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Introduction

Tamsin Meaney, Christiane Benz, Michele G. Fiorentino, Antonella Montone, 
and Benedetto Di Paola

 The POEM Conference

The sixth Perspective on Early Mathematics learning between the poles of instruc-
tion and construction (POEM) conference was held in Bari, Italy 20–21 May 2024. 
The "rst conference at Frankfurt am Main, Germany, in 2012. POEM was initiated 
by Götz Krummheuer to provide a space to continue discussions amongst predomi-
nantly European early childhood mathematics researchers, about the role of con-
struction and instruction in how young children engage with and learn mathematics. 
This distinction can be connected to the two approaches to early childhood recog-
nized by Bennett (2005), 20  years ago. The "rst approach focuses on preparing 
children for school, while the second approach focuses on children developing 
through play and exploration. Since then the discussions have continued at confer-
ences in Malmö, Sweden, in 2014, Karlsruhe, Germany, in 2016, Kristiansand, 
Norway, in 2018 and in Gothenburg, Sweden, in 2022. Therefore, every other year, 
POEM brings together researchers within the "eld of early childhood mathematics 
education to exchange current research "ndings and to collaborate and discuss new 
ideas. The latest iteration of the conference was held for the "rst time in Italy, at the 
Department of Education, Psychology and Communication Sciences of the 
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University of Bari Aldo Moro. The conference gathered more than 50 researchers 
and included 22 presentations.

The POEM conferences remain small, with participants being those who had 
previously participated or those who asked to be invited. The smallness of the con-
ference provides adequate time for discussions of each presentation. Presenters are 
asked to prepare a conference paper which is distributed to all the participants with 
an expectation that it will be read before the conference. After each conference a 
book has been published by Springer, in which the presenters expand on their pre-
sentations, based on the conversations which were held at the conference. The sub-
sequent book chapters were all peer reviewed.

The conference also had two keynote speeches presented by Professors Anna 
Baccaglini-Frank (University of Pisa, Italy) and Associate Professor Iliada Elia 
(University of Cyprus). Anna Baccaglini-Frank’s lecture focused on a topic gaining 
considerable attention in early childhood mathematics education, that of how multi- 
touch technology can support the development of number sense in preschool-aged 
children. As can be seen in her chapter in this book, she described how different 
apps, each of them designed to develop a speci"c aspect of number sense through 
dynamic, embodied interactions. Her lecture was based on two research studies that 
explored the connection between the development of number sense and the use of 
the "ngers. In both studies, this relationship is closely tied to speci"c digital apps 
(Fingu, Ladybug Count, and TouchCounts), and how the teacher or the researcher 
as an educator mediator, supported the construction of number sense. Thus, the 
approach taken in this chapter was one of highlighting the instructional approach to 
young children’s learning of mathematical understandings.

Iliada Elia discussed early geometrical thinking and learning, from different 
research perspectives. In her keynote, she re#ected on the signi"cance of culturally 
responsive pedagogy and the importance of contextualizing mathematical experi-
ences within children’s everyday lives. Elia advocated for empowering teachers to 
listen deeply to children’s mathematical expressions, positioning children not 
merely as learners but as co-constructors of mathematical knowledge. Her lecture 
can be considered as promoting understandings about the importance of young chil-
dren’s construction of mathematical knowledge.

The call for papers included several themes, which could be responded to from 
either the construction or instruction approach which was the underlying aim for 
having early childhood mathematics researchers discuss differences and similarities 
in their research. The themes were:

• Mathematics learning, development, teaching, instruction and education in the 
early years

• Early Childhood Education and Care practices and contexts for mathematics 
learning

• Early childhood teachers’ professional development
• Children’s perspective and the role of play in early mathematics education
• Theoretical perspectives on early mathematics education
• Methodological views in research on early mathematics education

T. Meaney et al.
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The chapters included in this volume, followed a structured review process. Both an 
internal reviewer and an external reviewer to the book were asked to review each 
chapter. The external reviewer was a researcher with recognized expertise in the 
"eld of early childhood mathematics education. Reviewers were asked to provide 
detailed feedback to the authors, who were then given the opportunity to revise their 
manuscripts accordingly. After the revisions, when needed, a further round of revi-
sion was requested. This process ensured the scienti"c quality and coherence of the 
contributions, while also respecting the individual perspectives and research 
approaches of the authors.

 The Chapters in the Book

From the latest POEM conference, the kind of papers which were accepted from 
presentation was expanded from being purely empirical-based to also include devel-
opmental papers. This was in part a recognition of the collaboration work being 
done particularly in Italy, but also in other places between researchers and teachers 
to engage young children in mathematical thinking and doing.

The chapters represent a varied approach to mathematics education in early 
childhood, which includes the "rst year of schools as well as Early Childhood 
Education and Care (ECEC) institutions, such as kindergartens and preschools. The 
majority of the studies were qualitative, but with a few studies including statistical 
analyses of quantitative data, such as Gasteiger and Benz and Vee et al.

In this book, many of the chapters discuss the planning and implementation of 
interventions, in which specially-developed activities or games were used with chil-
dren, generally with the aim of understanding their mathematical sense making. For 
example, in Italy, Casi et al. had developed a version of the game Memory to evalu-
ate children’s use of spatial language. The rules of the game proved quite dif"cult 
for the children to follow as it required them to logically work out what cards to 
remove based on the answers they received for different questions. In Germany, 
Reuter and Benz used a well-known book as a starting point for having children 
reason about how much food was eaten by a caterpillar during the weekdays com-
pared with the weekend, with a focus on comparisons of amounts. Activities were 
also designed and implemented to determine children’s reasoning, such as by 
Markken et al. who investigated children’s reasoning about fairness by designing an 
activity in which a number of biscuits had to be shared with some stuffed animals. 
In a similar study in Germany, Wiggelinghoff and Peter-Koop investigated under-
standings about division with remainders of students in their "rst year of school. 
The children were interviewed about their solutions to different division problems, 
with remainders to see how the concrete materials used to illustrate the problems 
affected the kinds of responses the children gave. These examples, illustrate the dif-
ferent mathematical foci that were the focus of the investigations.

Also in Italy, DiPaola et al. developed a game that could contribute to kindergar-
ten children’s understandings about natural numbers. This game had several parts 
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and supported children to develop an understanding of how the ordering of quanti-
ties and the use of digits to represent those quantities could be used to solve certain 
problems. In Sweden in a study by van Brommel et al., 6-year-old children’s repre-
sentations of their solutions to a combinatorics problem were analysed. The 
responses showed that the majority of the children were able to adopt a systematic 
approach to "nding all the solutions, although a few children misunderstood the 
problem.

Although the majority of the work was about how children learnt or used speci"c 
mathematics, there were also investigations that focused on how children interacted 
with others. For example, Acar Bayrakta and Brandt investigated how a multilingual 
child watched and made use of the interaction between his grandmother and his 
older brother in regard to engaging in block play. Similarly in Switzerland, Ott et al. 
describe a study with a multilingual kindergarten child and how they used different 
languages and other linguistic resources to communicate in the kindergarten and 
with a parent about the placement of eggs in an egg carton. Both studies highlight 
how children engage with mathematics in multiple contexts and can learn and chose 
the ways that they want to communicate their understandings.

As was the case with Reuter and Benz, Mellone et al. used a story as a basis for 
an activity with 5–6-year olds. In Mellone et al.’s case the aim of the activity was to 
stimulate children’s interactions in relationship to proportional amounts. This task 
was more open-ended that of Reuter and Benz, as it prompted a more inquiring 
interaction, rather than one which focused on how children reasoned towards "nd-
ing a speci"c response. These two studies show how similar materials, in this case 
stories, can be used to support different kinds of interactions.

In other chapters, the focus was on how mathematical understandings developed 
across time or relied on children being introduced to speci"c critical aspects of a 
concept so they increased their understanding of that concept. For example, as a 
result of work with teachers, Robotti and Boscolo developed a learning trajectory 
for children from kindergarten to Grade 2. They looked at how children gained 
understandings about particular aspects connected to the processes and products of 
measuring. In a Norwegian study, Bjørnebye focused on how one child engaged 
with a set of activities that required them to use different representations, including 
with their body, to identify and gain the key aspects of visual patterns. In contrast, 
Lüken wrote in her chapter about the non-patterns that German children produced 
when playing with different concrete materials and everyday objects. The identi"ca-
tion of the features of the non-patterns is discussed in relationship to how they could 
inform understandings about children’s development of pattern understandings. In a 
study of 7-year old children posing and solving two step arithmetic problems, Fosse 
et al. examined differences in the representations of the problems in relationship to 
mathematical modelling. Although a very limited number of examples were anal-
ysed, the child who was able to con#ate two potential rounds of the modelling cycle 
into one problem solution, did so at the loss of the everyday context in which the 
problems were set. This has insights into developing children’s understanding of 
two-step problems in everyday contexts.

T. Meaney et al.
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The materials or assessment materials that are provided to young children were 
also investigated in some chapters. For example, Manolino et al. analysed the value 
of Cubarithim for blind students learning how to do two column addition problems. 
Although the material provides some possibilities for manipulation that can support 
doing two column addition, the authors raise issues about how the material can also 
hinder children’s learning. In another paper by Marx et al., the process was described 
for developing a digital resource to support young children’s understandings about 
part/whole. The focus was on what could be learnt about how digital resources 
could be collaboratively designed by people with different professional back-
grounds, in particular mathematics educators and software developers. Furness 
et al. identi"ed the mathematics in the game design processes of preservice teach-
ers. Although the games mostly focused on understandings about counting and 
problem solving, other mathematical understanding could potentially be developed 
by the children playing the games, highlighting the support that teacher educators 
might need to develop in their ECEC teacher education courses.

Evaluations of assessment materials that could be used with young children in 
the normal course of ECEC were also discussed in two chapters. Gasteiger and 
Benz looked at whether two everyday activities in ECEC, reading a story and play-
ing a game, about placing eggs in egg cartons, could be used to assess young chil-
dren’s number knowledge. They found that the children’s understanding identi"ed 
in the assessments based on these everyday activities gave similar results to those of 
more formal tests. Assessment activities that were based on everyday activities 
seemed to ful"l the needs expressed by ECEC educators to "nd out about the math-
ematics that the children in their care knew. Ringvold and Skorpen also evaluated 
three different sets of assessments of young children’s knowledge of cardinality that 
were based on observations. They evaluated observation assessments from different 
perspectives to determine the different aspects that they could ful"ll. Two of the 
assessment had originated in Norway while the third one was from Germany. As 
they did not examine the assessment being used in ECEC, they considered that cul-
tural differences may have limited their evaluations.

Apart from children, there was also some studies that focused on the knowledge 
of preservice teachers. Along with the study of Furnes et al.’s study about preservice 
teachers’ games, in Germany, Sprenger investigated school students and preservice 
teachers’ knowledge of quadrilaterals to see if they shared the same misunderstand-
ings. The results showed that understandings of quadrilaterals increased with age 
but there were still some preservice teachers who were not able to identify appropri-
ate quadrilaterals from a set of shapes. Vee et al. undertook a mixed method study 
on the views of preservice teachers in Norway and Sweden about how to use digital 
tools to support children’s engagement with mathematics. The differences in the 
survey results across countries were minimal, suggesting that even though there 
were different public discussions about young children’s use of digital devices, 
these seemed to have had a limited effect on how preservice teachers considered 
they should be used.

As can be seen from this brief synopsis of the chapters in the book, early child-
hood mathematics education in Europe is #ourishing. It also shows that there are a 
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number of overlaps in approaches and foci, regardless of the country in which stud-
ies are undertaken. This provides rich possibilities for further research discussions.

 What Is Missing for the Next POEM Conference?

The studies described in this book do not include much focus on very young chil-
dren, as there had been in earlier POEM conferences. Lüken’s study is the exception 
as it included three 1-year olds and 17 2-year olds, as well as older children. 
Although there are now more studies about mathematics education in the "rst few 
years of school, at the next conference it would be interesting to also consider how 
very young children relate to mathematics, given that in many countries curricula 
for ECEC do not exempt these children from engaging with mathematical ideas.

The other possibility that could be considered to be missing is that of cross- 
country or cross-cultural studies. As noted in the previous section, there are overlaps 
in interests and foci but there was only one study, Vee et al., that involved a cross- 
country analysis. Perhaps one of the possibilities that could be promoted for the next 
conference is that of doing research across contexts.

When POEM was "rst established the main aim was for researchers to engage in 
discussions about instruction and construction in relationship to young children 
engaging with mathematical ideas. Most of the chapters that were originally pre-
sented at the sixth POEM conference were based on how children engaged with 
activities designed and implemented by teachers and could be considered as related 
to how instruction connected to children’s learning and using mathematics. Lüken’s 
chapter is the only one which investigated what children did when playing without 
clear instructions, although the researcher had chosen what materials should be 
made available to the children. It may, thus, be the only study which investigated 
what mathematics children show when they explore in their play and, thus, con-
struct their own understandings.

It seems that with the turn to focus on the teacher’s work and the focus on inter-
vention studies, there has been a turn away from exploring what children can do by 
themselves based on their own interests. Having more understandings about chil-
dren’s own explorations is likely to better inform the work of teachers and the design 
of intervention studies. It is only when the two poles of instruction and construction 
are brought together that young children’s learning can be improved in relationship 
to early childhood approaches based on Bennett’s (2005) social policy pedagogy 
approach as well as the preparation for school.

T. Meaney et al.
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Number Sense, Fingers and Multi-Touch 
Apps in Preschool

Anna Baccaglini-Frank

 Number Sense and the Fundamental Role of Fingers

The integration of technology in educational contexts has revolutionized the way 
mathematics can be taught and learned, particularly in early childhood education. 
With the proliferation of touch-based devices such as tablets and smartboards, 
researchers have been exploring the potential of interactive technologies in the 
classroom. Among these, in the context of early childhood mathematics education, 
multi-touch technologies—those that respond to multiple simultaneous touches on 
a screen—are especially promising for fostering key aspects of number sense. 
Before exploring the potential of multi-touch technologies for developing young 
children’s number sense, I "rst examine the concept of number sense and the critical 
role of "ngers in its development.

 Number Sense

Number sense refers to a child’s intuitive understanding of numbers, their relation-
ships, and their manipulation; it is a critical component of early mathematical learn-
ing and includes abilities such as subitizing, counting, understanding quantities, 
recognizing number patterns, and grasping basic relationships between numbers 
(Butterworth, 2005; Coles & Sinclair, 2018; Elia et al., 2018). These abilities form 
the foundation upon which more complex mathematical concepts are built, such as 
arithmetic, place value, and algebraic reasoning. Developing strong number sense at 
an early age has been found to be predictive of future mathematical achievement 

A. Baccaglini-Frank (*) 
Department of Mathematics, University of Pisa, Pisa, Italy
e-mail: anna.baccaglinifrank@unipi.it

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-032-16065-2_2&domain=pdf
https://doi.org/10.1007/978-3-032-16065-2_2#DOI
mailto:anna.baccaglinifrank@unipi.it


10

(Lyons et al., 2014), and it is considered a necessary condition for learning formal 
arithmetic at the early elementary level (Grif"n et al., 1994; Mulligan et al., 2018). 
Moreover, a recent literature review by Elia and colleagues found that:

Number sense development is globally recognized as the fundamental foundational knowl-
edge for children’s mathematical growth. Findings in the literature suggest that stimulating 
children’s number sense at an early toddler stage leads to the children’s future bene"t. (Elia 
et al., 2023, p. 81)

Number sense is believed to rely on a number of cognitive skills, processes and 
mechanisms, such as the following: children’s spontaneous focusing on numerosity, 
the frequency with which children focus their attention on the exact number of objects 
in a set (Hannula & Lehtinen, 2005); (perceptual) subitizing, the rapid, accurate and 
con"dent judgment of the number of items in small collections ‘at a glance’, without 
counting; the approximate number system, a cognitive mechanism that generates 
experiences of approximate number (Halberda & Odic, 2015); recognizing parts of a 
whole that allows a child to recognize the complementarity of two numbers with 
respect to a given one; one-to-one correspondence, that is establishing a one-to-one 
correspondence between two numerosities in analogical form (e.g., dots on a screen); 
estimation, a (complex) ability that consists in guessing a discrete or continuous 
quantity without counting; the counting principles (Gelman & Gallistel, 1978).

Many of the basic processes and mechanisms listed above are believed to be 
“innate” and even common to both humans and many animals (Butterworth, 1999, 
2005; Dehaene, 1997), so, supposedly, they are not dependent on an individual’s 
culture or education. Recent behavioral genetic research indicates that while the 
heritability of number sense is limited, its connection to mathematical ability is 
signi"cantly mediated by genetic factors. However, the developmental course, the 
direction of causal links between number sense and mathematics, the effects of 
education on these links remain unclear (Davydova et al., 2014), and socio-cultural 
factors seem to play a signi"cant role in the development of “number sense”, as 
intended by much of the mathematics education community (Elia et al., 2023).

Moreover, while most educational studies on number sense have focused on chil-
dren’s managing cardinality, neuroscientists, psychologists, and some educational 
researchers have brought attention to the importance of managing ordinality, as 
well. Managing ordinality consists of skills, such as: associating number symbols to 
number words, knowing the sequence of number symbols, knowing the sequence of 
number words, and knowing which number precedes or follows a given one. 
Educational research suggests promoting ordinal awareness earlier (Coles & 
Sinclair, 2018; Sinclair & Coles, 2017) and to a greater extent than what is done 
traditionally in Western schools–note that there are different traditions in which a 
greater focus is put on measurement, ordinality and a continuous, as opposed to 
discrete, approach to number (e.g., Mellone et al., 2020). Speci"cally, a hypothesis 
is that a great source of children’s dif"culties with numbers is related to linking 
symbols to other symbols (as opposed to symbols to sets of objects); also, ordinality 
is extremely relevant to place value (Coles & Sinclair, 2018; Lyons & Beilock, 
2013). In the rest of this chapter, I will be referring to studies and research con-
ducted from within a Western cultural perspective–not because I consider such a 
view in any way “superior”, but because it is the one in which I am immersed.

A. Baccaglini-Frank
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 Fingers and Number Sense

Research across neuroscience, developmental psychology, and mathematics educa-
tion highlights the critical role of "ngers in developing number sense. According to 
Butterworth (1999),

Without the ability to attach number representations to the neural representations of "ngers 
and hands in their normal locations, the numbers themselves will never have a normal rep-
resentation in the brain. (Butterworth, 1999, pp. 249–250)

Abilities such as subitizing, "ne motor skills (e.g., "nger tapping), and "nger gnosia 
(mentally representing one’s "ngers) all support numerical representations. 
Butterworth’s hypothesis is further supported by later studies. Gracia-Bafalluy and 
Noël’s research (2008), showed that "nger gnosis training positively impacts num-
ber sense and calculation skills.

Other research has suggested the importance of "nger-based counting in estab-
lishing numerical practices (Andres et al., 2007). Finger use in counting also facili-
tates one-to-one correspondences, essential for understanding number relationships, 
even when numbers are not explicitly used. Margolinas and Wosniak (2012) empha-
size the concept of “"nger symbol sets” (Brissiaud, 1992), where "nger gestures 
represent numbers and operations. Working with "nger symbol sets can help chil-
dren grasp part-whole relationships, particularly the decomposition of numbers up 
to 10, which is foundational for addition and subtraction. Developing such decom-
positions has been found to support a deeper understanding of the complementarity 
of numbers, contributing to the “part-whole concept” (Resnick et al., 1991).

 Affordances of Multi-Touch Technology for Number 
Sense Development

Unlike traditional single-point input devices, such as a mouse or keyboard, multi- 
touch screens allow for more natural interactions, such as tapping, dragging, and 
pinching, that mirror physical actions. This is particularly relevant in the context of 
developing number sense in early childhood because of the aspects presented in the 
previous section (Kortenkamp et al., 2024; Ladel & Kortenkamp, 2014; Lembrér & 
Meaney, 2016). Some multi-touch apps, like Fungu, have been designed explicitly 
to support young children’s development of aspects of number sense: the designers 
state that the app is

designed to support young children’s learning and development of number concepts and 
#exible arithmetic competence [...] [targeting] the understanding and mastering of the basic 
numbers 1–10 as part-whole relations, which according to the literature on early mathemat-
ics learning is critical for this development. (Holgersson et al., 2016, p. 123).

In this game (Fig. 1a), #oating fruits appear brie#y before disappearing. Players 
must place the same number of "ngers on the screen as the number of fruits shown. 
The answer is given in the form of a multi-touch gesture, and it needs to occur 
within a limited timeframe.

Number Sense, Fingers and Multi-Touch Apps in Preschool
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Fig. 1 (a) a child interacting with Fingu; (b) a child interacting with Ladybug Count; (c) 
TouchCounts “Numbers World”; (d) child interacting with the TouchCounts “Operations World”

Another example is Ladybug Count (Fig. 1b); here the player is shown a ladybug 
depicted on a leaf, with a varying number of dots on its back. The player needs to 
place simultaneously on the screen the corresponding number of "ngers, in order to 
make the ladybug move.

A third example is the app TouchCounts (Sinclair & Jackiw, 2011; Sinclair & 
Pimm, 2015), that offers two open environments (Fig. 1c and d), in which children 
can create and manipulate numbers through "nger gestures, while receiving imme-
diate, dynamic feedback.

In the “Numbers World” (Fig. 1c) each touch creates a disc with a number that 
either falls out of the screen if it is below the shelf, or it stays "xed on the shelf if it 
is created above. Sequential touches create discs numbered sequentially (it is impos-
sible to generate two discs with the same number). In the “Operations World” 
(Fig. 1d), each touch creates a herd with the number of discs corresponding to the 
number of screen touches in a multi-touch gesture. The herds stay on the screen, and 
they can be “pinched” together, or separated using multi-touch gestures.

Studies have advanced and explored the hypothesis that apps like those in the 
examples above may uniquely in#uence children’s mathematical understandings 
and strategy development concerning number sense (Baccaglini-Frank & Maracci, 
2015; Tucker & Johnson, 2020; Baccaglini-Frank et al., 2020; Tucker & Johnson, 
2020). One of the perspectives used to study such learning is that of embodiment in 
research and practice related to development of number sense (e.g., Holgersson 
et al., 2016; Segal et al., 2014; Tucker, 2018). Indeed, the role attributed to the use 
of "ngers in the development of number sense is highly resonant with the frame of 
embodied cognition (Gallese & Lakoff, 2005). Within this perspective doing, touch-
ing, moving and seeing are essential components of mathematical thinking pro-
cesses. Hypotheses like that of Butterworth (1999), highlighting the necessity of 
linking the representation of numbers to the neural representations of "ngers, seem 
to be completely in line with the embodied cognition approach (Baccaglini-Frank & 
Maracci, 2015; Tucker & Johnson, 2020).

Based on the available literature, in 2016, with Nathalie Sinclair, in our chapter 
in the Handbook of International Research in Mathematics Education, I presented 
a summary of the basic features of multi-touch technology that can be used to foster 
the development of number sense skills and component abilities (Sinclair & 
Baccaglini-Frank, 2015, p.  673). Shortly after, for a chapter in the volume 
Contemporary Research and Perspectives in Early Childhood Mathematics 
Education (Baccaglini-Frank, 2018), I revised such a summary in light of recent 
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research (see Baccaglini-Frank & Maracci, 2015; Kortenkamp et al., 2024; Lembrér 
& Meaney, 2016), introducing Table 1.

Many of the affordances presented in Table 1 are exploited by apps such as those 
described above.

Speci"cally, Fingu and Ladybug Count exploit the following affordances: detect-
ing as different inputs the simultaneous presence at a given time (or small interval 
of time) of two or more "ngers; showing numerosities on the screen for very brief 

Table 1 Affordances of multi-touch technology to foster speci"c number sense skills or component 
abilities

Aspect of number 
sense skills or 
component abilities

Affordances of multi-touch technology with respect to the potential of 
fostering development of the speci"c aspect

Finger tapping • Detecting and differentiating rapid sequences of inputs from different 
areas of the screen
• Accepting input in the form of sequences of rapid taps to identify a target 
numerosity
• Detecting as different inputs the simultaneous presence at a given time 
(or small interval of time) of two or more "ngers
• Recording different gestures as separate inputs (swipe with 1 "nger, 
swipe with two "ngers, lasso, pinch, un-pinch/enlarge...)
• Manipulating virtual hands by user or by computer
• Simulating pianos or string instruments

Subitizing • Showing numerosities on the screen for very brief amounts of time 
(possibly even fractions of a second)
• Returning immediate feedback in response to the input given by the user
• The objects to be considered may appear still and placed randomly on 
the screen or in given arrangements (e.g., dots on dice) or they can move 
all together, or in relationship to one another
• Input may be given not only as typed numbers (in Arabic code or letters) 
but also in terms of a number of "ngers placed simultaneously on the 
screen, as a number of sequential taps

Recognizing parts 
of a whole

• Detecting as different inputs the simultaneous presence at a given time 
(or small interval of time) of two or more "ngers
• Manipulating virtual objects

Establishing 
one-to-one 
correspondence 
(with "ngers)

• Detecting as different inputs the simultaneous presence at a given time 
(or small interval of time) of two or more "ngers
• Accurate timing of the user’s performance

Estimation • Providing stimuli with different (large) numerosities which may remain 
on the screen or disappear after a given time
• Providing immediate feedback on the input received as a product of the 
estimation process

Managing counting 
principles

• Adding verbal feedback in the form of verbal symbolic number 
representations to sets of "ngers placed on the screen, or to numbers 
presented in analogical form
• Detecting gestures such as simultaneous taps and sequential, or their 
combination, and providing different feedback in response to each of them
• Arranging objects on the screen through dragging
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amounts of time (possibly even fractions of a second); returning immediate feed-
back in response to the input given by the user; the objects to be considered may 
appear still and placed randomly on the screen or in given arrangements (e.g., dots 
on dice) or they can move all together, or in relationship to one another; input may 
be given in terms of a number of "ngers placed simultaneously on the screen; 
detecting as different inputs the simultaneous presence at a given time (or small 
interval of time) of two or more "ngers; accurate timing of the child’s performance; 
providing immediate feedback on the input received as a product of the estimation 
process.

Also the two “worlds” available in TouchCounts (Fig. 1c and d) exploit many of 
the affordances in Table 1, for example: adding verbal feedback in the form of ver-
bal symbolic number representations to sets of "ngers placed on the screen, or to 
numbers presented in analogical form; detecting gestures such as simultaneous taps 
and sequential, or their combination, and providing different feedback in response 
to each different gesture; arranging objects on the screen through dragging (espe-
cially in the “Operations World”); manipulating virtual objects; input may be given 
in terms of a number of "ngers placed simultaneously on the screen, as a number of 
sequential taps; returning immediate feedback in response to the input given by 
the child.

Various studies have investigated whether and how these apps not only exploit 
multi-touch affordances but also elicit certain aspects of number sense (Baccaglini- 
Frank, 2018; Baccaglini-Frank & Maracci, 2015; Barendregt et al., 2012). To exem-
plify and discuss some of these results, I will brie#y present two studies that I 
conducted, respectively, with Mirko Maracci, and with Nathalie Sinclair and 
Gemma Carotenuto. A more general problem that we try to solve in these studies is 
how to infer what and how young children “learn” concerning number sense, when 
there are very few spoken words upon which to base such inferences (Baccaglini- 
Frank et al., 2024). After introducing these examples, I will discuss their limitations 
and share some of my concerns about how multi-touch apps can and should be used 
in educational settings.

 Study 1

The "rst study (Baccaglini-Frank & Maracci, 2015) focuses on the potential of 
two of the multi-touch apps introduced earlier, Ladybug Counts and Fingu, to 
elicit aspects of number sense (see introduction and Table 1) in preschool-aged 
children (ages 4–5). We did this by investigating the schemes that children devel-
oped in their interactions with the apps, and, in particular, how they used their 
"ngers; and by attempting to relate the schemes enacted to the development of 
number sense.

We operationalized Vergnaud’s construct of scheme (Vergnaud, 2009), which has 
the function “both to describe ordinary ways of doing, for situations already mas-
tered, and give hints on how to tackle new situations” (Vergnaud, 2009, p. 88). A 
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scheme is made up of several components, of which, for our purposes, we recall the 
operational invariants, that is, implicit knowledge which structures the whole 
scheme. These drive the identi"cation of the situation and of its relevant aspects, 
and they allow selecting suitable goals and inferring the rules for generating appro-
priate sequences of actions for achieving those goals.

In this study, by analyzing videos of children playing with the apps, we identi"ed 
and described the situations which the children faced when interacting with the 
apps, and the stable recurring strategies which children enacted in those situations, 
that is “regularities” in the children’s behavior. So, stable recurring strategies are 
what they relate to the operational invariants, belonging to schemes.

This study utilized data previously collected by Giorgia Giacopini, a pre- service 
teacher, as part of her master’s thesis. The data involved 25 children ages 4–5 (6 
did not speak Italian) in groups of 5 children, who interacted with the apps. Before 
starting the sessions in which the children interacted with the apps on a tablet, the 
pre- service teacher met the children and asked them to “draw your hand”: the 
children were asked to put the hand that they did not use to write under the table, 
so that they would not trace it out. Some of the drawings produced are in the pre-
intervention drawing column in Table 2, below. A "nal session, after the end of the 
intervention with the apps was dedicated to the same task, which gave rise to draw-
ings such as those in the post-intervention drawing column in Table 2. These pre- 
and post- drawings were collected to gain insight into children’s "nger gnosia, one 
of the hypothesized component abilities of number sense (Butterworth, 1999).

As for the intervention sessions, at "rst, the apps were introduced in two free- 
play sessions. Then for 2 weeks, every day each group of 5 children, under the guid-
ance of the pre-service teacher, interacted with the apps for 25 min (turns of 5 min 
per child; the others watched); in total each child during their turns interacted 
actively for 50 min. When not interacting with the apps the children watched their 
classmates work, and, if prompted by the pre-service teacher, they were allowed to 
show "nger con"gurations and to express verbal utterances. The pre-service teacher 
managed all the group sessions, without ever showing any child what to do: she 
intervened only to call each child within the group when it was their turn to interact 

Table 2 Three children’s pre- and post-drawings of their hands

Child Pre-intervention drawing Post-intervention drawing

Child 1

Child 2

 
 

Child 3
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with the tablet; to draw the children’s attention to their classmate’s work with the 
tablet, or to ask them to help their classmate. All sessions were video-recorded; for 
example, Fig. 1a and b come from such footage.

