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Abstract

The main aim of the present research is to consider a monetary union’s economy
consisting of N countries, N fiscal authorities (one for each country) and a single
monetary authority. The fiscal authorities want to stabilise output and public debt
through the primary government balance, and they can exhibit heterogeneous prefer-
ences about the trade-off between output and debt stability. Unlike these, the mon-
etary authority has the aim of price and output stability. They play a non-cooperative
policy game, in which they independently and simultaneously choose monetary and
fiscal instruments to pursue their goals. In a dynamic setting, each authority must
choose its policy instrument prevailing in the next period without knowing—at the
end of each period—the choice of other authorities. By assuming static expecta-
tions, the present work shows the possibility of several dynamic outcomes. First,
there exists one Nash equilibrium representing the optimal level for the macro econ-
omy; this equilibrium is stable if the average weight that fiscal authorities assign
to output stability is not excessively high; therefore, this result holds even if some
authorities are less willing to promote debt stabilisation. Second, in addition to
this equilibrium, there exist other Nash equilibria representing steady-state values
for macroeconomic variables that differ from the targets adopted by the authorities;
these equilibria emerge and are stable if the authorities’ preference for output stabil-
ity is even greater and with a higher degree of heterogeneity compared to the previ-
ous case. Third, the parameters of the model matter to determine the stability prop-
erties of the equilibria, and the analysis shows the possibility of nonlinear dynamics.
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Fig. 1 GDP Euro Area (selected countries). Source: Eurostat

1 Introduction

The financial crisis and the COVID-19 pandemic destabilised the world economy,
leading to a significant contraction in economic activity. The Economic and Mon-
etary Union (EMU) also suffered from the negative impact of the sovereign debt cri-
sis; indeed, as Fig. 1 shows, GDP only returned to pre-financial crisis levels in 2014,
to fall again heavily in 2020 due to the health measures implemented to contrast the
COVID-19 pandemic.

During this period, despite adopting a strongly expansionary monetary policy,
the European Central Bank could not thoroughly cushion the adverse effects of the
financial and health shocks due to the limits imposed by the so-called liquidity trap,
namely, the zero lower bound; as a result, national governments had to adopt expan-
sionary fiscal policies. Figure 2 shows, however, that in the aftermath of the finan-
cial crisis, the level of the primary budget deficit is highly uneven across countries:
for instance, in 2009, burdened by the substantial weight of public debt, Italy limited
its recourse to expansionary fiscal policy; in contrast, Spain had a primary budget
deficit of over 9.0 per cent. Differently, in the aftermath of the COVID-19 pandemic,
the EMU countries moved homogeneously, recording budget deficits close to the
euro area average of just over 5.0 per cent.

Except for Germany, Fig. 3 reveals that the main implication of these processes
has been the rise in public debt, which is particularly relevant for countries such as
Greece and Italy, with the debt/GDP ratio above 190.0 and 150.0 per cent, respec-
tively, but also for France and Spain, where the ratio stood above 110.0 per cent in
2021. In the current context, these countries are called upon to undertake a process
of debt stabilisation, taking into account the existing restrictive stance of monetary
policy aimed at reducing the inflation rate; therefore, a question arises of optimal
management of the interaction between the fiscal policies adopted by the national
authorities and the monetary policy set by the ECB.
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Fig.2 Primary government balance, Euro Area (selected countries). Source: our elaborations on Eurostat
data
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Fig. 3 Public debt, Euro Area (selected countries). Source: Eurostat data

A strand of the literature has extensively used a reduced form of the New
Keynesian macroeconomic model (Woodford, 2003) to study the strategic interac-
tion between monetary and fiscal authorities within a monetary union (Bofinger &
Mayer, 2007; Bofinger et al., 2006; Chortareas & Mavrodimitrakis, 2021; Foresti,
2015). The analytical framework consists of a static policy game, where the agents
usually act independently and simultaneously; as a result, a Cournot—Nash equi-
librium emerges, which is stable in the sense that each authority achieves the best
possible result by minimising its objective function. The benchmark finding of this
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literature is defined by the concept of symbiosis, according to which if all authorities
consider the same economic variables of concern, namely, inflation and output, and
share the same target values, then the interaction between the individual monetary
authority and the various fiscal authorities results in a Nash equilibrium in which
each authority achieves the respective target values for the target variables, indepen-
dently from the institutional framework and the relative weights attributed to these
variables (Dixit & Lambertini, 2001, 2003a, 2003b; Kempf & Von Thadden, 2013).
When regional economies are homogeneous and fiscal authorities present identical
preferences, in the absence of exogenous shocks, whether symmetrical or asymmet-
rical, affecting the demand side or the supply side, the symbiosis result also holds if
fiscal authorities care about the level of public debt, such that they do not anymore
share the same target variables of the monetary authority. Thus, in this context, fis-
cal authorities can stabilise the debt level to its target value unless exogenous shocks
occur, or countries diverge on the initial debt level (Foresti, 2015, 2018; Mavrodimi-
trakis, 2022).

