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Overview

The theory of elastic materials with voids is a
generalization of the classical theory of elasticity.
The basic premise underlying this theory is that the
volume fraction corresponding to the void volume
may be taken as an independent kinematical
variable, The bulk density is written as the product
of two fields: the matrix material field and the
volume fraction field. This representation intro-
duces an additional degree of kinematic freedom.

An early attempt to describe the change in
void volume, induced by the deformation of
a porous bedy, by means of an independent kine-
matical variable was made by Goodman and
Cowin [1]. They introduced the notion of volume
distribution function as the basis of a theory of
granular materials with interstitial voids which,
in contrast fo the previous conventional treat-
ments of the topic, was formulated from the

formal arguments of continuum mechanics. An
account of the historical development of the
porous media theories as well as reference to
various contributions may be found in the mono-
graphs by De Boer [2] and Rajagopal and Tao [3].

The nonlinear theory of elastic material with
voids was introduced by Nunziato and Cowin [4].
They subsequently established a linear theory of
elastic material with voids [5]. Extensions of the
theory to thermoelastic materials were formu-
lated by Iesan [6] and by De Cicco and Diaco
[7]. The viscoelastic behavior of materials with
voids has been discussed in [8] and [9]. In recent
years, the mechanics of porous media has been
a subject of intensive study, and many works
have been devoted to the applications of the theory
{see, e.g., [10]). These studies seem to be an ade-
quate mathematical tool to describe the behavior
of porous materials like rock and soils, biological
tissue, and manufactured porous materials.

Some problems in the theory of viscoelastic
anisotropic materials can be studied only under
the condition that the relaxation functions are
symmetric. In the classical theory of linear visco-
elasticity, Day {il] first drew attention to
a necessary and sufficient condition for the sym-
metry of the relaxation function. If G{f) is
a relaxation function, he proved that G(z) is sym-
metric for every 1 in 0 < t < oo if and only if the
work done on every closed path starting from the
virgin state is invariant under time reversal.
Time-reversal symmetry was discussed by Gurtin
[12] in the context of thermodynamics of mate-
rials with memory. In [13], De Cicco and Nappa
presented a theory of thermoviscoelastic mate-
rials with voids in which the heat flux is indepen-
dent on the present temperature gradient, but
depends upon the past history of this gradient.
In the framework of this theory, they derived an
extension of Gurtin’s results.

The propagation of mechanical disturbances
in solids is of interest in many branches of the
physical sciences and engineering. A propagating
singular surface is roughly speaking a surface
moving with time, across which some kinematic
quantity suffers a jump discontinuity. The basic
methods for the analysis of propagating surface
of discontinuity in continuum mechanics were
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established toward the end of the nineteenth cen-
tury. The definition of singular surface of order
n > 0 is due to Duhem [14] and Hadamard [15].
For elastic media, a brief exposition can be found
in the book by Love [16]. In more recent years,
the theory was discussed in detail by Thomas [17]
and was extended in the context of linear
thermoelasticity by Chadwick and Powdrill
[18]. The propagation of singular surfaces in vis-
coelastic medium has been the subject of various
papers (see, e.g., [19-21]}. In the isothermal case,
the wave propagation in materials with voids has
been extensively studied (see, e.g., [22-24]).
Following the results established in [13], we study
the propagation conditions and growth eguations
which govern the propagation of singular surfaces
of order 1 in the case of linear homogeneous
isotropic thermoviscoelastic materials with voids,

Preliminaries

We consider a body which at time % occupies the
region B of Euclidean three-dimensional space and
is bounded by the piecewise smooth surface 5.
The configuration of the body at time /° is taken as
reference configuration. The motion of the body is
referred to the reference configuration and a fixed
system of rectangular Cartesian axes. We use vec-
tor and Cartesian tensor notation with Latin indices
having the value 1,2, 3. Greek indices are confined
to the range (1, 2). Letiers in boldface stand for
tensors of an order p > 1, and if v has the order p,
we write vj;_ (p subscripts) for the components of
vy in the underlying rectangular Cartesian coordi-
nate system. In all that follows, subscripts pre-
ceded by a comma denote partial differentiation
with respect to corresponding material coordinate.
Also, we use a superposed dot to denote differen-
tiation with respect to ¢ holding the material
coordinates fixed. The position of a typical particle
of the body at time ¢ is x. The motion of continuum
is described by the mappings

X; mx,-(Xj,t), (Xj,f) eBxl/ (].)
where [ is a time interval. The above functions are
assumed to be sufficiently smooth for the ensuing

analysis to be valid. The concept of a distributed
body asserts that the mass density at time f has the
decomposition

p =y (2)
where y is the density of the matrix material and v is
the volume fraction field. The relation (2) also holds
for the reference configuration, pg=vey, where
o is the density at time £ and vy is the volume
fraction field for the reference configuration.