I now summarize the "ndings. In the Ladybug Count app, children seemed to 
use strategies based on explicit counting, or on a "rst approximate estimation of 
quantities followed by successive adjustments. On the other hand, Fingu, being 
timed and requiring simultaneous "nger touches, seemed to inhibit explicit count-
ing and successive adjustments; it seemed to contribute more to the development of 
strategies triggering the representation of numbers with "ngers and the ability to 
subitize (possibly two small quantities simultaneously). In general, the children 
tended to rely on very few (possibly just one) strategies and using a variety of dif-
ferent strategies did not appear to be a possibility that they drew upon 
spontaneously.

An unexpected "nding was that in many cases, when playing Fingu, children 
tried to place their "ngers as close as possible to the #oating objects, so as to 
“catch” them, or to reproduce with their "nger the same spatial arrangement of the 
#oating objects. A few children quickly counted the #oating objects and then 
placed their "ngers on the screen simultaneously; but pressed by the time con-
straints some children failed to count correctly or to place their "ngers properly on 
the screen.

An interesting hypothesis emerged concerning a potential of Fingu to inhibit the 
spontaneous urge to “capture” the #oating fruits. Indeed, it might be the case that an 
inhibitory control needs to be exercised over the more intuitive catching strategies 
in order to carry out one of the more successful strategies that are based on other 
aspects of number sense. Such inhibitory control in various children seemed to dis-
solve when too many con#icting and/or time-pressing stimuli concur.

Finally, in Giacopini’s unpublished dissertation (2014) the children’s drawing of 
their hands pre- and post-intervention were compared. Table 2 shows three of the 
children’s drawings.

Notice how children 2 and 3 initially draw their hands as a disproportionately 
large palm with unclear numbers of "ngers: child 2 seems to differentiate a larger 
"nger, possibly their thumb; while the "ngers drawn by child 3 are many more than 
"ve, and they almost look like “hair” surrounding the palm. Child 1’s pre- intervention 
drawing displays a proper proportion between the palm and the "ngers, but only 4 
"ngers. In their post-intervention drawings, all three children draw exactly 5 "n-
gers: child 1’s drawing is extremely precise. Children 2 and 3 seem to have shifted 
their focus from the palm to the "ngers, that are now represented in the correct 
amount, while the palms are no longer represented. Similar results were obtained 
for more than half of the children in the study.

While I would like to claim that this result suggests strengthening of the chil-
dren’s "nger gnosia over the 2-week intervention, I suggest caution in generalizing, 
because of the small sample size and of the fact that other activities conducted at 
school or at home during the same time period could have produced the same sorts 
of changes in the drawings.

A. Baccaglini-Frank
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 Study 2

The study that I conducted with Gemma Carotenuto, and Nathalie Sinclair (2020) 
also investigated how multi-touch apps can foster the development of number sense 
in preschool children (ages 3–4); it focuses, in particular, on the open-ended “worlds” 
in TouchCounts (Fig. 1c and d). The study builds on the following set of "ndings in 
the literature: different children attend to different affordances, and scaffolding is key 
(Bullock et al., 2017); while representing the majority of apps, instructive apps are 
less bene"cial than manipulative and constructive ones (e.g., Goodwin & High"eld, 
2013; Sinclair & Zazkis, 2017); certain multi touch apps can support one-to-one cor-
respondence between "ngers and virtual objects, "nger gnosia, and counting—both 
of virtual objects and of "ngers (Baccaglini-Frank, 2018; Baccaglini-Frank & 
Maracci, 2015; Broda et al., 2018; Holgersson et al., 2016); instruction often overem-
phasizes counting (Clements et al., 2019) and cardinality (Sinclair & de Freitas, 2016).

The research objectives in this study were twofold: (1) to design tasks in 
TouchCounts that could elicit various number sense abilities in children; (2) to ana-
lyze preschoolers’ interactions with the two “worlds” in the app to understand the 
range of number sense abilities mobilized, particularly focusing on cardinality and 
ordinality (for the de"nitions used see Table  3). In considering possible number 
sense skills elicited during the children’s interactions with the app, the authors 
updated their review of the literature on basic abilities and skills1 related to human 
cognitive development of managing (small) Natural Numbers, and in particular 

1 We choose to speak broadly of “skills” to avoid discussions of innateness, which was beyond the 
scope of the study.

Table 3 Skills considered as characteristic of number sense (Baccaglini-Frank et al., 2024)

Characteristic 
Number Sense 
skills De"nition

Finger knowledge 
and control

Knowing the position of your "ngers in your hand and making precise 
gestures with your "ngers

Subitizing Detecting small numbers (up to ****) without triggering counting 
processes

Finger-to-"nger 
number 
representation

Knowing the number-word (e.g., “four”) or the symbol corresponding to a 
certain "nger con"guration, and vice versa. Con"gurations can be 
achieved with counting (constructive) support or on the #y (immediate)

Ordinality skills Associating number symbols with number-words, and vice versa; knowing 
the sequence of number symbols; knowing the sequence of number-words; 
knowing the previous and next of a certain number

Cardinality skills Establishing one-to-one correspondences between elements of two 
different sets (of number-words, of material or virtual objects, of "ngers); 
associating a numerosity to a set of objects (this could occur through 
subitizing, or by counting and associating such a numerosity to the last 
number-word spoken); assigning the correct numeric symbol or the correct 
number-word to a set, depending on its numerosity
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ordinality and cardinality. Such a review (Baccaglini-Frank et al., 2020; Baccaglini- 
Frank & Maracci, 2015; Elia et al., 2023) and a critical analysis of the literature 
from related studies (Ladel & Kortenkamp, 2014; Mulligan et al., 2018; Tucker & 
Johnson, 2020) led to the "ve characteristic number sense skills2 in Table 3.

The theoretical framework is based on the Theory of Semiotic Mediation 
(Bartolini Bussi & Mariotti, 2008), which draws on Vygotskian socio- constructivism, 
and connects the visible parts of children’s interactions with digital environments to 
their development of the skills in Table 3. Mathematics is seen as a cultural product, 
the shared knowledge of a society, expressed by systems of signs (Mariotti, 2009). 
The Theory of Semiotic Mediation interprets both Mathematics and artifacts as his-
torical-cultural products, recognizing the way an artifact works as a product of the 
relationship between tasks it is used to solve and speci"c mathematical notions. A 
central focus concerns the relationship between artifacts and signs within the solu-
tion of a task. The artifact has the potential to stimulate the solvers’ production of 
signs (in this study: words and gestures). As they solve the task with the artifact, 
solvers will develop personal meanings for such signs; an expert will recognize, in 
such signs, mathematical meanings that can be expressed with mathematical signs. 
The teacher plays a crucial role both in designing the tasks and in leading the transi-
tion from artifact signs to mathematical signs. Developing mathematical signs con-
cerning the “intended” mathematics (we chose this to be the characteristic number 
sense skills in Table 3) is how the theory conceptualizes learning. However, in the 
context of our research with very young children, we needed to clarify what signs 
we could consider, and how to interpret them: we needed to interpret the (few) words 
spoken and the gestures made by the children in their interactions with the app and 
with the researcher/teacher. For this, we elaborated on the previously used 
(Baccaglini-Frank & Maracci, 2015) notion of scheme by Vergnaud (2009), focus-
ing speci"cally on two components of scheme (Baccaglini-Frank et  al., 2020; 
Baccaglini-Frank et al., 2024): the intentional component, consisting of one or more 
goals, with any sub-goals, and anticipations; the generative component, consisting 
of rules of action, i.e. sequences of actions that are carried out generating the activity.

We conducted the study in a preschool in southern Italy, involving 19 children 
aged 3.5–4.5. After initial interviews to assess the children’s existing number sense 
skills, eight children were selected based on their ability to answer at least four out 
of 13 interview questions correctly. The children participated in two individual ses-
sions, during which they interacted with the two worlds in TouchCounts. Two of the 
tasks among those designed and implemented are:

Task 1: “Can you put only this on the shelf?” (in the Numbers World)—The child 
was expected to tap the screen and create numbered discs, placing only the speci-
"ed disc (e.g., “4”) on the shelf.

Task 2: “Make Nadia count” (in the Operations World)—The child was expected to 
tap the screen with different numbers of "ngers in sequence so that the voice in 
the app (that we referred to as “Nadia’s”) would say them in order (i.e., count).

2 Note that these are not assumed to be a partition.
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The sessions were video recorded and the children’s gestures, utterances, and inter-
actions with the app were transcribed and analyzed. The qualitative analysis of the 
children’s interactions with the two tasks revealed different strategies and number 
sense abilities.

In the case of one of the children, Fred, a careful analysis of his gestures as well 
as the length of pauses between gestures, suggests that he was on the verge of devel-
oping a new understanding of the previous and the next of each number up to four 
(ordinality). During Fred’s brief interaction with TouchCounts and the researcher, 
the child was able to experiment with different gestures and rapidly developed a 
successful scheme for Task 1. He seemed to have discovered that the disc with the 
number four (as the spoken sound “four” or as the symbol “4”) comes after the disc 
with the number three, which is an important aspect of ordinality. Such learning 
seemed to be very much supported also by the characteristics of TouchCounts, and, 
in particular, its being an open environment, allowing free exploration and naturally 
inviting interaction between the child and the researcher/teacher. Speci"cally, not 
having tasks automatically proposed by design, the app affords the teacher’s active 
engagement in proposing tasks and offering personalized support to the child.

I would also like to share insights gained from closely studying the interaction of 
another child, Maria, in the Operations World with the researcher/teacher working 
on Task 2. Initially, for numbers 1–4, she demonstrated immediate "nger-to-"nger 
number representation skills, but for the numbers 5–7, she needed to count and 
prepare her "ngers more deliberately. By the end of the session, Maria developed an 
intuitive sense for "nger con"gurations (for details see pp. 787–789 of Baccaglini- 
Frank et al., 2020), even demonstrating "nger-to-"nger number representation for 
the number 7—where she raised all seven "ngers simultaneously without needing 
to count.

Overall, the study suggested that an open multi-touch environment like 
TouchCounts can effectively elicit a range of number sense abilities in young chil-
dren, especially when combined with appropriate task design and mediation of the 
researcher/teacher. The open-ended nature of the app allowed children to experi-
ment with different strategies, enabling the development of both ordinal and cardi-
nal understanding, as well as "nger control and subitizing skills. In particular, the 
study emphasized the possibility of promoting ordinality in early childhood math-
ematics through appropriately-designed environments and tasks proposed and scaf-
folded by the researcher/teacher.

 Discussion and Conclusions

Overall, the literature presented and, in particular the studies I focused on in this 
chapter, highlight the importance of "ngers in children’s development of number 
sense, and the potentially positive role that certain multi-touch apps can have in 
fostering such a development. These "ndings align with embodied cognition theo-
ries, which propose that physical or digital interactions enhance conceptual 
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understanding (e.g., Shvarts et  al., 2021; Sinclair & de Freitas, 2016; Tucker & 
Johnson, 2020). However, I would like to discuss some important differences 
between the kinds of interactions promoted by the apps and the role of the researcher/
teacher interacting with the children in each learning situation.

On the one hand, closed-interaction learning environments provided by apps like 
Ladybug Count and Fingu in which tasks are proposed automatically can enhance 
early number sense development, especially certain aspects of number sense that 
are directly related with the strategies that children tend to use repeatedly to “win” 
(Baccaglini-Frank & Maracci, 2015; Ladel & Kortenkamp, 2014). However, recent 
studies are starting to suggest that not always are the strategies used by children to 
make progress in a game like Fingu elicit the knowledge expected by its designers 
(e.g., Kortenkamp et al., 2024). Moreover, the fact that the tasks (often very repeti-
tive) are set and instantiated automatically ensures immediate usability of these 
environments, but limits their educational bene"ts (Elia et  al., 2023; Sinclair & 
Baccaglini-Frank, 2015). Finally, although I have not introduced this aspect in the 
paper, a current study that I am carrying out using re-enactment along the lines of 
the recent study by Sinclair (2024), suggests that when children are left alone to 
play with an app like Fingu by themselves, or in an environment in which many 
children are each playing separately while next to each other in “training sessions”, 
many stressful factors seem to emerge, as well as incorrect ideas of what mathemat-
ics is about (answering fast, without thinking, and not making mistakes).

On the other hand, the open-ended nature of the environments in an app like 
TouchCounts encourages children to engage in various manipulations, discovering 
new relationships, guided both by the immediate dynamic feedback and by the 
nearby researcher/teacher, who needs to be involved in designing and proposing 
tasks that exploit the affordances of the environment (Baccaglini-Frank et al., 2020, 
2024; Sinclair & Baccaglini-Frank, 2015). These environments foster not only the 
child’s development of the number sense characteristics discussed, but they also 
offer other possibilities, such as: pursuing educational objectives adapted to chil-
dren’s development levels; encouraging diverse strategies for solving a same task; 
discussing such strategies for gathering deeper insight into children’s learning, as 
well as enriching children’s learning; encouraging free exploration and fostering 
children’s problem-posing skills (Baccaglini-Frank et al., 2020; Baccaglini-Frank 
et al., 2024). For example, research has shown that children who work together in 
open environments by setting their own tasks can also work with a range of mathe-
matical ideas. it is important that open digital environments can support children to 
make their own problems and then try to solve them (Fosse et al., 2023).

Looking ahead, the potential for multi-touch technology in early childhood edu-
cation is vast. As multi-touch devices continue to evolve, so too will the educational 
apps that take advantage of these technologies. The "ndings from the studies we 
discussed suggest that multi-touch technology can serve as a powerful tool for 
developing number sense, offering children a highly engaging and interactive way 
to learn. However, the effectiveness of these tools ultimately depends on thoughtful 
design and skilled implementation by educators. Greater emphasis should be placed 
on the educator’s role, as their interventions may lack productivity without speci"c 
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guidance (e.g., Baccaglini-Frank, 2016; Elia et al., 2017). A "nal caveat: I "rmly 
believe that digital experiences should always be well-integrated with multiple 
physical experiences and direct interactions with the other people in the children’s 
learning environment.
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Negotiation Types and Participation Forms 
in a Family Interaction During Block Play

Ergi Acar Bayraktar and Birgit Brandt

 Introduction

It is undisputed that early mathematical learning does not only take place institu-
tionally in kindergarten and school. Rather, the family is a place where learning can 
take place and be shaped in a special way. Bronfenbrenner (1979) describes devel-
opment—and thus also learning processes in terms of content—in his ecosystemic 
developmental model as a reciprocal, interactionist process between the child as an 
individual and his or her social environment. In this model, the family is a system at 
the micro level. In addition to parents or mother and father, siblings and grandpar-
ents may also play a decisive role as sub-systems, each with their own routines and 
dynamics. The child is thus integrated into a variety of interaction processes with 
individual family members, which offer different developmental opportunities, 
including mathematical learning opportunities. However, there have been few sys-
tematic studies in which the shaping of interaction processes in a family context 
have been realized.

The chapter represents a contribution to the research !eld, from an interactionist 
perspective (Blumer, 1969). Blumer (1969) formulates “three simple premises” 
(p. 2) of symbolic interactionism: According to the !rst premise, “human beings act 
toward things on the basis of the meanings that the things have for them” (Blumer, 
1969, p. 2). According to the second premise, “the meaning of such things derived 
from, or arises out of, the social interaction that one has with one’s fellows” (Blumer, 
1969, p. 2). And the third premise states, “that these meanings are handled in, and 
modi!ed through, an interpretative process used by the person in dealing with the 
things he encounters” (Blumer, 1969, p. 2). On the basis of these three premises, 
Krummheuer (1992) states that symbolic interactionism contributes to learn-
ing theory.
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 Mathematical Learning as a Social Process: 
Learning-as-Participation

Mathematics learning is fundamentally a social process, situated within and shaped 
by social relationships and contexts (e.g., Cobb & Bauersfeld, 1995). The interac-
tionist perspective emphasizes that learning processes arise from negotiation of 
meaning and, in particular, through collective argumentation (Krummheuer, 1995; 
Krummheuer & Brandt, 2001). Thus, individuals’ cognitive development is closely 
linked to their participation in social interactions, where they establish interpreta-
tions, expectations, and obligations (Blumer, 1969). Learning occurs through 
increasing autonomy within stable interactional structures, particularly through par-
ticipation in collective argumentation processes. Thus, participation in social inter-
actions is closely linked to cognitive development. Participants coordinate goals and 
intentions, adjusting actions and negotiating understandings of the situation. 
Learning-as-participation extends the understanding of participation in learning 
processes (Krummheuer, 2011; Sfard, 2001, 2008).

The theory of situated learning (Lave & Wenger, 1991) is also based on the idea 
that learning takes place through participation in social events. Challenging tradi-
tional views of learning as the acquisition of abstract knowledge, this theory empha-
sizes that learning is deeply rooted in social interactions and authentic engagement 
within communities of practice. A central concept within this framework, legitimate 
peripheral participation (Lave & Wenger, 1991), describes how individuals, such as 
children or newcomers, begin as peripheral participants in a community or practice 
and gradually “move toward full participation” (Lave & Wenger, 1991, p.  29) 
through meaningful interaction and engagement with more experienced members. 
This process highlights that learning is not merely about mastering abstract con-
cepts, but involves becoming an active participant in the sociocultural practices of a 
community, “A person’s intentions to learn are engaged and the meaning of learning 
is con!gured through the process of becoming a full participant in a sociocultural 
practice” (Lave & Wenger, 1991, p. 29).

In the context of mathematics education, the implications of this theory are 
important. Lave and Wenger’s perspective reframes learning as a dynamic, socially 
embedded process, where competence is developed through active participation in 
meaningful and socially situated activities. Similarly, Krummheuer and Brandt 
(2001) argue that students’ learning processes are shaped by their modes of partici-
pation, which can range from passive observation to active collaboration in problem- 
solving. This learning-as-participation approach shifts the focus from individual 
cognitive processes to the interactional and discursive practices within the class-
room, where students co-construct knowledge through engagement in classroom 
discourse (Cobb & Bauersfeld, 1995). Beyond classroom settings, this framework 
is equally relevant in family contexts, particularly during mathematical play, where 
legitimate peripheral participation sheds light on how children learn mathematics 
through everyday interactions with family members. These learning processes are 
inherently social and contextual, demonstrating that mathematics learning, like all 
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forms of situated learning, is shaped by participation in meaningful, real-world 
activities.

 Talk Types and Negotiation Processes

In his work, Mercer (1995, 2000) examines the essential function of language as a 
tool for fostering collaborative thought and negotiation within diverse social con-
texts, including school lessons, interactions among children as well as interactions 
in the family environment. Based on these ideas, Mercer and his colleagues 
(Fernández et al., 2001) have examined the scaffolding concept of asymmetrical 
interactions between teachers and students and considered the extent to which scaf-
folding processes are also integrated into more symmetrical interactions between 
peers. They found that in symmetrical talk, children follow implicit ground rules, 
leading to scaffolding effects without conscious intent (Fernández et  al., 2001, 
p. 68). Despite children not consciously scaffolding each other’s learning, effective 
communicative strategies facilitate problem-solving. Three different types of talk 
can be distinguished, which “can be considered as social ways of thinking” 
(Fernández et  al., 2001, p.  57): disputational, cumulative, and exploratory talk. 
While disputational talk in symmetrical groups can restrict children’s development, 
exploratory talk can expand it. Exploratory talk among peers has the greatest pos-
sibilities for intellectual advancement. These talk types represent distinct communi-
cation styles, integrated with the concept of #exible and dynamic scaffolding. Thus, 
it is not so much the conscious intention (of a teacher) that is decisive for the effec-
tiveness of scaffolding, but rather the nature of the conversation and the dynamic 
process between the participants (Fernández et al., 2001).

These theoretical perspectives can be used in understanding family interactions, 
including possible integrated negotiation and scaffolding processes that could ini-
tially appear in asymmetric interaction processes. Incorporated into an interactionist 
learning theory, Acar Bayraktar (2017) describes these familial interaction pro-
cesses as “negotiating taken-as-shared meanings” (p.  110). In this context, she 
emphasizes that the negotiation process goes beyond mere verbal exchange and 
includes both verbal and non-verbal elements, with or without embodied expres-
sions, thus emphasizing shared responsibility for the structure and meaning of con-
tributions (Acar Bayraktar, 2017). With reference to the work of Fernández et al. 
(2001), she elaborates on these styles as follows:

• Negotiating taken-as-shared meanings in a disputational way: This kind of nego-
tiation consists of disagreements, individualized decision-making, counter- 
assertions through verbal, nonverbal and motional outputs. In this type of 
negotiating each individual seems to perceive others as competitive or 
incompetent.

• Negotiating taken-as-shared meanings in a cumulative way: This kind of nego-
tiation consists of agreements, positive and uncritical assertions through verbal, 
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nonverbal and motional outputs such as repetitions, con!rmations and elabora-
tions. In this type of negotiating each individual seems to achieve agreement 
without any critiques.

• Negotiating taken-as-shared meanings in an exploratory way: This kind of nego-
tiation consists of alternative hypotheses, offered justi!cations, rationalized 
practices and common pursuit of the best solutions. Its orientation is being con-
structive and cooperative so that all relevant features about the thematized issue 
can be shared. In this type of negotiating individuals seem to achieve agreement 
through contribution by verbal, nonverbal and motional outputs. (Acar Bayraktar, 
2017, p. 438)

In the following, the participation of a child in a family interaction process with the 
grandmother and the elder brother is to be examined more closely, and in doing so, 
these forms of negotiating taken-as-shared meanings are to be considered in more 
detail for the individual participants. To this end, the next section presents the 
method of participation analysis (Krummheuer, 2011; Krummheuer & Brandt, 
2001), which takes into account the different forms of integration, responsibility 
and modes of articulation.

 Analysis of Interaction and Participation

Krummheuer and Brandt (2001) described learning as the product of participation 
in interaction processes, especially in collective argumentation. Following the work 
of Goffman (1981), they classi!ed each utterance in the collective argumentation 
into two groups, according to “direct participation of the recipient in the utterance” 
and “non-direct participation of the recipient in the utterance” (Krummheuer & 
Brandt, 2001, p. 51). Each of these groups is separated into two subgroups accord-
ing to their equal and unequal involvement in the developing conversation, depend-
ing on the direct participation or indirect participation (Krummheuer, 2011, p. 84). 
Considering the interactional theory of mathematics learning, Krummheuer and 
Brandt call this categorization “recipient design” (Krummheuer & Brandt, 2001, 
p. 51), which is shown in Table 1.

In the “direct participation of the recipient in the utterance” the utterance of the 
speaker addresses the recipient directly (see Table 1; Acar Bayraktar, 2017, p. 123). 
In such participation the speaker has a conversation partner, “to whom the speaker 

Table 1 Recipient design (Krummheuer, 2011, p. 84)

Accessibility of an utterance
Direct participation of the recipient in the 
utterance

Non-direct participation of the recipient in the 
utterance

Addressed by the 
speaker

Not addressed by the 
speaker

Tolerated by the 
speaker

Excluded by the 
speaker

Conversation partner Co-hearer Over-hearer Eavesdropper
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allocates the right to take the next turn” (Krummheuer, 2011, p.  83). When the 
recipient “is directly addressed, but not assumed to be the next speaker but may be 
later involved” (Krummheuer, 2011, p. 83). In the current situation, then such recip-
ient is called a ‘co-hearer’; “this recipient status is associated with the obligation of 
a high level of attentiveness” (Krummheuer, 2011, p. 83). In the example below, the 
child is initially the grandmother’s conversation partner (1–10) and using body 
language presents himself as an attentive recipient. In “not direct participation of the 
recipient in the utterance” the speaker does not address the recipient directly (see 
Table 1; see also Acar Bayraktar, 2017, p. 123). The recipient is “tolerated by the 
speaker, but not considered in the same manner to take part in the conversation” and 
so the recipient is an “over-hearer” (Krummheuer, 2011, p. 84). Lastly, the “eaves-
dropper” can be de!ned as a listener who is deliberately excluded from the utter-
ance (Krummheuer, 2011, p. 84).

Krummheuer and Brandt (2001) also distinguished between four different forms 
of ‘speaking persons’ in the interaction process, based on the constitution of partici-
pants. This categorization is grounded in the speaker’s responsibility for three com-
ponents of a contribution: realisation (gestural or acoustic appearance—sound box), 
formulation (syntactic construction using speci!c words and expressions), and con-
tent (the function/thematic and semantic meaning of an utterance). They referred to 
this categorization as “production design” and identi!ed four corresponding forms 
of participation: author, spokesman, ghostee, and relayer (Krummheuer & Brandt, 
2001, p. 41).

Brandt (2017) extended this model by incorporating the modality through which 
a contribution is realized during interaction: (1) verbally—expressed through spo-
ken language; (2) gesturally—expressed through hand movements that can be inter-
preted as gestures; and (3) concretely—realized through material actions involving 
physical objects.

The extended production design—or, in other words, the extended analytical 
model based on the degree of participation and activities in interaction through their 
modes of representation—is shown in Table  2 (Acar Bayraktar & Brandt, 2023, 
p. 2023) and each term is de!ned in the following:

• Author: The speaker constructs the contribution in full, taking responsibility for 
its performance, how it is expressed (formulation), and the underlying idea (con-
tent). Expression can occur through any modality—verbal, gestural, or concrete 

Table 2 Extended production design (Acar Bayraktar & Brandt, 2023, p. 27)

Speaking person

Realisation
Formulation

ContentVerbally Gestural Concrete

Author + + + + +
Spokesmann + +/– +/– +/– −
Ghostee + –/+ –/+ –/+ +
Relayer + − − − −
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(Brandt, 2017). In the table, this role is marked with “+” across all dimensions, 
indicating full responsibility.

• Spokesman: The speaker conveys an idea taken from someone else but formu-
lates it in their own modality—verbal, gestural, or concrete. The formulation 
may show traces of previous contributions but also includes elements of indi-
vidual structuring. The “+/−” notation in the formulation column indicates that 
the speaker may rephrase existing material or combine their own form with 
inherited structure, while “–” under content shows that they do not contribute 
new meaning.

• Ghostee: The speaker adopts a previous formulation but uses it to express a new 
idea. While the content is original (“+”), the formulation—whether verbal, ges-
tural, or concrete—is borrowed. The “−/+” notation re#ects that the speaker may 
initially rely on the existing form but gradually adapt it into their own expression.

• Relayer: The speaker neither contributes a new idea (content) nor rephrases the 
existing formulation. Their role is limited to repeating a contribution exactly as 
it was presented—in verbal, gestural, or concrete form. This role is marked with 
“–” across all components, indicating that the speaker takes no responsibility for 
either the form or the meaning of the utterance.

This theoretical framework provides a systematic basis for analyzing different 
forms of participation by distinguishing speakers’ responsibilities for formulation 
and content, and by incorporating various modalities of expression (verbal, gestural, 
concrete), thereby enhancing the transparency, depth, and interpretive rigor of the 
interaction analysis.

In particular, in play activities, many activities are carried out with concrete 
material, such as building blocks. Following the Actor-Network-Theory (Latour, 
2005), the building blocks can be seen as actors. Fetzer and Tiedemann (2018) have 
integrated the idea of object actors into learning theory from an interactionist per-
spective: “objects can participate in the social process of negotiating a common 
context and can, in this way, in#uence processes of empirical abstraction” (p. 97).

The concepts of recipient design and production design illustrate how learners 
contribute to and receive knowledge during collaborative interactions, transitioning 
between roles such as peripheral participants and active contributors—depending 
on the extent of their responsibility for the contributions made, as outlined in 
Table 2. This nuanced understanding aligns with Lave and Wenger’s (1991) notion 
of participation, demonstrating how learners negotiate their roles within the com-
munity of practice through engagement and interaction. Such insights emphasize 
the importance of studying the micro-dynamics of interactions to better understand 
how mathematical understanding emerges as a product of collaborative and partici-
patory practices. Building on this theory of Lave and Wenger (1991), Krummheuer 
(2011) elaborates on how the learning-as-participation perspective can be repre-
sented in everyday classroom practices, particularly in mathematics education. 
While this perspective has gained signi!cant theoretical traction (Cobb & Yackel, 
1996), Krummheuer underscores the need for empirical exploration to substantiate 
its practical application.
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By integrating the notion of “legitimate peripheral participation” (Lave & 
Wenger, 1991) with the analytical frameworks of production design and recipient 
design, Krummheuer (2011, p. 88) emphasizes the critical role of participation in 
learning processes—both in classroom and home environments. This conceptual 
synthesis highlights how learners’ roles and degrees of engagement shift dynami-
cally through interaction, enabling both individual and collective meaning-making. 
Building on distinctions between recipient roles and speaking person participation, 
Krummheuer illustrates how empirical participation categories (Tables 1 and 2) can 
be interpreted through broader theoretical lenses. While roles like co-hearer or 
relayer align with the concept of legitimate peripheral participation, others like con-
versation partner or author correspond to full participation. This interplay between 
theoretically grounded and empirically observed roles allows for a more nuanced 
understanding of how participation unfolds in situated learning contexts.

Building on this background, this paper aims to delve into the functions and 
modalities through which family members engage in the negotiation process. The 
analysis focuses on the negotiating taken-as-shared meanings in the interaction and 
emphases the application of recipient design in the negotiation of meanings. Under 
this focus, the production design is used to reconstruct the individual contributions 
and responsibilities for the content of the interaction.

 The Block Play Activity of the Gül Family

Family Gül is a German-Turkish family who lives in a major German city. Berk is 
the focus child who is aged 7 years and 1 month old and has an elder brother, who 
is about 13 years old. The elder brother goes to a secondary school in Germany. 
Both are #uent in German and Turkish. The child’s grandmother, the mother of the 
child’s father, has a close relationship with Family Gül and cares for Berk and his 
elder brother when they return from school. Her education consisted of 5 years in 
the Turkish school system. She speaks Turkish and rudimentary German.

 Transcription of the Selected Scene

The transcript comes from a play situation, which focuses on geometry and spatial 
thinking. The aim of the task is for the family to build a three-dimensional version 
from a picture of a design built with wooden blocks, which all had the same size and 
weight. It was anticipated that the family would relate the two-dimensional repre-
sentations to the three-dimensional representation that they were building. One 
player chooses a card from the deck, placed face down on the table, and then repro-
duces the building on the card.

