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Second Order Regularity for a Linear
Elliptic System Having BMO Coefficients

Gioconda Moscariello® and Giulio Pascale

Abstract. We consider linear elliptic systems whose prototype is
div A [exp(—|z|) —log |z|] I Du = div F + g in B. (0.1)

Here B denotes the unit ball of R™, for n > 2, centered in the origin, I is the
identity matrix, F' is a matrix in WH2?(B,R"*"), g is a vector in L?(B,R") and
A is a positive constant. Our result reads that the gradient of the solution u €
I/VO1 -2 (B,R™) to Dirichlet problem for system (0.1) is weakly differentiable provided
the constant A is not large enough.
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1. Introduction

We consider the linear elliptic system
div A(x)Du(z) = div F(x) + g (1.1)

in a bounded domain Q C R™, n > 2, with A(x) = (A;;(x)) symmetric, positive defi-
nite matrix with measurable coefficients, F' given matrix field in W12(Q, R"*") and
g given vector field in L2(£2,R™). A vector field u in the Sobolev space WOI’Q(Q, R™)
is a weak solution of the Dirichlet problem:

{divA(x)Du =divF+g in (1.2)

u=20 on Of)
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if it verifies

/Q (A(x) Du(x), D ()} da = / (F(x), D(x)) dz + / (9(z), ¢} da

Q Q
Vo € C(Q,R™). (1.3)

We assume that the entries of the matrix A lie in the John - Nirenberg space BM O
and that for a.e. x € € the following condition holds

with K(z) € L™>(Q), and h € R such that x+he; € Q. Thanks to a characterization
of the Sobolev functions due to Hajlasz [20], the function K above plays the role of
the derivative D, A. In fact this condition describes a weak form of continuity since
the function K may blow up at some points.

In the account of the typical functions of BMO and L™ respectively, it’s
obvious that the matrix

Alz) = A (el —log|z|) I, (1.4)

with x € B(0,1) = {x € R" : 0 < |z| < 1}, satisfies the assumptions above. Here A
is a positive constant and I denotes the identity matrix.

Note that the hypothesis A(z) in BMO guarantees that the problem (1.1)
admits a unique solution (see Theorem 1.1 of [28]).

The regularity results for linear systems with continuous coefficients can be
considered classical. The first remarkable contribution is due to Agmon, Douglis
and Nirenberg (see [2] and [3]). Later regularity results of Schauder type in the
class of Holderian functions are proved by Campanato [8] and Morrey [26]. See also
[9]. A full discussion can be found in [15] and [16].

The aim of this paper is to study the second order regularity of the solution
of (1.1). More precisely, we prove the following:

Theorem 1.1. Let Q be a reqular Lipschitz domain. There exists g > 0, depending
on n, such that, if

D = distpn(K(x), L) < g9, (1.5)
then u € W22(Q,R™) and

loc

1 1
/ |D2u‘2dx§c/ <<1+2) |Du|2+2|F]2+‘DF|2+’g|2> dz,
Br Bar R R

for every ball Bogr CC ) and for a constant ¢, depending on n, P and the BMO-
norm of A.

For the definition of regular domain, see the Sect. 2 below. Anyway, balls and
cubes of R” are regular domains.

The condition (1.5) on the distance Zx of K(x) to L™ is clearly satisfied if
the derivatives of A(z) belong to any subspace of L™ in which L* is dense, and
then, in particular, if they belong to L™? with 1 < ¢ < oo, since their distances to
L are null. On the contrary, L is not dense in LP>*° for any p > 1. We point
out that the condition (1.5) does not imply the smallness of the norm of K(x) in
L™°°. In fact, if A(x) is the matrix in (1.4), an elementary calculation shows that
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it reduces to consider the constant A < egqwy, Y " where w,, denotes the measure
of unit ball in R™. A value of ¢ is given in (3.13). It follows that assuming (1.5)
is more general than considering a condition on the norm and allows us to present
different settings of our result in a unified way. We explicitly remark that, thanks
to the embedding theorem 2.2, our result applies if the entries of A(x) lie in W™,
The boundedness of the coefficients in a system of the type (1.1) is sometimes
too restrictive in applications, as for example in phisical process of diffusion or in
mathematical finance.