We introduce the displacement vector fleld u
defined by 1; = x; — X;; the temperature change
? by ¥ =T — Tp, where T is the absolute tem-
perature and T the absolute temperature in the
reference configuration; and the volume fraction
change ¢ by ¢ = v — vo. The infinitesimal strain
tensor is given by

(i + ) (3)

[NV

ey =

In the following, ¢ denotes the stress: tensor, b
the body force per unit mass, k the equilibrated
stress, g the intrinsic equilibrated body force per
unit mass, / the extrinsic equilibrated body force
per unit mass, and x the equilibrated inertia.

We consider an arbitrary open region o in the
continuum, bounded by a surface Jw. In the
framework of the linear theory, the materials
with voids behaves according to the global bal-
ance law of linear momentum

d

— | pevidv = / pobidv + / tingda  (4)
dat Jo @ dw

and the law of balance of equilibrated force

d
& [ puciar = | oot + )i

dt
- / hinda
Hw

Here n is the outward unit normal to dw and
v; = tt;. The law of balance energy is given by

)
;— / poetdy = / posav + / gimida  {6)
I Jw @ dw

(5)
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where ¢* = Tyn, 1 is the entropy per unit mass, §
is the external heat supply per unit mass per unit
time, and ¢ is the heat flux vector.

In what follows, we consider materials that are
centrosymmetric. In this case, the constitutive
equations consist of (see [13])

W= [

Byt — 5)p(s) — by(t — s)9(s)lds

WO = [ =92, 0)-

Walo = 90, o)
== [ Beou0
Mt — 5)os) — m(t - 5)H(s)lds

P =T [ loyle—s)és 60+

m(t — $)p(s) -+ alt — syO(s))ds

)= [ -9, 00

¢}

Kyj{t — )9, j(s))ds

[Gi."mn (t - 5) émn (S)YL

where G, B, b, A, N, M, m, K, and o are the
constitutive moduli of the material. We assume
that the infinitesimal entropy production is invari-
ant under time reversal. Then, the following rela-
tions hold for every s > 0 [13]:

Gr‘jmrz (S) = Gjinm (S) = Gmraij(s)
big(s) = bi(s) Ay(s) = Ap(s)  (8)
Kij(s) = Ki(s)

In what follows, we consider the initial history
conditions:

u(X,t)=0

p(X,1) =0
(X, 0) =0 ) ©)

(X,1) € B x (—c0,0

In the relations (7), the functions #;, A, g,
and ¢* are independent of the history of the
temperature gradient if and only if the heat flux is
independent of the histories of ey, @, ¢ ;, and ¥.
Coleman and Gurtin [25] have shown that, under
the assumption of fading memory, the equilibrizm
heat flux vanishes when the temperature gradient

vanishes. In what follows, we consider constitutive
equations which are consistent with this result and
restrict our attention to homogeneous and isotropic
materials, Thus, we have

G,'j,-s(X, l‘) = )»(f)é,’_f(sm + ,[L(f) (5,‘,-5}"; + 5,'55_,',-)
Bff(X: f) - b(r)éija bij(X= t) - ﬁ(f)‘sif
AU(X, I) = C’.(I)é,‘j, KU(X, f) = k(f)a,'j

(X,£) € B x {~00,00)
(10)
where d;; is the Kronecker delta. We assume that
the relaxation functions A, g, B, b, o, and k are of

class C? on (—o00,00}. With the help of (9), the
constitutive equations become

17X, 1) = G (0)ema (X, 1) + By (0)p(X, 1)

B 09X, )+ fﬁ (G (1 — S)emn (X, 5)

+ By (1 — s)p(X,5) — by (1 — 5)0(X, 5) }ds

h(X,0) = 45(0)p (X, 1) + /0 Ay (=)o (X, $)ds
8(X, 1) = —By(0)ey(X, 1) - M(0)p(X, 1)