In the transcript, Berk is playing with his elder brother and grandmother, referred 
to as granny. They take turns playing across ten rounds. Throughout the interaction, 
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they speak both German and Turkish, frequently code-switching between the two 
languages. In the transcript below, speech originally spoken in German is written in 
normal font, while speech originally spoken in Turkish is underlined. In this situa-
tion, wooden blocks of identical size and color are used. In the transcript1 extract, 
the sides of the blocks are labeled as X, Y, and Z (see Fig. 1). The extract comes 
from the !rst round, speci!cally granny’s turn. The blocks used by granny are 
labeled as K1, K2, K3, and K4, while the blocks handled by the elder brother are 
labeled as BK1, BK2, BK3, and BK4.
S1 S2 S3 S4

01 Granny picks up a card from the deck, looks at it about 1 sec. by holding it with both
02 hands, sets it in front of her on the table, takes "rst block K1 from the pile
03 > of blocks and places it on its Y side on the table

04 > Brother pushes all blocks from the pile on the table toward his Granny with both 
hands, then

05 places his arms on the table resting them with his elbows bent while facing the 
table

06 Granny takes K2 from the pile of blocks and sets it in a same way parallel to the right
07 < side of K1. takes K3, places it on its X side horizontally on K1 and K2

08 < Berk places both hands on the table, slightly pushes himself up, looks around, then
09 > turns to the side facing Granny and his brother, lightly leans forward facing
10 Granny and his brother.
11 > Granny takes K4 and then sets it on its Z side vertically on K3

   
12 looks at Berk’s brother like this/
13 Brother shakes his head from left to right while facing the table

1 Column 1 (S1) contains continuous line numbers in two-digit format. Column 2 (S2) indicates 
simultaneity or overlap between utterances using the symbols “>” and “<”. Column 3 (S3) identi-
!es the speaker or actor (agent) responsible for the action or utterance. Column 4 (S4) includes all 
verbal (regular) and non-verbal (italic) contributions as well as paralinguistic features.

Granny   Brother   

Berk X Y

Z

Fig. 1 Recording position, the chosen card, and sizes of a block
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S1 S2 S3 S4
14 Granny No/looks down at the card
15 Brother shakes his head from left to right while facing the table and grinning
16 Granny how/ (make it-) turns the card slides it in front of Berk’s brother with her
17 right hand while leaning forward
18 # Berk leans forward with his arms resting on the table, positioned slightly closer to
19 his brother, facing Granny and his brother
20 # Brother dismantles Granny’s construction, randomly takes two blocks(BK1, BK2)from 

it, places
21 them next to each other on their Y sides, places the third block(BK3) on top of
22 the Y sides of BK1 and BK2 while holding K1 with his left hand on the table, 

BK3
23 falls down, smirks, picks it up and places it back on them again, still holding 

same

   
24 < takes BK4 and sets it on its Z side vertically on K3

 
25 < Granny wow\. while facing the table
26 oh\ looks at it, slightly turns the card in front of her with the "ngertips
27 of her right hand while keeping her eyes on it
28 > Brother slides it in front of him with his left hand on the table
29 > Berk keeps both hands around the tower his brother built, cupping all the blocks 

with
30 < his hands, removes them to the pile on the table

 
31 < Granny Now is Berk
32 Berk says Brother-casting a brief glance at Granny while continuing to move the 

blocks
33 to the pile

 Participation Analysis: Recipient and Production2 Design 
of Block Play Interaction

The extract began with granny picking up a card from the deck and starting to build 
immediately (see Fig. 1). While the elder Brother pushes all the blocks from the pile 
toward granny, she sequentially places Block K1 and then Block K2 on their Y 

2  For a detailed Production Design of the selected scene, see also Acar Bayraktar and Brandt (2024).
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sides, next to and parallel to each other (see Fig. 2) <01–06>.3 Then she puts one 
block (K3) horizontally on the initial two blocks. After this, she places the !nal 
block (K4) vertically upon GK3 <06–07> (see Fig. 2). From a production design 
perspective, she looks like an author4 in that she performs her own idea about repro-
ducing the building. She uses wooden blocks as “object actors” to present her idea 
through concrete actions (see also Fetzer & Tiedemann, 2018).

Meanwhile, Berk places his hands on the table, pushes himself up slightly, and 
looks around. Immediately afterward, he leans forward slightly while facing granny 
and his brother <08–09>. His reaction suggests that he is becoming increasingly 
interested in granny’s building activity and he presents himself as an attentive recip-
ient through his posture.

Afterwards granny asks whether the building construction is like this <12>. Most 
probably she was asking if the construction was correct. A possibility for her reac-
tion is that she tried to initiate discussion about the building and implicitly attempted 
to open up opportunities for Berk or his brother to contribute their own ideas within 
the ongoing interaction. In doing so, she may have been gently prompting both 
children to think again about the incorrectness of her construction, which might 
expand their possibilities for participation. If this is the case, then she regarded Berk 
and his brother as her conversation partners, from a recipient design perspective.

In the !gure on the card, there are two block-parts (a, b) which can be seen in 
Fig. 2. Furthermore, the transitions between the blocks in the image on the chosen 
card have been eliminated, causing the individual blocks to appear visually merged, 
which makes it dif!cult to determine how many blocks are required and how they 
should be arranged to replicate the tower depicted on the card. In granny’s building 
there are two blocks (K1, K2) (see Fig. 2), those parts seem smaller than block-parts 
of a and b. Thus, the building resembles but is not identical to the !gure on the card. 
To construct a nonidentical but similar building to that on the card could be because 
of either a ‘static balance’ problem (1) in which granny focused only on ensuring 

3 In the analysis of the transcript extract, notations such as <01> are used to indicate the corre-
sponding line numbers.
4 Key concepts discussed in the theoretical section above are italicized during the conduct of the 
participation analysis to emphasize their relevance throughout the analysis.

Fig. 2 Building steps of granny and review of building constructions
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that the construction was stable; or a ‘gestalt’ problem (2) in which she saw only the 
whole and not the individual parts (see Fig. 2). Topologically she might have had 
either an adaptation problem by decomposing and then composing shapes or a spa-
tial problem by regulating spatial relations of the objects and !gures. Maybe she 
realized the difference between the card and the construction, but she focuses only 
on stability of the construction. Maybe she tried to offer Berk and his brother the 
possibility to recognize the essential fault in the construction and solve it without 
any assistance.

Berk’s brother shakes his head from left to right while facing the table <13>. His 
reaction can be interpreted as a way of showing his disagreement of either granny’s 
construction or to the granny’s geometric understandings. His spatial understanding 
is shown through gestures. Without any verbal comments, his reaction provided 
insights about his idea of the incorrectness of the construction. In this sense, the 
brother took the role of an autonomous person, who expressed his ideas and had the 
freedom to act independently (Krummheuer & Brandt, 2001). From a recipient and 
production design perspective, he acted as an author, while reserving the role con-
versation partner for the granny.

Granny asked whether it was a “no” and looked down at the card again <14>. She 
seemed to want to get clear feedback from the brother. It is possible that she intended 
to ask whether he meant “no”, implying that her construction might not have been 
correct. Another possibility is that she was asking whether he was saying “no” in 
response to her question. By asking for disapproval, she signaled that she was coop-
erative and wanted to have input from Berk and his brother and maintain the nego-
tiation with them. Moreover, by asking for disapproval, she reinforced her 
suggestion, that Berk or his brother could offer their ideas and take the role of 
author. The interaction process provided an opportunity for expanding the possibil-
ity for participation to all participants.

Again, Berk’s brother shakes his head from left to right while grinning <15>, 
repeating his disagreement with the correctness of the construction by using ges-
tures instead of verbal statements. He expressed the same idea in a similar way. In 
this sense he acts as a relayer.

This time, granny asks for a clari!cation, while sliding the chosen card in front 
of Berk’s brother <16–17>. It may be that she hoped that the brother would give her 
detailed information about the correct construction. From a recipient and produc-
tion design perspective, Granny’s gesture of sliding the card toward Berk’s brother 
can be interpreted as a concrete form of interactional framing: she—acting as an 
author—not only initiates a shift in the participation structure, but also designs the 
interaction in a way that allocates speci!c roles and responsibilities to the partici-
pants. She appears to assign the brother the role of advisor. At the same time, Berk 
is positioned more peripherally, perhaps as a ghostee or even observer, with the 
possibility to appropriate the knowledge implicitly. She seemed to hope that the 
brother can solve the task. In this way, she offered Berk the opportunity to learn 
about how to build an identical structure to the one on the card. The subsequent 
actions of both children support this interactional arrangement, validating Granny’s 
recipient design.
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Berk leant forward with his arms resting on the table, positioned slightly closer 
to his brother, and facing both granny and his brother <18–19>. His posture sug-
gested that he was becoming increasingly interested in granny’s question and his 
brother’s response. Meanwhile, without offering any verbal explanation, Berk’s 
brother knocks over the completed construction and immediately begins rebuilding 
with the same blocks. He sets two blocks next to each other on their Y sides and puts 
on their Y sides another block (BK3) <20–23> (see Fig. 3). He takes one more block 
(BK4) from the pile of blocks and sets it (BK4) vertically upon BK3 <24> (see 
Fig.  3). In this sense, he offered his hypothesis and demonstrated his own idea 
through concrete actions, without any accompanying verbal statements. Thereby, he 
expressed his assertions through spatial and structural arrangements of the building 
blocks. From a production design perspective, he acted as an author who constructed 
the contribution in full, took responsibility for his action—including how it was 
expressed (formulation) and the underlying idea (content)—and was free to choose 
and combine different modes of expression. At the same time, the wooden blocks 
became object actors. They in connection with his actions helped Berk’s brother to 
clarify his idea through shared meanings (see also Fetzer & Tiedemann, 2018).

When the !rst construction that granny built and the second construction that the 
Berk’s brother built (Fig. 3) are compared from the front view, their differences 
show that they both represent rectangles, but the rectangle of the granny’s construc-
tion is smaller than the older brother’s construction (in Fig. 4 outlined both with 
red). Furthermore, the chosen card and the built construction are reviewed by nam-
ing and analyzing blocks and their sides (X; Y; Z) from the front view. It is clear that 
the Z side of the blocks is four times smaller than the X side and two times smaller 
than the Y sides, whereas the X side is two times broader than the Y sides (see 
Fig. 4). The image on the card shows that there are two rectangles (a, b) and in each 
there are exactly three blocks, which are set on their X sides and the front view 
comprises of three times the Y sides (see Fig. 4).

Keeping in mind that the number of blocks in the built tower does not matter, 
Berk’s brother appeared to construct a tower identical to the image on the card. 

Fig. 3 Building steps of the elder brother

E. Acar Bayraktar and B. Brandt



37

Although the transitions between the blocks in the image on the chosen card had 
been eliminated—causing the individual blocks to appear visually merged—the 
front view of the tower did match the image.

“Wow” granny exclaims <25>. She seems impressed. “Oh” she murmured, turn-
ing the card slightly with her !ngertips while keeping her eyes !xed on the blocks 
<26–27>. Saying “wow” and “oh” indicated admiration and approval for the con-
struction built by Berk’s brother. In so doing, she con!rmed his hypothesis and 
agreed that he had reproduced the image correctly.

While Berk’s brother slid the card in front of him with his left hand on the table, 
Berk placed his hands around the tower, cupping all the blocks protectively <28–29>. 
He carefully removed them and placed them back in the pile on the table, resetting 
the scene <30>. In doing so, he appeared to signal agreement with his brother’s 
construction being correct. From a recipient and production design perspective, 
Berk actively engages by dismantling his brother’s construction. He became an 
active participator in the content-related negotiation process. Beyond agreeing with 
his brother, his action marked the end of granny’s turn so that a new turn could 
begin. Berk made this content-related contribution gesturally, by taking up the role 
of an author. Up to this point, Berk could be considered a legitimate peripheral 
participant, primarily observing and witnessing the situated activities of his elder 
brother and grandmother. However, by dismantling and reorganizing the blocks, 
Berk transitioned into a more active role within the interaction. The negotiation 
process between his grandmother and brother seemed to guide Berk to accept that 
his brother’s construction was correct. This shift highlighted Berk’s progression 
through different participation pro!les. Initially, Berk participated as a co-hearer, 
absorbing the disputational and cumulative negotiation processes between his 
grandmother and brother as an attentive recipient, which could be seen in his body 
language. The verbal and nonverbal exchanges between granny, the older brother 
and the blocks, with or without embodied expressions create a co-constructive 
space, enabling Berk to join the interaction smoothly. By physically reorganizing 
the blocks, Berk took on the role of full participant, contributing meaningfully and 
actively to the process. In this regard, the different negotiation styles of the grand-
mother and the elder brother contributed to Berk’s participation, fostering his grad-
ual shift from peripheral observation to active engagement.

Granny said “now is Berk” <31>. Most probably she means, “now it’s Berk’s 
turn”. Granny’s verbal reaction not only signi!ed the conclusion of her turn but 
facilitated Berk’s seamless integration into the game. Following Berk’s active 

Fig. 4 Reviews of built constructions, wooden blocks, and the chosen card
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engagement in removing the blocks, granny explicitly acknowledged his involve-
ment by verbally recognising Berk’s action, which ended her turn, as a ghostee. By 
addressing Berk directly, granny not only signaled a change of role, but also rein-
forced his transition from a legitimate peripheral participant to a full participant.

Berk responded, glancing brie#y at granny and saying, “Brother,” while continu-
ing to move the blocks to the pile <32–33>. Although this response reinforced the 
end of granny’s turn, it is multifaceted. While acknowledging the conclusion of 
granny’s role in the interaction, Berk simultaneously reaf!rms his brother’s author-
ity over the construction process. His verbal and non-verbal contributions demon-
strated an understanding of the negotiation dynamics and a willingness to engage 
within the boundaries of the roles previously established by his grandmother and 
brother. By continuing to move the blocks, Berk consolidated his position as a full 
participant while still aligning himself with the framework set by his elder brother. 
Berk’s response, “Brother,” might re#ect his recognition of the turn-taking rules and 
that it was his elder brother’s turn rather than his own. Consequently, Berk demon-
strated an awareness of and adherence to the superordinate play rules. This attention 
to structure and turn-taking indicates that Berk was not merely observing but was 
actively engaged in understanding and maintaining the order of the activity. Berk’s 
adherence to these implicit rules reveals a nuanced awareness of the social and pro-
cedural dynamics within the interaction, further solidifying his role as an active 
participant.

 Summary of the Interpretation with Regard to Types 
of Negotiation Processes

The analysis of the block-play interaction illustrates how negotiation and participa-
tion foster #uid shifts in roles and responsibilities within family dynamics. Verbal, 
non-verbal, and material actions—such as con!rmations, elaborations, and spatial 
arrangements—emerge as key tools for managing interaction, negotiating meaning, 
and maintaining relational harmony.

Different negotiation styles emerged between family members. While the brother 
expressed disagreement and decision-making through the structural use of blocks, 
Granny guided the process in a cumulative and af!rming manner. Through con!r-
mations, elaborations, and physical contributions, she fostered agreement without 
critique. Together, they created an exploratory negotiation process for Berk, shaped 
by their spatial arrangements and construction strategies, enabling his learning 
through observation and interaction. Their collaboration culminated in a jointly 
constructed working consensus on how to build the correct structure, exemplifying 
the co-construction of taken-as-shared meanings. This dynamic is further illustrated 
in Fig. 5, which provides an overview of the negotiation process.

Throughout the process, Granny and the brother formed an asymmetrical but 
complementary partnership—balancing disputational and cumulative negotiation 
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styles leading the negotiation process in an exploratory direction for Berk. Granny 
also implicitly created space for Berk’s engagement by assigning responsibility to 
him and his brother to contribute their own ideas. Their cooperative negotiation 
allowed for verbal and non-verbal coordination, adjustment of intentions, material- 
based reasoning and co-constructing meanings, all of which supported Berk’s 
emerging spatial understanding and enabled opportunities for individual learning.

Initially participating as a co-hearer and an attentive recipient, Berk was given 
the opportunity to observe both actors and gradually transition toward more active 
involvement. By attending to his brother’s construction activities, material actions, 
and use of blocks as object actors, he was able to develop emerging spatial aware-
ness and geometric insight. His shift from co-hearer to active contributor—taking 
apart and recon!guring the blocks—re#ected a movement from legitimate periph-
eral participation toward full participation. Though minimal, this contribution 
aligns with the notion of author, as he assumed responsibility for both formulation 
and content. This progression re#ects Lave and Wenger’s (1991) theory of learning 
through legitimate peripheral participation, in which learners gradually increase 
their engagement in social practices. Ultimately, the negotiation process unfolded 
through distinct yet complementary interactional styles, enabling shared meaning- 
making and fostering opportunities for situated learning. Figure 6 visually summa-
rizes the co-constructive negotiation process, illustrating how complementary 
negotiation styles—disputational and cumulative—converged to support Berk’s 
participation in an exploratory manner.

 Conclusion

This study highlights how collaborative construction tasks in family contexts are 
shaped by diverse forms of participation, as conceptualized through recipient and 
production design. Participants engaged in multimodal communication—relying 
not only on verbal interaction, but also on gestures and material actions—to express 
geometric reasoning and coordinate joint activity. In this interactional setting, 
wooden blocks functioned as object actors (Fetzer & Tiedemann, 2018), mediating 
shared meaning-making through concrete material-related actions.

The dynamic negotiation of interactional roles was central to this process. 
Although explicit verbal dialogue was limited, the participants mutually positioned 
one another as conversation partners. At the same time, Berk—initially not directly 
involved as a conversation partner—occupied a peripheral role as a co-hearer and 
attentive recipient, thus entering the process through legitimate peripheral participa-
tion (Lave & Wenger, 1991), in which learning occurs through observation and 
increasing levels of engagement within practice.

The dynamics of family relationships shaped the interaction and lead to different 
negotiation processes depending on the perspective of the participants, so that a 
cumulative and a disputational mode of negotiation emerge simultaneously. These 
styles do not function in isolation, but rather complement each other, creating a rich 
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Granny builds a construction <1-11>.
Granny concrete material actions → author
Berk + Brother → her conversation partners
Berk turns to the side facing Granny and his brother and leans forward with his arms resting on the table <08-10>.
Berk → attentive recipient
Granny asks whether the building construction is like this <12>.
Granny concrete material actions → author
Berk + Brother → her conversation partners
Berk’s brother shakes his head from left to right while facing the table <13>.
Brother gestural → author
Granny → his conversation partner
Berk → co-hearer
Berk → attentive recipient
Granny asks him if it is no while looking down at the card <14>.
Granny verbal → ghostee
Brother → her conversation partner
Berk → co-hearer
Berk → attentive recipient
Berk’s brother shakes his head from left to right while facing the table and grinning <15>.
Brother gestural → relayer
Brother → her conversation partner
Berk → co-hearer
Berk → attentive recipient
Granny responds with “How” and tells him to make it, leaning forward, slides the card toward Berk’s brother with her right 
hand <16-17>.
Granny verbal + gestural → author
Brother → her conversation partner
Berk → co-hearer
Berk → attentive recipient
Berk leans forward with his arms resting on the table, positioned slightly closer to his brother, facing Granny and his brother 
<18-19>.
Berk → attentive recipient
Without offering any verbal explanation, Berk’s brother knocks over the completed construction and immediately begins 
rebuilding with the same blocks <19-24>.
Brother concrete material actions → author
Granny → his conversation partner
Berk → co-hearer
Berk → attentive recipient
Granny reacts “Wow”, then says “Oh” looks at the card, slightly turns the card in front of her with the fingertips of her right 
hand while keeping her eyes on it <25-27>.
Granny verbal + gestural → author
Brother → her conversation partner
Berk → co-hearer
Berk → attentive recipient
Berk keeps both hands around the tower his brother built, cupping all the blocks with his hands, removes them and places 
them back in the pile on the table <29-30>.
Berk gestural + concrete material actions → author
Brother + Granny → his conversation partners
Granny says “Now is Berk” <31>.
Granny verbal + gestural → author
Brother + Berk → her conversation partners
Berk says “Brother-” casting a brief glance at Granny while continuing to move the blocks to the pile on the table <32-33>.
Berk gestural + concrete material actions → author
Brother + Granny → his conversation partners

Fig. 5 An overview of the collective familial negotiation process

learning environment that other participants—as attentive recipients—can perceive 
as a negotiation process in an exploratory way and gradually transition from periph-
eral observation to more autonomous participation.

The analysis demonstrates that negotiation processes are not monolithic but 
composed of layered, interwoven modes of engagement. It is important to note that 
collective negotiation processes re#ect a dynamic interplay between explorative, 
cumulative and disputative elements in the construction of meanings that are 
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Brother & Granny → conversation partners

Berk legitimate peripheral participant
co-hearer / attentive recipient

→ full participant
conversation partner

Brother disagreement → disputationally
→ Berk agreement → exploratorily

Granny agreement → cumulatively

Fig. 6 The co-constructive negotiation process

assumed to be shared. In negotiations in a disputational way, family members often 
present opposing arguments, revise intentions and adjust interpretations in order to 
convince each other. At the same time, cumulative processes foster trust and enable 
a critical discussion of the topic and the exchange of theses and antitheses—which 
occurs in a diputational way—without disturbing the harmony in familial interac-
tion. Importantly, these negotiation forms coexisted within a harmonious collabora-
tive framework, enabling both shared understanding and the emergence of individual 
learning trajectories through observation, experimentation, and progressive 
participation.

 Future Research and Limitation

Different negotiation styles jointly construct shared meanings that not only support 
collective sense-making but also stimulate individual learning. By fostering partici-
pation in such processes, family environments contribute to intellectual growth and 
illustrate how the interplay of negotiation can generate meaningful learning oppor-
tunities. While this study provides insight into the dynamics of participation and 
negotiation within one speci!c family interaction, its context-bound nature limits 
generalizability. Future research should explore more diverse cultural and social 
contexts to further examine how such processes unfold across settings.
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 Introduction

Natural number is present in daily activities and children’s lives. From the early age, 
they memorably and repetitively count small quantities and express various situa-
tions (age, date of birth, family members, measurements, orderings, etc.). Numbers 
represent one of the fundamental pillars of mathematics, as well as one of its main 
topics, as highlighted in the Italian National Guidelines for kindergarten and the 
"rst cycle of school (MIUR, 2012). The concept of natural numbers is highlighted 
as being a very sophisticated and complex concept (Mann, 2014; NCTM, 2000). In 
the Italian National Guidelines, it is suggested that it should be addressed and built 
up gradually in a vertical perspective from the early years of school and preschool 
to grade 13 (MIUR, 2012, p.!49).

It often happens that the need to count and use natural numbers by memorizing 
the numerical sequence is not accompanied by equally in-depth work on the under-
standing of numbers. This may be a more frequent!situation for children who expe-
rience dif"culties, as they may "nd comfort and security in reproductive and 
schematic learning, rather than more complex learning. The consequence of these 
learning choices means that they risk exclusion from more meaningful learning 
experiences. Our didactic assumption is that the process of formalizing leading so 
that it characterizes natural number, through understanding three aspects, cardinal, 
ordinal and recursive, can be achieved through the mediation of suitable artefacts. 
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This can be done in accordance with a speci"c teaching and learning model, based 
on the framework of the Theory of Semiotic Mediation (TSM) (Bartolini Bussi & 
Mariotti, 2008). The TSM provides a reference for the design and the implementa-
tion of a teaching sequence, as well as the analysis of the data coming from the 
experiment. The main aim of the experimental educational path described in this 
chapter is to support children’s development of their sense of natural numbers, using 
games and artefacts, as outlined in the TSM.

In particular, games are selected as a means to approach the discovery and con-
struction of new mathematical concepts, while artefacts are chosen based on the 
problem situations presented to the children, in accordance with the principles of 
semiotic mediation theory. The analysis of the transcriptions of children’s talking 
during the game reveals the evolution of the concept of one-to-one correspondence, 
the equipotency between sets (thus an initial idea of cardinal numbers), the repre-
sentation of numbers, and their ordering. Additionally, in the "nal phase of the 
game, comparing the cardinality of plastic bags and ordering them based on their 
cardinality evokes the idea of a number’s successor through the +1 operator. These 
ideas lay the foundation for building the ordinal, cardinal, and recursive aspects of 
natural numbers.

The cardinal aspect of Natural number refers to the idea of biunivocal correspon-
dence between elements belonging to two equipotent sets (Piaget, 1997). In math-
ematical literature (Kunen, 2011), the term equipotent refers to sets that have the 
same cardinality, meaning there exists a bijective function between them. Two sets 
A and B are equipotent if there is a one-to-one correspondence (bijection) between 
their elements. The ordinal aspect of Natural number concerns the comparison of 
cardinal numbers establishing which set contains the greatest number of elements. 
This aspect focuses on sorting, gradually leading to the construction of the number 
line (Piaget, 1997). The recursive aspect of the Natural number, stated in Peano’s 
axioms, "xes a starting point by assuming zero as the "rst Natural number, and 
constructs the next number of n, through adding 1 to any number.

In summary, the cardinal aspect allows the elements of a set to be counted; the 
ordinal aspect allows them to be reordered, according to an ascending or descending 
order; the recursive aspect avoids “jumps” in the Natural number’s sequence 
(Butterworth, 1999). This idea is linked to the construct “number sense” that is seen 
as essential for learning arithmetic. Many researchers also believe that the develop-
ment of number sense is a fundamental skill for acquiring awareness of the struc-
tural aspects of number and for promoting pre-algebraic thinking (Fuson, 2012; 
Grif"n et!al., 1994).

The educational path we have designed, identi"ed different phases related to 
each aspect of Natural numbers (Usmanov, 2020). The design, implementation and 
analysis of results in the educational path are based on the theoretical framework of 
TSM.!This framework provides an important reference for studying the relationship 
between artefacts, the actions they enable, and the construction of mathematical 
concepts by the learners who use them. Finally, the analysis focuses on the semiotic 
potential of the artefact used.
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 Theoretical Framework

From a Vygotskian perspective, the Theory of Semiotic Mediation (TSM) considers 
the complex system of semiotic relations between the elements involved in the con-
struction of mathematical meanings using artefacts: the artefact, the task in which 
the artefact is used, the mathematical knowledge that is the objective of the didactic 
intervention, and the teaching/learning processes taking place in the classroom.

The notion of artefact, utilized in this chapter, is consistent with the distinction 
between artefact and instrument, introduced by Rabardel (Bartolini Bussi & 
Mariotti, 2008), and identi"es an artefact with any device conceived and realized by 
human beings for any purpose. The distinction between artefact and instrument 
aims at distinguishing between the device and the use that any person can conceive 
of for such a device to ful"l a speci"c purpose. The combination of different schema 
that might be conceived for the use of the artefact will constitute a new entity, 
namely an instrument. The notion of artefact and that the schema of utilization 
(Rabardel, 1995) is at the core of the TSM’s construct of semiotic potential, which 
is the twofold relationship that the artefact has with the personal meanings emerging 
from its use and the mathematical meanings that might be evoked by such use.

on the one hand, personal meanings are related to the use of the artefact, in particular in 
relation to the aim of accomplishing the task; on the other hand, mathematical meanings 
may be related to the artefact and its use. This double semiotic relationship will be named 
the semiotic potential of an artefact. (Bartolini Bussi & Mariotti, 2008, p.!754)

The analysis of the semiotic potential will describe what is expected to emerge in 
the classroom, both actions accomplished, and signs produced by the children and 
their relationship with the mathematical meanings in focus. For this reason, TSM is 
at the core of the design of any teaching sequence, and it is the basis for the analysis 
of any experimental realization of a didactic intervention. Meanings related to the 
use of the artefact can be referred to the schema of utilization that are displayed by 
the children with respect to a speci"c task. Therefore, the design of the tasks devel-
ops on the base of a "ne grain a priori analysis of the solution processes and speci"-
cally on the identi"cation of the schema of utilization that are expected.

According to the TSM, personal meanings emerging from the activities carried 
out with an artefact may evolve into mathematical meanings that constitute the 
objective of the teaching intervention. Such an evolution can occur, fostered by 
speci"c semiotic activities in the pair interaction during the accomplishment of the 
task and in the collective discussions, orchestrated by the expert guide of the teacher. 
The collective construction of shared mathematical meanings is a complex and long 
process, where it is possible to identify evolution paths (semiotic chains) described 
by the appearance and connection of different types of signs: artefact signs, mathe-
matical signs and pivot signs. The artefact signs are characterized by being highly 
subjective and clearly related to the speci"c experience with the artefact, while the 
mathematical signs constitute the goal of the teaching /learning process and are 
related to the mathematical meanings as shared in the institution. Pivot signs with 
their hybrid nature, both referring to the use of the artefact and to the mathematical 
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domain, are characterized by their function in the evolution process, fostering 
through their intrinsic ambiguity the move from artefact to mathematical signs 
(Bartolini Bussi & Mariotti, 2008; Faggiano et!al., 2018; Montone et!al., 2019).

Finally, the notion of didactic cycle constitutes the unit of design. The didactic 
cycle organizes the coordination between activities with the artefact and semiotic 
activities so that the expected evolution of signs is achieved. According to this struc-
ture, the description of the sequence will be framed by an iteration of didactic 
cycles. These educational assumptions align with the use of laboratory-based meth-
odologies in teaching, as the National Guidelines (Miur, 2012) emphasize the 
importance of developing re"ned and complex concepts starting from preschool. 
They also provide methodological suggestions for gradually and cyclically 
approaching abstract concepts.

In particular, the document recommends (Miur, 2012, p.!27):

Implementing educational activities in a laboratory format to encourage hands-on experi-
ences while also fostering dialogue and re#ection on what is being done. A well-organized 
laboratory is the most effective approach to encourage inquiry and planning, engage stu-
dents in thinking, creating, and evaluating shared activities, and can be implemented both 
within different spaces and opportunities inside the school as well as by leveraging the 
surrounding environment as a learning resource.

Furthermore, it states, “Experimentation, manipulation, play, and storytelling are 
privileged opportunities for learning through practice, which later becomes the 
foundation for more advanced theoretical and experimental knowledge” (Miur, 
2012, p.!7).

The entire approach is structured as a problem-solving/game-based activity that 
fosters experimentation, creativity, discussion, analysis, and interpretation of situa-
tions within a meaningful context related to the task and the knowledge to be con-
structed. Problem-solving, when embedded in real-world scenarios, mirrors the 
typical procedures used by experts in the "eld. This enables students to develop 
awareness and build disciplinary concepts while adopting the role of experts 
(Dunlap, 1996). The game was the primary tool through which children constructed 
mathematical concepts using the artefact. At this age, play is “serious business”, it 
represents a “problem” to be tackled and solved for the sake of enjoyment. Moreover, 
play plays a crucial role in motivation and inclusion, as it is an inherently coopera-
tive activity (Butterworth, 1999). During play, dialectical confrontation is encour-
aged, making it easier for children to accept failure (as they play for the sake of 
playing, not to win) and to engage with others’ ideas. While playing, children do not 
feel judged by the teacher, but feel free to justify their choices, express their opin-
ions, and compare their ideas with those of their peers (D’Amore & Sbaragli, 2011). 
Thus, play regulates self-discipline, which is essential for the success of the activity. 
It fosters social intelligence and serves as a catalyst for learning, facilitating devolu-
tion—the process through which children become active protagonists in their own 
learning, taking conscious responsibility for their actions and decisions (D’Amore 
& Marazzani, 2011). Play has a highly positive social value (Di Paola et!al., 2020) 
while simultaneously fostering a positive attitude toward mathematics, as prescribed 
by the National Guidelines. Since play is the primary methodology underlying the 
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proposed teaching approach, the entire design of this experimental research is based 
on the Theory of Semiotic Mediation (TSM) for the planning, implementation, and 
analysis of the activities presented in this article (Fiorentino et!al., 2023).