However, the literature has emphasised that the problem of debt stabilisation
needs to be studied in the context of a dynamic policy game (Chortareas & Mav-
rodimitrakis, 2021: p. 343, Footnote 2; Tabellini, 1986; Bacchiocchi et al., 2023); in
a static policy game, indeed, where the agents act simultaneously, it is not possible
to analyse the convergence process towards the Nash equilibrium. In a two-period
model describing the economy of a monetary union, Beetsma and Bovenberg (1999)
analyse the impact of an inflation bias on the accumulation of public debt; using
the same framework, Beetsma and Bovenberg (2005) focus on the labor-market dis-
tortions while Beetsma and Bovenberg (2006) on political shocks. In this respect,
Purificato and Sodini, (2023) show that in a multi-period dynamic setting, a simple
decision process driven by the best response mechanism does not guarantee conver-
gence to steady-state equilibrium if the relative weight given by the fiscal authority
to output stability is sufficiently high compared to the weight given to debt stability,
also with identical regional economies and fiscal authorities, and in the absence of
exogenous shocks. These arguments motivate the present work, which extends the
analysis by Purificato and Sodini, (2023) to the case of heterogeneous fiscal authori-
ties for the weight given to the debt stabilisation process.

The analytical framework of the model is as follows. Based on Mavrodimitra-
kis (2022), the dynamic model describes a monetary union’s economy, consisting
of N homogeneous regions: there are no asymmetries across individual economies.
A supply and demand model defines the economic structure for each region and the
whole monetary union. The single monetary authority sets the policy rate to pursue
the objective of macroeconomic stability, which implies both price and output sta-
bility; in contrast, national fiscal authorities aim at output stability and debt stability
through the determination of the primary government balance, and they may exhibit
heterogeneous preferences regarding the trade-off between output and debt stabil-
ity. The monetary authority and national fiscal authorities interact through a policy
game, where both authorities act independently and simultaneously; therefore, their
best reaction functions imply that the policy rate is a function of the average primary
government balance implemented by fiscal authorities while each primary govern-
ment balance is a function of the policy rate implemented by the monetary authority.
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However, in a dynamic setting, at the end of each period, since the authorities inde-
pendently and simultaneously set the level of their policy instruments for the next
period, they do not know the choice of other authorities for the subsequent period;
therefore, the critical assumption is that one of the static expectations, such that each
authority sets the level of its policy instrument for the next period considering the
current levels of policy tools set by other authorities.

As the first result of our analysis, we find that if all national fiscal authorities
are perfectly homogeneous, then there is only one steady-state Nash equilibrium,
where the equilibrium values of the variables are equal to the target level adopted
by the authorities, which is the optimal level for macroeconomic stability. However,
this target equilibrium becomes unstable whether the fiscal authorities’ preferences
overly favour output stability rather than debt stability. Specifically, as the weight
given to output stability increases, the dynamics first do not converge to the station-
ary state but are captured by a limit cycle showing persistent oscillations, and then
they become explosive. This result also holds if national fiscal authorities are hetero-
geneous concerning their preferences; nevertheless, the threshold that discriminates
between the different dynamics of the model depends on the average weight that
fiscal authorities attach to the output stability. In this context, despite several fiscal
authorities can have extreme preferences for output stability, the target equilibrium
defines a steady state that is still locally stable, with all economies and successfully
pursuing a debt stabilisation process. As the second result, given N the number of
regions belonging to the monetary union, the presence of heterogeneous preferences
of the fiscal authorities leads to the emergence of N — 1 Nash equilibria, in addition
to the one with the steady-state values coinciding with the optimal values adopted
by the authorities. In this case, though, the equilibrium values of the inflation rate,
the output gap and the debt level diverge from the one adopted by the authorities as
the target; therefore, each authority fails in pursuing its own macroeconomic goal.
These no-target equilibria are stable if the average weight assigned by the fiscal
authorities to output stability is greater than the threshold determining the stability
of the other steady-state equilibrium and if its variance is sufficiently high; simi-
larly to the previous case, as the weight attributed to output stability increases, the
dynamics of the model are first captured by a limit cycle, and then they become
explosive. As the third result, the parameters of the model matter to determine the
stability properties of the equilibria by noting also that if one equilibrium is stable
the other is unstable. Moreover, regarding both the target equilibrium and no-target
equilibria, if the preferences of the fiscal authorities are not too biased in favour of
the output gap stabilisation and are quite similar, then numerical simulations reveal
that the basins of attraction are large enough to include initial conditions associated
with all debt levels that have a minimum of economic significance. In this context,
there is always a sufficiently gradual convergence process for the debt level to pre-
vent explosive dynamics or excessive economic instability.

The rest of the article proceeds as follows. Section 2 presents the analytical
framework and the details concerning the structure of the economy and the authori-
ties” behaviour. Section 3 moves towards the dynamic analysis of the model to detect
the presence of steady-state equilibria and their stability conditions while Sect. 4
concludes the article.
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2 The Model

A strand of the literature has extensively used a reduced form of the New Keynesian
macroeconomic model to study the interaction between monetary and fiscal authori-
ties within a monetary union (Foresti, 2018). In a static policy game, the agents usu-
ally act independently and simultaneously; as a result, a Cournot—Nash equilibrium
emerges, which is stable in the sense that each authority achieves the best possible
result by minimizing its objective function. Nevertheless, since it is a simultaneous
game, it is not possible to analyse the convergence process towards the equilibrium;
moreover, the literature has emphasised that the problem of debt stabilisation needs
to be studied in the context of a dynamic policy game (Chortareas & Mavrodimitra-
kis 2021: p. 343, Footnote 2).

These arguments motivate our choice to present a dynamic version of the reduced
form of the New Keynesian macroeconomic model to analyse the issue of debt sta-
bilisation within a monetary union.

Section 2.1 describes the structure of the economy, while Sects. 2.2 and 2.3 pre-
sent the decision problem of the monetary authority and the fiscal authorities.