The novelty of Theorem 1.1 is to consider systems with BMO coefficients,
which feature is that they are allowed to be very irregular. In this case the energy
functional

/Q<A(a:) Du, Du) dx

could not be bounded, then a priori we cannot use test functions in (1.3) propor-
tional to the solution w. The Hodge decomposition and a generalization of Coifman,
Rochberg and Weiss commutator result [12] allow us to establish an a priori esti-
mate. Then the result follows by considering regularized approximating problems. If
the boundary of €2 is more regular, a global version of Theorem 1.1 is also available
(Proposition 4.1).

The study of the second order regularity of solutions to linear equations with
discontinuous coefficients goes back to C. Miranda [25], who considered the case of
coefficients in W™, Then a significant improvement has been given in [5] and in
[10,11]. Linear equations having coefficients in BMO with small norm have been
addressed in [19]. More recently, a condition similar to (1.5) has been considered in
[16] to study the LP - regularity of a linear Dirichlet problem. In connection with the
regularity of minimizers of functionals of the Calculus of Variations [1], the study
of the regularity theory for systems had a remarkable development in last years.
Recently in [13] linear systems with coefficients having in some directions locally
small mean oscillation have been studied. We refer to [23,24] and references therein
for an almost complete recent treatment.

2. Preliminaries
This section is devoted to notation and preliminary results useful for our aims.
2.1. BMO Spaces

Definition 2.1 ([7,22]). Let 2 be a cube or the entire space R"™. The BMO(f2) space
consists of all functions b which are integrable on every cube ) C €2 with sides
parallel to those of 2 and satisfy:

1
HbH*zsup{/ ]b—bQ\d:r} < o0,
o UQlJqg

where by = ﬁ fQ b(y) dy and |@Q| denotes the Lebesgue measure of Q.
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It is clear that the functional || - ||, does not define a norm since it vanishes on
constant functions. However BM O becomes a Banach space provided we identify
functions which differ a. e. by a constant.

Bounded functions f are in BMO. On the other hand, BMO contains
unbounded functions. The standard example of BM O function is

f(z) =loglz|, 2 € B(0,1).
We also recall the following inclusion

Theorem 2.2 ([7]). For any cube Q C R™ the following inclusion holds with contin-
uous embedding:

WH(Q) — BMO(Q).
2.2. Hodge Decomposition

We shall now discuss briefly the Hodge decomposition of vector fields; for a more
complete treatment see [21]. For a given vector field F = (f1,..., f*) € LP(R",R"),
1 < p < o0, the Poisson equation Au = divF can be solved by using the Riesz
transforms in R", R = (Rq,..., Ry),

Vu=—(R&R)(F)=: 4 (F).

Here the tensor product operator # = —R® R = —[R;;] is the n x n matrix of the
second order Riesz transforms R;; = R; o R;, 4,7 = 1, ..., n. Notice that the range
of the operator

M= 1d— 2 : LP(R",R") — LP(R",R")

consists of the divergence free vector fields. We then arrive at the familiar Hodge
decomposition of F

F=Vu+ H, diwH=0.
Hence, LP-estimates for Riesz transform yield an uniform estimate
IVullze + [[HI[zr < c(p)[[F|Lr-
Let Q C R™ be a domain and G = G(z,y) the Green’s function. For h € C§°(Q2)
the integral

M@ZLQ%WMMy

defines a solution of the Poisson equation Au = h with u vanishing on the boundary
of Q. If h has a divergence form, say h = div F with F = (f!,..., f") € C§°(Q, R"),
then integration by parts yields

ua) = = | V,G.0)Pw)dy
Hence the gradient of u is expressed by a singular integral
Vu(x) = — /Q V.V,G(z,y)F(y) dy =: (FoF)(z).

The continuity of g : L2(2,R") — L?(),R™) is easily established by interpreting
Ja I as the orthogonal projection of F' into gradient fields.



Vol. 89 (2021) Second Order Regularity for a Linear Elliptic 417

Let DP(Q,R™) denote the closure of the range of the gradient operator V :
Ce(R2) — LP(,R™), 1 < p < oo. If Q is smooth, then J# extends continuously
to all LP(Q2,R™) spaces. Consequently the formula Vu = J#oF extends to all F' €
LP(Q,R™) giving a solution with Vu € DP(Q,R"™), 1 < p < 0.

Definition 2.3 ([21]). A domain Q C R™ will be called regular if the operator g
acts boundedly in all LP(Q,R™)-spaces, for 1 < p < oo.

For Q a regular domain we introduce, as before, the operator
Ho = 1d — Ho : LP(Q,R"™) — LP(Q,R"™).