With these assumptions, our research questions are:

 – Does the artefact, related to a speci"c given problem concerning natural num-
bers, involving a game, support children’s understanding of the concept of 
 one-  to-  one correspondence, the equipotency between sets, the representation of 
numbers, and their ordering emerge, also in kindergarten?

 – Is it possible to highlight, only with the children’s verbal contributions and ges-
tures in kindergarten, the evolution of personal meanings about elementary 
mathematical concepts?

 Research Methodology

In accordance with TSM, a teaching sequence was designed following the general 
scheme of successive didactic cycles. Speci"cally, the structure of the iteration of 
the Didactic Cycle is constituted by working on the previously designed task with 
an artefact, by producing individual signs evoked by using the artefacts and "nally 
in a mathematical discussion collective signs are produced.

The experimental activity follows the design phase, with the overall educational 
path being carried out with a group composed of 12 children. In this study we have 
focused on the observation and analysis of the development of the semiotic potential 
of the three artefacts and in this chapter, we present the results related to the use of 
one of them, speci"cally the “Go!” game.

The collected data from the teaching experiments, focusing on the unfolding of 
the semiotic potential of the artefact involved in the “Go!” game, included video-
tapes and transcriptions. Activities were videotaped using two cameras, a "xed one 
facing the students and a second one focused on the artefact in use; conversations 
were transcribed, which also identi"ed the speci"c actions taken with the artefacts. 
The choice of artefacts, the activity design and analysis of results has been under-
taken by all the authors. The experimental activity in the class was conducted by one 
of the authors (Ricciardiello), while the other three authors were observers in 
the class.

 The Experimental Activity

To validate the effectiveness of the designed educational path a research study was 
conducted in three different kindergarten schools with a total of 45 children coming 
from different Italian cities. In this paper, we analyse some excerpts, which provide 

The Construction of!the!Natural Number’s Concept in!Kindergarten: The!“Go!” Game



50

evidence of the evolution of signs, related to this experimental research. The steps 
for the analysis were:

First step: The “Go!” game is introduced through proposing a situation problem. 
It is "rst suggested to create spare pencil cases to keep on hand in the classroom, to 
help students that forget their pencil cases at home. The teacher takes the cardboard 
case containing the colours lost by the students and simulates an accident. She acci-
dentally drops the briefcase and the colours spill on the #oor. A transparent plastic 
bag is distributed to each student and the "rst task is suggested:

TASK 1: Collect and group all the same coloured pencils in a transparent plastic 
bag. The randomness of the situation means that not all colours are present (e.g., red 
and some other colours are missing). Furthermore, not all colours are present in the 
same amount (e.g., there are 5 yellow pencils, 4 green, 8 brown, and so on). After 
collecting colours, each student has a plastic bag of the same colour; there are 15 
empty boxes in the back of the classroom, which will later be used to collect equi-
potent bags. A game leader is identi"ed, and the game begins. At this moment the 
teacher gives two tasks, one for the game leader and another one for the whole class:

TASK 2a (for the game leader): Remove one coloured pencil at a time from your 
plastic bag and say “Go!” each time. Repeat the action until your plastic bag is 
empty. When this happens, exclaim “Stop!”

TASK 2b (for the whole class): Each time the game leader says “Go!” remove a 
coloured pencil from your plastic bag and put it on the desk, until your plastic bag 
is empty. When this happens, exclaim “Stop!”.

The leader starts the game. They say, “Go!” and takes out a coloured pencil and 
places it on the desk. At the same time, all the other students perform the same 
action. In relation to Tasks 2a and 2b, the semiotic potential of the artefact emerges. 
The action of simultaneously taking out a coloured pencil from each plastic bag at 
the command “go!” evokes one-to-one correspondence between the coloured pen-
cils in the bags; through the simultaneous call of “Stop!” by several players and the 
putting the coloured pencils back into their own plastic bag, which created bags 
with the same numerosity. These actions evoke the idea of correspondence between 
the bags, that is mathematically the correspondence between the sets, namely, the 
idea of equipotency. After a few calls of “Go!”, it may happen that, due to the way 
the game is structured, someone will have emptied their plastic bag and will say 
“Stop!” to indicate that they have run out of coloured pencils. When this happens, 
the student or students will be asked to collect their coloured pencils and place them 
back into their empty bags. The children will then place those bags in one of the 
boxes on the #oor, as part of the next task:

TASK 3: If there are no more colours in your bag and you have said “Stop!”, put 
them back in your empty plastic bag and place it in one of the boxes.

Dif"culties are expected to emerge about the choice of the box in which the stu-
dents, who said “Stop!” at the same time, are to place the plastic bags of coloured 
pencils, that is, the plastic bags which have the same numerosity. At this point, the 
teacher leads a discussion (D1) in which he/she aims to bring out the concept of 
equipotency related to the number of coloured pencils that are in the boxes, when 
two or more students said “Stop!” at the same time. As a result of Task 3, the 
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semiotic potential of the artefact emerges. The action of putting all the plastic bags 
of students who said “Stop!” simultaneously into the same box evokes the idea of 
the equipotential relation between sets.

Second step: The following day, the teacher brings more coloured pencils and 
other school objects (rubbers, pens, protractors, etc) (see Fig.!1). She repeats the 
game, in order for the students to create new plastic bags to compare with the ones 
used in the previous day. Compared with the day before, randomly arranged boxes 
were placed on the #oor. The main aim of this second step is to label the boxes, that 
is, to bring up the need to denote the equivalence classes with a symbolic represen-
tative, which speci"cally will be the cardinal number. To create the problematic 
situation connected with this aim, the “Go!” game is played with the new materials, 
repeating the tasks from the "rst phase of the game. When some players say “Stop!”, 
a dif"culty arises, as it is not easy to "nd the appropriate box for placing the new 
plastic bag full of objects, among the boxes, created the previous day. To decide 
which box to put the new bags in, students should take out a bag already placed in 
any of the boxes and so they can match the objects in their own plastic bag and the 
objects in the plastic bag they just took out of the box. If the two bags are in a one- 
to- one correspondence, between each of the objects in the "rst plastic bag and each 
in the second bag, then both bags belong in the same box. If this is not the case, 
students should take a plastic bag from another box and proceed to check the match 
by comparing one-to-one. The search for the appropriate box may be long, arduous, 
and inconclusive. However, this offers an opportunity for the children to re#ect on 
the need to place an identifying symbol on the outside of the boxes. A second dis-
cussion is also triggered (D2) in this part of the task. This discussions is about the 

Fig. 1 New objects 
and bags
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need and decision to af"x a recognition symbol to each box. The action of labelling 
each box with as many circles as there are objects in the bags evokes the idea of a 
one-to-one correspondence between the objects and the signs.

When the circles become too many to add to the outside of the box and to do the 
matching, a need arises to use a unique symbol to denote each numerosity, which 
provides the opportunity for the Arabic numbers (0, 1, 2, 3, 4…) to be introduced. 
The action of labelling each box with numbers evokes the idea of using a represen-
tative symbol to denote the equivalent class of the characteristic property, common 
to all the objects in the box, namely equipotency. Speci"cally, the common charac-
teristic of the bags is that they are in one-to-one correspondence with each other and 
thus have the same cardinality. Such a representative element will be the cardi-
nal number.

Third step: The boxes have labels, but are not placed in an order. Therefore, an 
additional dif"culty that emerges during the game is to quickly "nd the “right” box 
at the “Stop!” moment. In other words, it may happen that students have to compare 
their plastic bag with the numerosity de"ned by the cardinal numbers on the boxes 
before "nding its equipotential class. The students can respond to this dif"culty by 
“putting the boxes in ascending order” so they do not have to search randomly to 
locate the appropriate box. Therefore, the goal of this phase is to order the boxes, 
and that is to bring about the need to use an ordering relationship. The teacher will 
then lead a third discussion (D3) aimed at sorting the boxes according to their 
numerosity, to identify the correct position of each box, through a two-by-two com-
parison. In relation to this discussion, the semiotic potential of the artefact used 
emerges indeed, the action of sorting the boxes, according to their numerosity, natu-
rally evokes an ordering relationship.

Fourth step: During the previous step, it could happen that a box is missing. For 
this reason, a new discussion (D4) will be led to identify how to obtain the “miss-
ing” numbers in the sequence of the "rst 15 Natural numbers. In addition, if there is 
no box containing plastic bags that are biunivocal matched to the new plastic bag of 
objects, that represent the missing numbers, students will "ll in the “gaps”, which 
will result in creating a new box or boxes. The missing numbers will be added 
through the addition or subtraction of an element, respectively, from the previous or 
the next box. Such procedures evoke the idea of recursiveness and the construction 
of the number line for Natural numbers.

Fifth step: In the last step, after labelling the boxes with number symbols, the 
number line is constructed by drawing a long line on the wall and placing a mark 
with the number at each box.

 The “Go!” Game Artefacts and!Its Semiotic Potential

The artefact was chosen for its semiotic potential, in terms of the underlying math-
ematical meanings that can be evoked when performing tasks connected to the 
game. The main aim of this game/artefact is to construct the cardinal number aspect 
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as representative of the equipotential classes. Moreover, the game/artefact allows 
the construction of the ordinal and recursive aspects through the solution of problem 
situations during the different tasks associated with the game. To construct the 
meaning of a Natural number and its complexity, we outline the speci"c aims: 1. 
Constructing sets to play with; 2. Matching equipotent sets with a biunivocal cor-
respondence; 3. Construct the concept of cardinal number through the realization of 
equivalence classes related to the equipotential relationship between sets (repre-
sented by boxes that will in turn contain plastic bags with the same number of 
school objects); 4. Identify a way to recognize boxes (because externally they are 
equal) by labelling them with the cardinal number symbol as representing the equiv-
alence class; 5. Introducing Arabic numeral symbols; 6. Sort the boxes, comparing 
the plastic bags contained in them (two by two) and identifying which box comes 
"rst and which comes next (Sorting principle: 5!!3 because it does exist the number 
2 that, if added to 3, is 5); 7. Complete the number sequence, “"lling in” the “jump” 
between two non-consecutive Natural numbers, by using the principle of recursive-
ness (+1), with the missing number; 8. Creating the number line based on the previ-
ous number sequence. The game/artefact evokes the idea of equivalence class 
because the transparent resealable plastic bags model a set, the objects contained in 
the bags model the elements of the set, and the white boxes naturally simulate the 
equivalence class. The small objects allow for the construction of the one-to-one 
correspondence when being extracted from the plastic bags simultaneously when 
the game leader says: “Go!”. Two or more transparent resealable plastic bags of the 
players, who "nished at the same time, provide the possibility to evoke the idea of 
equipotency among the sets. The action of placing them together into a white empty 
box, promotes the idea of equivalence class.

 Results and!Discussion

Below we respond to the research question by discussing some crucial episodes in 
the mathematical discussions that arose during the different steps of the activity.

 Some Crucial Episodes in!Students’ Classroom Discussion

We analyse three speci"c episodes which appeared during the didactical path devel-
oped across the activity connected to the game. These episodes were considered 
signi"cant because they point out the role played by the chosen three artefacts in 
contributing to the students’ cognitive process in the construction of three funda-
mental aspects, cardinal, ordinal and recursive, of the concept of Natural numbers.

Episode 1: Once all the colours were collected the students started to play. Mik 
started the game by taking the "rst colour out of his plastic bag and said the "rst 
“Go!”. His classmates did the same thing. Mik took another turn and said “Go!” 
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three times, until four of his classmates said “Stop!” simultaneously. These four 
students should understand the need to place their four plastic bags in the same box. 
The teacher starts the discussion (D1):

Teacher:  What happens now? Any suggestions?
Federica:  They "nished their colours together and now they want to put their 

bags in a box.
Teacher:  Do they want to store them in the same box? Why in the same box?
Federica:  Because … because they said “Stop!” … at the same time.
Giovanni:  Who "nishes at the same time, goes in the same box.
Teacher:  Ok, but why? Why in the same box?
Francesca:  Because they are equal.
Teacher:  What do you mean? Why equal?
Federica:  The quantity…is equal.
Matteo:  I got it!! The amount is the same! They said stop after 4 “Go!” turns… 

Since you have the equal number, you have to put it in the same box.
Teacher:  Equal number…! Mhmm… I don’t see any numbers here!
Laura:  Yes, that’s right! They said “Stop!” together at the same time, and so 

this means that their plastic bags have the same quantity of coloured 
pencils, that is an equal number of coloured pencils

Matteo:  They all have four colours; the colours are correspondent.

During this discussion, signs were produced that are gradually evolving into a 
fundamental mathematical idea, that the plastic bags of colour pencils have the 
same numerosity because each child said “Stop!” at the same time. Saying “Stop” 
together represented, through bi-univocal correspondence, the concept of equipo-
tency. This contributed to the idea that plastic bags of the same quantity should be 
placed in the same box, representing an early idea of the concept of “equivalence 
class” and cardinality. The change in how the ideas were expressed showed the 
evolution of signs from the personal meaning of “stop at the same time” to the col-
lective sign “same quantity of coloured pencils, to “the colour pencils are corre-
spondent”. During the next lesson, the teacher summarised what happened in the 
"rst phase and asked the students to tell a classmate, who was not at school, what 
happened. Federica tells the main rules of the game and Giulia explains how to 
choose the box in which to place their plastic bag at the “Stop!” moment:

Giulia:  When someone was left with the empty bag and said “Stop!”, he had 
to put them back in the bag and put the bag in a box.

Federica:  The children who said “Stop!” would get up and put their plastic bag 
in a box …

Antonio:  That is, they would put the coloured pencils back in their plastic bag 
and put it in one of the boxes and if students said “Stop!” together, … 
that is, the colour pencils of the bags matched each other, … the bags 
had to be put in the same box.

Maria: Yes, but I don’t understand why they put the bags in the same box!
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Federico:  Yes, we put our bags in the same box because we said “Stop!” 
together and "nished at the same time… our bags were equal.

Antonio:  Not equal in the coloured pencils but in the numbers of the coloured 
pencils.

Teacher:  Well, as Federico and Antonio say, if you said “Stop!” together, you 
would put the bags in the same box because your bags were equal in 
the number of the coloured pencils. Do you all agree?

All together: Yes!

In this excerpt, students showed an evolution of the signs, related to the one-to- 
one correspondence between the plastic bags and again the link between the action 
of saying “Stop!” simultaneoulsy and the equipotency between the bags whose ele-
ments are in one-to-one correspondence.

Episode 2: In this episode we analyse an excerpt of the discussion (D2) in which 
we point out the need to use a number as a representative of the equivalence class to 
identify each box. The children started the “Go!” game and must place a “Stop!” 
bag in a box, but there are many boxes and they do not know where to put it.

Teacher: So, we have a problem! How do we do…?
Andrea: We can remember the box.
Teacher: How can we remember the box?
Federica:  Like, if here is the three [points to the "rst box], we remember that in 

the "rst one is the three.
Marco:  But the three could be here [with "nger points to "rst box] or here 

[with "nger points to third box] or right here [with "nger points to last 
box], we don’t know which is the… we can’t remember… also because 
yesterday we put them away in disorder…

Maria:  Or we can put marks on it, for example a drawing of a pencil like this 
[and she sketches a pencil in the air, with a metaphoric gesture, moving 
her "nger downwards] …

Mattia:  Yes it’s true we can do as Maria says, every time we take a colour we 
put a little pencil drawing, so if we have two coloured pencils we put a 
drawing of two little pencils, if we have three coloured pencils we put 
a drawing of three little pencils… so we remember…

Teacher:  Interesting proposal from Mattia and Maria, what do you think? Shall 
we put the drawing of pencils outside the boxes?

Marco and Federica: Yes, let’s put them on!
Teacher: Who wants to tell me how we do it?
Maria:  (takes the box) For example, this is the box and here there are the bags 

with two coloured pencils, we put a drawing of two pencils to see 
which bags are in it.

Laura:  Here there are the plastic bags with "ve coloured pencils… on the box 
I draw "ve pencils, here there are the plastic bags with four coloured 
pencils and on the box, I draw four pencils…

The Construction of!the!Natural Number’s Concept in!Kindergarten: The!“Go!” Game



56

Luca:  Yes, but if we have a thousand coloured pencils, will we draw a thou-
sand pencils? there is not enough space ….

Teacher:  Good problem! What do you think? Can we "nd a solution?
Maria:  Let’s use numbers… for example here [points to the box with four 

pencils] we can write four [Maria draws with her "nger the symbol for 
the number 4!in the air].

Teacher:  Do you agree with Maria?
All: Yes, let’s use numbers!

This excerpt highlights the need for young students to identify a representative of 
the equivalence class that to indicate the numerosity of the objects in the plastic 
bags, in a speci"c box. In this way it is easier to "nd the right box in which to store 
the “Stop!” bags. To solve the problem, students propose to represent each object in 
the bags with a symbol, a circle, creating a correspondence between the material 
object (coloured pencils) and a sign representing it. Finally, one student, Luca, 
poses a very interesting problem that will lead toward the choice of using conven-
tional number symbols (see Fig.!2). In this excerpt, the need to easily "nd the box, 
in which to put the bags, suggests the need to draw the number of pencils on the box 
before substituting the drawings with symbols for the natural numbers. In this way 
students "rstly use the one-to-one correspondence between the coloured pencils and 
their drawings, then the drawings with the cardinality of the bags using the symbols 
for Natural numbers.

This excerpt shows that the choice to use equal bags for gathered objects, led to 
the idea of using a symbolic representation showing the amount of objects inside the 
bags. In this way, the equipotency concept emerged with the necessity to use a rep-
resentative symbol for each equivalence class.

Episode 3: After putting the numbers on the boxes and ordering them, in discus-
sion D4, the students noticed that some boxes were missing, after the box with the 
sign “4” there was a jump to the box with the sign 7. The students used several 
procedures to recursively identify the missing numbers, based on the numbers 
which were already present.

Teacher: Instead of skipping them, is there a way to add them?
Anna:  Yes, we can create two new bags one with 5 and the other with 6 objects, 

and so we can put them into two different new boxes.

Fig. 2 Bags with symbols
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Mary: If I add a coloured pencil to a bag in the number four box, I get "ve.
Teacher: So four…
Several students: plus one!makes "ve.
Teacher: and what does plus one mean?
Aurora: that you add one to four, so "ve is formed….
Luca:  and then to "ve I add a coloured pencil and it makes six, "ve plus one 

makes six.
Mary:  but we can also have six from seven, I can remove a coloured pencil and 

make six.

In this brief excerpt, it seems that the concept of recursiveness is emerging. 
Indeed, students easily created the boxes that were missing, being able to operate 
with the previous number and/or the next number (see Fig.!3). The students slowly 
move from counting objects using the manipulative artefact “Go!” game (with bags, 
coloured pencils, boxes…) to the abstract idea of numbers when they construct the 
missing numbers by adding or subtracting one.

Fig. 3 Children sorting 
the bags
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 Conclusions

Throughout the activity, the complexity of the construction of the concept of Natural 
numbers concept was evident as it emerged in relationship to the various aspects. 
The choice of using a game to construct the three aspects of natural numbers, high-
lighted how students refer implicitly or explicitly to the artefact. The spontaneity 
and #uency with which the students intervened during the discussions should be 
noted. This highlights how this concept, in an intuitive and unstructured mode, was 
built into the kindergarten, facilitating the achievement of the goal to have the stu-
dents come to understand and use the three aspects of the concept of natural num-
bers. The intervention was developed from a rigorously scienti"c proposal built on 
TSM.!The implementation of the activity with the “Go” game showed how effective 
it was with its choice of appropriate artefacts which supported students, in a non- 
random way, to gradually construct understandings about Natural numbers, such as 
one-to-one correspondence, the equipotency between sets, the representation of 
numbers, and their ordering. Furthermore, analysing verbal signs and gestures of 
children in kindergarten made it possible to observe the evolution of personal mean-
ings of these elementary mathematical concepts.
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 Introduction

Understanding numbers in terms of part-whole relations is widely recognized as 
one of the most important milestones in early mathematical development (Kullberg 
& Björklund, 2020; Resnick, 1983; Young-Loveridge, 2002). According to Resnick 
(1992), developing symbolical/numerical part-whole understanding, children pro-
ceed through four steps. Building on their protoquantitative knowledge, children are 
thought to develop the mathematics of quantities including part-whole understand-
ing closely linked to increase/decrease as well as composition/decomposition oper-
ations performed on concrete sets of objects. Subsequently, in the mathematics of 
numbers step, children then start thinking about numbers/non-physical quantities as 
compositions/decompositions of other numbers, and, thus, understand that all num-
bers can be composed/decomposed into larger/smaller numbers. This enables them 
to understand, the mathematics of operators re!ecting relations between triples of 
numbers, such as 2–4–6, in which 6 (as a whole) can be decomposed into 2 and 4 
(i.e., its parts). Building on this, children develop an understanding of the 
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conceptual relation between, for example, 6 = 2 +? or 6–2 =?. Thereby, they adopt 
approaches to mathematical problem solving and interpretation (Resnick, 1983). As 
such, understanding additive part-whole relations is central to learning arithmetic 
(Kilpatrick et al., 2001), because it serves as a building block for more advanced 
mathematical concepts such as the commutative or the complement principle 
(Björklund et al., 2021; Ekdahl, 2019) as well as additive compositions (Sarama & 
Clements, 2009).

Consequently, learning environments facilitating part-whole understanding need 
to promote children’s development from protoquantitative to symbolic part-whole 
understanding by systematically integrating enactive, iconic, and symbolic-digital 
representations (Bruner et  al., 1971). One successful approach to facilitate this 
development is the use of structured visualizations, such as the use of a ten-strip 
(see Fig. 1). Interestingly, however, recent research indicated that current analogue 
(see Lenz & Wittmann, 2023) as well as Digital Learning Resources (DLRs)1 
mainly focus on automating rather than on systematically developing part-whole 
understanding and, thus, hardly provide a systematic approach to promote part- 
whole relations (Marx et al., 2025). The latter seems unexpected as DLRs such as, 
for example, educational apps are typically seen as an attractive, affordable, and 
successful tools for fostering foundational mathematical skills (Kim et al., 2021; 
Outhwait et al., 2023a; Outhwaite et al., 2023b). In particular, the use of DLRs in 
mathematics education offers several advantages especially regarding the acquisi-
tion of conceptual knowledge (Larkin et al., 2019), such as part-whole understand-
ing (Ladel & Kortenkamp, 2011). For example, Hillmayr et al. (2020) stated that 
DLRs offer new and motivating ways for visualizing mathematical relationships 
that might be acquired by students in different ways, such as in collaborative set-
tings or individually supported by differentiated, targeted feedback. As such, imple-
menting DLRs in mathematics education may help support both, learning and 
teaching processes (Cirneanu & Moldoveanu, 2024) as they might help reduce 
obstacles teachers face when facilitating adaptive learning in heterogeneous learner 
groups (Bang et al., 2023).

Taken together, the importance of developing DLRs that not only promote part- 
whole understanding in a systematic way by facilitating development from proto-
quantitative to symbolic part-whole understanding as described by Resnick (1992), 
but also augment typically-used analogue learning materials is obvious. Accordingly, 
our aim was to develop a DLR that offers a systematic way to facilitate part-whole 
understanding and allow teachers to individually support their students’ learning 

1 The term digital learning resource (DLRs) refers to and comprises different digital technologies 
such as, e.g., applications, software, web-based programs or websites (Bauer et al., 2021).

Fig. 1 Example of the 
ten-strip
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processes. In particular, we are developing a DLR that considers content-related 
#ndings and recommendations from mathematics education [e.g., the use of struc-
tured visualizations and introducing systematic decomposition of numbers, e.g., 
Björklund et al., 2021], but is technically feasible in terms of programming demands 
and resources needed at the same time.

In this article, we aim to share and discuss experiences and decisions which were 
made during the development of our DLR. In particular, we will elaborate on the 
process of balancing out aspects that would be desirable from a mathematics educa-
tion point of view with constraints due to programming demands and resources. As 
a framework to discuss the iterative development process, we chose the Design 
Thinking approach. This approach is not only common in the #eld of education, but 
has also been recommended as useful for DLR development (Schmidberger 
et al., 2022).

In the next sections, we brie!y introduce the rationale of the Design Thinking 
approach and describe the development process of our DLR applying the steps of 
this approach. We then re!ect on possible lessons learned from a mathematics edu-
cation perspective that might be useful for future DLR development.

 The Design Thinking Approach

The Design Thinking approach has its origins in business and economics with the 
idea to support multidisciplinary teams in the development of new products through 
an iterative proceeding (Meinel et al., 2011). To achieve this, the Design Thinking 
approach comprises (1) Empathize, (2) De"ne and Ideate, (3) Prototype and (4) Test 
stages (Schmidberger et al., 2022). The goal of the Empathize stage is to clarify the 
guiding question, the so-called Design Challenge, of the respective project and to 
gain a deeper understanding of the project itself by gathering existing knowledge 
and understanding different facets of the topic (Schmidberger et al., 2022). The goal 
of the De"ne and Ideate stage is to bring together all the people who are involved to 
establish a common knowledge base, to de#ne a common goal and to generate #rst 
ideas for the implementation (Samadhiya & Agrawal, 2022). In the following 
Prototype stage, a #rst draft of the intended object is designed and generated through 
iterative processes (Samadhiya & Agrawal, 2022), for example by creating sketch 
notes or mock ups (Schmidberger et al., 2022). In the Test stage, future users test the 
respective prototype and provide an initial evaluation. This includes collecting sys-
tematic feedback to further improve the quality of the prototype (Samadhiya & 
Agrawal, 2022). Afterwards, the prototype will be further developed based on the 
collected feedback (Schmidberger et al., 2022). How we applied these stages within 
the development process of our DLR will be described in the next section.

From Concept to Implementation: Lessons Learnt from Developing a Mathematical…
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 DLR Development Following the Design Thinking Approach

For the present project, the Design Challenge was identi#ed as: How can additive 
part-whole understanding be facilitated systematically in a DLR? However, to our 
knowledge, there is no comprehensive framework that speci#es how systematic 
instruction on additive part-whole understanding in either analogue or digital learn-
ing resources should look like. Therefore, the aim of the Empathize stage was to 
identify, based on existing literature, the important aspects to consider in promoting 
part-whole understanding that are relevant to both, analogue as well as digital learn-
ing environments.

 Empathize Stage

Considering aspects for promoting part-whole understanding, recent evidence sug-
gests an association between children’s visual structuring ability, which is their abil-
ity to mentally structure a given quantity of elements (i.e., to subdivide, based on 
known facts, the given amount of ten dots in Fig. 1 in six blue and four white dots) 
and their part-whole understanding (Lüken, 2012; Young-Loveridge, 2002). 
Accordingly, to encourage children to apply visual structuring, analogue and digital 
learning environments should provide tasks using structured visual representations, 
such as, for instance, the ten-strip (i.e., see Fig. 1). This way, children’s experience 
of quantities/numbers being composed of/decomposed into other quantities/num-
bers is facilitated. Consequently, conceptual subitizing, which refers to the process 
of perceiving sets as a combination of subsets and determining cardinality based on 
known facts (i.e., to quickly determine the cardinality of the blue dots in Fig. 1 as 
six), may replace enumerating single units as the main quanti#cation strategy. 
Overall, this supports the formation of structured mental representations of part- 
whole relations between numbers (Lüken, 2012).

Additionally, it is important to provide children with tasks that enable them to 
systematically work out decompositions of sets on their own, following a construc-
tivist approach (Marx et al., 2025), for example by combining activities allowing for 
enactive, iconic, and symbolic experiences (Bruner et al., 1971). In digital learning 
environments, this might be offered through using different visual and dynamic 
representations (High#eld & Goodwin, 2013), for instance, by linking enactive, 
iconic, and symbolic representations and user actions in an interactive way (see 
Table 1, task 3 and 4) or by implementing the possibility to dynamically move/
rotate visual representations to foster children’s understanding of the commutative 
principle.

Moreover, it seems necessary to provide tasks that offer opportunities to system-
atically decompose all numbers in the number range up to ten to help children 
acquire, memorize, and apply number decompositions (Wartha et al., 2019). This 
should also include zero (e.g., the number triple 0–5–5), to facilitate children’s 
understanding of zero as a natural number (Hartmann et al., 2022). Additionally, the 

C. Marx et al.



65

Ta
bl

e 
1 

T
he

 fo
ur

 ta
sk

s 
as

 s
ke

tc
he

d 
in

 th
e 

D
e#

ne
 a

nd
 Id

ea
te

 s
ta

ge

Ta
sk

 1
: I

nt
ro

du
ct

io
n 

of
 th

e 
te

n-
st

ri
p 

st
ru

ct
ur

e
ta

sk
 1

a
ta

sk
 1

b

In
 ta

sk
 1

a,
 a

n 
em

pt
y 

te
n-

st
ri

p 
an

d 
a 

di
gi

t 
(e

.g
., 

7)
 is

 p
re

se
nt

ed
. C

hi
ld

re
n 

ha
ve

 to
 c

lic
k 

on
 th

e 
re

sp
ec

tiv
e 

nu
m

be
r o

f w
hi

te
 d

ot
s 

(e
.g

., 
se

ve
n 

do
ts

), 
w

hi
ch

 s
ub

se
qu

en
tly

 tu
rn

 b
lu

e.

In
 ta

sk
 1

b,
 a

 d
ig

it 
(e

.g
., 

7)
 a

nd
 th

re
e 

di
ff

er
en

t t
en

-s
tr

ip
s 

ar
e 

sh
ow

n.
 C

hi
ld

re
n 

ha
ve

 to
 id

en
tif

y 
an

d 
cl

ic
k 

on
 th

e 
co

rr
es

po
nd

in
g 

te
n-

st
ri

p 
(e

.g
., 

th
e 

#r
st

 o
ne

 s
ho

w
in

g 
se

ve
n 

bl
ue

 d
ot

s)
.