2.1 The Economic Block

The economic structure of the monetary union consists of N regions or countries;
referring to their size and the parameters describing the characteristics of their econ-
omies, these regions are assumed to be perfectly homogeneous. For the entire mon-
etary union and each region belonging to it, the model’s economic block describes
the economy’s supply and demand sides and the law of debt accumulation.

The supply equation for region k reads as follows:

mf =1t + . (1)
In (1), the variable ﬂf identifies the inflation rate for region k at time #, which posi-

tively depends on the inflation rate ei(pected by private agents (nf) and the output

. . Yk-y . . .
gap for region k at time ¢ (yf = £}, which defines the difference, measured in

percentage points of the potential oputput (Y%), between the actual output (Y*) and
the potential output (¥%); notice that the potential output is constant over time and
identifies the maximum level of production that economies can achieve. Finally, the
parameter y > O represents the sensitivity of the inflation rate with respect to the
output gap. Notice that the expected inflation rate by private agents is equal to the
target inflation rate set by the monetary authority (nf = nT); therefore, we assume
that inflation expectations are anchored and do not vary across regions, namely,
these expectations are common knowledge throughout the union. Thus, this means
that we are assuming that the monetary authority is credible.

Considering that the regions are identical in terms of economic size and the
expected inflation rate coincides with the target inflation rate (nf = ﬂ'T), the supply
equation for the whole monetary union becomes:
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N
T,V k
=x += .
m=r byl 2 @)

Equation (2) defines the inflation rate for the whole monetary union (75,) as a posi-
tive function of the average output gap, which is nothing more than the average of
the output gap obtained in each region (yf) Particularly, if the average output gap is
greater than zero, then the actual inflation rate is higher than the target inflation rate
(nt > 7rT); conversely, the actual inflation rate is lower than the target inflation rate

(n, < 7rT). In this context, even if the regions’ output gap differ from zero, a suffi-
cient condition for the actual inflation rate to coincide with the target adopted by the
monetary authority is that the actual outSut equals the potential output at the level of

the whole monetary union (Zivzl yi‘ =0)

Regarding the demand side of the economy, the demand equation for region k reads
as follows:

yf=a—5(i,—7rf) +a)gf. 3)

In Eq. (3), the variable i, identifies the nominal interest rate, which is equal to the
policy rate autonomously set by the monetary authority, while the parameter 6 > 0
represents the sensitivity of the aggregate demand with respect to the expected real
interest rate (i, - rcf) In this case, we follow Mavrodimitrakis (2022), rather than
Foresti (2015) that assumes that the aggregate demand depends on the actual inter-
est rate (i, - 7[,), since this assumption allows us to simplify the algebraic manipu-
lation without affecting analytical findings. The variable gf identifies the primary
government balance for region k and is expressed as a percentage of the potential
output: if gf > 0, then the regional government is adopting an expansionary fiscal
stance through a primary deficit; on the contrary, if g’; < 0, then there is a contrac-
tionary fiscal stance through a primary surplus. The parameter @ > O captures the
sensitivity of the aggregate demand with respect to the primary government budget,
so that this parameter represents the fiscal multiplier. Finally, the parameter a > 0,
expressed as a percentage of the potential output, captures the autonomous com-
ponents of the aggregate demand, not affected by the economic policy tools as the
policy rate and the primary government balance, which only depend on the behav-
iour of private agents.

By averaging the aggregate demands of all identical regions and remembering that
the expected inflation rate is equal to the target inflation rate (ﬂf = 7rT), the demand
equation for the monetary union becomes:

N
yt=a—6(i,—7rT)+]% > g )
k=1

In Eq. (4), the average output gap for the whole monetary union (y,) depends posi-
tively on the average primary government balance (gl = %(Zf: | gf)) and nega-
tively on the policy rate (i,). If the sum of the regional primary government balances
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is equal to zero <Z§:’=1 gf = 0), then the policy rate that determines an average out-

put gap for the monetary union equal to zero (yt = O) is given by the following
expression:

i,=—=+n". (3)

The expression in (5) identifies the natural interest rate (in), and Eq. (5) shows that
the higher the parameter 6, the lower the natural rate of interest (in); conversely, the

higher the parameter a, the higher the natural rate of interest (ln) Thus, we avoid
following the literature that assumes a = 0 to simplify exposition (Mavrodimitrakis,
2022), since this would mean assuming an artificially low value for the natural rate
of interest; moreover, as emphasised by Purificato and Sodini, (2023), the value of a
influences key features of the dynamic behaviour of the system.

The last element of the economic block of the model consists of the law of
debt accumulation. Recalling that this strand of literature assumes a medium-
term time perspective and a constant potential output over time, we follow Foresti
(2015; 2018) and Mavrodimitrakis (2022) in defining the law of debt accumula-
tion concerning the generic region k; it reads as follows:

diyy = (1+i)df +g,,. (6
The variable df , expressed as a percentage of the potential output, identifies the debt
level for region k at time ¢. Equation (6) assumes that the regional government issues
bonds at a fixed interest rate, which corresponds to the policy rate, and carries out a
complete rollover of the debt net of repayments at the end of any period. Under these
hypothesis, the debt level at the end of time 7 + 1is equal to the debt accumulated at
the end of time 7 (d*), plus the debt service (i,d*), plus the primary government bal-
ance accrued during the period 7 + 1(g¥, | ). Notice that the law of debt accumulation
also represents a budget constraint for the regional fiscal authority when it chooses
the primary government balance.