Obviously, the range of 7, consists of the divergence free vector fields on Q. We
have the Hodge decomposition of F' € LP(Q,R"™),

F=Vu+H, divH=0, VuecDP(QR"). (2.1)
We also have the uniform estimate
IVullpe + [|H|r < e(p, Q|| F||Lr-
We now turn to commutators. We need the following definition.

Definition 2.4 ([28]). Let k(x) : R® — R™. We will call & a Calderon-Zygmund
kernel (CZ kernel) if k satisfies the following properties

L. k(x) € C=(R™\ {0}),
2. k(z) is homogeneous of degree —n,
3. Js k(z) do, = 0 where X is the unit sphere of R™.

Given such a kernel, one can define a bounded operator in L?, called Calderon—
Zygmund singular operator, as follows

Kf(e) = PV.kx f)(&) = PV, [ k(o — ) () dy.
]Rn
Let ¢ € BMO(R™) and k a CZ kernel. Following [12], we define, for f € LP(R")

(1 < p < 0), the commutator of ¢ and k as the principal value

Cle, f1 = (@) PVEx f(x) = PV.k* (of ) ().

Theorem 2.5 ([12]). Under the previous assumptions on ¢ and k, Clp, f] is well
defined for f € LP. Moreover Clp, f] is a bounded operator in LP(R™), i.e. for some
constant ¢ = c¢(n,p, ||k||r2) we have

11Cle, flllee < cll@ll«l|fl]Le-

We will state a generalization of Theorem 2.5 in finite - dimensional normed
spaces. Let E be a finite-dimensional normed space of dimension m,

T:LP(R",E)— LP(R" E), 1<p< o0,

a Calderon - Zygmund integral operator. Fixed a basis in E, we can associate to
the operator 7" a m X m matrix of Calderon—Zygmund operators

T,; : LP(R™) — LP(R™).
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Given A € BMO(R", Aut(E)), where Aut(E) denotes the space of linear maps from
FE to E, and

1
HAhzmm/!A—Ammw
Q 1QlJg

is the BM O norm, we consider the range of A:
A={A(z);z e R"} C Aut(E).
Let us state the theorem:

Theorem 2.6 ([28]). Given f € LP(R™, E) such that commutes with the range of
A,

TIA(2)f(z) = A(2)Tf () (2.2)
for almost every z € R™, then

IT(Af) = AT fllze < cl[A[[][f]]L-

Since we would apply Theorem 2.6 to the projection T onto divergence free
matrix fields, we need to identify the range of the compatibility condition (2.2). Take
now A% a n x n-matrix, A° induces a linear transformation given by A%(X) = A°X,
the row by column product of matrices. It is easy to verify that A° commutes with
the operator T'; in fact, multiplying the decomposition of F' by A° we get

A°F = A°Du+ A°H = D(A%) + A°H and div(A°H) =0

in the sense of distributions:
[won.pg) = [(m.a%Dg) = [(im.D(a%0)),

where A% denotes the transpose of A°. It can be shown a local version of Theo-
rem 2.5 in the case of Hodge decomposition of matrix fields. Therefore, given any
BM O-matrix field A(x), we get:

Lemma 2.7. ([28]) For Q = R"™ or Q regular domain, let T be the projection onto
divergence free matriz fields, and A(x) a BMO - matriz field. Then

ITA(F) — AT (F)||e < cl[All+|[F|Le
for every F' € LP(Q), R™*™).

2.3. Lorentz Spaces

Let © be a bounded domain in R™. Given 1 < p,q < oo, the Lorentz space LP-(€2)
consists of all measurable functions ¢ defined on €2 for which the quantity

o0
g _
|mmfwé|m@m“ﬁ

is finite, where Q;(g) = {z € Q : |g(z)| > t} and || is the Lebesgue measure of
Q. Note that || - ||zr.e is equivalent to a norm and LP? becomes a Banach space
when endowed with it. For p = ¢, the Lorentz space LPP reduces to the standard
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Lebesgue space LP. For ¢ = oo, the class LP**° consists of all measurable functions
g defined on €2 such that

91|70, = supt?|Q(g)| < o0
>0
and it coincides with the Marcinkiewicz class, weak-LP. For Lorentz spaces the
following inclusions hold
L™(Q) C LP9(Q) C LP"(Q) € LP>°(Q) C LI(Q),

whenever 1 <g<p<r<oo
Fundamental to us will be the Sobolev embedding theorem in Lorentz spaces
(see [4]).