+ m(O)5(X, ) + fa (e — $)9(%, )

— E’,}- {r—s)ez(X,s) fM{t — 8)plX,s)}ds
P(}e*(Xw f) = POTOT?(X: F) = TO{bij(O)eij(Xs ‘f)
£ m{0)p (X, 1) + a(0)9(X, 1)

—i—/ 15 (1 — $)eg(X,5) + it — s)p(X, )
0
+a(r—s)¥(X, 5)]ds}
41X, 1) = fo Kyt — )9, (X, 5)ds
(11)

where the constitutive moduli have the form (10),
and we have used the notation Gy(0) =
Gis(X,0), etc.

We assume that

A0)+20(0) >0 p(0)>0  «0)>0

kO}y>0  a(0)>0  A0)+2i(0)<0

1(0)<0 a(0)<0 :
(12)
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The restrictions concerning A, p, ;1, I, a, and
k have been extensively studied in the classical
thermoviscoelasticity [19-21] and {26]. Let us
show that the restrictions on o« and ¢ are
compatible with the second law of thermodynam-
ics. In the linear theory, the second law of
thermodynamics may be written in the form

¢
. . ) o1
/0 (Pnﬂﬁ + e+ by P;—8p+ f() q‘fg,f)d’c >0
(13)

for every + > 0. We restrict our attention only to
porosity effect. In this case, the relation (13)
reduces to the following dissipation inequality:

UX,t) >0, (X,5)eBx[0,00) {14)

where the function U is defined by

UX,6) = /Dt [h:(X, ) @, (X, 7)
— g(X,O)p(X, )ldr  (X,1) € B x [0,00)
(15)

Clearly, we have

U(@R) = hi(t)p, (1) — g(0)el?)
+ [ @0 - @@l (16)

t>0

where, for convenience, we have suppressed the
argument X. In view of the constitutive equations
(11) and the initial conditions, we find that

i () = 45(0) ¢ ; (1) + Ag (O, ;)
+/0 Aij(fﬁs)go,j(s)ds
£(6) = —M(0)g(t) — M(0)p(?)

- /0! Mt — 5)(s)ds

(17)

Thus, from (11), (17}, and (16}, we obtain

U() = 5 [A30 00,0 + MO )
~ [ 13 000,616, (9) + #CO)P6) s
0 [ Ay (=51

o) [ Hi(r— (o)

— fol {ga’i(s) -/; Agi (5~ e j(T)dt

+ {s) /05 M(s — T)‘p(’r)dt}ds >0

(18)

Now we use the following identities [27]:

200) [ W pls)ds =

[ stte=oygtoras - [ ite—s)ietd
[H 0

~ (s)Pds + () — MO

0 /O At = ), (s)ds =

[ ste=peone fovis-

[ s=9[0,0 - 0.0 tet-

601 + 450 = A0l .0

)i (), j{T)dsdT =

—

\\\

IR
[ (15 — ), (), (e)dsde =
] — e (5)e,(s)dsdie—

%] f Ay (s =)
Lo

— 90N [ip,105) — 0, 5(2) | s
2/{; /(; M(s — 1)p(s)p(t)dsdr =
[ [ s —shetoyotaiasas =
0 0
f / M(|s — t|)*(s)dsdz—
4 JO
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1 { !“ 2
3 [ s = lols) = o) s

/0! (s — <l)de = M(s) + M(t — )
— 2M(0)

(19)

It foHows from (18) and (19) that

Ult) = 3 Wit ) 1) + M)

=3 [ Ha e, 0)0,6) = M6} s
-5 f e~ ) s0) 0,5Vl ()
(20)
(1) = ()] }ds
: fu /0 i (1s =)o) — 0,0, 1o

— tp, ()] + M(|s = )io(s) — (7)) dsdr
>0

()] = M(t = 5)[g

In the case of isotropic bodies, the relation
(20) reduces to

Umzé[w%w%m+mwwm1

‘P,f(s)] [p.i (1}
- ‘P,i(SH + M(f —8) () — W(S)]z}dsdr
+741“ /Or fﬂr {a]s 2D [ls) = ()] [e,ls)

~ @i (0)] + M(|s — ) e(s) — zp(r)]z}dsdT
(21)

From (21) we conclude that the dissipation
inequality (14) is satisfied if « >0, M >0,
a <0, Mgo, & >0, and M > 0. Thus, our
assumptions concerning the relaxation function
o are compatible with the second law of thermo-
dynamics. For convenience, in what follows, we
shall denote the material coordinates by

(Il,XQ,xg).