Ta
sk

 2
: B

ri
ef

 p
re

se
nt

at
io

n 
of

 th
e 

te
n-

st
ri

p 
st

ru
ct

ur
e

ta
sk

 2
In

 ta
sk

 2
, a

 te
n-

st
ri

p 
(e

.g
., 

sh
ow

in
g 

se
ve

n 
bl

ue
 d

ot
s)

, w
hi

ch
 is

 p
re

se
nt

ed
 o

nl
y 

fo
r 0

.7
5 

s 
an

d 
th

en
 d

is
ap

pe
ar

s,
 

as
 w

el
l a

s 
th

re
e 

di
gi

ts
 a

re
 p

re
se

nt
ed

. C
hi

ld
re

n 
ha

ve
 to

 id
en

tif
y 

th
e 

m
at

ch
in

g 
di

gi
t (

e.
g.

, 7
) b

y 
cl

ic
ki

ng
 o

n 
it.

(c
on

tin
ue

d)

From Concept to Implementation: Lessons Learnt from Developing a Mathematical…



66

Ta
bl

e 
1 

(c
on

tin
ue

d)

Ta
sk

 3
: D

ec
om

po
si

tio
n 

of
 q

ua
nt

iti
es

 (e
na

ct
iv

e 
an

d 
ic

on
ic

 le
ve

l)
:

ta
sk

 3
a

 

ta
sk

 3
b

 

ta
sk

 3
c

 

In
 ta

sk
 3

a,
 a

 d
ig

it 
(e

.g
., 

7)
, r

ep
re

se
nt

in
g 

th
e 

w
ho

le
, a

nd
 a

 te
n-

st
ri

p 
sh

ow
in

g 
th

e 
re

sp
ec

tiv
e 

qu
an

tit
y 

(e
.g

., 
se

ve
n 

bl
ue

 d
ot

s)
 a

re
 d

ep
ic

te
d.

 
C

hi
ld

re
n 

ha
ve

 to
 d

iv
id

e 
th

e 
w

ho
le

 in
to

 tw
o 

pa
rt

s 
by

 c
lic

ki
ng

 b
et

w
ee

n 
th

e 
re

sp
ec

tiv
e 

su
bs

et
s 

of
 b

lu
e 

do
ts

 in
 th

e 
te

n-
st

ri
p 

(s
ee

 re
d 

lin
e)

. T
he

 c
or

re
sp

on
di

ng
 d

ig
its

 th
en

 w
ill

 b
e 

di
sp

la
ye

d 
au

to
m

at
ic

al
ly

 in
 th

e 
tw

o 
bo

xe
s 

be
lo

w
 (e

.g
., 

3 
an

d 
4)

.

In
 ta

sk
 3

b,
 a

 d
ig

it 
(e

.g
., 

7)
, r

ep
re

se
nt

in
g 

th
e 

w
ho

le
, 

an
d 

a 
te

n-
st

ri
p 

sh
ow

in
g 

th
e 

re
sp

ec
tiv

e 
qu

an
tit

y 
(e

.g
., 

se
ve

n 
bl

ue
 d

ot
s)

 a
re

 d
ep

ic
te

d.
 C

hi
ld

re
n 

ha
ve

 
to

 d
iv

id
e 

th
e 

w
ho

le
 in

to
 d

iff
er

en
t p

ar
ts

 b
y 

cl
ic

ki
ng

 
be

tw
ee

n 
th

e 
re

sp
ec

tiv
e 

su
bs

et
s 

of
 b

lu
e 

do
ts

 in
 th

e 
te

n-
st

ri
p 

(s
ee

 re
d 

lin
e)

, a
nd

, t
he

y 
ha

ve
 to

 in
di

ca
te

 
th

e 
co

rr
ec

t n
um

be
r c

or
re

sp
on

di
ng

 w
ith

 th
e 

re
sp

ec
tiv

e 
pa

rt
s 

by
 c

lic
ki

ng
 o

n 
th

e 
co

rr
es

po
nd

in
g 

di
gi

ts
 p

re
se

nt
ed

 b
el

ow
 th

e 
te

n-
st

ri
p 

(e
.g

., 
3 

an
d 

4)
.

In
 ta

sk
 3

c,
 a

 te
n-

st
ri

p,
 in

 w
hi

ch
 tw

o 
su

bs
et

s 
ar

e 
al

re
ad

y 
se

pa
ra

te
d 

by
 th

e 
re

d 
lin

e,
 a

nd
 th

re
e 

em
pt

y 
bo

xe
s 

ar
e 

sh
ow

n.
 C

hi
ld

re
n 

ha
ve

 to
 w

or
k 

ou
t t

he
 re

sp
ec

tiv
e 

nu
m

be
r t

ri
pl

e 
by

 c
lic

ki
ng

 o
n 

th
e 

m
at

ch
in

g 
di

gi
ts

 
re

pr
es

en
tin

g 
th

e 
w

ho
le

 a
nd

 it
s 

pa
rt

s 
ac

co
rd

in
g 

to
 th

e 
te

n-
st

ri
p 

gi
ve

n 
(e

.g
., 

7,
 3

, a
nd

 4
).

ta
sk

 3
d

 

In
 ta

sk
 3

d,
 a

 te
n-

st
ri

p 
sh

ow
in

g 
on

ly
 o

ne
 s

ub
se

t (
e.

g.
, t

hr
ee

 b
lu

e 
do

ts
) a

nd
 a

 d
ig

it,
 re

pr
es

en
tin

g 
th

e 
w

ho
le

 
(e

.g
., 

7)
 a

re
 d

ep
ic

te
d.

 C
hi

ld
re

n 
ha

ve
 to

 d
et

er
m

in
e 

th
e 

hi
dd

en
 s

ub
se

t b
y 

cl
ic

ki
ng

 o
n 

th
e 

re
sp

ec
tiv

e 
di

gi
t, 

fr
om

 
a 

se
ri

es
 o

f d
ig

its
 p

re
se

nt
ed

 b
el

ow
 th

e 
te

n-
st

ri
p 

(e
.g

., 
4)

.

Ta
sk

 4
: D

ec
om

po
si

tio
n 

of
 n

um
be

rs
 (s

ym
bo

lic
 le

ve
l)

ta
sk

 4

 

In
 ta

sk
 4

, t
w

o 
di

gi
ts

, r
ep

re
se

nt
in

g 
th

e 
w

ho
le

 (e
.g

., 
7)

 a
nd

 o
ne

 p
ar

t (
e.

g.
, 3

), 
ar

e 
de

pi
ct

ed
. C

hi
ld

re
n 

ha
ve

 to
 

co
m

pl
et

e 
th

e 
nu

m
be

r t
ri

pl
e 

by
 s

el
ec

tin
g 

th
e 

m
is

si
ng

 p
ar

t (
e.

g.
, 4

) f
ro

m
 a

 s
er

ie
s 

of
 d

ig
its

 p
re

se
nt

ed
 b

el
ow

 th
e 

te
n-

st
ri

p.

C. Marx et al.



67

structured visual representations might be used in tasks in which they are presented 
only very brie!y (i.e., less than 1 s). This discourages any counting based strategies 
and, thus, further encourages conceptual subitizing and the formation of respective 
mental representations of the respective part-whole relations (Lüken, 2012).

Furthermore, considering digital learning environments in particular, recent #nd-
ings indicate that DLRs support children’s understanding best when they offer the 
possibility to individually select learning paths (e.g., Outhwait  et  al., 2023a; 
Outhwaite et al., 2023b) and provide explanatory (e.g., by explaining the correct 
solution) or motivational (e.g., motivational messages: “Good Job!” or “Try it 
again!”) feedback (e.g., Hirsh-Pasek et al., 2015).

Taken together, the following aspects for promoting part-whole relations in both, 
analogue and digital learning environments, can be deducted:

• The use of structured visualizations (e.g., the ten-strip) throughout allowing chil-
dren to use conceptual subitizing to determine the respective cardinality and to 
facilitate mental representations of the whole and its parts.

• Implementation of tasks that combine different levels of actions (enactive, iconic, 
symbolic) and, thus, offer the possibility for children to work out number decom-
positions on their own (enactive level), to match them with visual representations 
(iconic level) and to write them down systematically (symbolic level).

• Systematic decomposition of all numbers in the number range up to ten by 
encouraging children to work out, for example, all six different number decom-
positions for the quantity #ve (i.e., 5–0, 4–1, 3–2, 2–3, 1–4, 0–5).

• Consideration of number triples with Zero e.g., by enabling children to select 
triples representing 5/0–5 or 5/5–0.

In addition, the following aspects can be derived speci#cally for digital learning 
environments that aim to promote part-whole understanding:

• The use of structured visualizations that might be dynamically moved/rotated in 
all directions to allow children understand the commutative principle of cardi-
nalities (e.g., 4 + 2 = 6 and 2 + 4 = 6).

• Automatic navigation: To offer systematic decomposition, the DLR should allow 
to automatically present all decomposition tasks for the selected quantity in a 
sequence from enactive to iconic to symbolic tasks.

• Individual selection of tasks/quantities to allow personal adaptation to each child 
and, thus, to allow gradual access to more advanced decomposition tasks.

• Implementation of different forms of feedback such as, explanatory or motiva-
tional feedback, so that children receive immediate feedback.

• Brief presentation of visualizations to discourage counting based strategies and 
encourage the use of conceptual subitizing to support the formation of structured 
mental representations.

To conclude, we expect our DLR to close the gap of missing possibilities for learn-
ing part-whole relations by considering and implementing these aspects, which are 
important for both analogue and digital learning environments and, thus, by exploit-
ing advantages offered by DLRs. Accordingly, we re!ect upon these aspects during 
the development process.

From Concept to Implementation: Lessons Learnt from Developing a Mathematical…
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 De!ne and Ideate Stage

Getting together with all persons involved in the project, we established a common 
knowledge base by introducing not only the Design Challenge, but also what was 
desirable from a mathematics education point of view as clari#ed in the Empathize 
stage. In addition, necessary programming demands and resources were discussed. 
Considering desirable aspects and (resource) limitations on both sides, we gener-
ated and roughly sketched four tasks that systematically build on each other, shown 
in Table 1.

Additionally, to develop a #rst draft of these tasks in the upcoming Prototype 
stage, the following aspects were discussed, which we considered important from 
the software development perspective:

We decided to develop a browser-based DLR in pure JavaScript instead of a 
native mobile Android or iOS app to ensure maximal accessibility independent of 
the end user devices. To make sure that our DLR might be used on different hard-
ware, we put emphasis on implementing a mobile-#rst design by using Bootstrap2 
to obtain a user interface that is scalable across different devices. Considering the 
question how to administrate data, we used an existing software archetype as a start-
ing point that offers a Jetty server, a Java-based RESTful API and a PostgreSQL 
database. It provides basic database connection for user administration and can be 
expanded on a modular basis due to its implementation in docker. The archetype has 
been used for a range of different projects and, thus, provides a tried-and-tested 
starting point (Chen et al., 2022). Additionally, to reduce programming workload, it 
was necessary to draft tasks as consistent and as precisely as possible, for instance, 
by mainly using the same input types (e.g., click3 action) or by designing the user- 
screens as similar as possible for all tasks (e.g., by placing the ten-strip always at the 
same position or by using the same buttons for all tasks, i.e., see Fig. 2). Therefore, 
it was decided to sketch and de#ne every single wireframe (in other words: every 
single screen that will be visible to the user on the front-end) step-by-step as pre-
cisely and detailed as possible in an online drawing tool (i.e., see Fig. 2).

Finally, to allow iterative circles in the subsequent Prototype stage, we agreed to 
use an online communication tool that provided access for all persons involved.

 Prototype Stage

To generate a #rst draft of our DLR, the Prototype stage comprised mainly two 
phases: i) the design of each and every single screen in an online drawing tool (i.e., 
see Fig. 2), and ii) programming of tasks 3 and 4 as a browser-based DLR.

2 https://getbootstrap.com/
3 Throughout this paper, the term click actions refers to and includes click, tip or tap actions that 
may occur depending on whether the DLR is used on a computer or smartphone device.
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Fig. 2 Screenshot of two wireframes in the drawing tool draw.io

Between and within both phases, all persons involved repeatedly discussed and 
re!ected above introduced aspects relevant for analogue and digital learning envi-
ronments to promote part-whole understanding and added further details to the 
tasks as follows:

• To implement structured visualizations, we discussed different layouts typically 
used in analogue learning materials such as the use of a ten-strip or a tens block. 
As previous #ndings indicated that linear layouts of quantities had a bene#cial 
effect on children’s numerical understanding (Siegler & Ramani, 2009), we 
decided to use a ten-strip. Additionally, to draw on the power of #ve (Flexer, 
1986), we drafted a ten-strip that separated the #fth and the sixth dot visually 
(see Fig. 1). Finally, this draft was presented to a small group of children, aged 
6–7 years. All of them were able to draw on the power of #ve by applying con-
ceptual subitizing to determine given quantities.

• Tasks that combine different levels of actions: In task 3, children are encouraged 
to construct the respective decompositions by clicking between the respective 
parts (enactive and iconic level). All correct decompositions found will be visu-
alized on the symbolic level in a structured way in boxes, and, additionally, in a 
table (see Fig. 3).

• Systematic decomposition: To reduce programming demands in task 3 and 4, we 
decided to implement quantities from three to ten only.

• Zero: To select zero as one part of the number triple, we de#ned a click move-
ment left of the #rst (blue) dot of the ten-strip and right of the last blue dot shown 
as a true click.

In addition, considering aspects for digital learning environments, we re!ected on 
the following:

• Dynamically rotating representations: We decided not to implement visualisa-
tions that can be dynamically moved/rotated mainly because of the following 
reasons: i) Our DLR will probably be used by younger primary school children, 
for whom both, swiping as well as drag and drop actions, might be dif#cult. ii) 
Combining different input types (such as click or drag and drop actions) would 
be more time- and resource-consuming to be programmed, at least at this point 
of the project. Thus, we mainly implemented click actions in all tasks.

• Automatic navigation: The user will be automatically navigated through different 
levels of actions (enactive, iconic, and symbolic) for one quantity. For example, 
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Fig. 3 Example for task 3b, quantity 5

having selected the quantity four, the DLR automatically navigates through all 
tasks from 3a up to 4 for that respective quantity.

• Individual selection: Before and after each task, it is possible to individually 
select either another task or another quantity to work on next. This means, taken 
together with an automatic navigation, the DLR now offers the possibility to 
personally adapt the tasks to each child and, thus, allows gradual progress to 
more advanced decomposition tasks.

• Feedback: All tasks are embedded within a narrative of a squirrel that aims to 
collect nuts for the winter and children can help it by solving the part-whole 
tasks. Additionally, the squirrel gives all instructions and provides motivational 
feedback. After completion of a series of tasks for one quantity (e.g., after having 
completed all six decomposition tasks for the quantity #ve in task 3b, see Fig. 3), 
children will get an overview of the total number of points awarded in the form 
of collected nuts. A maximum of three nuts will be awarded in case over 90% of 
the answers have been correct. When at least 70% were solved correctly, the 
player gets two nuts and in case at least 50% were solved correctly, one nut is 
collected. Additionally, all task instructions given by the squirrel can be repeated 
by clicking on the respective button. To implement the squirrel narrative, suitable 
images were selected and the rights for the use of these images within the tasks 
were clari#ed. Considering the aim to reduce programming workload, it was, at 
least until now, not possible to implement instructional feedback. Nevertheless, 
by implementing the squirrel narrative in the described way, not only motiva-
tional, but also meaningful feedback is provided and children’s engagement to 
engage with the tasks may be maintained (Hirsh-Pasek et al., 2015).

• Brief presentation: Brief presentations will be implemented in task 2, which, for 
now, were not yet programmed.
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To exemplify how the front-end screens look like at that time of the development 
process, task 3b is explained in more detail for the quantity #ve (see Fig. 3): In task 
3b a blue ten-strip (e.g., showing #ve blue dots), the digit 5 (e.g., representing the 
whole), two empty boxes, an empty table (e.g., consisting of six rows), an arrow 
button, a trash button and a check mark button (showing the squirrel holding a nut) 
are displayed. In this example, children have to #nd all the correct decompositions 
of 5 by clicking between the blue dots in the ten-strip (e.g., between the second and 
third). To check whether their decomposition is correct and to receive immediate 
feedback, they can press the arrow button. To cancel their last input, they can press 
the trash-can button. Additionally, to check whether their input is correct, they are 
allowed to press the check mark button any time and will get an overview of the 
number of nuts collected. In the table, all decompositions found will be automati-
cally noted in structured order.

Subsequently, a #rst prototype of our DLR comprising tasks 3 and 4 was pro-
grammed. Referring to the DLR-de#nition from Bauer et al. (2021), our DLR can 
be considered to be a web-based learning program which we trialled in some #rst 
grade classrooms in an initial test phase.

 Test Stage

To test and evaluate the prototype, we are currently running a #rst evaluation study 
involving 111 #rst graders, aged between 6 and 8 years. As a pre- post-test design, 
we focused on part-whole understanding (using a self-developed test) and basic 
mathematical skills. In addition, general cognitive abilities and language skills were 
assessed as control variables. In the intervention phase, 67 children worked with the 
prototype three times a week for about 15 minutes over a period of 4 weeks, while 
44 children in a control group received business-as-usual mathematics instruction, 
but had the opportunity to work with the prototype after the study ended. As the 
study is still ongoing, we cannot report any results on learning gains. However, we 
also asked participating teachers to evaluate the prototype and report their observa-
tions during the intervention.

Based on #rst reports, we have already started to re!ect what worked well and 
what needs to be improved regarding the design of our DLR. Importantly, all par-
ticipating teachers reported that students were highly motivated to work with our 
app, that the students quickly grasped the squirrel narrative or how the different 
tasks were structured and that they liked the motivational feedback. Additionally, it 
was reported that the ten strip as a structured visualization seemed to facilitate con-
ceptual subitizing. Furthermore, teachers noted that the automatic navigation 
through all tasks seemed to allow for systematic decomposition of all quantities 
from three to ten. Moreover, it was stated that the implementation of tasks that com-
bine different levels of actions, in particular the implementation of the enactive and 
the iconic level, seemed helpful, especially for children who struggled with part- 
whole relations on the symbolic level. Considering what needs to be improved, it 
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was observed that the layout of some screens needed to be reorganized (e.g., more 
distance between buttons, larger buttons, implementing more icons to reduce text, 
shorter time delay between input and feedback). Finally, it was reported that tasks 
on the symbolic level seemed to be challenging. This underlines the need to pro-
gramme tasks 1 and 2 to ensure a deeper understanding of quantities and their com-
positions/decompositions on the enactive and the iconic level as a basis for solving 
tasks automatically on the symbolic level.

We are aware that referring to an ongoing study without being able to report #nd-
ings on the effectiveness of using the developed DLR may be a limitation. 
Nevertheless, the explicit focus of this article is to report on and discuss experiences 
and decisions made during the development of our DLR across the different stages 
of an established model of DLR development from the Empathize, over the De"ne 
and Ideate as well as Prototype to the Test stage. Explicit consideration of these 
stages provides mathematics education insights at the different levels of the devel-
opment process from which future development projects may bene#t. 
Notwithstanding this, we acknowledge that future empirical evidence on the effec-
tiveness of the DLR is needed to substantiate the successful development of our 
DLR (Outhwait et al., 2023a; Outhwaite et al., 2023b).

 Lessons Learned from a Mathematics Education Perspective

Re!ecting on the process so far, the following is intended to summarize what was 
helpful for the development process at the different stages, before discussing some 
lessons learned from a mathematics education perspective. During the Empathize 
Stage, it was important for both disciplines involved, mathematics education and 
software development, to re!ect and summarize what was relevant from their 
respective perspective. In particular, from the perspective of mathematics education, 
it was essential to pursue the Design Challenge by collecting and elaborating on the 
topic-speci#c, scienti#c background, and summarizing it in a way understandable to 
project partners.

This was speci#cally useful for the De"ne and Ideate stage to help create a com-
mon knowledge base. An in-person workshop day was effective as a joint kick-off 
for the project. During that day, relevant aspects and boundary conditions on both 
sides, mathematics education and software development, were discussed directly 
and to the point, accomplishing the Design Challenge with an as-speci#c-as- 
possible shared understanding of the to-be-developed DLR.  Furthermore, it was 
crucial to sketch potential tasks to allow for a balancing of desirable instructional 
features and their necessary, but also available software developing demands and 
resources. Additionally, we made initial decisions on relevant technical aspects of 
the DLR (such as going for a browser-based DLR, de#ning data management or 
user roles).

Moreover, it was essential to clearly set out and de#ne the next steps for the sub-
sequent Prototype stage, including an agreement on which speci#c tools to be used 
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to keep joint re!ection and discussion on the development processes going (e.g., 
Webex as a communication tool and draw.io as a tool to draft every single screen).

Re!ecting on the Prototype stage, it became clear that the most important aspect 
was to take the time needed to develop and specify the individual screens as the 
foundation of any programming and implementation of the respective tasks. At this 
point, initial inconsistencies between tasks (e.g., different positions of the same but-
tons) were identi#ed before the actual implementation started. This helped to avoid 
considerable reprogramming work. In addition, it was crucial to have a shared com-
munication tool to allow for spontaneous queries during these development pro-
cesses, and, thus, to allow for several iterative circles.

Moreover, it can be recapitulated that, at least until now, not all aspects, that were 
considered desirable from a mathematics education point of view, could be realized 
when implementing the prototype (e.g., to implement brief presentation of visual-
izations or to program all four tasks) due to related programming demands and limi-
tations in programming resources. In retrospect, it turned out that from the 
mathematics education perspective, we often underestimated the amount of pro-
gramming work that some of our desirable aspects require. As such, realizing the 
#rst prototype was a continuous balancing out of aspects considered important from 
our mathematics education perspective with resource limitations on the software 
development side.

Nevertheless, regarding the Test stage, it can be summarized that our prototype 
was well received by children and teachers alike. For example, children’s motiva-
tion when testing the prototype, the opportunity to proceed systematically from 
enactive and iconic to symbolic tasks (combination of different levels of actions), 
the systematic decomposition of all numbers up to ten, the ten-strip as a structured 
visualization as well as the squirrel narrative that provides feedback were evaluated 
very positively by the teachers. However, testing the prototype in class also revealed 
what needs to be developed further, such as some layout features (e.g., the position/
size of buttons, time delay between student input and feedback). Furthermore, it 
became clear that part-whole understanding on the symbolic level remained dif#-
cult, which emphasizes the need to implement tasks 1 and 2 to facilitate the acquisi-
tion of a basic of part-whole understanding instead of automating too early.

Finally, against this background our lessons learned from the mathematics edu-
cation perspective are:

 1. Be aware of software development demands. For our project, we had to learn that 
the programming side of DLR development comprises a lot more than what is 
visible to the user in the end. In fact, preparation of the entire infrastructure 
needed (including back-end, user management, etc.) was a lot more effort than 
we naively expected—even though we were lucky to be able to build on an exist-
ing archetype. Programming all back-end related matters from scratch would 
have further increased programming demands immensely. To limit the program-
ming effort, the most important thing in the Prototype Stage was to specify all 
individual screens, using the same layout and structure (e.g., the same buttons, 
input types, visual elements) as often as possible, as the foundation of any pro-
gramming and implementation of the respective tasks.
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 2. Be open to the perspectives, needs, and demands of the other disciplines involved. 
For the present project, it became very clear already in the initial workshop of 
the De"ne and Ideate Stage that some aspects desirable from a mathematics 
education perspective (e.g., to use dynamically moving/rotating representations, 
to provide automatic navigation or to program all four tasks), as they were elab-
orated in the Empathize Stage, may not be possible to implement considering the 
given software development resources. Nevertheless, continuous communica-
tion and discussion of what may be dif#cult why and potential alternatives 
allowed to develop tasks that, on the one hand, serve their instructional purpose 
well. On the other hand, these tasks can be implemented economically because 
they largely rely on the same elements (e.g., the ten-strips, the same buttons, 
etc.), which are displayed at the same locations and use of the same answer 
mechanics (e.g., clicking on buttons).

 3. Ensure low-threshold communication at all stages of the project to fully exploit 
the potential of iterative development circles. Continuous communication and 
discussions were key to making progress throughout all stages of the project. As 
such, it is of critical importance for comparable interdisciplinary projects to 
make use of technical tools and structures that allow for and stipulate low- 
threshold communication and exchange. In our case this was (in addition to 
 crucial in-person workshops), the use of Webex, as a platform for communica-
tion through different channels from chats to online meetings, also allowing the 
sharing of documents. Furthermore, we used the open drawing tool draw.io, 
upon which all members of the project team could follow, contribute to, and 
comment on the progression of creating individual screens.

Importantly, these experiences are consistent with other #ndings that DLR develop-
ment is complex and requires cooperation from multiple perspectives (Dilling et al., 
2022). Furthermore, it is considered resource consuming (Thomas & Devi, 2021), 
in particular so when pitfalls, such as developing educational DLRs that contain 
empty calories rather than rich educational content should be avoided (Hirsh-Pasek 
et al., 2015). Therefore, future development projects should consider all different 
perspectives as early as possible to fully exploit the potential of interdisciplinary 
work, which any DLR development process will require to successfully produce the 
envisaged product (Outhwaite et al., 2017).
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Storytelling Activity for Stimulating 
Proportional Reasoning in Young Children

Maria Mellone, Marina Spadea, Rosalia Maria Lo Sapio, 
and Giancarlo Artiano

 Introduction

“Can you tell me a story?” The relationship between adults and children is often 
characterised by storytelling. Whenever you read or listen to a story, you embark on 
a journey into the imagination! Through the stories we are told, we learn something 
about the world. A state of correspondence with reality is created in which every-
thing is possible and, above all, in which our ego enters into a close relationship 
with the ego of the protagonists of the stories and shares their experiences (Winnicott, 
1971). In mathematics, storytelling is also a powerful pedagogical tool that allows 
children to appreciate and use mathematics as a possible lens to give meaning to 
certain aspects of stories (see e.g. Liljedhal & Zazkis, 2009), such as how to resolve 
a problem.

This paper presents a case study of a storytelling problem-solving activity 
designed for a kindergarten class. The activity introduces measurement contexts 
involving discrete and continuous quantities, introducing students to understanding 
direct proportionality. The students are encouraged to explore these proportional 
relationships by engaging with various materials and representations, allowing them 
to connect with the mathematical quantities depicted in the story physically. The 
research team comprised the classroom teacher (one of the authors), an experienced 
educator, and two researchers. According to the teacher, the researchers played a 

M. Mellone (*) · G. Artiano 
Università degli Studi di Napoli Federico II, Naples, Italy
e-mail: maria.mellone@unina.it; giancarlo.artiano@unina.it 

M. Spadea 
Università Suor Orsola Benincasa, Naples, Italy
e-mail: marina.spadea@unisob.na.it 

R. M. L. Sapio 
Istituto Comprensivo 49° “Toti-Borsi-Giurleo”, Naples, Italy
e-mail: rlosapio@unisa.it

http://crossmark.crossref.org/dialog/?doi=10.1007/978-3-032-16065-2_6&domain=pdf
https://doi.org/10.1007/978-3-032-16065-2_6#DOI
mailto:maria.mellone@unina.it
mailto:giancarlo.artiano@unina.it
mailto:marina.spadea@unisob.na.it
mailto:rlosapio@unisa.it


80

crucial role in designing and implementing the interventions. Their consistent pres-
ence over an extended period facilitated the seamless integration of these interven-
tions into the students’ daily school experiences. Children worked both individually 
and in small groups, and each activity concluded with suf"cient time for whole- -
class discussions. During these discussions, the children shared their ideas and rep-
resentations, fostering collective sensemaking (Odden & Russ, 2019) and 
co-construction through a sustained shared thinking approach (Siraj-Blatchford 
et!al., 2002).

 State of the Art

One of the most signi"cant differences between real-life and school problems is that 
the latter are heteroposted. Indeed, in the school context the individual who presents 
the problem (usually a teacher or a textbook) is not the same as the person required 
to solve it (Zan, 2011). Educational mediation should, therefore, try to work on the 
gaps and "nd ways to involve young pupils, especially when they are still very 
young so that they can perceive the problem as theirs: they need to feel like protago-
nists of the proposed situation and have the freedom to use all their skills to "nd a 
solution. It transforms a simple word problem into a problem-solving problem. In 
this direction, storytelling offers a fascinating area of work to immerse children in 
mathematical problem-solving activities in a meaningful and engaging way (e.g., 
Liljedhal & Zazkis, 2009).

From a young age, being involved in a problem situation within a measurement 
context is fundamental for developing proportional reasoning (Piaget, 1974; 
Vygotsky, 1978). In the Western tradition, we tend to introduce natural numbers in 
the context of counting discrete sets before exploring them in the context of mea-
surement. Historically and pedagogically, (natural) numbers are seen primarily as 
tools for counting and, in general, we can see that most approaches to mathematics 
education, with minor differences, give a primary role to natural numbers and count-
ing discrete quantities (see, e.g. Gallistel & Gelman, 1978). For this reason, a differ-
ent approach is based on the studies of the Russian psychologist Davydov (1982). 
According to this approach, pupils can begin their mathematical experiences by 
comparing continuous quantities (liquids, spatial extensions, …) before encounter-
ing numbers (Iannece et!al., 2009). Davydov suggests that students should experi-
ence comparing and dealing with continuous substances at the beginning of their 
mathematical education before encountering natural numbers (Mellone et!al., 2020). 
It considers all the experimentation with measuring liquid volumes using graduated 
and non-graduated cylinders that students can do. Several factors make it worth-
while: -the linearity of the volume as a function of the level (proportional reason-
ing), -the freedom in determining the unit of measurement, -the “inde"nite” 
repeatability of decanting with the possibility of perfecting and quickly correcting 
“errors”, -the evaluation of the approximation in evaluating the volume, −"playing” 

M. Mellone et!al.



81

with water which is always very engaging for children, for example also discovering 
the effects of refraction in seeing “through”.

Teaching proportional reasoning is one of primary school mathematics’ most 
signi"cant pedagogical challenges (see e.g. Simon & Placa, 2012). Simon and Placa 
(2012) particularly highlight the central role of intensive quantities in addressing 
this challenge. These quantities represent relationships between two values, often 
expressed as a ratio that conveys a measure of density or intensity (e.g., speed, color, 
price). Neuroscience interestingly suggests that the brain has an innate ability to 
recognize rates and densities, such as the density of discrete objects in continuous 
space or the concentration of sounds within speci"c time intervals (Dehaene, 2001). 
In this direction, the design of the experimentation of this study was built around the 
idea of mobilising this innate ability of children in a problem-solving activity and 
developing it through the appropriate use of different types of representations in a 
more conscious management of proportional reasoning, such an intense quantity 
(the price coins/quantity of cheese).