2.2 The Monetary Authority

The monetary authority aims to achieve the goal of macroeconomic stability, han-
dling the trade-off between price and output stability. Specifically, the monetary
policy determines the level of the policy rate to target specific long-run values
for the inflation rate (ITT) and the output gap (ylﬁ) at the level of the monetary
union; therefore, the information set of the monetary authority only considers
aggregate data, regardless of the economic situation of individual regions. To
keep the exposition and algebraic manipulation of the analytical model as simple
as possible, we take the standard assumption that the targets for both the average
inflation rate and the average output gap are equal to zero (nT = y{l = 0). Under
these assumption, the objective function of the monetary authority reads as fol-
lows (Bacchiocchi & Giombini, 2021):
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L= 5| (Ex[mn])* + B(En b)) ™

N —

In Eq. (7), the parameter § > O represents the relative weight of output stability with
respect to price stability. If the monetary authority only cares price stability (§ = 0),
then a regime of strict inflation targeting prevails; differently, if the authority consid-
ers both price and output stability (f§ > 0), then a regime of flexible inflation tar-
geting holds. The timing of the model implies that the monetary authority sets the
policy rate at the end of a generic period (¢ — 1, 7] for the next period (¢, 4 1]; there-
fore, the variables Ej, [zr, " 1] and £, [y, . 1] define the monetary authority’s expecta-
tion about the value of the average inflation rate and the average output gap at time
t+ 1, respectively. Notice that the actual value of these variables depends on the
average primary government balance determined by the decisions of the regional
fiscal authorities; nevertheless, all authorities act simultaneously and independently
of each other, so that the information set of the monetary authority does not include
the actual choice concerning the primary government balance. In this context, the
monetary’s authority expectation about the value of the average inflation rate and
the average output gap at time ¢ + 1 only depends on its expectation concerning the
average primary government balance determined by the decisions of the regional fis-
cal authorities E,, [g,H].

Considering the constraints represented by the supply and demand equation for the
whole monetary union (Egs. (2) and (4)), the monetary authority sets the policy rate to
minimise deviations of the average output gap and the average inflation rate from their
target values; therefore, the optimisation problem of the monetary authority becomes:

“min %[(EM [nm])z + ﬂ(EM [y,+1])2]

i1 gy

s.t.
Ey [ﬂ:t+1] = 75131 +7Ey [yt+1]
Ey[ym] =a-68(i,—my) + ]QV(ZQ]:l Ey [gfﬂ])

, ®)

where i,,,, defines the so-called lower bound faced by the monetary authority.
By substituting the constraints in the objective function and differentiating with
respect to the policy rate (it +1)’ we obtain the reaction function of the monetary

authority:
N
. .a, o
I =max{zlow,g+E<I;E[gf+l])}. )

Equation (9) shows that the policy rate is a positive function of the expected fiscal
stance at the union level (11\/ Ziv:l E [gfﬂ]) and the autonomous component of the

aggregate demand (a). Notice that the monetary policy and the expected fiscal pol-
icy for the whole monetary union are perfect substitutes: if regional fiscal authorities

are expected to implement an expansionary fiscal policy (Zﬁ(v:l E [gi‘H] > 0), then

the monetary authority will set the policy rate above the natural level <it b >0, = g)
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in order to offset the positive effects of fiscal stance on the aggregate demand and, in
turn, on the inflation rate; otherwise, if a contractionary fiscal policy is expected

(Z;V:] E [ng] < 0), then the monetary authority will set the policy rate below the

a
B
the aggregate demand and, in turn, on the inflation rate. Notice that the reaction
function of the monetary authority does not depend on either the sensitivity of the
inflation rate with respect to the output gap (y) or the weight attached to output sta-
bility compared to price stability (f). As we have assumed the absence of exogenous
supply-side shocks in order to focus the analysis on the role of preferences and the
behaviour of the fiscal authority. In this context, the so-called “divine coincidence”
holds (Blanchard & Gali, 2017), whereby the monetary authority can always stabi-
lise the inflation rate at its target level while simultaneously stabilising the output
gap at its target level; essentially, the trade-off between price stability and output
stability disappears.

natural level <i, b <i,= >, in order to offset the negative effects of fiscal stance on

2.3 The Fiscal Authority

By implementing its decision concerning the primary government balance, the fiscal
authority for region k has to handle the trade-off between debt and output stability.
It targets specific long-run values for the debt level (d}:") and the output gap (v );
precisely because of the time horizon that characterises the decisions taken by the
regional fiscal authority, it seems more appropriate to take the level of debt as a
fiscal policy’s goal rather than the primary government balance (Mavrodimitrakis,
2022). To simplify the exposition and algebraic manipulation, we hold the standard
assumption that both the target debt level and the target output gap are equal to zero
(dﬁ’T = yk’T = 0). Under these assumption, the objective function of the regional fis-

F
cal authority reads as follows:

1
L= 2| () + @ (B )’ (10)

In Eq. (10), the parameter a* > 0 represent the relative weight that the fiscal author-
ity for region k attaches to output stability with respect to debt stability: the higher
o, the greater the government’s preference to keep the level of economic activity
as close to the target as possible. Symmetrically to the case of the monetary author-
ity, the timing of the model implies that the regional fiscal authority sets the pri-
mary government balance at the end of a generic period (¢ — 1, ¢] for the next period
(t,t + 1]; therefore, the variable Ef; [yfﬂ] defines the fiscal authority’s expectation
about the output gap at time 7 + 1. Since its actual value depends on the policy rate
determined simultaneously and independently by the monetary authority, the infor-
mation set of the fiscal authorities does not include the actual choice concerning
the policy rate; as a consequence, the regional fiscal authority’s expectation about
the output gap at time ¢ + 1 only depends on its expectation concerning the policy
rate determined by the decisions of the monetary authority E]; [it +1]. Notice that the
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regional government issues bonds at a fixed interest rate, which corresponds to the
policy rate, and carries out a complete rollover of the debt net of repayments at the
end of any period. Under these hypothesis, Eq. (6) implies that the policy rate at
time ¢+ 1 does not affect the debt level at time 7+ 1, which only depends on the
policy rate of the previous period.