Theorem 2.8. Let us assume that 1 < p < n, 1 < q < p, then any function u €
Wyt (Q) such that |Vu| € LP49(Q) actually belongs to LP™4(Q) and

HUHLP*"I < Sn,pHVUHLP,q.

_1
Here p* = % and Sy p = wn " nLip, where w,, is the Lebesque measure of the unit

ball in R™.
We define the distance of a given f € LP*° to L as

distrp.e(f, L) = gérifw [|f — gllLe.e.

To find a formula for the distance, we consider the truncation operator. For k > 0
and y € R, we set

Ty (y) = min{k, max{—Fk,y}}.
Then
distyo(f,L) = I ||f ~ Tef|po~.

Indeed, Vg € L, Vk > ||g||L~, we have for almost every = € €,

|f(x) —g(z)| > |f(z) = Te f(x)].
Let Q be the unit ball of R™. The function

fla) = —

|z
belongs to L™°. Setting w,, = ||, we have
1f = Tiof e = w/"

and it does not depend on k. For more details, see [15].
We recall the following relevant properties.

Lemma 2.9 ([6]). If E € LP*°(R"), 1 < p < oo, and f € L'(R"), then E % f €
LP>°(R™) and

1E % fllLeee <|IE[|Lee|lfl]Lr-
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Theorem 2.10. (Holder’s inequality in Lorentz spaces, [27]) If 0 < p1,p2,p < 00

cme<q1,qg,q§ooobey%:pil—i—pi2 (md%:qil—i—qizthen

fgllLra < |[fllrvan|lgl|Lrz.az

whenever the right-hand side norms are finite.

2.4. Difference Quotients

Definition 2.11 ([18]). Let f(x) be a function defined in an open set @ C R"™, and
let h be a real number. We call the difference quotient of f with respect to z, the
function

Aunfla) = TE0F he;i) — ;f ()

where e, denotes the direction of the x4 axis and 7 3, is the finite difference operator.

When no confusion can arise, we shall omit the index s, and we shall write
simply Ay, instead of Ag .
The function Ay, f is defined in the set

A pQ:={z € Q: 2+ he, € Q},
and hence in the set
Q) = {x € Q: dist(x,0) > |h]}.

The following properties of the difference quotients are immediate:
o If f € WHP(Q), then Ay f € WHP(Qp)), and

Di(Anf) = An(D;if).

e If at least one of the functions f or g has support contained in {2}, then

/ fApgdx = —/ gA_y f dx. (2.3)
Q Q
e We have

An(fg)(x) = f(x + hes)Ang(z) + g(2) Anf(x).

Remark 2.12. It follows immediately from (2.3) that the derivatives Dsg of a
Lipschitz-continuous function g, which exist almost everywhere as limits of the dif-
ference quotient Ag g, coincide with its weak derivatives. In fact, if f is a test
function, we can pass to the limit in (2.3), getting

/stgdxz —/gDsfdx.

In other words, we have Lip(Q) = W1>°(Q).
For R > 0 and zy € R", we define
Bgr(xzg) = {z € R" : |[x — zo| < R},

but in the case no ambiguity arises, we shall use the short notation Bg.
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Lemma 2.13. ([18]) There exists a constant c(n) such that ifv € WHP(Q), ¥ cC Q,
l<p<oo,se{l,....,n} and |h| < hy = ﬁdist(ﬁ,@ﬁ)
1Asnvl|Les) < e[ Dsvl|Lo(e)-
Moreover, if 0 < o < R, |h| < R — o,
/ |v(x + heg)|P do < c(n,p)/ |v(x)|P de.
B, Br
Finally we recall the following useful lemma;
Lemma 2.14. ( [17]) For Ry < Ri, consider a bounded function f : [Ro, R1] —
[0, 00) with
A
(s =)

f(s) <Of(t) + + B  forallRy <s<t< Ry,

where A, B and « denote non-negative constants and ¥ € (0,1). Then we have

f(Ro) < c(a,9) <(R1—ARO)“ + B) .

3. A Priori Estimate

Theorem 3.1. Let Q be a regular Lipschitz domain. If the solution u of (1.2) is in
Wi’f(Q,R”), then there exists g > 0, depending only on n, such that, if Pk < €,
the following estimate holds

1 1
/ [D*f* dz < C/ ((1 + 2) |Dul? + =5 |F|> + |DF|* + Igl2> da,
BR B2R R R

for all Bogp CC Q) and for a constant ¢ depending on n, Zx and the BMO-norm of
A.