 Theoretical Framework

In this study, we adopt a cultural-historical perspective on learning processes, rec-
ognising that material objects (in our study drawings, abacus, numerical rods) are 
not conceptually neutral but suggest a particular way of looking at the world and 
that this interaction is deeply dependent on the speci"c historical and cultural con-
text in which the material activity takes place. In line with the theory of semiotic 
mediation, the creation and manipulation of some artefacts support the interiorisa-
tion of mathematical knowledge (Bartolini Bussi & Mariotti, 2008). The teacher 
uses semiotic mediation tools with the didactic intention of developing mathemati-
cal meanings and helping the student to perform a task or solve a problem. We will 
see that the teacher suggests students work with different artefacts to create different 
representations of the problem.

In the problem-solving activity, a crucial part is the problem-solving process, 
where pupils can express themselves through all the channels they know and mas-
ter: the body, the hands, the drawing, and the language. In this space, the dimensions 
of the body and movement are therefore of particular importance. Creating compel-
ling experiences for developing mathematical skills through an embodied approach 
is possible. In line with the work of Lakoff and Núñez on the embodied mind and its 
relationship to abstract mathematics (Lakoff & Núñez, 2000), the role of the body 
and the material world occupy a central role in knowledge and human development. 
Several researchers studying language, communication, and interaction in mathe-
matics thinking, teaching, and learning have recently focused on the role of gestures 
(Robutti et! al., 2022). Simulations, for example, are mental events that are con-
ducted “of#ine,” away from the place of their original intent. They are an aspect of 
our imagination that enables us to extend our cognitive processes for present and 
familiar things to think about possible and unfamiliar ideas (Nemirovsky & Ferrara, 
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2009). Through embodied simulation, learners may mentally simulate the abstract 
constructs using perception and emotion (Johnson-Glenberg et!al., 2016). This pro-
cess occurs especially when we are involved in a storytelling activity.

An essential component of our theoretical framework is the exploration of the 
ethical themes inherent in mathematics. The intricate relationship between equality 
and equity is brought to light through storytelling, as highlighted in this work. While 
equality involves providing everyone with the same resources, equity recognises 
that not everyone starts from an equal position and emphasises the need to identify 
and address disparities. We are interested in exploring new approaches, such as 
Ethics in Mathematics and Mathematics for Social Justice, which are increasingly 
acknowledged within educational discourse, as recent literature underscores 
(Ernest, 2024).

 Methodologies

The methodology is inspired by Design-based Research (Cobb et!al., 2003; diSessa 
& Cobb, 2004) and aims to develop studies that combine both the learning process 
and the design that supports that process (Cobb et!al., 2003; diSessa & Cobb, 2004). 
That approach implied that researchers designed and implemented interventions in 
authentic classroom contexts, whereas their regular presence over an extended time 
frame allowed for a seamless integration of the intervention in the students’ every-
day school experience. The iterative nature of the design approach involved a pro-
cess of cyclic design, evaluation and revision in which interventions are planned 
according to provisional assessment of learning outcomes. This implies that learn-
ing and design can be studied in their mutual interdependence.

The didactical experiment involved a kindergarten class composed of twelve 
5–6-year-old pupils in a problem-solving activity related to numbers as measure-
ment and direct proportional relationships. The research team consisted of the class-
room teacher (one of the authors), an experienced teacher and two researchers. The 
experimentation was developed in the second part of the school year (January to 
May 2022) for 30!hours. Children were involved in hands-on inquiries and encour-
aged to produce enactive, iconic, and symbolic representations of their ideas in 
interactions with their peers, researchers, and teachers. During their investigations, 
children worked both individually and in small groups. Each activity was concluded 
with ample time devoted to a whole class discussion in which the children shared 
their ideas and representations in the process of collective sensemaking (Odden & 
Russ, 2019) and co-construction based on a sustained shared thinking approach 
(Siraj-Blatchford et!al., 2002). Data collection included video and audio recordings 
of the interventions and "eld notes. Also, the inscriptions produced by the students 
were partly photographed and partly collected and scanned. Selected data (focusing 
on activities related to modelling) were analysed qualitatively.
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 Case Study: The Mouthfuls Story

 Synopsis

The case study presented in this paper is part of a broader project on using storytell-
ing to teach mathematics problem-solving to young pupils (see e.g. Mellone et!al., 
2012). The objectives are: (1) to improve teaching practices by proposing an 
approach that uses storytelling to suggest working with direct proportional relation-
ships with kindergarten pupils; (2) to investigate how storytelling, representations 
and manipulation of speci"c material can stimulate learning processes in this 
context.

The activity begins with the reading of the following storytelling:

An ant, a mouse, and a lion were friends. All three were very hungry. Finally, they found 
some cheese that they all liked. The ant ate ten large mouthfuls of cheese and said, “I’m 
full!”. The mouse ate ten large mouthfuls, then said, “I’m full!”. The lion ate ten large 
mouthfuls and said, “I’m full!”. Then, the owner of the cheese came and wanted to be paid. 
The ant said: “We ate ten mouthfuls for one, so that’s how we ate: I’ll give you a coin, and 
the mouse and the lion will give you a penny, too.” The mouse and the lion agreed. The host 
disagreed, and so they began to argue. Then the ant said: from now on, I will no longer trust 
numbers because numbers are cheating.

The problem-solving presented in the storytelling is based on contextual measure-
ment of a continuous quantity (see Davydov, 1982): cheese. In particular, the story-
telling proposes to work with the ambiguity arising from using an anthropomorphic 
unit of measurement to measure cheese, the mouthfuls, to create the need to seek a 
more objective unit of measurement. Another mathematical knot that this narrative 
proposes is to establish a correspondence between the quantity of cheese and the 
coins. This node refers to establishing an intensive quantity (Simon & Placa, 2012): 
the relationship between coins and amounts of cheese.

In the following, we present some excerpts (drawings, pieces of the discussion 
transcript) from the activity to show some essential steps in developing pupils’ 
mathematical thinking. To facilitate reading, we divide the path into three phases: 
drawing and discussing, reasoning and modelling, and manipulating.

 Results

 Phase One: Drawing and Discussing

The "rst activity focused on reading and interpreting the problem through a collab-
orative discussion. The pupils discuss the events in a circle under the teacher’s guid-
ance and identify the story’s protagonists and antagonists. Together, the story is 
staged to allow students to experience what they have read in the "rst person and 
freely express their feelings and emotions. This initial phase aims to determine the 
relationships between what has happened and its consequences. Spontaneously, the 
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need arises to make a series of drawings that capture the most critical moments of 
the story told, accompanied by short sentences that reproduce the story in the pupils’ 
own words. Thus, the children participate in a natural collective writing laboratory 
in which the teacher puts the pupil’s words on paper. In Fig.!1, we can see some 
drawings.

After this "rst phase, the teacher tries to stimulate the discussion and focus on 
mathematical aspects by asking some questions: “What does the host look at?” 
“What does the ant refer to?”, “When I count, what do I count?”. The pupils respond 
with different observations:

Pietro: The ant is right, they ate the same amount and paid the same amount.
Ciro: But they are not the same, they are small, medium and large.
Francesco:  The lion has to pay more.
  To steer the discussion, the teacher turns the situation around, puts 

three small plates on the table pours a spoonful of popcorn into each 
plate with a spoon and says: “one for the ant, one for the mouse, one 
for the lion”. Figure!2 shows a picture of the scene.

Teacher: In this case, how much does each have to pay?
Andrea:  Let’s say ten euros per spoon. They must pay the same because they 

ate the same amount of popcorn.
Pietro:  So the lion eats less.
Riccardo:  The spoon is the same for all three.
Teacher:  When the mum goes to buy cheese, she says, “Give me lots of cheese 

-spreading her arms wide! - for my son who has a mouth so big”, 
showing a picture of the mouths of all the people having lunch that 
day at her house.

Fig. 1 Pupils’ drawings with the teacher’s transcription of their words

Fig. 2 The three spoonsful 
of popcorn for the three 
animals
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Children:  NOOO!!! [answering with a resounding laugh].
Simona:  My mum says, “Give me ten grams of cheese”.
Francesco:  Then the grocer puts it on the scales and tells her how much it costs.
Teacher:  Look at these. [She shows the children the box of 30 grams of cheese 

they had received for lunch that day.]
Chiara:  So the mouse eats ten grams of cheese.
Andrea:  The ant eats one gram, and the lion eats a thousand grams.
Teacher:  …and how much does each one pay?
Chiara:  The ant pays one.
Francesco:  Then the mouse pays two and the lion ten.
Teacher:  How could we remember all these things we said without doing too 

many drawings? We could do something like the adults do. When 
Mum goes shopping, to remember what to buy, she doesn’t bring 
drawings or pictures of fruit, salami, etc.!!!

Martina:  We have to write but don’t know how to write.
Chiara:  I can do the T for “topo”-mouse.
Martina:  Let’s try!
Chiara:  ok [Chiara starts to write a T in the middle of the paper].
Giulia:  Let’s put an arrow to show how much cheese and money there is.
Chiara:  ok [Chiara, with the teacher’s help, wrote the letters and the number 

by tracing the proposal that emerged in the previous expert of discus-
sion (Fig.!1)].

 Phase Two: Reasoning and Modeling

The discussion is quite productive. The teacher begins by introducing the unit of 
measurement of the spoon and using three plates for the three animals to make an 
even distribution of a spoonful of popcorn on each plate. This prompts Andrea (line 
2) to suggest an exact number of coins for the payment, ten coins, an exciting num-
ber that deviates from the ability to subitize but is central in our number system of 
representation and linked to the number of "ngers. However, the question of the size 
of the animals (mouths) soon arises, as Pietro (line 3) emphasizes that the lion eats 
less this way. The teacher decides to steer the discussion back in the right direction 
by suggesting that the pupils think about a scene that some have probably experi-
enced before and get them to think about how adults communicate about quantities 
and units of measurement used (line 5). Following this prompt, Simona (line 7) 
introduces the word ‘gram’, and the teacher uses this prompt to draw the pupils’ 
attention to the box of cheese they received for lunch by asking them to look at the 
label 30 grams. This prompts Chiara (line 10) to suggest an exact amount of cheese 
the mouse has eaten by using the word ‘gram’, exactly ten grams. The “ten” is cho-
sen again to show its central role in the pupils’ mathematical reasoning. Andrea, 
starting from Chiara’s proposal, proposes to quantify with 1000 grams and 1 gram, 
respectively, the lion and the ant quantity of cheese, showing Andrea’s taste for the 
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Fig. 3 A different 
payment is then associated 
with the amount of cheese 
eaten by each animal. The 
letter “L” is used for lion, 
the letter “T” is used for 
mouse and the letter F is 
used for hunt

multiplies of ten. The other children propose a correspondent number of coins (13 
and 14 lines). In this way, as we can see in Fig.!3, a naive idea of direct proportional-
ity between the quantity of cheese and coins emerges and appears, even if the num-
bers chosen are not in proportion.

 Phase Three: Manipulating

The activity continues in several following classes, after some of which the teacher 
proposes to create a double-entry table. Figure!4 represents the mouthfuls of cheese 
eaten by the animals, with yellow triangles of different sizes for each animal and a 
corresponding number of coins. In this phase, the teacher proposes to assign the cost 
of two coins to the mouse cheese. Indeed, the teacher wants to propose a second part 
of the activity to improve children’s mathematical skills regarding the order of num-
ber words and the related action of counting in this context. To this purpose, the 
problem proposed is developed further in the narrative:

The three animals found that the cheese was excellent quality, and since the price was also 
low, they decided to invite more of their friends. So it came about that our three protagonists 
invited some of their friends on the condition that the size of the width of their mouths 
compensated for the values between 2 (mouse) and 10 (lion).
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Fig. 4 The double entry 
table. On the "rst row 
cheese. On the second row 
the coins and the pupils 
chose to use the symbol of 
euros

After an initial exchange of opinions, the pupils searched for new animals. With the 
help of the interactive whiteboard, they discussed and selected seven more animals 
with matching mouth openings that correspond to the mouth openings of the ant, 
mouse, and lion. This part was rich in considerations and discussions by the pupils, 
which we cannot report on for space reasons.

The teacher introduces another representation, namely skewers (a mouthful) 
with cheese balls for stacking the cheese balls and links this representation to using 
the abacus. The balls represent the new unit of measurement of the cheese, and each 
ball corresponds precisely to the amount of cheese eaten by the ant, which was cho-
sen as the unit of measurement for the cheese. In this way, as we can see in Fig.!5, 
the pupils manipulate the abacus to represent the different amounts of cheese eaten 
by each animal. In addition, the teacher suggested displaying the amount of cheese 
on the board as a plate with the correct number of balls and as a skewer/abacus to 
provide a further experience of multiple representations. Figure!6 represents this 
scene. Also noteworthy is the use of the tens bar to represent the ten balls that the 
lion has eaten, as shown in Fig.!8. The teacher wants the pupils to begin to trust the 
abacus, which, together with the positional representation of the number (see its use 
in Fig.!3), performs its function as a semiotic mediator (Bartolini Bussi & Mariotti, 
2008). After the joint discussion, the teacher helps the pupils to organize the ideas 
that have emerged on a board. For each animal, a plate with cheese balls and a 
skewer/abacus with the same number of pieces of cheese were drawn, as shown 
in Fig.!7.
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Fig. 5 A pupil using 
abacus for representing the 
quantity of cheese

Fig. 6 Two pupils at the 
blackboard representing 
the quantities of cheese on 
a plate alongside the balls 
on a skewer abacus

The teacher shifts the focus to the cheese each animal has eaten and the coins 
each animal must pay to the host, as each bite of cheese costs one euro. The teacher 
presents the children with a box with coloured number rods as a money box, from 
which they take the coin cube to pay for the cheese. In this phase, each coin is rep-
resented by a unit of the number rod. The pupils explore the box with the number 
sticks and realise there are rods of different lengths. They also begin to recognise the 
relationships between the number of rods of different lengths. In this case, the 
teacher also wants the pupils to start to trust the coloured number rods, which, 
together with the positional representation of numbers and the abacus, act as semi-
otic mediators (Bartolini Bussi & Mariotti, 2008).
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Fig. 7 For each animal the 
quantity of cheese is 
represented!as balls on a 
plate and on the skewer/
abacus

Simultaneously with the manipulation and discussion activities, the pupils 
decided that each cheese ball paid for one coin. The teacher helps the pupils to place 
on the board the corresponding amount of cheese for each animal, represented as a 
circle with the corresponding number of cheese balls inside, then the same number 
of balls stacked on the skewer/abacus, and then the corresponding number of coins, 
represented as the corresponding coloured number rod shown in Fig.!8. With this 
board arrangement and then on the wall chart, the teacher wants to emphasise the 
precise correspondence between the cheese balls (on the plate or the skewer/abacus) 
and the number rods representing the coins.

In the last phase, the teacher proposed a histogram to summarize the work done: 
The animals were drawn in ascending order according to the size of their mouth 
opening, and for each animal, the corresponding amount of cheese balls and coins 
(represented as colored number rods) was indicated. Fig.!9 shows a histogram made 
by a pupil. Throughout the trial, the pupils’ drawings and the representations cre-
ated with the teacher’s help are collected on a wall chart to express the participants’ 
contribution, skills and creativity. Figure!10 represents the wall chart of the entire 
path. This provides a summary picture at the end of the activities of the richness of 
what has been achieved, but it also seems to be a valuable tool throughout the path-
way to keep track of work in progress.
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Fig. 8 The completed 
panel

Fig. 9 A histogram where animals are in ascending order drawing by a pupil

 Conclusions

The wall chart at the end summarizes all the considerations and experiences made 
during the path, lasting many days and characterized by various work phases. 
According to the theoretical framework presented at the beginning, storytelling 
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Fig. 10 The wall chart of the story of the ant, the mouse and the lion

fully involved the pupils—through discussions, comparisons and the production of 
different artefacts—and made them protagonists of the proposed situation. In par-
ticular, the initial storytelling became a “problem solving” that consisted of moving 
from an anthropomorphic unit of measurement to a more objective unit of measure-
ment. As the blackboard recounts, pupils "rst tackled the problem of discretizing a 
continuum (the cheese) to make it countable. Drawings, representations and the 
manipulation of different artefacts allowed the kindergarten pupils to face the 
problem- solving raised from the storytelling, which led the pupils to identify a new 
unit of measurement (the amount of cheese eaten by the ant). The excerpts show the 
presence of a naïve idea involving direct proportionality relationships between 
quantities (cheese and coins), as shown in Fig.!3. The artefacts proposed by the 
teachers go toward discretizing a continuum (in the case of cheese) or making a 
discrete quantity continuous (representation of coins by colored rods). They "rst 
related the mouthful of cheese (discretized continuum) to the opening of the 

Storytelling Activity for!Stimulating Proportional Reasoning in!Young Children



92

animals’ mouths and then to the balls of cheese (mouthful of ants) and gained a 
sense of numbers through a series of manipulations. Finally, by activating propor-
tional reasoning, they were guided to link the amount of cheese to the number 
of coins.

The idea of organizing such rich and complex paths was born from the desire to 
accompany the pupils on their way to elementary school with the richest possible 
experiences related to numbers, taking advantage of their innate number sense and 
also strengthening it by introducing them to the use of some artefacts that they are 
likely to encounter in their future school experiences.
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Enhancing an Early Inclusive 
Mathematical Learning? Investigating 
Cubarithm’s Semiotic Potential 
for Children with Visual Impairments

Carola Manolino, Cristian Bernareggi, and Tiziana Armano

 Introduction

Mathematics stands as a foundational pillar of education, fostering critical thinking, 
problem-solving, and cognitive development (OECD, 2023). However, for children 
with visual impairments, the path to mathematical learning—or often just its acces-
sibility—presents unique and daunting challenges. The reliance on visual represen-
tations in traditional mathematical education has created barriers that can be 
insurmountable without innovative solutions (Gerino et al., 2014). In response to 
this pressing need, our research undertakes an exploratory investigation into the 
semiotic potential (Bartolini Bussi & Mariotti, 2008) of a teaching tool widely rec-
ognized across different educational contexts throughout the world (e.g., Adelakun 
et  al., 2025; Akbayrak & Douglas, 2021; Reddy & Sujathamalini, 2006): the 
Cubarithm. We have chosen it because it is paradigmatic for the initial learning of 
mathematics, that is emblematic of numeracy introduction in primary school for 
children with visual impairments. It is a tactile mathematical artifact, explicitly 
designed to enhance mathematical learning for children with visual impairments. In 
this educational landscape, the challenges extend beyond children with visual 
impairments, signi"cantly impacting their educators (e.g., Rule et  al., 2011). 
Teachers "nd themselves navigating complex terrain, often grappling with limited 
resources and a lack of professional education in using mathematical instruments 
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(in the sense of Drijvers, 2019), like Cubarithm. These challenges highlight the dual 
nature of our research objective:

 1. To uncover if and how the Cubarithm, when effectively guided by knowledge-
able teachers, contributes to creating an inclusive mathematics education envi-
ronment, within the classroom, for children with visual impairments.

 2. To shed light on the intricate semiotic relationships within the Cubarithm that 
might facilitate mathematical understanding.

The purpose of this study is to provide insights about the Cubarithm as a semiotic 
tool, which can then inform the professional development to be provided to teachers 
who have to decide about the use of this resource.

 Inclusive Education in Mathematics—The Case of the Italian 
Primary School

Inclusive education is a fundamental right for all students. Since the 1990s, the 
Italian primary school system has been recognised as an exemplary reference model 
for inclusive education policies in Europe, due to its long-standing legislative frame-
work and its commitment to ensuring the active participation of all students in gen-
eral educational settings. This development began with the enactment of Law No. 
104/1992 and was subsequently reinforced by key legislative measures, including 
the Guidelines for the Inclusive Education of Students with Disabilities in 2009, 
Law No. 170/2010, the Directive on Special Educational Needs in 2012, and the 
Inclusion Decree for the years 2017–2019. The core principles underpinning this 
paradigm shift within primary education include the acceptance and appreciation of 
diversity as a source of enrichment, and the educational signi"cance of catering to 
the individual needs of each student, not limited to those with speci"c impairments. 
Furthermore, the personalization and individualization of educational approaches, 
along with the development of inclusive pedagogical strategies, have played a cru-
cial role in shaping a more inclusive primary education system. These initiatives 
extend beyond disability-related challenges, encompassing students facing socio- 
environmental, cultural, or familial dif"culties, thereby fostering a broader culture 
of inclusion (cf. Italian Ministry of Education’s institutional webpage on this issue: 
https://www.miur.gov.it/web/guest/inclusione- e- intercultura). Despite this long tra-
dition which remains a crucial foundation and the main rationale for contextualizing 
our study, as is often the case, there is a signi"cant gap between policy and practice: 
particularly in mathematics-related subjects. What happens is that, despite a strong 
and well-founded pedagogical background, and the existence of technologies (digi-
tal or analogical), educators often lack con"dence in their mathematical content 
knowledge (Piroi et al., 2023). The special education tradition is well-established in 
both university instruction of educators and research, but it rarely engages in 
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dialogue with the mathematics education community, and vice versa. Things can be 
arguably trickier when narrowing the "eld to visual impairments:

There are no [at least Italian] text[book]s that adequately address the topic of visual impair-
ment in a way that is accessible and usable by teachers and educators working with these 
students. […] The need to investigate the developmental processes of these individuals 
arises from the fact that they are unique and speci"c to the disability, and cannot be com-
pared to normal trends in terms of the presence or absence of certain abilities or skills 
(Bon"gliuoli & Pinelli, 2010, p. 7, our translation).

 The Unique Challenges in Mathematics Education for Pupils 
with Visual Impairments

Blindness, in itself, does not seem to be an impediment to learning mathematics. Indeed, 
history shows that there have been a number of very successful blind mathematicians […] 
the lack of access to the visual "eld does not diminish a person’s ability to visualize—but 
modi"es it, since spatial imagination amongst those who do not see with their eyes relies on 
tactile and auditory activity (Healy & Fernandes, 2014, pp. 61–62).

This statement offers at least two signi"cant starting points. Firstly, it underscores 
how sight can be effectively replaced by other senses to access mathematical con-
tent, and the hands emerge as the most prominent surrogate for the eyes when 
engaging with mathematics, mainly because such content inherently entails manip-
ulation of spatial representations and information (Healy, 2015; Marichal et  al., 
2022). Similarly, Vygotsky (1993) had previously argued that replacing sight with 
tactile exploration through the hands can lead to the emergence of unique perspec-
tives. These perspectives differ from those of sighted students because of the differ-
ent sensory tools used to access mathematics and construct mathematical 
understanding. Secondly, the enduring interconnectedness of visualisation and 
vision within the "eld of mathematics education is still emphasised. Indeed, Radford 
(2010) notes that the learning process in mathematics, particularly within the con-
text of algebra, is linked to a gradual “domestication of the eye” (p. 10, our empha-
sis). This involves a lengthy evolution in which individuals learn to perceive and 
recognise—especially with their eyes—mathematical phenomena through cultur-
ally ingrained and effective means and methods. In this regard, according to Sfard 
(2008), the mathematical discourse is de"ned by speci"c visual mediators, i.e., 
“visible objects that are operated upon as a part of the process of communication” 
(p. 133). Certainly, these quotes do not suggest that the scholarly community limits 
mathematics to the visual sense. Rather, the intention is to emphasise that the exist-
ing literature portrays mathematics as primarily visual (Arcavi, 1999).

Sight is known for its synthetic and global nature, allowing individuals to per-
ceive the whole. This means that vision enables the simultaneous perception of 
multiple elements within a mathematical representation, facilitating an immediate 
grasp of overall structures, patterns, and spatial relationships. In contrast, touch, 
which is predominantly used by learners with visual impairments, relies on haptic 
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exploration, where the whole emerges from the relationships between the parts. 
Learners with blindness tend to describe properties and relations using dynamic 
means that correspond to their physical interactions with objects (Healy & 
Fernandes, 2011). In particular, Braille codes, mainly characterised by a linear 
nature, serve as tactile substitutes for conventional written materials: the mathemat-
ical and thus spatial objects are converted into sequential representations within the 
Braille notation. This requires the incorporation of additional symbols (e.g., pre-
"xes and suf"xes),1 which introduces an additional cognitive load on students and it 
naturally slows down their work (Edwards et al., 2006; Archambault et al., 2007). 
For example, a “number mark” must be placed before any number. However, this is 
just the simplest case: in practice, Braille mathematical notation requires numerous 
additional symbols, all arranged sequentially within the same line of text. 
Compounding this issue is the fact that Braille readers can only perceive one (and 
contextualised) part of the notation at a time, limiting their ability to gain a compre-
hensive overview of representations. To address the unique challenges that students 
with visual impairments face in accessing and learning mathematical content, edu-
cators have turned to multimodal, and in particular tactile, kinaesthetic and even 
speech-based approaches to learning (e.g., Healy & Fernandes, 2011). These meth-
ods allow students to physically interact with mathematical concepts; and tactile 
tools, including physical artifacts, are essential for creating a multisensory learning 
environment for pupils with visual impairments. However, it has only been a few 
years (e.g., Ahmetovic et al., 2017; Stylianidou & Nardi, 2019) since such unique 
perspectives due to different sensory access have been considered as an opportunity 
for the mathematics education of all students.

Mathematical manipulatives play a crucial role in mathematics education, serv-
ing as tangible tools that enable students to interact with mathematical concepts. 
Bartolini Bussi and Martignone (2014) distinguish between two primary categories 
(concrete and virtual) and de"ne mathematical manipulatives as “artifacts used in 
mathematics education […] handled by students in order to explore, acquire, or 
investigate mathematical concepts or processes and to perform problem-solving 
activities drawing on perceptual (visual, tactile, or, more generally, sensory) evi-
dence” (p.  365). In summary, concrete manipulatives are physical objects that 

1 This additional amount of Braille-speci"c symbols contributes to increase the cognitive load in 
reading mathematical notation in Braille. An attempt to mitigate this problem has been made in 
Braille codes design for the use of Braille displays. Braille codes on paper utilise six-dot cells, 
allowing for the representation of up to 64 symbols. In contrast, Braille displays employ cells with 
two additional dots, resulting in 8-dot Braille, which can encode up to 256 symbols per cell. These 
extra symbols help reduce the need for pre"xes and suf"xes, thereby minimising ambiguities, 
particularly in mathematical notation. As a result, most 8-dot Braille codes eliminate the use of 
signs for numbers, lowercase, and uppercase letters. This reduction enhances the tactile readability 
of mathematical expressions. Furthermore, there is not a universally accepted Braille code for 
mathematics (Marcone & Penteado, 2013). Efforts to standardize at least 8-dot Braille codes 
across various European countries have been made in the LAMBDA project (Edwards et al., 2006; 
Schweikhardt et al., 2006). Despite these efforts, nowadays still remain differences among Braille 
codes for mathematics.
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students can touch, perceive, and manipulate. They provide students with a rich 
sensory hands-on experience and allow them to explore mathematical concepts in a 
tangible way. Manipulatives are frequently employed in preschool and primary edu-
cation, as well as in special education settings, where they serve as essential tools 
for developing students’ foundational mathematical understanding (e.g., Kamii 
et al., 2001; Simon, 2022). However, it is paramount to emphasise that their educa-
tional value extends to secondary education and broader learning contexts. The 
National Council of Teachers of Mathematics (NCTM) has consistently encouraged 
the use of manipulatives at all grade levels, dating back to 1940. This advocacy 
re#ects the belief that manipulatives can foster essential mathematical processes 
such as de"ning, conjecturing, arguing, and proving. However, regardless of con-
text, the autonomy of students in using manipulatives remains a subject of scrutiny. 
Research indicates that providing teacher guidance signi"cantly enhances learning 
outcomes compared to unassisted discovery, as indicated by a synthesis of the litera-
ture on instructional guidance (Al"eri et al., 2011). The introduction of an artifact 
into the classroom does not inherently predetermine how students will use, engage 
with, perceive or interpret it. Instead, it can give rise to a range of interpretations and 
viewpoints among students. In essence, manipulatives, like other educational tools, 
carry multiple layers of meaning, with the potential to generate diverse interpreta-
tions. This characteristic aligns with the concept of polyphony (Bartolini Bussi 
et  al., 2005, p.  79), which refers to the multiplicity of voices or meanings that 
emerge during the use of these tools in classroom interactions. Each participant to 
the discussion may interpret the situation differently, based on their prior knowl-
edge, cognitive frameworks, and interaction with the manipulative. This perspective 
is consistent with the notion of theoretical ambiguity discussed by Nührenbörger 
and Steinbring (2008).

This very ambiguity makes manipulatives suitable to all school levels, up to university […]. 
This requires a very strong and deep analysis of manipulatives, from theoretical and episte-
mological points of view, and a study of the consequence of this analysis in teachers’ design 
of tasks and interventions in the mathematics classroom (Bartolini Bussi & Martignone, 
2014, p. 490).

The teacher assumes a crucial role in mediating mathematical meanings through the 
strategic use of manipulatives as tools for semiotic mediation (Bartolini Bussi & 
Mariotti, 2008). In the absence of teacher guidance, there is a risk of disconnection 
between students’ hands-on interaction with manipulatives and the broader mathe-
matical content entangled in the educational intentionalities of the teacher, poten-
tially hindering learners’ construction of mathematical knowledge. Within this 
theoretical framework, embedded within the Theory of Semiotic Mediation 
(Bartolini Bussi et al., 2005), the concept of the semiotic potential of an artifact 
takes centre stage. It encompasses the dual semiotic connection that an artifact can 
establish. On one hand, it relates to the personal meanings that emerge from the use 
of the artifact to solve a speci"c task. At the same time, it involves the mathematical 
meanings evoked by the use of the artifact, which are recognisable as mathematics 
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by an expert. This study is framed within this context and a more detailed discussion 
of the theoretical framework is available in the dedicated section.

 The Cubarithm

Cubarithm is a specialised tactile concrete mathematical manipulative designed to 
facilitate the learning of basic arithmetic for individuals with visual impairments. A 
Cubarithm setup is shown in Fig. 1. On the left, a white box contains the digit- 
cubes; just below, six black digit-cubes display all the possible faces of each cube 
(all  cubes are identical); on the right, a columnar-layout addition with an intentional 
mistake is represented on a white grid-slate.

There are also virtual versions of it, which can speed up the slow performance of 
the student using the material pieces of the artefact (Mikułowski et al., 2016), but in 
this study the focus is on the physical artefact.