Considering the constraints represented by the demand equation and the law of
debt accumulation (Egs. (4) and (6)), the fiscal authority for region k sets the pri-
mary government balance to minimise deviations of the debt level and the output
gap from their target values; therefore, the optimisation problem of the regional fis-
cal authority becomes:

min 1[(d,)" + @ (EE )]

8128w
S.Il: k k[; koo (1n
E]f [yt+1] = a. N iEF [l]£+l] Twg,
dt+1 = (1 + lt)dt +gt+1
where g,,,, < 0 defines a lower bound for the primary government surplus since we
assume that the fiscal authority cannot implement an excessively restrictive fiscal
policy due to the possible opposition from voters.

By substituting the constraints in the objective function and differentiating with
respect to the primary government balance gfﬂ, we obtain the reaction function of
the fiscal authority for region k:

;Zak(l + i,)df}. (12)

wak

T+ otat OE L] = 4)

k
gt+1 = max {glaw’ - l+w

Equation (12) shows that the fiscal stance of a generic region responds to two sepa-
rate drivers. First, the expected monetary policy (E [i, +1]): if the regional fiscal
authority’s expectations about the policy rate imply that its expected value is lower

than the natural interest rate <E [it +1] <i,= g , then the fiscal stance tends to be
contractionary to offset the positive monetary stimulus in support of the aggregate
demand; differently, if the expected value of the policy rate is higher than the natural
interest rate (E [i, +1] > i, = §>, then the fiscal stance tends to be expansionary to
offset the negative monetary stimulus. Second, regarding the accumulated debt level
(df), if the regional fiscal authority needs to implement a debt reduction process
(di< > O), then it tends to adopt a contractionary fiscal stance by achieving primary
government surplus. Notice that the parameter a* defines how much each of the two
drivers weighs in the choices of the fiscal authority; in fact, if ak =0, only the accu-

mulated debt affects the fiscal stance, while if af — oo, only the objective of output
stability influences the fiscal stance.
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2.4 The Dynamic Model

In order to analyse the dynamic behaviour of the system, it is necessary to com-
plete the model with mechanism underlying the formulation of expectations by
the monetary and fiscal authorities. In this respect, the key assumption is that
agents adopt a static process of expectation formation; namely, the monetary
authority’s expectation concerning the average primary government budget at
time ¢+ 1 is equal to the average government budget at time ¢

(i.e. 1%/(22;1 E[gk ]) = 1%/(22’:1 gf)>, while the regional fiscal authority’s

t+1
expectation concerning the policy rate at at time ¢ + 1 is equal to the policy at
time 7 (E[i,,,| = i,)-
Under this assumption, the dynamics determining the time evolution of the
economy are given by the following system:

(5i, —a)wak—(l+i,)d:‘

k = —
841 = Max {glow’ Iralat ) k=1.N
ko _ gk, (Bi—a)edt—(1+i)d _
dz+1 =+ lr)dz + TM’ k=1.N , (13)
- , o3
fp) = Max < iy, g + 51—1\/]

comprised by 2N + 1 equations.

In what follows, in order to characterise some properties of the economic
model, we will often refer to the following dynamic system, in which the best
response (Puu, 1991) of the authorities do not involve the bounds introduced on
and 8low

Liow

v _ (8i—a)od—(1+i)d*

gl‘+l - L +olak ( ,)kf lN )
Ko ok, (i—d)odt—(4ipdt
dr+1 —(1+l,)gl;‘T, k=1.N. (14)
b wZ: 1
i1 =5 oy

3 Dynamic Analysis

As the first step, in Sect. 3.1, we analyse the dynamic system defined in Eq. (14),
representing the benchmark case. As the second step, in Sect. 3.2, we modify
the model to represent the institutional framework of the EMU by introducing
the 3% limit set by the Stability and Growth Pact (SGP) to the ratio of budget
deficit to potential output. Thus, the benchmark model describes an economic
context where this constraint is essentially ineffective, taking into account that
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the member states of the EMU have repeatedly violated the constraint defined by
the SGP over time, both with the consent of the European Commission, in the
case of severe recessions such as the one caused by the COVID-19 pandemic,
and without the consent of the Commission.

3.1 The Benchmark Case

It is easy to show that there is no fixed point involving the lower bounds i, or g,
because of the optimisation process; therefore, we directly focus on (14). Regarding the
map (14), we obtain that the basic equilibrium d* = g¥ = 0 Vk and i = < always exists
and represents the steady-state equilibrium targeted by all authorities (henceforth target
equilibrium). The target equilibrium implies that the policy rate converges the Wick-
sellian natural interest rate, namely, the interest rate that is consistent with a stable price
level (Blanchard, 2017); moreover, all macroeconomic variables equal their target and
optimal values: the inflation rate is equal to zero, as the output gap and the debt level.