Proof. Tf u € W, () is the solution of (1.2), then for every & > 0 we have that
A(z)Du € L?>7¢(Q, R™*") since A belongs to L? for every 1 < p < oo. We decompose
as in (2.1)

ADu = DU + H, (3.1)

with DU € L?7¢(Q,R™*") and H € L?>7¢(Q2,R"*") divergence free vector field.
Since u solves problem (1.2), we get

divDV = AV = divF + g,
then, by the classical theory, D¥ € L?(Q, R™*™) and
|IDW[z2 < [[F||2 + ||gl| L2

Let us examine the other term of the Hodge decomposition: H in (3.1) is a com-
mutator with BM O-matrix of a gradient field in L?; using Lemma 2.7 we conclude
that H € L? and

1H|[L2 < cl|All«|| Dul |2,
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where ¢ = ¢(n). Finally from (3.1) we deduce that A(z)Du belongs to L?(Q, R"*™)
and we get

|A(@)Dul[r2 < c(n)(||All]|Dullr2 + [|[F||z2 + |l9]]L2)-
Now for a fixed ball Bog CC Q and radii R < s < t < 2R with R small
enough, consider a function £ € C§°(B;), 0 < £ <1, =1on By, |V < i and

set ¢ = £2mu for sufficiently small h. Since u is a weak solution of (1.1), we are
able to use ¢ = 7_,1 as test function in (1.3). Then

/Bt<A(:1:)Du,Dcp> dq::/Bt<F(x),Dgp> d$-|-/ (o), ) dz,

By
and by virtue of the properties of difference quotients

/B t<Th(A(x)Du)’ D)) di = /

By

WH@DWM—/@@me

By
It follows that

(1, (A(z)Du), Drju) da + 2 &(tn(A(x)Du), VE @ Thu) dx
By B

:/ (ThF,Dq/J>dac—/ (g, 7—n(E3mpu)) de.
By

By

(3.2)

We remark that
Th(A(z)Du) = A(x + he;) Dtpu + (1 A(z)) Du.
Then from (3.2) we get
£2<A(1’ + he;)D1pu, DThu) dx
By
= — | €¥{(mA(z))Du, Dryu) dz
By

—2 [ &(A(x + he;)D1hu, VE @ Thu) dx
By

-2 &((thA(x))Du, VE @ Thu) dx
By

+ /B (P D) do

—/ (g, T-n(&*hu)) da
By
=L+ L+ I3+ 1+ Is. (3.3)

Now let Ky € L*°(Q2). The use of Holder’s inequality in Lorentz spaces (Theo-
rem 2.10), together with Young’s inequality with a constant v € (0,1) that will be
chosen later, yields
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112 [ €I K@) Dl [Dral da
By

1
<z £2|Drul? do + / |h|?|K (z) — Ko|?|€Dul? dx
2 B 2v B;

+ [ €Iollu Il 1Dl Dy d
B,

h2
<X £2|Drpul? do + i

~ 2 o 1K (@) = Kollz o (5, 1EDull 2 23,

v

T3

h 2
2| Dryul* dx + R / || Kol| o | Dul? da.
B, 2v Jp,
Finally by Theorem 2.8

1| < y/ £2|Dryul? do +
By
wsz’ K(x) — Kol|? D(EDu)||?
+5, 52K (@) = Kollpnee [[DEDU)[La(p,) +
w 2 2 2
+5 || Kol |7 o [ Dul* da. (3.4)
1% B
Next we estimate Is.
<2 [ A+ hesmal [Drl [V do
B;—Bg
§/ §2]D7'hu\2dac+/ IVEP|A(z + hey)Thul® do
Bt—Bs Bt_Bs
1
g/ §2|D7h(u)|2da:+2/ |A(z + he;)rpul? dz.  (3.5)
B,—B. (t—s)? Jp,_B.
Now we estimate I3. Again by Holder’s and Young’s inequalities, we get
1I3] < 2/ €] |A(z + he;) — A(z)| | Dul [VE] |mhul dx
By
< [ 11+ o)~ A@PIDPdo+ [ VEPImal ds
Bt Bths
<2 [ HPIEPI ()~ KolIDu dz 2 [ W€ Kl [Duf ds
Bt Bt

