L]
&
i 0.7}
0.0 . " N ! ! "
0.1 0.2 0.3 0.4 0.5 0.1 0.2 0.3 04 0.5
n n
Figure B4. Variation of { with discharge ratio, (a) 60° confluence; (b) 90° confluence.
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Appendix C
This appendix details the derivation of the friction coefficients f,, f;. f... f,, and f;,. These coefficients are used to
calculate the combined shear stress 7, (Equation 30) and determine the locations of depth-averaged maximum
longitudinal velocity y,, y,, and y; (Equation 29). 7; and 7, reach their maximum values at the ice cover and bed
boundaries, respectively, and also have opposite directions. According to Einstein's resistance theory (Ein-
stein, 1942), the effective cross-sectional area can be divided into distinct layers associated with different
boundary shear stresses. For the combined boundary shear stress 7, the effective cross-section is divided into
shear stress regions dominated by the bed and ice cover. The composite friction coefficient f; is defined as
follows:
XitXp
where y; and y, represent the dimensionless wetted perimeter of the ice cover and the bed per unit height,
respectively, both equal in magnitude to depth-average effective cross-section width, that is, y; = y, = uW,. The
p y q g P g i K} d
friction coefficients f;, f;. f.., f,, and f,;, can be calculated by combining the Chezy formula with the Manning
equation. From this, the friction coefficients can be expressed as:
8gn?
fi= R}/; (C2)
8gn?
5= W (C3)
8gry,
Jre = Te/:; (c4)
8gn?,
S = K/; (Cs)
8gn?
Jgh =1 /i;h (C6)
Rxh
where 7 is the roughness coefficient, n,, and ng, are experimentally determined via logarithmic velocity profile
fitting at any cross-section; R is the hydraulic radius. Based on the expression for the composite friction coef-
ficient derived by Wang et al. (2020) in ice-covered channels, the expression for f; is obtained as:
. 1/3
8g "?/2 + 11”2/2 32 32
= 1+ ypn C7
a Xitxpl (L+iDR, G %o’ (€
where i, is the ratio of y, to y;, namely i; = y,/y; = 1; R, 1s the composite hydraulic radius, and R; = A/2. Using the
Chezy formula and the Manning equation, the expressions for the depth-averaged streamwise velocities in the
recirculation zone shear stress layer, the wall shear stress layer, and the hypothetical interface shear stress layer
are derived as follows:
2/3 7172
o R
n,,
R2/3J1/2
T, = et (c8)
nre
2/3 71/2
ﬁ'h — Rsh ‘]sh
) ngp
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where J is the hydraulic slope of each shear stress layer; # is the average flow velocity in each shear stress layer.
Utilizing the common assumptions in asymmetric channels (Ervine et al., 2000), specifically within V|,
U, = Uy, Jyy = Jgy, and within V,, %, = Uy y,, J.. = Jg,v,. Accordingly, combining Equation C7 the
relationship between R,, y, and Ry, v, as well as those between R,, v, and Ry, can be present as
Rw,V| _ n3W/ 2
Rsh,V, I’l?22
(C9)
3/2
Rre,Vg - nre{,Vz
R.\'h,Vz n%z
The comprehensive hydraulic radius Ry, within V; and the comprehensive hydraulic radius Ry, within V, are
represented as:
_ Aw + Ash _ (Aw/xw)){w/)(sh + A.&'h//‘t/sh _ i2 + nfliz/nsv/z
vV, — - - . w,V
R ) L+ 2/ X5 1+ :
. 32, 3/2 (C10)
R, = Are,Vz +Ash _ (Are,Vz/)(re,Vz))(re,Vz/)(sh +Ash/)(sh _ 5} + n.vh nre,Vz
v, = = = - N%
: }(re,Vz +Zsh 1 +)(re,V2/)(sh I+ ) e
where y,,, x,, and y,,, are respectively the dimensionless wetted perimeters of the wall per unit depth, the
hypothetical interface per unit depth and the recirculation zone per unit depth. At the MCS, ,, and y,, y, can be
taken as y,;,, namely i, = 1. Based on Equation C10, we get:
V=T a3, anhv
w.Vi 1+n3,/,2/n‘3/2 i -
2 R
re,V, — 3/2 , 32 V.
’ 1+ nsi/z /nre/,Vz ’
The comprehensive hydraulic radius within V,; and V, are equal to half the width of the shear stress layer, that is,
Ry, = W,/2,Ry, = W,/2, thus, the hydraulic radius of the wall shear stress layer and the hydraulic radius of
the recirculation shear stress are defined as:
_ W] ni/Z
VT 4 n?
(C12)
W2
Ry, = 3/22 re’vé/z
nre,Vz + nsh
For V3, following the same assumptions as in V; and V,, the relationship between R, y, and R, v, is derived as:
R, n/?
Bh = b (C13)
R"f V3 n re,Vs
The comprehensive hydraulic radius Ry, within V; is derived as:
Aw +Are 1 + ni'/z/n::e/ZVx
Vs = = > 'Rre,‘/ﬂi (C14)
Ko+ Xre 2 ‘
The comprehensive hydraulic radius Ry, is equal to half the width of the flow cross-section, thatis, Ry, = W5/2.
Thus, Ry, is expressed as
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Table D1
Error Statistics of the Depth-Averaged Maximum Longitudinal Velocity
Case Al A2 A3 A4 AS Bl B2 B3 B4 BS5