Singular Surfaces

Let § be a moving surface defined by the equations
= .\‘5(01, 92, I)

where 8', 6 are curvilinear coordinates on the sur-
face. We suppose that above functions are contint-
ously differentiable with respect to their arguments
and that S is smooth in the sense that the matrix
(Ox;/06%) has rank two, The metric tensor of the
surface is denoted by a,g. In what follows, we
denote by »; the unit normal to §. We note that [28]

ity = 1 miXpg = 0 Xpgp = bagny

22
i = —a™ bouis) (22)

where indices followed by a semicolon represent
covariant partial differentiation based on the
metric of S, b,p is the second fundamental form
of the surface, and ¢** are the elements of the
inverse of matrix (aaﬂ). We have
a“ﬂxf;c,,xj;,g = dy — i
1 (23)
H= Eaaﬁbaﬁ

where H is the mean curvature of the surface.
Let f be a function on B X (—o0,00). We
assume that f is a continuously differentiable
function on each side of the moving surface S.
We denote by [f] the jump of the function f
across S. The discontinpities in the first and
second derivative of f satisfy the relations [17]

[fil = aP A xip + By [f] = % — VB
[f,lj] — (Jaﬁ (B;a + aApbdlA;P) (?Hx_'i;ﬁ + ”.fx"iﬁ)
T aaﬁ v (A - ba\'B)xi;ﬁ*\*}';P + C}I;Hj

0A

il = (5— - VB) e

B
+ (E +aPALV.g — cv) i

i =5 (5-ve)

—V (‘;—‘? +a" ALV~ cv)

(24)
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where
¢ & 0
"g} - "51: + V.i"l.f fé”{:

is the convected derivative for an observer
moving with the surface, V is the speed of
propagation of the surface, and

B = D‘,;rzf]

In what follows, we assume that the
body loads #&;, I, and s are continuous on
B x (—o0,00). Following [18], by a wave of
order I, we mean a solution (u;,,0) of (3),
(H)—(6), and (11), with the properties: (a) the
functions u;, ¢, and 8 are continuous on
B X {—o0,00); (b) the first-order derivative of
the five-dimensional vector {u;,, 0) has jump
discontinuities across S, buf are continuous
elsewhere. We say also that S is a singular swface
of order 1, and we shall refer to it as a wave
surface of order 1. The balance laws (4)-(6)
have the form

A= [f] C = [fynmy] (25)

f{ poFdy == f Odv + Gingda
dt w ® Jw

which, at singular S, is equivalent to the

condition [17]
~ VlpoF] = [Gi]ns (26)

If we apply (26) (v the global balance
laws (4)-(0), then we obtain

poVi] + [Zj,-] nj =

porVIp] + ilm = 0 (27)
poVie'] + laidn =
It follows from (24) that
;] = &my [0 =Lm [0 =y
] = -v&  [pl=-V{ B3] =-Vy

(28)

where

B ap v
i [an] ¢ [ﬁn] 4 [8}1 (29)
We denote by # the distance measured along
the normal to the wave surface. In what follows,

we shall use the following result established by
Fisher and Gurtin [20].

Lemma 1. Ler u and v be functions on
B x (—o0,00) with the following properties:
(1) u is continuous, (2) v is confinuous every-
where except for a possible jump discontinuity
across S, (3) v is bounded on every compact
subset of B x (—o0, 00}, Then, the function

¢
wi(x, 1) :/ u(x,t — s)v(x, s)ds
0

is continuous on B x (—o0, 00).
In view of Lemma 1, from (11), (3), and (28),
we obtain

[tif] = Gr'jrxs(o)f,-i?s
H] = Ay(0)n;

] (30)
[p{]e* — TObU(O) Zjinj
0

=
I

With the help of (28) and (30), the conditions
(27) become

(Gijrs (O)H.S‘nj - PUVZ(S#') & =0 (31)
(A,-j(())nfnj — porcVz)C =0 (32)
POYEm; =0 (33)

The jumps &;, {, and y cannot all be zero.
If #(0) =0, then (33) is identically satisfied.
The equations (31) admit a nontrivial solution
for &; if and only if

det(Gyys{O)mnts — pV?8;} = 0
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Taking into account {10), this equation
reduces to