For the analysis of the existence of other equilibria, from the first and third blocks
in (14), it is possible to obtain the stationary-state expressions of g* and i as func-
tions of d* (with d* # & /w Vk):

A ¢ awa + d

&= akw(wdk + 6)’
n (15)

-

i=

Substituting out the previous expressions in the second block of the system in
(14),we get the following equations in the variables d*:
k4 gk N diawd +d
o _god +d a0 gpdavdt+d) (16)
aro(wd* +6) 6 N6 = wd(wd + 5)
By removing the N-th equation of (16) from the other N — 1 equations of (16) we
obtain that each stationary debt level for the remaining N — 1 countries can be
expressed as a function of the debt of the N-th country:

- akd"(aw*a" — &)

, k=1..N.
wd(ak — a™) + (aw?a* — 8)a” an

Therefore, the steady-state level of the debt of country N is the solution of a polyno-
mial of degree N — 1 with N — 1 possible roots. Once these values are determined,
the other steady-state values follow from the Egs. (17) and (15).

Specifying the model for N = 2, we obtain that, other than the target equilibrium,
another stationary equilibrium of the system exists if and only if @; # a, and in this
case explicit expressions are available, which read as:
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r (aw*a' + aw*a? — 26) _

k 1+k
= (=1)¥k Lk=1.2,
§ =D (a2 + al)(a? — al)w?

2z
(a2 +a')’
k
d=-% k=12
l

Going back to the general case, to study the stability properties of the stationary
points, we consider the Jacobian matrix associated with the dynamic system (14),
that is

Onsv Mysy Py
J= a())NxN Onxn Ryxi | (18)
AﬁllxN leN 0

where

1+, 0 0 éwal—drl .
1+a'w? 1+a'w? dt

1+ Swak—d*
M = 0 - L 0 P= t |,D=\|d

1+akew? ’ I+ake? |

0 0 4 swal¥ —dY d!
1+aNw? !

1+aN w?

Q=(+i)lyy+M R=D+P.

evaluated at the steady states of the model.

Because of the size of (18) (> 5), the calculation of the eigenvalues becomes
quite cumbersome meanwhile the Schur criterion, based on the coefficients of the
characteristic polynomial (Fadali & Fisioli, 2013), represents a useful analytical and
numerical tool for analysing the local stability of stationary equilibria.

In particular for the case N = 2, it is possible to identify the following neces-
sary, but no sufficient, condition that has to hold for the stability of the targeted
equilibrium:

.l > M w2, (19)

iy 2
Thus, given the fiscal authorities’ preferences, an increase in the natural interest rate
or the fiscal multiplier determines a decrease in the size of the stability region of the
Nash equilibrium where each authority achieves his target values in the steady state.
Remember that the natural interest rate determines the speed of debt accumulation,
while the fiscal multiplier represents the sensitivity of aggregate demand to a change
in the primary government balance. The economic intuition behind inequality (19)
is as follows. When the value of the parameter w is higher, the objective cost for
the fiscal authority to stabilise the debt level increases in terms of output gap; at
the same time, nevertheless, the need to resort to debt to offset the negative impact
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of a restrictive monetary policy decreases. Consequently, if the subjective cost of
stabilising debt, defined by the preferences of the fiscal authority (@), is sufficiently
high, then the former effect is greater than the latter, leading to increasing instability
in the economic system. Concerning iy, it aggravates the average debt burden asso-
ciated with interest payments, increasing the objective cost of stabilising the debt
level.

By analysing the Schur conditions for a; # a,, when the two stationary equilibria
exist it can be deduced that the two equilibria cannot be simultaneously stable (but

can still be simultaneously unstable). This is because the quantity li - (‘112l2) - @?
N

must assume an opposite value. Following Blanchard et al. (2018), we can define a
range of economically feasible values for the sensitivity of the aggregate demand
with respect to the primary government budget (w) and the sensitivity of the aggre-
gate demand with respect to the expected real interest rate (6); precisely, the param-
eter w must lie between 0.2 and 2.0, while the parameter 6 must be between 0.6 and
1.4. Regarding the natural interest rate (iN), Barsky et al. (2014) and Brand et al.
(2018) detect that its value has fluctuated considerably over time for both the US and
euro area economies. To account for these fluctuations, we assume that iy can vary
between —3% and 8%. As a result, assuming values for the benchmark case w = 1.4
and 6 = 0.8, iy = 3%, the parameter a must necessarily be set to 0.024. Based on
these values, Fig. 4a characterises the stability properties of the two stationary equi-
libria in the plane (@, a,) as expressed by Schur conditions.

The red and dark grey regions identify the space of parameters (a;,a,) for
which the target equilibrium and the no-target equilibrium are locally asymptoti-
cally stable, respectively; these two regions are largely separated by the straight

(atm) | @’ = 0. The yellow region identifies the parameter space (a;, a,)

.
line — —
Iy

(a)