+ / VPl do
B;—Bg

< 2[?|| K (2) = Kol|Zn. [[€Dul |72+ 2 + 2|h[*|| Ko7 /B &*|Dul* dx
t

1
+ / |Thul? de.
(t—5)*JB,—B.
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Applying Theorem 2.8, then

|I3] < 483, |h?|| K () — Kol[Ln. [I€ED%ul |72 +

202 Kol 3 / €| Dulf? d +
By

1 / 9
+—3 |Thul” dx +
(t—s)? Bt B, |
HIESE K@)~ Kollp [ IDuPde (30)
(t— ) B.—B,
Finally we estimate I4:
|14 = / (T F, D(&*1u)) d
By
v 2 2 1 2 2
< & Dmpul” dx + & F|* dx
2 B, 2v B,
Gl FPPdzs+ | |VEP mpul’ do
By By
1
Sz fQIDThu\de—i— —+1 §2|ThF]2d:v
2 B, 2v B,
1 2
+— Thul? dx, 3.7
g (37)
and I5:
|]-5| _ ' / 5 Thu da
By
1 1% T_h(§27'hu) 2
< —|h? 2dp + 2 | [TERSTRY g
< gt [ ey g [ \HETON o
1 v [ |7on(E)(=Tonu) + 27 (mhu) |
< 2 2 v
< gl [ lo@ar 5 [ 2 dr
1 w2
< gt [ o de v [ e 5 as
T_p(Thu) 2
—I—l// ¢ R e
By h
2y |2 2
= oolh |2/ 9(2)? dx+u|h|2/f s )’ = g
T_p(Thu) 2
+u/ Sl EAAN A /Y (3.8)
B
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Combining estimates (3.3)—(3.8), we get

2| Dryul? de < gy £2|Drul? d
By By

1
+ (5 + ) PSEl E) - Ko

2Loo/ |ED?u)? dx
By
+1/ |A(z + he;)mhul? do + o4 L |h|2|| Kol |? / £2|Dul? dx
(t=5) /g, “ 2 N s,
2 1
—|—2/ |Thul? da + <1+) £2|ThF|2dx+/ €| Drul? da
(t—s) B,—B, 2v) Jp, B,—B

1 1
+ |hf? (V +4> ||[K — K()H%nvocsin(t_s)Q/B B | Dul? da

2
i 2 2 2/ Tfh(gz)
t gt [ @ e s [
+1// ¢t
By

Next we divide by |h|? in (3.9) and, by Lemma 2.13, as h — 0, we get

dzx

=
h

T_h(’i'hu) 2 d:r

(3.9)

5 1
<1 — 1/) €2|D%u? dx < ( + 4> S2 |IK — Ko||2n. / &2|D?ul? dx
2 B, 14 ’ B:

1
+/ f2|D2u\2d:1:—|—2/ |A(z) Dul|* dx
B,—B, (t—s)* /g,

1 2
+ +2> HKOH%Q/ &2|Dul? dx +/ |Du|? dx
<2V L B, (t—15)% Jp,_B.
v 1
— Dul*d — +1 2IDF|%d
+(t_8)2/Bt u $+<2V+> Bt£| " de

1 1 1
—+4) S5 |K - K 2m/ Dul*d / 2 dx.
# (5 +4) Sl = Kl igs [ puPds+ g [ gt o

By

(3.10)
_s
Now we put v = yp := %, in order to maximize the function 14+—2f, and n =
_s _
521 14+2f° = fs;/@. Let g9 be a number such that 0 < egg < n. If
s TO N

D < €0, (3.11)

then we can choose Ky € L>°(2) such that (1 — %1/0 — (1/1—0 + 4) Sg’nHK—KOH%n,oo)

> (1 — guo — <% + 4> S§7n53> > (0. Then, by reabsorbing the first term of the right
hand side of (3.10) in the left hand side, since £ =1 on By and 0 < £ < 1, we get
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1
0/ |D2u\2dx§/ D22 do +2/ |A(z) Dul? dz
B. B,—B. (t—15)% Jp,
(L) ikl / \Dul?dz + (3 + u 1/ \Duf? da
2vg ML= g, 2°) (t—s)? Jp,

1 1
+{—+1 Ddex+/ z)|? dz,
(% ) [ippar o [ )

where C' =1 — 3y, — % + 4) 53 €6
Now we fill the hole, having

1 1 1
D?uf? dz < / D?uf? / A(z) Duf?