(@ V) (&) =0

where

e = {[A(0) + 21(0)]po}2

) (34)
c2 = [u(0)/po]2
If V = ¢y, the wave is longitudinal (&; = &n;).
When V =¢;, we obtain transverse waves
(&ny = 0).
If { # 0, the wave is a wave of compaction (or
distension). The possible speed of propagation of
this wave is V = ¢4 where

1

c3 = [2(0)/(pore)]2 (35)
We now assume that $(0) + 0. Then, from
(33), we obtain &;n; — 0 so that in this case there
are two type of singular surfaces of order I: trans-
verse waves and waves of compaction. We remark
that the transverse mechanical waves are not
coupled with compaction waves or thermal waves.

The Growth of Waves

The local forms of the balance laws (4)—(6) are

ti,j + pobi = pli; (36)
hii + g + pol = poicp (37)
i + Pos == ,006* (38)

respectively. Using the fact that V is constant for
all waves, from (24), we have

(5] = aaﬂés;ct (nix + nyxisp)
— aﬂﬂﬁa"l"bm.fsxj;p.\fj;p + gy
. ) ; .
[”"“"] - (—V:uf +*§r—) = Va ﬁéi;al}';ﬁ (39)
551'

[i#] = Vi — 2VE—

where y;— [Lt,‘,,-_gi’l,ﬂx] . It follows from (36) that

45,41 = poli] (40)
From (24), we get
V{5, i) = V[t ] e+ Va* [t3] , 23
(41)

. é
= [l‘ﬂ} m+ nja [{,,] + Va*# [l:,,] o Viib

When the constitutive relations for f; is differ-
entiated with respect to ¢ and jumps are taken
across S,we obtain

{fﬁ] - %VG,‘J,',—S(O).U,,HS — VBU(O)C
8¢,

+ Vybii(0) + Gy (O)ns—-g;m (42)

— VG (0)a* &,y + G (0)ons

Here we have used the notation G\) = G.
With the aid of equations (39}, (41), and (42),
the equation (40) may be written as

V{Gis(Q)mpmy — pogV?é55 i+
VB{0)n{ — Vyby(0)n—

3 S
Gijrs (030515 wgf + Gijs {0 5 (&.n5)

(43)
SE.

+2p,V? Eé}i + VG 0)a™ (£.15),, 15
+ VG,-j,.s(O)nja“ﬁ EraXsp — G,(jg({))é,.nsnj =0
We note that

aP¢; g = a® (xf;,sff);,x ~2Hn;&;

n; . (44)

5t

With the help of (10}, (22), (23), and (44), the
equations (43) reduce to

V{1A(0) + 1(0) i, + 1(0)ir — poV8 b1,
+ Z'OGVZ %%Tl + VB0l — VB0 nyy
+ VIA0) + p(0){ e i (x58,).,

+ a® (&,ny) o Xig — 2HE nan} — 2HV p(0)¢;

b

B [A(l)(o) + .u‘(l)(o)} 6."”1'”5 - ,”'(i)(o)él =0

(45)
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We denote & = &m;. If we multiply (45) by n;
and sum on i, we obtain

V{2(0) + 20(0) — poV? }aegns + VIB(0)+
VyB(0) + 2p,V? % + V[A(0)+

u(0)a™ (xipL,) , —2VI2(0) + 2p(0)]HE~
[l([)(o) +240(0) ¢ =0
(46)

In the case of longitudinal waves, (46) yields
the growth equation

1 éé‘""“ﬂéxf(h““fl)

;; St dn (47)

where we have used the notation
Ji=— [ﬁu(”(o) + Z,u(l)(())} (2pecd)™" (48)

If, at some instant t=1tp, the mean and
(GGaussian curvatures of surfaces are Hy and K,
respectively, then at a subsequent time ¢,

. Hy —nKy
"1~ 2nHy + n2Ky

H (49)

and (47) may be integrated to give

i
E=¢& (1 - 2nHy + nng) “2exp(—naf;) (50)

where &g is the strength of the wave at time ¢ = .