Cubarithm consists of a set of (100) small plastic or metal cubes with an edge of 
1 cm, designed to "t into a tactile slate featuring square holes. A slate is typically 
provided with 15 cells vertically and 20 horizontally, totalling 300 cells, with 
dimensions measuring approximately 1 × 19 × 25.3 cm (Aparecida & Rodrigues, 
2014; Turella & Conti, 2012). However, variations in size and shape are possible, 
such as square slates measuring about 1 × 30 × 30 cm, or those comprising 15 × 20 
cells (Fig. 1), depending on the manufacturer. These dimensions precisely match 
those of the cubes, ensuring easy placement and rearrangement within the grid 
structure, clearly demarcated for user convenience. The six-faces cubes are uniform 
in size and shape, featuring rounded edges and corners. The faces serve as the can-
vas for Braille representations of numerical values from 0 to 9. Speci"cally, on "ve 

Fig. 1 A cubarithm
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Fig. 2 An example of 
some Braille-labeled cubes 
(Retrieved from: https://
www.braillenews.cloud/
cubaritmo)

of the cube’s face a single Braille sign representing digit(s) is displayed (the sixth 
face remains empty) The Braille numerals are created with raised dots or tiny pyra-
mids, enabling tactile differentiation and identi"cation by users (Fig. 2).

Cubarithm is explicitly designed to perform the four “traditional” columnar- 
layout operations, sometimes referred to as “operations under the line” (Mikułowski 
& Terlikowski, 2020, p. 290). The Cubarithm was introduced to address the limita-
tions of using Braille on paper for performing arithmetic operations arranged in a 
columnar layout. There are two primary methods for writing Braille on paper: the 
slate and stylus, and the Braille typewriter. Writing with a slate and stylus involves 
using a manual tool to emboss raised dots on paper. The slate consists of two hinged 
plates: the top plate has small openings for each Braille cell, while the bottom has 
indentations to guide the stylus. A sheet of paper is placed between the plates and 
the stylus puns dots into the paper from right to left. Once the writing is completed, 
the paper is #ipped over to read the Braille from left to right. This method requires 
performing arithmetic operations in a columnar layout from left to right while writ-
ing so that they can be read from right to left, thus creating a signi"cant cognitive 
burden that is impractical for pupils learning arithmetic. This issue is overcome by 
using a Braille typewriter, as characters are written from left to right by pressing key 
combinations corresponding to the raised dots in each Braille cell. However, dif"-
culties arise in achieving precise vertical alignment of digits. Maintaining proper 
column alignment requires manually repositioning the typewriter’s cursor to "nd 
the correct column and adjusting the paper around the roller to ensure correct row 
placement. Additionally, with both the slate and stylus and the Braille typewriter, 
erasing individual characters and replacing them with correct ones without damag-
ing the paper is extremely dif"cult. With the Cubarithm, the digit-cubes are posi-
tioned and removed from the various horizontal and vertical cells. In Fig. 1, the slate 
displays an example of an incorrect columnar-layout addition (12 + 34 + 56 = 92). 
The top row and the "rst two columns from the left are empty. The representation of 
the addition “under the line” with three addends then begins. The "rst row contains 
the digit-cube 2 on the right and the digit-cube 1 on the left. The second row has the 
digit-cube 4 on the right and the digit-cube 3 on the left. The third row features the 
digit-cube 6 on the right and the digit-cube 5 on the left. An empty row marks the 
position of “the line” separating the addends from the result, which is placed below. 
Here, the digit-cube 2 is on the right and the digit-cube 9 on the left. For reference, 
Fig.  3 presents the analogous columnar-layout addition on paper, demonstrating 
how this notation is transposed onto the Cubarithm slate in Fig. 1.
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Fig. 3 The incorrect 
12 + 34 + 56 = 92 
columnar- layout addition 
on grid paper

 Theoretical Framework

As stated in the Introduction and to address the research aim, the necessary theoreti-
cal framework comprises the theoretical concept of semiotic potential, contextual-
ised within the framework of Inclusive Mathematics as proposed by Moura (2020). 
This combination of frameworks allows for the analysis of whether Cubarithm can 
be, and how it can be, an inclusive “mediator” of educational interaction patterns 
and a meaningful producer of mathematical signs.

 The Semiotic Potential

The Theory of Semiotic Mediation is grounded in a Vygotskian perspective on the 
teaching-learning of mathematics. Here, Bartolini Bussi and Mariotti (2008) intend 
learning as a collective process of the class group, concerning the evolution of signs 
used by students to discuss the mathematical meanings. In particular, the two 
researchers propose to structure teaching activities according to repeated iterations 
of the so-called didactic cycle: students are "rst asked to solve a task using a speci"c 
artifact; then, on the basis of artifact signs (or situated signs) emerged during that 
experience (i.e., informal signs, such as words and gestures, used by the students to 
talk about what they have experienced with the artifact), the teacher can orchestrate 
a phase of mathematical discussion (Bartolini Bussi, 1998). This phase is aimed at 
making these artifact signs evolve towards targeted mathematical signs (i.e., the 
signs of formal mathematics referring to the relevant mathematical meanings, that 
the teacher aims for students to co-construct).
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For the design of a didactic cycle, a particularly important role is played by the 
teacher’s choice of the artifact and the task for students to accomplish, in relation to 
the mathematical knowledge to be taught. Those choices, in fact, affect the emer-
gence of situated signs suitable to unfold signi"cant mathematical meanings. The 
artifact is conceived as a historical-cultural product, created to simplify or to solve 
a particularly frequent problem in a certain historical and cultural period. The arti-
facts of interest in mathematics usually work on the basis of culturally and histori-
cally determined parts of mathematical knowledge. For example, the compass 
incorporates the meaning of a circle as the locus of points equidistant from a center; 
the abacus incorporates different ways of writing, composing or decomposing num-
bers depending on their cultural origin (see Bartolini Bussi et al., 2018; Maschietto 
& Bartolini Bussi, 2011). The mathematical knowledge “incorporated” into the arti-
fact’s functioning, according to Bartolini Bussi and Mariotti (2008), is what makes 
it  possible for situated signs to evolve towards targeted mathematical ones. As 
Baccaglini-Frank et al. (2023) explain

artifacts afford a semiotic potential (Bartolini Bussi & Mariotti, 2008): the use of an artifact 
for accomplishing a task fosters the emergence and transformation of signs (that is verbal 
utterances, written inscriptions, gestures, …) related to the activity at stake (called situated 
signs); in turn, an expert can relate such situated signs to the appropriate mathematical 
knowledge. The semiotic potential of an artifact with respect to a task and to certain math-
ematical meanings is precisely its potential to foster the emergence of situated signs that 
are, on the one hand, related to the accomplishment of the task, and, on the other hand, 
relatable to mathematical meanings targeted by the teacher (p. 4).

Thus, the capacity to discern the semiotic potential of an artifact (with respect to a 
task and to certain mathematical meanings) is what allows the teacher to predict and 
manage the evolution of situated signs towards the targeted mathematical ones:

any artefact will be referred to as tool of semiotic mediation as long as it is (or it is con-
ceived to be) intentionally used by the teacher to mediate a mathematical content through a 
designed didactical intervention. […] The key point according to our hypothesis is that the 
twofold role played by the artefact, both as a means in accomplishing a task, and as a tool 
of semiotic mediation to accomplish a didactical objective, can be fully exploited. The role 
of the teacher is then crucial and not incidental and the teaching sequence has to present 
certain peculiarities [referring to the structure of the didactical cycle] (Bartolini Bussi & 
Mariotti, 2008, p.754).

 The Inclusive Interaction Pattern

This study is in alignment with Moura’s (2020) and Skovsmose’s proposals of 
engaging all the learners in the existing curriculum (in Figueiras et  al., 2016, 
pp.  19–20), “learning in mixed-ability groups provides richer opportunities for 
learning, as learning is related to processes of negotiating, explaining, and notic-
ing”. However, the use of assistive technologies does not guarantee the inclusion of 
students with visual impairments in teaching-learning practices (Ahmed & Chao, 
2018). In our vision, “the notion of inclusion goes beyond simple, though 
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preliminary, accessibility. […] [T]he presence of these technologies in classrooms, 
where students with and without visual impairments are together, is the "rst step in 
promoting a new classroom relationship and communication” (Piroi et  al., 
2023, p. 60).

In mathematics classrooms, interactions between students, and even between the 
class teacher and the student with visual impairments, are frequently indirect. 
Communication and engagement typically occur through the intermediary role of a 
support teacher specializing in special educational needs. Here, prevailing peda-
gogical approaches often substitute visual cues with alternative sensory modalities, 
thereby expecting students with visual impairments to conform to the behaviours of 
their sighted peers (Ahmed & Chao, 2018). This trend is illustrated in Fig. 4.

In an inclusive classroom, with the presence of assistive technologies as inclu-
sive instruments, this pattern evolves into the one represented in Fig. 5, as demon-
strated by Piroi et al. (2023). For instance, consider a mathematics activity in which 
students explore numeric patterns and sequences. In a traditional setting (Fig. 4), a 
student with visual impairments might rely on a support teacher to describe what is 
being drawn or written by their peer, creating an indirect mode of interaction. 
However, with swell paper or a digital board equipped with screen-reading software 
and a tactile display, the student can directly access and manipulate the different 
representations. For example, if the class is diagrammatically identifying the rule 
behind a sequence, the student can explore the patterns using audio feedback and 
tactile overlays, actively participating in the discussion rather than receiving second- 
hand explanations. This transformation allows all students to engage directly with 
mathematical structures, as shown in Fig.  5, fostering more direct and inclusive 
interactions. Tactile tools are essential for creating a multisensory learning environ-
ment with inclusive interactions for students with visual impairments. However, this 
connection between tactile perception and visual impairment often results in accom-
modating students with visual impairments by modifying visual materials typically 
designed for sighted students. While some accommodations have been successful, 
such as creating tactile shapes for students with visual impairments while the rest of 
the class uses visual shapes from the standard textbook (Argyropoulos & Stamouli, 
2006), other accommodations face various limitations. These limitations can be 

Fig. 4 Interaction patterns in classes with blind (sic.) students and a support teacher (Piroi et al., 
2023, p. 61)
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Fig. 5 Inclusive interaction patterns, mediated by assistive technologies (Piroi et al., 2023, p. 72)

categorised as technical, affective, or social. In this study, an analysis of the semi-
otic potential of the Cubarithm is conducted to examine how these three limitations 
could be related to semiotic mediation processes and the emergence of inclusive 
interaction patterns. By exploring these relationships, this study aims to provide 
deeper insights into how the Cubarithm can shape both individual meaning-making 
and classroom dynamics.

 Cubarithm: An In-Depth Semiotic Analysis

This section presents an a priori semiotic analysis of the Cubarithm, aimed at inves-
tigating its semiotic potential to mediate mathematical meaning through haptic 
interaction. While this analysis is theoretically grounded, it emerges from a struc-
tured didactic observations (Manolino, 2024) of four young users (grades 1 and 2, 
with different visual impairments) engaged in simple tasks on columnar-layout cal-
culations designed by their classroom teachers, as well as an interview with an adult 
blind user, expert in STEM, who had extensive experience interacting with the 
Cubarithm during his primary education. These empirical insights have informed 
our understanding of the challenges and affordances associated with this artifact. 
However, to our knowledge, no task-based studies explicitly informed by the frame-
work of Semiotic Mediation have yet been conducted or documented in the litera-
ture. The absence of such research underscores the need for future empirical 
investigations that systematically explore how learners construct mathematical 
meaning through engagement with the Cubarithm in structured instructional set-
tings. This study, therefore, serves as a preliminary step in theorizing the semiotic 
potential of the Cubarithm, providing a foundation for future research that inte-
grates classroom-based interventions and controlled experimental designs. The 
unique design of the Braille systems used in the Cubarithm allows for a single cube 
to represent different digits based on its spatial orientation and for the same posi-
tioned cube to represent some other digits based on its orientation within the slate. 
For instance, the Braille character corresponding to the letter b (Braille dots 1 and 
2), which represents the digit 2, can be rotated by 90 degrees to become the letter c 
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(Braille dots 1 and 4), which represents the digit 3 (see Fig. 6). Through this mecha-
nism, each cube can be oriented and placed on the slate to assume any desired digit 
from 0 to 9. Figure 7 illustrates the symmetrical pairs of digits that emerge from 
this system.

Students can arrange cubes in various con"gurations within the slate, either plac-
ing them side by side vertically or horizontally to create different combinations of 
Braille digits.

This manipulation demands a signi"cant amount of time and imposes a high 
cognitive effort, particularly for younger students in primary or nursery education. 
Several cognitive challenges arise:

• Symbol Recognition—At this stage of schooling, students are still in the process 
of learning Braille, so symbol recognition is not yet automatic.

• Orientation Awareness—Identifying the correct digit requires a careful consider-
ation of the cube’s orientation.

• Hand-Cube-Slate Coordination—The student must precisely place the cube in 
the correct cell while ensuring the proper orientation.

• Memory Load—Since students with visual impairments lack a synthetic and 
global visual perception of the slate, they must rely on memory to track which 
cubes have already been placed. Otherwise, they would need to frequently re- 
explore the slate through touch.

Fig. 6 A braille representation of the number 32. [Note: The "rst symbol is known as the number 
mark, i.e., a sign placed in front of digits to distinguish it from the analogous group of letters. 
When the number mark is omitted, this notation represents the word ‘bc’.]

Fig. 7 The digits in the 
Braille-labeled cubes 
system
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The time required for this process and the associated cognitive load are non- 
negligible. By contrast, in its paper-based “traditional” columnar-layout operations 
counterpart, columnar diagrams are designed speci"cally to relieve the student from 
this effort and to alleviate this cognitive burden. The structure of these diagrams is 
designed to enable a quicker and more intuitive digit placement process, allowing 
students to focus their cognitive resources on the calculation itself rather than on 
managing the spatial organization of digits.

Across various bibliographic references studied and presented so far, as well as 
in teacher education courses conducted (at least) in Italy to date by academic institu-
tions and associations for visual impairments, the Cubarithm has been consistently 
presented as a tool for mathematics education (Del Campo, 2000). Frequently cited 
as either the sole or primary mathematical artifact for students with visual impair-
ments in primary education, its use appears indispensable when addressing mathe-
matics education in this context. However, it is typically introduced solely for 
computational purposes, being described as “a tool for learning traditional colum-
nar layout calculations by visually impaired students” (Mikułowski et  al., 2016, 
p. 17). The Cubarithm is thus regarded as a faithful physical counterpart of what is 
commonly written on a paper sheet in mathematics lessons with squares in its 
entirety. Unlike the Braille slate and Braille typewriter, it enables the precise spatial 
placement and removal of digits within a de"ned grid structure, making them easy 
to locate through touch. Consequently, a student with visual impairments can per-
form traditional columnar layout calculations in a way that is considered analogous 
to how sighted peers work with pen and paper, although the situated signs will be 
predominantly haptic rather than graphic-script type. However, it is crucial to rec-
ognize that the teaching of “operations under the line”, if not strongly anchored in 
their meaning, leads (all) students to rely on more or less automated procedures for 
spatial displacements of digits. As described by Orton-Flynn and Richards (2000) in 
their discussion of dyslexics—a perspective that can be extended to learners more 
broadly:

[students] can be confused about the direction in which they should work on a particular 
calculation. Western languages are read and written from the top left to the bottom right of 
the page. For multiplication, however, pupils are taught to work out from the bottom right, 
diagonally across to the top left. Addition is done by calculating from the top of the furthest 
right-hand column, and working towards any left-hand columns. Division is, again, laid out 
quite differently. Is it so surprising that many pupils become confused? (p. 206).

It is even more complicated for a student with visual impairments who cannot grasp 
the whole view. Figure 8 provides four representations of operations on the cuba-
rithm. It is evident how close the transposition from the paper is. But how to keep 
track of the intermediate steps? In a faithful transposition, there should also be 
traceability of intermediate signs, such as remainder and decomposition signs. How 
can this be done in the cubarithm without confusion? Some educators place such 
signs above the "rst row of the operation, but in this way a re-reading in case of 
forgetfulness, how does it take into account what was already there and what was 
added afterwards during the calculation?
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Fig. 8 Four “operations under the line” displayed during a teacher education course

Despite this, in teacher education courses, Cubarithm is almost always taken to 
the extent of providing rules for carrying out column operations, both with and 
without decimal numbers. A commonly found description is that, using the 
Cubarithm, arithmetic operation signs (+, −, ×, ÷, =) are generally omitted. These 
symbols are expected to be inferred from the context, as their inclusion is thought to 
lead to confusion. This arises from the fact that the Braille representations of digits 
within the Cubarithm are encoded using four dots, making some operation symbols 
visually and tactilely similar to certain numbers (e.g., ‘+’ resembling the digit 6, ‘:’ 
resembling 4, ‘×’ resembling 8, and ‘=‘resembling 7). Cubarithm, like Braille, is 
thus heavily context-dependent, relying on implicit conventions for mathematical 
expressions.

Another characteristic aspect of this artifact is its ephemeral nature. A frequently 
cited analogy in teacher education materials describes it as “a ‘rough draft’ paper 
notebook with squares: once the exercise is completed, all cubes are removed and 
stored back in the designated container”—as literally quoted from a recent Italian 
teacher education course handout. This contrasts with traditional paper-based work, 
where the permanence of written steps serves an essential educational function. 
Despite the Cubarithm intention to replicate the use of a sheet of paper, it does not 
retain all its aspects. In fact, at the educational level, one of the most essential 
aspects is lost: the permanence of errors and processes. The absence of a record of 
previous steps poses a challenge: the learning process bene"ts from the ability to 
review past work, identify errors, and re#ect on the sequence of calculations. The 
Cubarithm, in its standard use, does not support this type of re#ective engagement. 
In addition to the effort and slowness of manipulating and positioning the cubes on 
the slate, the transcription of what happens on the Cubarithm cannot occur. And if 
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writing on paper or digital devices is possible, in any case for students with visual 
impairments it is linear: the spatial dimension of the columns is lost.

Despite these limitations, the Cubarithm can serve valuable preparatory func-
tions in early mathematics education. For instance, its interactional properties dif-
ferentiate it signi"cantly from standard paper-based mathematical notation. It can 
be used in activities designed to stimulate cognitive skills such as spatial alignment, 
laterality, and orientation tasks. Additionally, it can be employed to reinforce math-
ematical language and Braille notation through structured exercises (e.g., 
RoboBraille.org, 2016). The design of the slate features a smooth, #at surface that 
offers stability during mathematical interactions, providing ample space for arrang-
ing and organising the Braille-labeled cubes in the space. The grid structure pro-
vides a tactile framework for arranging haptic elements, allowing users to create 
modelizations and mathematical structures, and explore mathematical relationships 
through touch. From a semiotic perspective, the slate serves as a physical medium 
for a tactile sign system. Its grid structure provides a haptic framework for arranging 
mathematical signs, allowing the user to construct and explore through touch. This 
physical arrangement introduces a structured spatial representation and reasoning 
that can support early algebraic reasoning. The process of manipulating the cubes 
involves a continuous interplay between perception, action, and cognition, reinforc-
ing the semiotic mediation between the physical manipulative and the abstract 
mathematical concepts it represents. The need to physically rotate and place the 
cubes correctly could mirror essential mathematical processes such as rearranging 
terms, aligning place values, and structuring relations, making it a tool that may 
extend beyond mere computation. At the same time, the Cubartithm requires careful 
instructional strategies to mitigate cognitive overload, ensuring that students can 
focus on conceptual understanding rather than on the mechanics of manipulation 
alone. Its use in mathematics education should be carefully contextualized. Rather 
than serving solely as a computation aid, it may be more effectively integrated into 
broader pedagogical strategies that incorporate multiple modalities, including digi-
tal and paper-based tools, to support a more comprehensive mathematical learning 
experience.

 Discussion and Conclusions

The semiotic analysis conducted in this study has revealed how the Cubarithm 
encapsulates the technical, affective, and social limitations commonly encountered 
in adapting tactile mathematical tools originally designed for sighted learners. 
These limitations, which in#uence both the usability and educational effectiveness 
of the tool, must be considered in relation to how the mathematical meaning is con-
structed through interaction with the artifact. As established in the theoretical frame-
work, an artifact’s semiotic potential is crucial in determining how it can foster the 
emergence of mathematical signs and contribute to semiotic mediation in the class-
room. The Cubarithm, while historically recognized as an essential computational 
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tool for students with visual impairments, presents challenges that can  directly 
impact both the evolution of mathematical meaning and the inclusivity of interac-
tion patterns in the learning environment.

The technical limitations of the Cubarithm concern the potential motor and 
spatial- perceptual dif"culties that students may encounter when manipulating the 
small cubes (for instance, while correctly positioning them on the slate). These tasks 
require "ne motor skills and spatial reasoning, which can be especially demanding 
for young learners or those still developing pro"ciency in Braille, and which 
Cubarithm does not support, but rather tires them out. Additionally, the lack of a 
permanent external representation of their work, particularly concerning errors, pre-
vents students from easily reviewing and re#ecting on their processes. These techni-
cal limitations may, in turn, lead to educative and affective constraints. The cognitive 
burden associated with handling the Cubarithm may shift students’ focus away from 
conceptual engagement and towards the mere mechanics of digit placement. This 
misalignment between effort and learning outcomes can diminish students’ per-
ceived self-ef"cacy, potentially reducing their motivation to engage with mathemat-
ical tasks. Speci"cally, the slowness and challenges in placing and identifying the 
cubes on the Cubarithm impose a signi"cant workload, diverting attention from the 
primary objective, which is to ful"l the speci"c mathematical task. Consequently, 
there is a risk that students with visual impairments may perceive a decrease in 
autonomy and thus self-ef"cacy, resulting in decreased interest in mathematics 
(Bernabè, 2024; Mason & McCall, 2013). Moreover, the social limitations of the 
Cubarithm arise from its reliance on Braille-labeled cubes, which are inaccessible 
to peers and teachers unfamiliar with Braille. This characteristic may result in 
reduced interaction between the student with visual impairments and their peers, 
often resulting in the isolation of the student with visual impairments rather than 
fostering inclusion and multimodality. As demonstrated in the analysis, the 
Cubarithm’s role as a mediator of inclusive interaction patterns is compromised by 
its reliance on a not shared socio-cultural language and sign production. It does not 
fully facilitate shared engagement in mathematical discourse. Here the Cubarithm 
fails in its assistive and inclusive role (see Fig.  5). Currently, alternatives to the 
Cubarithm based on digital devices could render this tool more inclusive. However, 
the skills required to use such tools may not align with those typically expected in 
primary education. Young students may lack pro"ciency in 10-"nger typing, which 
is necessary for ef"cient input on digital devices, and may also require extensive 
training to develop a comprehensive understanding of Braille on refreshable Braille 
displays. Additionally, the transition from a tangible, spatially structured artifact 
like the Cubarithm to a linear, text-based digital format may introduce further cog-
nitive challenges, particularly in early mathematical learning, where direct manipu-
lation of objects plays a crucial role in conceptual development.

Despite these limitations, the Cubarithm remains a particularly useful tool in 
teaching students with blindness, provided that its use is expanded beyond simple 
traditional use for teaching column-based computational tasks. The Cubarithm 
offers numerous opportunities for educational applications. Firstly, the ability to 
directly manipulate Braille-numbered cubes in a tangible two-dimensional space 
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allows for the design of educational activities aimed at developing visuospatial and 
visuoconstructive skills, such as Euclidean plane isometry (see the issue of cubes 
rotation and slate spatialisation) or visual pattern proposals. More generally, the 
Cubarithm can serve as an effective semiotic mediator if integrated into activities 
designed to enhance spatial reasoning, lateralization, and proprioception. The 
development of spatial reasoning and visuospatial skills is a fundamental aspect of 
early education, as these abilities support a wide range of cognitive and literacy- 
related processes. In sighted learners, the coordination between visual perception 
and motor actions—commonly referred to as oculomotor coordination—plays a 
crucial role in integrating spatial information (Pento, 2020), facilitating the dis-
crimination of similar signs, and supporting the structured organization of written 
language and representation (Colina, 2015). Moreover, successful encoding relies 
not only on semantic acquisition but also on the ability to analyze and process spa-
tial control and visuospatial characteristics, skills that progressively develop 
throughout early childhood (Cornoldi et al., 1997). For students with visual impair-
ments, the absence of direct visual input necessitates alternative pathways for 
acquiring these essential competencies. The Cubarithm, by enabling direct manipu-
lation of signs within a structured two-dimensional space, provides a haptic analo-
gous to the role that written text and diagrammatic representations play in sighted 
learners’ development (Olive & Passerault, 2012; Tseng & Cermak, 1993). Through 
targeted educational activities, this tool can support the re"nement of spatial reason-
ing, promote intermodal integration, and foster a deeper understanding of mathe-
matical structures. In this sense, the Cubarithm slate can serve as a physical 
counterpart to the sheet of paper, a conventional artifact essential for spatial control, 
organization, and structuring in early education. Additionally, it can be employed to 
develop the skills necessary for transitioning from a tangible space to a virtual one, 
accessible through tools like keyboards, voice feedback, or Braille displays. 
Individuals with blindness face dif"culties in mastering virtual spaces without ade-
quate experience in physical space through object manipulation activities (Del 
Campo, 2000), for which the Cubarithm may be particularly well-suited. The 
Cubarithm can facilitate the development of primary school-level mathematical 
skills, such as completing numerical sequences, and secondary school-level skills, 
such as introducing coordinate systems, the concept of matrices, or algebra struc-
ture sense (Bernabè, 2024; Maf"a et al., 2025).

Indeed, the Cubarithm can regain its role as a mediator for inclusive interaction 
patterns in the classroom if it is used for educational purposes that extend beyond 
calculating in columns, and rather work on spatiality, lateralisation, sheet space 
usage and proprioception. In this case, not only does the Cubarithm become an 
essential tool for the student with visual impairments, but it acts as a pivotal tool for 
the whole class to develop these target competencies for the early years of primary 
school. In the context of elementary education, learning mathematics involves more 
than performing arithmetic calculations. It requires understanding numerical struc-
tures, recognizing patterns, and developing problem-solving skills. The Cubarithm, 
when used solely as a computational tool, does not inherently support these broader 
learning objectives. Furthermore, educational research suggests that multi-sensory 
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learning environments enhance concept retention and comprehension. Combining 
the Cubarithm with auditory feedback systems or tactile-graphical representations 
could mitigate some of its limitations and expand its role beyond arithmetic opera-
tions, fostering a deeper engagement with mathematical concepts.

Often mathematics education, as challenging for teachers caring for students 
with special needs, is conveyed through a “replication” of tools and procedures typi-
cal of traditional teaching-learning, instead of providing an opportunity to realise an 
inclusive mathematics teaching-learning. We look at Inclusive Mathematics as a 
framework to renew the conceptualisation of mathematical contents through a mul-
timodal and sensorial interaction pattern.
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Learning Trajectory for the Measure 
of Length: How to Move Toward the Sense 
of Measure

Elisabetta Robotti and Alessandra Boscolo

 Introduction

The Italian National Guidelines for Kindergarten (ages 3–6) encourage children to 
develop measuring skills. This process does not necessarily rely on standard mea-
suring tools, such as rulers, meters, and balances, but rather on any tools that help 
children to develop the meaning of measure, as a product of the action of measuring 
with a measurement unit. From this perspective, our research focuses on a learning 
trajectory to develop the meanings of length measurement in kindergarten and early 
years of primary school.

Research shows that measurement can be effectively introduced in preschool 
education (Robotti, 2022). For example, Clements and Stephan (2004), argue that 
children’s understanding of measurement has its roots in the preschool years. 
Preschoolers recognize continuous attributes like length and weight, although they 
do not know how to measure them accurately. Three-year-olds often rely on percep-
tual cues, such as visually comparing objects to determine which is longer (Van den 
Heuvel-Panhuizen & Buys, 2008). By ages four to "ve, however, most children can 
learn to move beyond perceptual cues and start developing more accurate measuring 
skills. As Boulton-Lewis et al. (1996) suggested, when children directly compare 
two objects and recognize equality or inequality, they are ready to learn how to 
measure by connecting numbers to quantities. In this context, measurement can be 
de"ned as the process of assigning a number associated with a unit of measurement, 
to continuous quantities. These researchers describe measurement as involving two 
key aspects: identifying a unit of measurement and subdividing (both mentally and 
physically) the object into that unit by placing it alongside (or on top of) the object 
to be measured. To better understand how students engage in the physical activity of 
measuring length, Clements and Stephan identify six foundational concepts: 
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partitioning (mentally dividing an object into equal-size unit), unit iteration (repeat-
edly placing the unit of measure along the length to be measured), transitivity of 
measure, conservation (understanding that moving an object does not change its 
length), accumulation of distance (understanding that as you iterate a unit along the 
length of an object and count the iteration, the number words signify the space cov-
ered by all units counted up to that point) and relation to number (understanding 
that the measurement is expressed as a number combined with the chosen unit of 
measurement). Kamii and Clark (1997) emphasize that comparing lengths is central 
to developing the concepts of conservation, transitivity, and unit iteration. For this 
reason, they recommended beginning instruction with comparisons using non- -
standard units. As well, several studies highlight that measurement is a complex set 
of concepts and skills that takes time to master. Children need to confront real mea-
surement problems to build and internalize the concept of measurement.

In alignment with the previous research, in our work, we conceptualize a learn-
ing trajectory (LT) for the measure of length. The idea of elaborating a LT for the 
concept of measurement is not new. Szilágyi et al. (2013) investigated the develop-
ment of this concept in students from prekindergarten through second grade. 
Speci"cally, the researchers conceptualize a LT for length measurement as a 
description of how children think and learn in that speci"c mathematical domain. 
As they suggest, one effective approach to creating a LT begins by building a devel-
opmental progression, or sequence of thinking levels, through which most children 
progress in learning the mathematical topic. In their view, developmental cognitive 
progressions can guide teachers in making sense of students’ understandings of a 
concept and in choosing appropriate instructional activities that help children move 
along these progressions (Sarama et  al., 2022). From this perspective, Smith III 
et al. (2011) conjectured a route through a set of tasks designed to stimulate those 
mental processes or actions to move children through a developmental progression 
of levels of thinking about length measurement. The idea of combining cognitive 
and didactic elements to create a LT is also discussed in the works of Clements and 
Stephan (2004) and Smith III et  al. (2011). In particular, Clements and Stephan 
(2004) primarily explore how children develop a conceptual understanding of mea-
surement, starting from initial intuitions (e.g., comparing lengths) and progressing 
toward systematic conceptualization (e.g., identifying a unit of measurement). 
Thus, their LT outlines progressive cognitive phases, such as the transition from 
visual perception (“this is longer”) to understanding the iteration of equal units and 
associating a numerical value to measurement. To achieve this goal, the researchers 
suggest planning practical activities and transitioning from non-standard units to 
standard units of measurement. Similarly, Smith III et  al. (2011) introduced the 
concept of LT as a path of conceptual development based on phases that lead to 
systematization and generalization. While Clements and Stephan’s (2004) work 
places greater emphasis on the cognitive development path and how to support it 
through instructional strategies, in this article we balance cognitive and didactic 
aspects, highlighting how LT can be used as a tool for instructional design.