1 3 1

1 2) |Kol|? Dul*d v ) —— Dul?d
+(2VO+ )H ol /Bt| ul «’13+<3+2V0> (tS)Q/Btr uf? dr
Iy G / |DF|2dx+1/ l9(a)? e

2V0 Bt 2V0 Bt ’

(3.12)
Then by Lemma 2.14
1
[ ipruas (g [ QAIRIDGE + (PR ds
Br R Bar
1
+ 11+ > / Du|? dx
() [, P
+/ \DF|? da + / l9(2) 2 d:r),
Bor Bar
(3.13)
where ¢ = ¢(n, Pk ), and therefore we have the result. O

Remark 3.2. The bound in (3.11) could be not optimal. Anyway it is comparable
with analogous bounds in [14].

Remark 3.3. We explicitly observe that the dependence of the constant in (3.13) on
Pk occurs only through the norm of Ky in L°°.

4. Regularity

Given a symmetric matrix-valued function A(x) € BMO(Q,R™*™), Q Lipschitz
domain, we assume that
(A@@)Y,Y) > [|Y]]*

for every matrix Y € R™*™. We consider the following system with Dirichlet bound-
ary conditions :

{ div(ADu) =divF +g in Q 1)

u=20 on 01,
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where u : Q — R™ is a W% vector-valued function, F is a field in W12 (Q, R"*")
and g is a field in L?(Q, R™). Notice that we do not require that A belongs to L,
the system have to be understood in the weak sense

/ (A(z)Du(x), Dp(x)) de / (F(2), Dp(x)) dz + / (9(c), () do
Q Q Q
Vo € C° (9, R™).

Because A € BMO, we know that A € L? but A doesn’t need to be bounded:;
however we know, by Theorem 1.1 in [28], that the Dirichlet problem (4.1) admits
a unique solution u in WO1 2,

Now we are in position to prove Theorem 1.1.

Proof of Theorem 1.1. We first extend the matrix A to R™, putting zero outside of
Q2. Then we take p € C§°(R™) such that suppe C B1(0), 0 > 0, ¢ # 0 and oo, and

we consider the convolution Ay = A% ox, with oy = Nn?(évx) and defined by:

Av@) = [ Ao —v)dy, zen

‘We notice that

1. Ay € Co(@,R™") 1 Lo°(Q, R7*),
(ANY,Y) > [IY]]?,

|An(z + he;) — An(z)| < Kn(z)|h],
Fon(x) = (K » on)(x) € L7,

An converges to A in L2,

We find solutions uy € Wy (€2, R"™) of the Dirichlet problems :

div(Ay Duy) =divF +g in
uy =0 on 0f),

o Ut N

(4.2)

that converge weakly in I/VO1 2 and strongly in L2, to u (see [28]) and it is well known
that uy € W22(,R") (see [18]).
Let g9 > 0 be the number fixed in (3.11) and let us assume

D < €.
We notice that, from Lemma 2.9, we have
DKy < Di < €p.
More precisely, if Ky € L*°() is a function such that ||K — Ko||pn.~ < €9, we get
1Ky = Kollnee < 1K = Kollgn + (o) — Kol

Since Ky € LP(Q) for every p > n, thanks to Theorem 2.10 the second term in
the right hand side of the previous inequality goes to 0 as N — +o0o. Then we can
assume that

|| Kn — Kol|zn~ < €0

for N sufficiently large.
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Now, arguing as in Theorem 3.1, we get the following relation

1
D2un|?de < —— D?ux|?d
/BS| unfde < g [ DRl ds

1 1
A Dun|?
+C+1((t—8)2/3t| w(e) Dunl” do

1
+ <+2> \|K0|\%oo/ |Duy|? dx
By

21/0

3 1 1
3+ = — Duy|?d — +1 DF]?d
+< +2I/0> (t—S)z/Bt‘ uN] l’—|—<2y0+ )/Bt’ | X

1 2
+ — g(x)|* dx
2”0/875‘ (>| )7

where the constant C' is the same of (3.12).
Applying Lemma 2.14 we deduce

1
/ D2 da < eln, 71c) (15 / (IAIR | Dun? + |FI?) dx
Br Baor

1 2
+ <1—|—R2> /Bm\DuN| dx

[ ipRras [ jg@iPas)
Bor Bar

and

1 1
2 2 2 2 2 2
/BR |D*uy| dec/Bm <<1+R2) |Duy| —l—ﬁ]ﬂ + |DF|* + |g| ) dz,

with ¢ = ¢(n, 2k, ||Al|+). From the previous relation, we deduce that |Duy| is
a bounded sequence in W'2(Bg). Then, by compactness, up to a sequence not
relabeled, we deduce that |Duy| converges to |Du| in L?(Bg). Finally, by the
semicontinuity of the norm, we get

/ |D?ul? dxgliminf/ |D?uy|? da
BR N BR

< c(n, 71, || All-) /

1 1
L+ —5 | 1 Dul® + =5 |F|* + [DF|* + |g]* | da.
Bog R R

Now we prove a global version of Theorem 1.1.