(),

50
45

40

10 20 30 40 50
(251

Fig.4 Parameter values: 6 = 0.8, w = 1.4, iy = 3%, a = 0.024 with i,,, = —0.01 and g,,,, = 0.2. Panel
(a) illustrates the stability/instability regions in the (@, @) plane of the stationary equilibria by means of
the Schur conditions. Panel (b) numerically illustrates the dynamic properties of the map in the («;, a,)
plane
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for which no attracting equilibria exist. It can be deduced from the figure that het-
erogeneity of preferences with respect to the stability of the output gap does not
necessarily imply instability of the economic system, which may converge to one
of two steady states. The blue line highlights the emergence of oscillatory dynam-
ics due to the Neimark—Sacker bifurcation when transitioning from the red or
dark grey regions to the yellow region, while keeping one of the « fixed and vary-
ing the other. More precisely, it identifies the union of two Neimark—Sacker bifur-
cation curves (touching at points A and B in the figure) determined by the stabil-
ity/instability conditions of the model’s stationary equilibria. To investigate what
happens also in the instability (yellow) region of stationary equilibria, Fig. 4b
considers what occurs from initial conditions close to stationary equilibria. In
particular, the tiny blue and white regions highlight the parameter space for which
the dynamics are cyclical. In this case the trajectories are captured by a limit
cycle born via Neimark—Sacker bifurcation around the target equilibrium and
non-target equilibrium, respectively. Moving into the black and orange regions,
the lower bound on the policy rate becomes binding and the trajectories involve
this bound (after the border collision bifurcation). The light grey region identifies
the parameter space for which the trajectories diverge. Namely, debt dynamics
become explosive and regional economies fail to stabilise debt levels so that these
economies risk to exit from the monetary union.

The results are further illustrated in the following set of figures. In Fig. Sa—e
in which a, = 20, we let @, vary in the interval (13, 20). Through bifurcation dia-
grams of the variables of the model, we observe the onset of cyclic dynamics
around the target equilibrium at around a; = 16 that involve the bound for i from
a, = 16.65 onwards. The last figure (Fig. 5f) shows the dynamics of the variable i,
when a; = 20 highlighting the role played by i,

13 14 15 oy V7 18 19 20 13 14 15 ®aq 17 18 19 20

it

00
13 14 15 16 y 17 18 19 20 1515 1.52 1.525 153 1.535 154 1545
t 10¢

Fig.5 Panel (a—e): bifurcation diagrams with respect to a;. Panel (f): time series of i, after the border
collision bifurcation
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(a)

45 15 Q155 16 165 17 145 15 Q155 16 16.5 17

© B (1)

it

1.53 1535 154 1545
x10%

14 145 15 155 16 165 17 s 152 1525

Fig. 6 Panel (a—e): bifurcation diagrams with respect to a;; Panel (f): time series of i, after the border
collision bifurcation

005 005
0 0
-0.05 005
01 0.1
13 14 15 13 14 15 6o, 17 18 19 20
005
001
004 0.005
003 0
002 0.005
-0.01
001
14 15 16 a] 17 18 19 20 14 15 16 01 17 18 19 20
001 001 , /\
0005 0.005
0 0
0,005 0.005
-0.01 001
14 15 6o, 17 18 19 20 1515 1.52 1525 1, 1535 154 1545

Fig.7 Panel (a—e): bifurcation diagrams with respect to a;; Panel (f): time series of g, after the border
collision bifurcation. The figure is plotted for g;,, = —0.01

In Fig. 6 we consider a, = 43 and we let a; vary in the interval (14, 17). After
the Neimark—Sacker bifurcation we observe the onset of cyclic dynamics around
the non-target equilibrium (from a; ~ 15.14 approx.), involving also i,,, from
a; ~ 15.43. In the numerical examples depicted in Figs. 5 and 6 the lower bound
of g in not involved. The set of figures in Fig. 7 shows the evolution of the dynam-
ics of the model with a higher value of g,,,, becoming binding from a; ~ 16.528.
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Fig. 8 Basin of attraction of the
target-equilibrium (red) and the -
set of initial conditions such that ’
trajectories diverge (yellow). 16
Parameter values: a; = 13.1148, ’
a, =0.7142,6 = 1.3472, 14
w = 1.7284 a = 0.0602,
8w = —0.2,4y,, = =0.01 1.2
1
0.8
0.6
0.4
0.2
0
-0.2
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ay

(d)
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Fig.9 Panel (a—f): Stability/instability regions in the (a,, a,) plane of the stationary equilibria

Although the analysis of basins of attraction for a dynamic system of dimension
equal to 5 is somewhat difficult, from an extensive Monte Carlo study, it turns out
that in the range of parameters introduced above, given a set of parameters such that
one of the equilibria is stable, if the & parameters differ from each other by less than
70% then the (unique) locally asymptotically stable equilibrium of the system cap-
tures all economically relevant initial conditions (setting i, = a/é and g(l) = g(z) =0,
i.e., assuming that initially the policy authorities set the control variables at the tar-
get equilibrium level). If the parameters a are further apart, it is possible that some
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initial levels of D do not guarantee convergence to the system’s equilibrium, even if
they are locally attractive (see Fig. 8).

Compared to the case studied above, we now go on to analyse how variations in
the model parameters change the stability/instability regions of the equilibria.

Parameter a plays a destabilising role with respect to the equilibria of the system.
This means that as a increases, the parameter space (a,, a,) for which the equilib-
ria are stable decreases. This behaviour can be seen by looking at Figs. 9a and b,
which are respectively drawn for a = —0.024 (where the target equilibrium is stable
for every value of (a;,a,)) and a = 0.064. Unlike this, o plays a stabilising role,
as shown by Figs. 9c and d, which are respectively drawn for = 0.2 and @ = 2.
Finally 6, like the parameter w, plays a stabilising role, as shown in Figs. 9¢ and
f, drawn for 6 = 0.6 and 6 = 1.4, respectively. The economic intuition behind the
results detailed above is as follows. The higher a, the higher the natural rate of inter-
est; therefore, the debt growth rate increases due to the higher the debt burden and
this contributes to destabilising the equilibrium of the system. The stabilising role of
w is due to a lower primary deficit is sufficient to stabilise output and this, in turn,
requires a lower debt burden. Like w, parameter 6 is stabilising because the greater 6
is, the less interest rate change is required to stabilise the inflation rate.