Upax (TV/S) 0.325 0.339 0.404 0.396 0.510 0.360 0.384 0.461 0.433 0.585

max

€ (m/s) 0.003 0.0001 0.0003 0.0003 0.0013  0.00592  0.0003 0.0029 0.0017 0.00092

a,max

€ (%) 0.90 0.036 0.067 0.074 0.26 1.62 0.077 0.64 0.39 0.16

r,max

Ugr (m/s) 0.323 0.327 0.365 0.325 0.399 0.340 0.351 0.398 0.355 0.442
€,5im (M/s)  0.0055  0.012 0.039 0.071 0.11 0.027 0.034 0.066 0.079 0.14
€, m (%) 1.72 3.65 10.64 21.94 27.94 7.86 9.62 16.50 22.24 32.42
r,s1um
W3n3/zv
Ry, =53 (C15)
O S (T

The expressions for the friction coefficients are obtained by substituting Equation C12 into Equation C4 and C6,
and Equation C15 into Equation C6, yielding:

£ = 8gn?,
-

W, "2/2 1/3
AT

sh

2
re,V,

( Wznz/z )1/3 (C16)

8gn
fre,Vz =

T
reyvy 1150

2
re,Vs

32 1
W3”m, vy /3
372

3/2
my T+ Mreyvy

8gn
ﬁ‘e,V3 =

Appendix D

This appendix section discusses the calculation of the depth-averaged maximum longitudinal velocity using the
mass conservation method. The expressions for the depth-averaged maximum longitudinal velocity in each
control volume are given below:

Qm
Usim,v, = Wik (D)
0
usim,Vz = W—;h (Dz)
Ont+0
usim,V3 = W3h d (D3)

where ugr, v, represents the depth-averaged maximum longitudinal velocity in each control volume calculated by
the simplified method; W; denotes the effective flow area in each control volume, which is determined using the
same approach as in this study (Equation 12 and Equation B5). Table D1 systematically compares the simplified
method, the calculation method proposed in this paper, and numerical prediction results, along with the relative
errors between both calculated results and the true values.

As evidenced by the comparative results in Table D1, the calculation method proposed in this study demonstrates
superior performance to the simplified approach. This enhancement stems primarily from the simplified method's
neglect of shear stresses induced by recirculation zones, shear layers, and channel boundaries.
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Nomenclature
n Discharge ratio (—)
0 Discharge (m%/s)
w Effective flow section (m)
W, Main channel width (m)
h Water depth (m)
W, W,, W5 Width of control volume V,, V,, V5 (m)
0 Angle between the main and tributary channels (°)
o Flow junction angle at the TDS (°)
So Channel bed slope (—)
p Fluid density (kg/m°)
g Gravitational acceleration (m/s’)
T Shear stress (N/m?)
Upnax Depth-averaged maximum temporal average velocity components in x directions (m/s)
Unax re Depth-averaged maximum velocity at the cross-section MCS (m/s)
u, v, w Temporal average velocities in streamwise, lateral, and vertical directions (m/s)
&y Depth-averaged eddy viscosity (m?/s)
K Secondary flow coefficient (—)
" Maximum flow contraction coefficient (—)
A Effective cross-sectional area (m?)
a Energy correction coefficient (—)
p Momentum correction coefficient (—)
p* Average hydrodynamic pressure exerted on the side walls of the tributary channel (N)
@, ¢ Empirical coefficients in Equation 12 and Equation B4 (—)
f Friction coefficient (—)
T Shear stress (N/m?)
n Manning roughness coefficient (—)
R Hydraulic radius (m)
J Hydraulic slope (—)
T Depth-averaged shear stress (N/m?)
Aa Dimensionless comprehensive eddy viscosity (—)
y' Position of depth-averaged maximum longitudinal velocity (m)
X Dimensionless wetted perimeter per unit width (—)
C,, C,, C; Integration constants in Equation 24 (—)
The following subscripts are used in this paper:
t,m Abbreviations of the tributary and main channel
Vi, Vs V3 Abbreviations of control volume
re, sh, b, i Abbreviations of the recirculation zone, interface, bed, and ice-cover shear stress layer
The following abbreviations are used in this paper:
MCS Main channel maximum contracted section

LI ET AL. 27 of 31

8509017 SUOWILIOD dAERID 3|qeatidde au) Aq peuAoB ake s YO '8SN Jo 3| 1o} ARG 3UIIUO AB|IAA UO (SUORIPUOI-PUE-SWWLIBYW0D" A3 |IM"Ale.q U1 IUO//SANL) SUORIPUOD PUe SIS | 8U) 885 *[9202/€0/£0] U0 AkeiqiT auliuo A3IM * 1jodeN 1a 1] 091eped U - LBNENS 01D A 98EZYOMMSZOZ/620T OT/I0p/LI0d A8 | Aseldjpul juo'sqndnBe//sdiy Wouy pepeo|umoq ‘€ ‘9202 ‘€L6.L7v6T


https://openfoam.org/download/10-linux/
https://openfoam.org/download/10-linux/
https://doi.org/10.5281/zenodo.17721475

ADVANCING EARTH
AND SPACE SCIENCES

Water Resources Research 10.1029/2025WR 042386

Acknowledgments

This work was supported by the [Natural
Science Foundation of Henan] (Grant
[252300421946]), the [Open Research
Fund of MWR Key Laboratory of Lower
Yellow River Channel and Estuary
Regulation] (Grant [LYRCER202202]),
the [Yellow River Laboratory (Zhengzhou
University) first-class project special fund
project] (Grant [YRL221R11]), the
[Scientific Research Projects of Power
China Railway Construction Investment
Group Co. Ltd] (Grant [DJ-ZSLJ-2023-
01]), the [Significant Science and
Technology Project of Ministry of Water
Resources] (Grant [SKS-2022011]), and
Yunnan Key Laboratory of Water Security
(Grant 20254916CE340051).

TDS Tributary downstream section
TUS Tributary upstream section
MUS Main channel upstream section.
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