Proposition 4.1. Let Q be a regqular domain with C? boundary. There exists 1 > 0,
depending on n and 2, such that, if

.@K = diSth,oe(K(x),Loo) <eé€q,
then v € W22(Q,R") and

/ D*uf de < c / (IDul? + |F? + |DF|? + |gf?) de,
Q Q

for a constant ¢, depending on n, Py, 2 and the BMO-norm of A.
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Proof. We cover € by a family of open sets Q', Q”, Uy, ..., Uy, Vi, ..., V,, such
that

1. ¥ cc Q' cc

2. Uy, V; are neighbourhoods centered in x; € 02, with [ =1,...,m;

3. Vicc Uy, withl=1,...,m;

4. U,V 2 0%

5. QCuLVug.
We consider the solutions uy of the problems (4.2). Covering Q' by a finite number
of balls, we have that

|D*un|? dz < c(n, P, 2, || Al / (1Dun|* + |F|* + D F|* + |g]*) da.
194 Q

Now we focus on the boundary regularity of the solutions. Fixed I € {1,...,m},
on every U; we can consider the diffeomorphism ®(z) = (®4(x),...,P,(x)) which
maps €, = U; N Q to an open set of R™ and defined by

O(x)=z;, i=1,...,n—1;

D, () =z, —P(z), witha' = (z1,...,2,-1),

where v, : R"™! — R is C? and whose graph coincides with 9 in U;. ®(z) =: y is
such that

U N C{yeR” 1y, >0}, U NIN) C{yeR":y, =0}

It can be seen that @ is invertible, both ¢ and &~ ! are C? functions. Let uy be such
that un(z) = (anyo®)(z), z € U;NCQ, and we check that 4y solves in ; = &(U;NQ)
the system

div Ay(z)Diy = divF +§ in €
iy =0 on {yn:O}ﬁ((?Ql,

where
Ay =[D® Ay - (D®)"| 0@, F=(F-D®)od ! gj=god "

These formulas can be derived starting from the weak formulation of the problem
and applying a change of variables in order to express the different integrals in terms
of the new coordinates.

For instance, for ¢ € C3°(§Y),

| tata) el de = [ (087 )00 87 () det(DR (1)) dy,
l 1

just letting x = ®~1(y), but then det(D®~!) =1 and we can set ¢ = 1o ® so that
equivalently n = ¢ o ®~! and

/Q (9(2), () de = / (§(v),n(y)) dy.

Q
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We have to prove that the conditions on A still hold true for A. About the uniform
ellipticity, we have that

(An()Y,Y) = (An(@7 ' (y)) D2(® () Y, DB( () Y)
> (D@ (y) Y, D®(® ' () Y)

> (Y%, e>0.

Hence, Ay satisfies the uniform ellipticity condition; moreover BMO and L™ are
preserved under C? transformations. Finally, we have

|An(y + he;) — An(y)| < Kn(y)|h], y €,

with @RN = @KN'
Therefore, if D'ty indicates any derivatives Dytiy with s # n, we have that
D'y € WE2(Q,R™) and

1
/ |DD'ﬂN|2dy§c/ <<1 2) |DuN|2+|F\2—I-|DF|2+g]2> dy,
Bt B+ R
R 2R

where B = {y = (y1,...,y2) € R" : ||y|| < R,yn, > 0} and Bf cC Q. In
order to have the estimate for the derivatives D2 iy, the equation readily implies
that D, (A”‘Dn 3) € LA(Sy) for i,j € {1,...,n}; by Lemma 2.13 the difference
quotients Ah(A”lD @) have uniformly bounded L? norm in Ql‘ », and the same is

true for A‘"A,D,, @ %~ The uniform ellipticity condition gives that D2, iy € L2()
and the analogous estimate for D2, iiy.

Taking the covering introduced above with U; = ®~(BJy) and V; = ®~1(B})
and coming back to the original variables, we get that

|D2un |2 do < c/ (IDun|? + |F? + |DF? + |gI°) da

Vi Vi

and summing
/ |D?uy|? de < c/ (|Dun|* + |F|? + |DF)? + |g|?) dz
Q Q

Arguing as in the proof of the Theorem 1.1, we get the desired result. (]
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