The speed of propagation of irrotational waves
is ¢y, and for these waves, we have &n; = 0.
In this case, assuming that ¢, # ¢3, the equation
(46) reduces to

[2(0) + p(O)][a® (1:p,),, +1ns] -+ BO)y =0

Thus, from (45), we obtain

165 66
¢y 8 dn (= T2)s

6n

where

Bo=—p®(0) (2003)”  (52)

As before, we obtain

& = (1 —2nHy + HZKO)_% expl(—nla) (53)

0
where & = £:{)
In the case of a wave of compaction, we have
V = ¢3. If we assume that ¢3 3 ¢y also ¢3 # ¢,
then from (45) we obtain

{12(0) ++ p(0))rin, + p(0)Sis — pocidis pits

= —b(0)n: + P(O)nsy
(54)
This relation implies that
polct — S)pens = —b(O) + Oy (55)

By using (59) in (54), we obtain

i = —[BOY = BOWIn: [po (2~ )] ™" (56)

We see that a thermal wave or a wave of
compaction induces a longitudinal mechanical
acceleration discontinuity.

It follows from (37) that

29

(1] + (8] = poxc (V% oy 5) (57)

where 1 = [t,o,r-jn,-nj] . With the help of relations

Vihig| =~ [hi]m + n;% (] + Va*? | k] 6

3

(i = (@)1~ Vo) — Vel uxip)

+ oD (0Yny
[f?,'] = &(O)Cﬂj
(8] = — b(0)¢m:

(58)
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from (57), we find

[2(0) — perV*}Ve — 2HVa(0)(—
& (59)

D (0) — VB(0)E + 2pyxV? 5= 0

We assume now that V = ¢3 with ¢3 % ¢; and
¢3 # cp. Then, (59} reduces to

138
g = I (60)
where
J3 = o) (0) (2.007“’%)_[ (61)

It follows from (60) that

¢ =0 (1 —2nHy + n.zKD)M% exp(—nt3) (62)

where (0 == {(tg). If V=0c1#c3, then (59)
reduces to

[£(0) — porect]t = b(0)¢ (63)
so that a longitudinal wave induces an accelera-
tion discontinuity in the waves of compaciion,

Let us consider now the equation (38). This
equation implies that

[fli,f] = [pg &"] (64)
In the view of relations
(g} = 0 V{qss] = — gl
@] = k(O)yn;
Y
ipg€*] = To{p(0) (n,-—a—i—' — Viyn {65)
— V& xip) — VIm(0) — Vya(0)
+ BO0)E,n,}
from (64), we get
[k(0) — Toa(0)V?]y = ToV{B(O)[Vin;
VA PE iy m% + Vim(0) (66)

ot
— B0}

Let us assume that V #c¢;, V # g, and
V # c3. Then, from (46), we obtain

polc? ~ VE)m = B0}y

If B(0) =0, then we find that wn; =0 and
{66) reduces to

(3 =V =0 (67)

where

e1 = [K(0)/Toa(O)]?

In this case, we see that the possible speed of
propagation of thermal waves is V =c4. If
B(0) 5 0, then from (33), we obtain &n; = 0 so
that ¥V = ¢, or V = ¢3. For V =1¢; # ¢3, the
equation (46) reduces to

Po (C?f - c%) (a“’ﬂx,.;ﬁf,.;a + Jus”S) = —B(0)y

Thus, the equation (66} can be written in the
form

Ry=20
where
R =a(0)p, (cf — c%) (cﬁ — C%) + 52 (O)C%

If R +£ 0, then y = 0 so that the wave is purely
mechanical.

For V = ¢3(# ¢2), the equations (50) and (66)
imply that

Ay = E[pym(0)(& — ) — HO)BO)]

where

A= poa(0)(ct — ) (&~ &) + (0)

Thus, in general, a compaction wave induces
a thermal wave, We note that the eigenvalue
problems from Section 4 govern also the
propagation of thermoelastic waves studied in
[6]. However, in the present paper, the
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amplitudes of waves contain new attenuation
factors related to the relaxation functions
(see (48), (50), (52), (53), (61), and (62)).
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Overview

This entry investigates the influence of a mixed
mode crack on the coupled response of a
functionally  graded  magnetoelectroelastic
material (FGMEEM) subjected to thermal
loading. The crack is embedded at the center of
a 2D infinite medium, and the material is graded
in the direction orthogonal to the crack plane and
is modeled as a nonhomogeneous medium with
anisotropic constitutive laws. The heat equation
is first solved using Fourier transform to yield the