The economic intuition behind the results detailed above is as follows. The
higher a, the higher the natural rate of interest must be; therefore, the debt growth
rate increases due to the higher the debt burden and this contributes to destabilise
the equilibrium of the system. The role of w is stabilising because a lower primary
deficit is sufficient to stabilise output and this, in turn, requires a lower debt burden.
Like o, parameter ¢ is stabilising because the greater ¢ is, the less is interest rate
change required to stabilise the inflation rate.

3.2 The Institutional Framework of the EMU

The institutional framework of the EMU is characterised by the 3% limit set by the
SGP to the ratio of budget deficit to potential output; therefore, this constraint con-
cerns the sum of the debt burden, given by the product of the interest rate times the
debt level, and the primary budget balance (g* + i,d* < 0.03).

In this context, we note that the constraint g* + i,d* = 0.03 in each country k can
be binding either in a transient phase towards the target equilibrium (clearly in the
target equilibrium where g* and d* are zero such a constraint cannot be binding) or
it can make non-target equilibria unfeasible or, as shown in Fig. 10, it can partially
modify the system’s dynamics in the presence of cycles. Comparing Figs. 4b and
10, which are plotted with the same parametric set, the role of the SGP is ambigu-
ous as there are non-divergent trajectories in Fig. 4b and divergent trajectories in
Fig. 10 and vice versa. On one hand, the analysis shows that this constraint is not
able to stabilise the business cycle. On the other hand, it plays an ambiguous role
in reducing divergence within the union because of the nonlinear interactions of the
model. Indeed, the SGP restricts too high increases in the primary balance (govern-
ment expenditure) and also reduces the possibility of intervening through govern-
ment expenditure on income to reach the target.
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Fig. 10 The figure numeri-
cally illustrates the dynamic
properties of the map in the
(a;, ay) plane. Parameter values:
6=08,w=14,iy=3%,

a = 0.024 with i;,,, = —0.01 and
8iow = 0.2

4 Conclusions

This article tackled a dynamic view of a monetary union’s economy consisting of N
countries and N fiscal authorities (one for each country), which have the aim to sta-
bilise output and debt over time, and a single monetary authority aiming to stabilise
output and inflation. The fiscal authorities may exhibit heterogeneous preferences
about the trade-off between output and debt stability. All authorities are independ-
ent of each other and choose simultaneously the policy tools to reach the target. The
model is set up as a dynamic non-cooperative policy game in which, at the end of
each period, the authorities do not know the choice of other authorities for the next
period when choosing optimally the policy instruments prevailing in the next period.

The article belongs to a burgeoning literature about debt stabilisation and fol-
lows, more specifically, Foresti (2015) and Mavrodimitrakis (2022). It is generally
motivated by the increasing pressure on public interventions followed by the Global
Financial Crisis (2007-2008) and the recent COVID-19 pandemic, both events lead-
ing to a significant contraction of economic activity at the aggregate level. This con-
traction, indeed, called for the attention of fiscal and monetary authorities all over
the world to sustain the macroeconomy. The theoretical modelling setting analysed
in the present paper is closer to describing a monetary union economy, in which
there exists one and only one monetary authority and N fiscal authorities (one
authority for each member country) that must non-cooperatively and simultaneously
try to get the target of output, inflation and debt stability over time through their
own best reply (reaction) function. The dynamic game is studied by assuming static
expectations so that each authority sets the level of its policy instrument for the next
period considering the current level of other policy tools.

The analysis focuses on the role of fiscal authorities’ preferences about the trade-
off between output and debt stability, pinpointing several outcomes. First, if all
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national fiscal authorities are perfectly homogeneous, then there is only one steady-
state Nash equilibrium, where the equilibrium values of the variables are equal to
the optimal level for macroeconomic stability. However, this target equilibrium
becomes unstable whether the fiscal authorities’ preferences overly favour output
stability rather than debt stability: as the weight given to output stability increases,
the dynamics first are captured by a limit cycle showing persistent oscillations, and
then they become explosive. Most interesting, this result also holds if national fis-
cal authorities are heterogeneous concerning their preferences, with the threshold
that discriminates between the different dynamics of the model that depends on the
average weight attributed by fiscal authorities to the output stability. In this context,
despite several authorities being less willing to promote debt stabilisation, the target
equilibrium identifies a steady state that is still stable, with all economies continu-
ously and successfully pursuing a debt stabilisation process. Second, in addition to
the target equilibrium, the presence of heterogeneous preferences leads to the emer-
gence of several Nash equilibria; in this case, though, the equilibrium values of the
inflation rate, the output gap and the debt level diverge from the one adopted by the
authorities as the target, such that each authority fails in pursuing its own macro-
economic goal. These no-target equilibria are stable if the average weight assigned
by the fiscal authorities to output stability is greater than the threshold determining
the stability of the other target equilibrium and if its variance is sufficiently high;
similarly to the previous case, as the weight attributed to output stability increases,
the dynamics of the model are first captured by a limit cycle, and then they become
explosive. Finally, all steady-state equilibria are alternatives to each other since a
specific combination of fiscal authorities’ preferences is only compatible with one
steady-state equilibrium; moreover, for reasonable values of macroeconomic varia-
bles, initial conditions do not matter to determine the convergence towards the equi-
librium. Thus, the article can give several macroeconomic policy recipes depending
on the extent of the preferences of the authorities.
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