Unlike the LT, which focuses on assessing acquired skills in terms of cognitive 
progression, in our work we are interested in investigating how children can 
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progress along a trajectory toward the meaning of measurement by tackling 
problem-  solving situations. Therefore, the presented LT is framed upon didactical 
and epistemological considerations. Similarly to Clements and Stephan (2004), the 
function we attribute to the LT is to guide and support instructional choices. 
However, we do not conceive of the LT as being composed of progressively increas-
ing cognitive levels. Indeed, the process that initiated our LT is quite different from 
the ones adopted by the other researchers. Our LT is the result of the work of an 
action-research group composed of preschool and primary school teachers working 
in synergy with two researchers (the authors), from an inquiry perspective (Jaworsky, 
2006). Therefore, as a result of this collaborative research, our LT is framed by the 
epistemological and didactical considerations shared in the community and, in 
accordance with the aim of the group, it is designed to serve as a tool for guiding the 
development of learning activities in teaching practice. Additionally, since the work 
in the community develops vertically at both school levels, the designed LT refers 
to a vertical learning path. However, unlike a traditional curriculum addressed to 
speci"c school grades, it does not progress with placing steps in speci"c develop-
mental years. This means that it can be undertaken by students from the early years 
of kindergarten to primary school and will be realized through different problem- -
solving situations where children are asked to engage. Moreover, even if the 
designed LT appears as a series of successive stages that develop from a foundation 
toward the learning objectives and competencies, each stage can not be considered 
as a step. Children can move forward and backward, as well as cycle more times 
around some questions, guided by their intellectual necessity (see, in this regard, the 
concept of “folding back” described by Pirie and Kieren (1994)).

In this chapter, alongside the LT, we will present exemplary activities, showing 
how children can move from one step to the next along the trajectory when placed 
in a well-de"ned problem situation, within a speci"c context and provided with 
appropriate tools. Each problem situation poses questions speci"cally designed to 
guide the children toward constructing an understanding of length measurement. 
The progression is generated through a principle of necessity—with reference to the 
Necessity Principle de"ned by Harel (2008)—and the evolution is re#ected in the 
relationship between conceptual development and advancements in the unit of mea-
surement, related to tools. According to the knowledge development premise (Harel, 
2008), problem-solving should not only be a goal but also a means for learning 
mathematics. Problem-solving is typically de"ned as engaging in a task where the 
solution strategy is not known in advance. However, even when this de"nition is 
met, many of the situations students encounter in school often fail to qualify as 
authentic problem-solving because the situations are not intrinsic to students’ expe-
riences and lack meaningful relevance to them. In conceiving experiences alongside 
the trajectory, a relevant application of the Necessity Principle is to ensure that stu-
dents’ learning of measure grows out of problems that are meaningful to them. In 
other words, students must experience an intellectual need for it (Harel, 2008). This 
intellectual need is posited as a necessary condition for signi"cant learning of mea-
surement to occur and, therefore, for de"ning a LT.
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 Theoretical Perspective

For this study, we adopt the theoretical perspective of the DNR-based instruction 
system—Duality, Necessity, and Repeated-reasoning principles (Harel, 2007)—
proposed as a way to think about the teaching of mathematics. This framework 
allows us to describe “conditions for achieving the critical goals of provoking stu-
dents’ intellectual need to learn mathematics [in our case, the measure concept], 
helping them acquire mathematical ways of understanding and thinking, and ensur-
ing that they internalize and retain the mathematics they learn” (Harel, 2008, p.263). 
DNR is a system with three components: (a) premises (assumptions underlying 
DNR claims), (b) determinants (Mental Acts, Ways of Understanding, and Ways of 
Thinking), and (c) instructional principles (Duality, Necessity, and Repeated 
Reasoning).

Among the eight premises, which are the explicit assumptions underlying the 
DNR system, only two are speci"cally needed in this study: the Knowledge 
Development premise concerning learning and the Teaching premise concerning 
teaching. The "rst suggests that knowing involves a continuous tension between 
accommodation and assimilation (we interpreted it as “adapting to the context”), 
while the second asserts that scienti"c knowledge construction is not spontaneous. 
This highlights the difference between learning with guidance and without, echoing 
Vygotsky’s Zone of Proximal Development (1978).

The key components of the DNR framework are the instructional principles: the 
Duality Principle (DP), the Necessity Principle (NP), and the Repeated Reasoning 
Principle (RP), which together form the basis for effective and meaningful mathe-
matical activities. We adopt these components to guide instructional practices.

 Duality Principle

The Duality Principle (DP) asserts that mathematical knowledge comprises both 
students’ understanding of speci"c mathematical content and their thinking about 
the process of doing mathematics. To clarify the process of learning, Harel (2008) 
presented the relation between these concerning the notion of a mental act, which 
includes activities such as interpreting, conjecturing, proving, explaining, general-
izing, and problem-solving. A way of understanding refers to “a speci"c cognitive 
product of a mental act carried out by a person” (p. 490), whereas a way of thinking 
is a cognitive characteristic of a person’s ways of understanding associated with a 
particular mental act. For instance, in the LT, a key component is the mental act of 
problem-solving, particularly in "nding the measure of a length. A solution to this 
problem represents a way of understanding (as it is a speci"c cognitive product), 
while a general problem-solving strategy, applicable across multiple similar prob-
lem situations, represents a way of thinking (as it is a cognitive characteristic of a 
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person’s approach to solving a speci"c problem with respect to the particular mental 
act of problem-solving).

In the example we will provide in the following section (How much? An exem-
plary activity.), one of the solutions to the problem of measuring a length is to use 
LEGO bricks of the same length, align them to cover the length to be measured, and 
then count the number of bricks used to solve the task. The way of thinking arising 
from this mental act of problem-solving is to de"ne a unit of measurement and the 
act of measuring with it: cover the length aligning units of measurement with the 
same de"ning characteristics and then count them. Another way of thinking is to 
consider a single LEGO brick as the unit of measurement and properly juxtapose 
the chosen unit of measurement by counting how many times the operation repeats 
in order to cover the length to be measured. In short, ways of understanding are the 
outcomes of the mental acts (ways to solve the problem “"nd the measure of a 
length”), while ways of thinking re#ect the broader characteristics of those acts 
(general rules to solve the problem: measuring through the juxtaposition of a single 
unit or alignment of multiple units).

A key premise of Harel’s model of mathematical knowledge is the reciprocal 
relationship between ways of thinking and understanding: students develop ways of 
thinking through the construction of ways of understanding, and the ways of under-
standing they generate are shaped by the ways of thinking they already possess. 
Thus, a way of thinking, when applied to a new situation, can be interpreted as a 
way of understanding. Similarly, repeated occurrences of ways of understanding 
can lead to the emergence of patterns that evolve into ways of thinking. This rela-
tionship lies at the heart of the DP and, consequently, at the core of learning.

 Necessity Principle

The Necessity Principle (NP) points out that “for students to learn what we intend 
to teach them, they must have a need for it, where ‘need’ is meant intellectual need, 
not social or economic need” (Harel, 2008, p. 274). Therefore, an important appli-
cation of the necessity principle is to ensure that the mathematics students’ learning 
grows out of problems intrinsic to them. Harel states that students encounter an 
intellectual need when they face an “intrinsic problem” that is a situation that is 
incompatible with their existing knowledge.

Such an encounter is intrinsic to the learners for it stimulates a desire within them to search 
for a resolution or a solution, whereby they might construct new knowledge. […] Knowledge 
they construct is meaningful to them since it is integrated within their existing cognitive 
schemes as a product of effort that stems from and is driven by their personal, intellectual 
need. (Harel, 2007, p.279)

In the example related to "nding the measure of a length, we refer to the intellectual 
need to measure for solving a particular problem (see the section Why measuring? 
An exemplary activity.). Therefore, the NP ensures that children engage with the 
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problem situations because they stem from questions de"ning their cultural needs. 
This allows them to advance in the LT.

 Repeated Reasoning Principle

The design of meaningful and intrinsic activities for children is based on the prem-
ise of knowledge development because it creates a continuous tension between 
accommodation (seeking an unknown solution) and assimilation (building stable 
knowledge). In other words, the design of activities requires what we de"ne as 
“adaptation to the context”. The Repeated Reasoning Principle (RP) claims that 
“Students must practice reasoning in order to internalize, organize, and retain ways 
of understanding and ways of thinking” (Harel, 2008 p. 277). The RP complements 
the other two principles by aiming for students to internalize the ways of under-
standing and thinking that they acquire through the application of those principles. 
When students engage in repeated reasoning to solve intrinsic problems, the appli-
cation of these ways of understanding and thinking becomes both autonomous and 
spontaneous.

 Integrating DNR Principles in the Learning Trajectory

The LT consists of a chain of questions arising from the need to "nd effective solu-
tions to problem situations. The progression along the trajectory occurs by moving 
from one question to the next (see Fig. 1). The DP activates the learning process 

Fig. 1 The learning trajectory
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through a correlation between ways of thinking and ways of understanding. 
Students’ conceptualizations of the measurement evolve along with the construc-
tion of ways of understanding the act of measuring, and this intertwined evolution 
is linked with the tools involved and activated by a multimodal approach. Aligning 
with Nemirovsky’s perspective (2003), understanding and thinking, including 
mathematical thinking, are perceptuo-motor activities, which become more or less 
active depending on the context. This means that by exploiting perceptual-motor 
components, the body becomes essential in the learning processes. In this perspec-
tive, the term multimodality is used to underline the importance and mutual coexis-
tence of a variety of cognitive, material and perceptive modalities or resources in 
teaching-learning processes and, more generally, in the construction of mathemati-
cal meanings (Radford et al., 2009). Finally, the idea underlying the RP aligns with 
the kindergarten-level learning approach, where learning advancement is not made 
through subsequent levels but rather through stages that can, and should, be revis-
ited multiple times for consolidation. This is an essential instructional condition for 
allowing students to internalize, organize, and retain desirable ways of understand-
ing and thinking as far as research has demonstrated that repeated experience or 
practice is a critical factor in these cognitive processes (e.g., Cooper, 1991).

 Research Context

The LT resulted from the work carried out in the Italian communities of inquiry 
(Jaworsky, 2006) EduMath Vallée and ZenaMath,1 af"liated with the Mathematics 
Education Research Laboratory at the Department of Mathematics of the University 
of Genoa, involving kindergarten and primary school teachers along with research-
ers in mathematics education. The aim of the communities is to promote the per-
sonal and professional growth of its members, while creating tools addressing 
emerging needs resulting from re#ective practice. Speci"cally, the work within the 
communities promotes the development of both theoretical and implementation 
tools, such as co-designed educational pathways within educational settings. The 
LT and the associated exemplary activities presented in the following sections are 
the result of a systematic reorganization of three years of work (2021–2024) on the 
topic of measurement within the two research communities. Over time, starting 
from the epistemological consideration and the theoretical background presented in 
the previous section, activities were collaboratively designed, implemented in the 
classroom by multiple teachers, and re"ned through systematic re#ection on class-
room practices across diverse contexts. At a later stage, the activities were system-
atically organized into a table, structured around their epistemological foundations 
and the focal points of the tasks involved in the activities. This process culminated 

1 https://sites.google.com/view/labddm/home, visited the 10/10/2024
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in the creation of the current learning trajectory, which incorporates prototypical 
activities that had been experimentally validated.

 Learning Trajectory for the Measure of Length

The LT (Fig. 1) is the evolution toward constructing the meaning of measurement. 
By measurement, we mean the result of the operation that determines how many 
times a certain unit of measurement physically "ts into a quantity to be measured. 
This result is a dimensioned quantity, i.e., a quantity accompanied by the chosen 
unit of measurement. Children progress along such a trajectory by answering ques-
tions posed as problem situations. The responses are milestones to achieve, that 
follows from epistemological considerations, while the order and selection of ques-
tions along the trajectory also depend on pedagogical considerations. Therefore, the 
LT is conceptualized as a frame within which additional directions are possible, 
beyond the pre-established objectives. The problem-solving process is activated 
through a multimodal approach exploiting the use of tools stimulating ways of 
thinking and understanding the task. We can particularly see its importance in deal-
ing with the questions in the orange circle (Fig. 1). The evolution along the trajec-
tory occurs thanks to the instructional principles de"ned by Harel (2008).

Here, we make this evolution explicit by showing how the sequence of problem- -
solving situations can be de"ned through the sequence of questions (Fig. 1). Those 
questions go around the sense of measure (understanding why we measure and what 
measuring means, in Fig. 1 the green part at the beginning), the sense of the unit of 
measurement (choosing the unit of measurement and using it, in Fig. 1 the blue part 
in the middle) and the sense of the measuring instruments and conventional system 
of measure (choosing objects and methods used for measuring, in Fig. 1 the gray 
one in the last part).

In creating the LT, we assume the children has already acquired the ability to 
compare the lengths of several objects, in accordance with the Clements and 
Stephan’s (2004) research "ndings. Comparison of lengths, “It is longer than…, it 
is shorter than…, it is as long as…”, arises from the speci"c needs of the children 
(e.g., to show who found the longest stick in the forest or a stick as long as the 
teacher’s one). Below, we will describe the sequence of questions in the "rst green 
part, the subsequent blue part, and the "nal grey part.

 The Sense of Measurement

The core question which starts the LT toward the sense of measurement, is “Why 
measuring?”. It concerns, speci"cally, the intrinsic reason why measuring is neces-
sary (e.g., the need to deal with a disadvantageous situation such as an unfair game, 
see Fig. 2), as a preparatory step toward focusing on the act of measuring itself. This 
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Fig. 2 Unfair game (on the left) and fair game (on the right)

question is related to situations in which is activated the NP. Constructing the sense 
of measurement is the evolution starting from the competence of comparing the 
same characteristic of certain objects, for example the length, going beyond the 
simple comparison. This can be represented by the question “How much (longer) 
is?”, referring to the selected characteristic of the object. To answer this question, 
children have to move from merely comparing lengths to measuring them. This also 
depends on the question, “What is being measured?” through which the property to 
be measured is identi"ed (e.g., the height or length of a given object, even one on 
which it was not so easy to make comparisons by juxtaposition or alignment).

 The Unit of Measurement

The question “How much longer is?” leads toward a second part (in Fig. 1, the blue 
one), where the sense of the unit of measurement can be established. Indeed, this 
question opens to re#ections on what is needed in order to answer. Here, children 
can simply intuit the need for an instrument to measure, e.g., using some sticks. 
Moreover, at this stage, the sense of the unit of measurement may overlap with the 
sense of the measuring instrument. The next question arise from practical issues, 
related to the act of measuring: “How to measure with this unit?”. By focusing on 
an instrument and a unit of measurement to answer these two questions, children 
might use something relating to their bodies, for example their steps or feet, or they 
might realise that they need to use some external object, like sticks. They might 
have chosen a single stick or multiple sticks and, in this second case, these might not 
be “the same”. In particular, sticks may differ in irrelevant characteristics (e.g., the 
colour) or relevant ones, such as having different lengths. In the second case, this 
choice affects the measurement. Alternatively, children may select identical objects 
(such as LEGO bricks of the same size), or they may select only one object (e.g., a 
LEGO brick or a stick). In addition to the unit(s) selected, they might or might not 
use an accurate arrangement, that is what Szilágyi et al. (2013) referred to as mea-
surement error due to “holding the track with the "nger”.

This represents a key point in the LT, children are establishing the characteristics 
de"ning a unit of measurement. A unit of measurement has to be replicable, that is 
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subject-independent and reproducible. The use of the selected unit of measurement 
(e.g., the LEGO brick) is characterized by different procedures, which can be assim-
ilated into ways of understanding (i.e., methods of solving the problem). Each pro-
cedure re#ects different conceptualizations of the action of measure (i.e., way of 
thinking in relation to the measurement problem). For example, the procedure of 
incrementally moving the unit of measurement to cover the length to be measured, 
while counting the number of times the unit is repeated to cover the entire length, 
involves a precise method of measurement, counting how many times the chosen 
unit physically "ts the measured length. Differently, aligning identical objects (con-
sidered as repetitions of the unit of measurement) until covering the length to be 
measured, and counting them only at the end of this procedure, is an operation simi-
lar to the construction of a ruler. This situation effectively illustrates the dual rela-
tionship between ways of understanding and ways of thinking in the learning 
process, further being an example of how the development of the instruments in use 
and the conceptual development (understood as the evolution along the learning 
path on measurement) are linked.

Moreover, this example shows the non-linearity of the learning path. The idea 
that the LT is not linear aligns with the concept of folding back proposed in Pirie and 
Kieren’s (1994) model of growth in mathematical understanding, which distin-
guished eight levels of understanding. The concept of folding back in this model 
highlights the nonlinear nature of mathematical learning, when students encounter 
problems or obstacles, they can “come back” to a previous level of understanding to 
deepen and enrich their knowledge. This process goes beyond simple repetition, as 
suggested in Harel’s (2008) RP and involves enhancing prior actions considering 
new insights. Although the principle of folding back may resonate with our idea of 
the LT non-linearity, our LT does not follow progressive cognitive levels, as out-
lined in Pirie and Kieren’s model (1994). In the context of measurement, if a student 
struggles with the conceptualization of measuring, they can come back to the act of 
measuring—possibly by changing the unit of measurement used and how to use 
it—to create more effective mental images.

 Measuring Instruments and Conventional System of Measure

The use of an instrument and an associated unit of measurement may raise questions 
regarding such choices and the relations between such choices. These consider-
ations open to the last part of the LT (in Fig. 1, the gray one), concerning the mean-
ing of the measuring instrument in relation to the unit of measurement. In this last 
phase, core questions are “How to choose the unit?”, which concerns the conve-
nience of the chosen unit for dealing with the speci"c problem situation, and “How 
to choose the measuring instrument?”, which is a question referring more to practi-
cal criteria than conceptual issues (e.g., the portability of the object). Dealing with 
measurement activities, children can decide to change the instrument and/or the unit 
of measurement on the basis of the criteria mentioned above. The transition of 
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instruments is related to the interaction between the problem-solving situation 
(which is the way of thinking, comprising mental acts such as calculation, infer-
ence, structuring, conjecture, etc.) and the speci"c contextual understanding of the 
measurement scenario: measuring something in a certain way—ideally the most 
effective way—and using a particular instrument.

Another evolution toward the sense of the unit of measurement and the measur-
ing instrument concerns the scalability of the instrument, based on a base 10. In 
particular, the scalability of a measuring system is an answer to the need to calculate 
with measurements. Moreover, at this stage, a speci"c question regards the relation-
ship that coexists between the unit of measurement and the selected measuring 
instrument, concerning both the communication of the result of the measurement 
process and the measurement process itself. If we measure with a “LEGO-meter” 
(see Fig. 3b), we consider both the LEGO-meter and each LEGO block involved in 
this process as having a speci"c characteristic: the length of the same edge. If the 
length to be measured is “one LEGO-meter and three blocks, that is 13 blocks”, this 
means: the length of one LEGO-meter, which corresponds to 10 times the length of 
a speci"c edge of a block, plus three additional times the length of that same edge 
of a block. In other words, the total length is equal to 13 times the length of a spe-
ci"c edge of a block, not generally 13 blocks.

A further key consideration concerning the choice and the related usability of a 
unit of measurement regards the conventionality of a system of measurement, i.e., 
considering a unit of measurement as a conventional tool. The conventionality spe-
ci"cally arises from the need to communicate measures. Answering the question 
“How to communicate a measure?”, children can recognize the importance of 
choosing a unit of measurement whose associated measurements can be understood 
by others. In particular, we can distinguish between the idea of conventionality 
within the class group (thus, a narrower social group) or conventionality within a 
broader social group (such as the international system).

We conclude the presentation of the LT with two observations. In the learning 
path, a key node is represented by the distinction between the act of measuring and 

Fig. 3 (a) measuring the shadow through LEGO bricks. (b) LEGO-meter (foreground, on the 
right), Wooden-meter (to the left), Caps-meter (background, on the right), Felt-tip Pens- meter 
(foreground, on the left)
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its result, that is measurement as a dimensioned quantity. What is a measure? The 
outcome of the act of measurement is a dimensioned quantity, a number, directly 
derived from the selected unit of measurement answering the question “How many 
units comprise the measured quantity?”. We, therefore, recognize, as the "nal stages 
in the measurement conceptualization, children’s ability to make connections 
between measurements acquired using different units of measurement. Along the 
trajectory, individuals also articulate a relationship between measurements, af"rm-
ing the principles of indirect proportionality (Carpenter & Lewis, 1976) according 
to which the larger the unit of measurement, the smaller the value associated with 
the measurement.

 Prototypes of Learning Activities

In this section, we will provide three activity prototypes for illustrative purposes, 
each associated with one question of the LT. The "rst example focuses on the NP in 
response to the question “Why measuring?”, while the second one addresses the 
question “How much smaller/larger/longer?”. The third example allows us to illus-
trate how, in response to the last question, children intuit the need to refer to a tool. 
Students initially refer to parts of their own body before progressing to external 
objects, providing evidence of the construction of the concept of a unit of measure-
ment (Carpenter & Lewis, 1976). The question “How do I choose the unit of mea-
surement?” responds to the necessity of a reproducible as well as a conventional, 
convenient and portable unit of measurement. By showing these examples, we aim 
to illustrate what is intended by providing a speci"c situation, in a speci"c context, 
and with speci"c artifacts to address the NP. Further, we aim to illustrate how the LT 
allows us to identify, further than the primary objectives of the activity itself, the 
possibility for further directions to develop within them.

 Why Measuring? An Exemplary Activity

The measurement, as a necessary step to overcome the mere comparison of lengths, 
is crucial in progressing along the LT. To illustrate how this transition moves by the 
NP, we will present an exemplary activity that took place in a class with 4 and 
5-year-old children. The problem situation, depicted in Fig. 2 (on the left), arises 
from the “Capture the Flag” game. The teacher suggests playing Capture the Flag in 
a situation where one of the two teams is disadvantaged. The children of that team 
point out this disadvantage and request a fair situation. The teacher asks the children 
what they mean by a fair situation. Children answered that the child with the red 
#ag (Fig. 3, on the right) should stay “in the middle”. Therefore, the issue shifts to 
de"ning middle: “middle means half”, say the children, it also means “dividing into 
two parts”. The teacher (in the position of the child with the red #ag) maintains an 
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unfair position, so the children declare that “for it to be in the middle, the two parts 
must be equal”. Therefore, the characterization of half adds to the two conditions 
“to be divided into two parts” and “the two parts must be equal”. Summarizing, in 
the "rst the children’s answers simply refer to a point in between the two teams. 
Only later, they speci"ed the condition that the length between the point and each of 
the two teams must be equal.

The characteristic of having equal lengths addresses the question of “Why mea-
suring?”. Once this aspect is internalized, the teacher can shift the focus toward 
“how” to construct two equal lengths (how to measure for verifying the equalities of 
the lengths). This is an example of how the activity, designed with the aim of emerg-
ing the necessity of “measuring”, provides the starting point of potential further 
directions generated from the problem situation. The necessity of a fair game, that 
is "nding the “equal lengths”, moves attention towards the response to the ques-
tions: “How measuring?” (way of thinking) and “What do I need to measure?”, that 
open to the problems of adopting a suitable unit of measurement and how to proceed 
for measuring.

As a "rst attempt children involve their own bodies, as measuring with steps. 
However, children’s steps are not a replicable unit of measurement: for instance, the 
independence from the subject who measures is missing. Consequently, they sug-
gest using just a child’s step, but this also lacks replicability, because the reproduc-
ibility of the same unit for the entire measuring process, or further measuring 
process, is missing. Then, they suggest using an external object, one child’s shoes, 
placing them one after the other for the entire length to be covered, counting the 
times they do this operation. In this activity, the necessity of employing the same 
unit of measurement, in this case, the child’s shoes, for the process is acknowl-
edged, and the essential property of the unit of measurement is gradually recognized 
by children.

The action of measuring is carried out by counting how many times the unit of 
measurement physically "ts within the length to be measured. The solution to the 
problem of "nding the midpoint was developed through two strategies (ways of 
understanding) that operationalize the choice of the unit of measurement (e.g., the 
child’s shoe) in response to the question “How long is the length?”. The "rst con-
sists of counting the same number of feet or tiles starting from the two opposite 
extremes of the carpet until the children meet. The second consists of measuring the 
entire length of the carpet and cutting it into half (counting the number of total feet 
or number of tiles, and then splitting it into two equal parts).

 How Much? An Exemplary Activity

In this exemplary activity, we show how the selection of measurement tools changes 
the space of possible implementable strategies. In the presented problem situation, 
the context (e.g. the tools available) in#uences not only the solution to the problem 
(the way of understanding) but also the way of thinking about the solution. Answering 
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the question “How much?” (more precisely, How many units of measurement "t 
into the length?) children’s answers are strongly in#uenced by the chosen unit of 
measurement.

The activity took place with 3 and 5-year-old children. The problem arises from 
the children’s curiosity: determine the length of a pole’s shadow. The children chose 
two units of measurement: a girl’s steps (Fig. 3a) and LEGO bricks (Fig. 3b). The 
strategies for measuring implemented by the children varied depending on the cho-
sen unit of measurement. The measurement process involves a form of direct or 
indirect counting of the repetitions of the unit of measurement within the length. 
Counting how many LEGO bricks cover the entire length to be measured involves 
direct counting, an operation similar to using a ruler. Conversely, counting how 
many steps cover the entire length appears as indirect counting, as it does not imply 
the preexistence of a cardinality, since the steps are not prede"ned. In both cases, 
the result of the measuring action is a dimensioned length: the length of the shadow 
of the pole in the courtyard is 13 LEGO bricks or 13 Ilaria’s feet.

Since the way of understanding (dealing with the problem of “how to measure”) 
is in#uenced by the resources at disposal, we can say that the measuring instrument 
used to de"ne the unit of measurement is a thinking tool (it is functional to the con-
struction of the problem-solving process). Simultaneously, the same tool in#uences 
the conceptualization of measurement, emphasizing the need for consistently equal 
measurement units throughout the measuring process. Hence, the need to modify 
the tool itself by considering all LEGO bricks as identical.

In this example we "nd the rei"cation of Harel’s (2008) DP. The thinking process 
resulting from rede"ning the measuring tool (and thus, the chosen unit of measure-
ment) leads to the conceptualization of measurement as a dimensioned quantity and 
the operation of measuring as determining how many times the unit of measurement 
physically "ts into the quantity being measured. Furthermore, in the evolution of the 
activity, the insights that may arise surpass its initial objectives. From merely intend-
ing to answer the question “How much?”, concerning activating the process of mea-
suring, children shift to questions concerning the properties needed for an object to 
be a unit of measurement and how to measure with the selected unit.

 How Do I Choose the Unit of Measurement? 
An Exemplary Activity

The choice of a unit of measurement (and then a measuring tool) involves four cri-
teria: replicability (independence from the subject and reproducibility), convenience 
(for the speci"c problem-situation), practicality (concerning the measuring opera-
tion), and conventionality (concerning social agreement). Therefore, this choice 
cannot be indifferent to either the problem situation or the dimension to be mea-
sured, for instance the length. Moreover, during a problem-solving process, further 
needs may arise that require modifying or changing the measuring tool and, thus, 
the chosen unit of measurement. As seen in the previous example, the instrument 
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can in#uence the problem-solving process but, at the same time, the process can 
affect the rede"nition of the instrument to be used for measurement.

This example concerns the problem of choosing a convenient unit of measure-
ment, more precisely, the most convenient in the given situation. In the class from 
the previous example, children who had been using LEGO bricks as a unit of mea-
surement for measuring a large length (e.g., the length of the classroom wall), may 
have been led by the situation itself to seek a unit of measurement that reduced the 
number of actions on the length to be measured. Indeed, a larger unit of measure-
ment is needed (NP in act). Addressing this need, the concept of the LEGO-meter is 
born: a unit of measurement that combines 10 LEGO bricks (Fig. 3b).

The LEGO-meter is a tool designed and created by the children. The reason why 
they chose to connect exactly this numerosity (10 LEGO bricks) with tape is not 
explicit. Our hypothesis is to consider the epistemological construction of numbers 
previously realized in that class: the children have always worked with their "ngers 
to structure the composition and decomposition of the number 10 (Robotti, 2021).

Due to the structure of the LEGO-meter itself, it is possible to de"ne measure-
ments corresponding to multiples of the tool as well as to submultiples of the tool. 
The scalability of the system of measurement is explored. The transition to the 
submultiple was not initially obvious. In the "rst time, children described in terms 
of “half” LEGO-meter whatever length not covering entirely the LEGO-meter (e.g., 
the measure of a length is described as a certain number of LEGO-meters and 
“half”, where the “half” represents a number from 1 to 9 bricks). Soon after, they 
rede"ned the measurement as “2 LEGO-meters and a bit”. The focus then shifted to 
de"ning the measurement of the “little piece”, this was 3 LEGO-bricks. In the "rst 
time, some children expressed length measurement as 23 LEGO-bricks, and no one 
was able to express the measurement in terms of 2 LEGO-meters and 3 LEGO 
bricks. It implies that a child did not naturally manage multiples and submultiples 
but tended to convert them into the same unit of measurement. We could still observe 
the intertwined roles of the mental acts related to measuring (inferring, counting, 
interpreting…) and the ways of understanding, closely linked to the use of the tools 
involved. It was also evident how the process of constructing the sense of measure-
ment is constituted by back-and-forth movements of these two aspects.

Once the appropriate unit of measurement, the most convenient for the situation, 
is chosen, the focus shifted to the necessity to adhere to the principle of convention-
ality. Why was it necessary to agree on which unit of measurement to use? In other 
words, why should all children (at least in the class) use the same unit of measure-
ment? Using the same unit ensures uniformity and coherence in the results obtained. 
If each child in the class were to use a different unit of measurement, it would be 
extremely dif"cult to compare and understand the measurements made by others. 
Consequently, there is a need for ease of communication: adopting a common unit 
of measurement simpli"es communication among individuals. To communicate, 
children must use the concept of a dimensioned quantity, and they agree with each 
other on the measurement unit used working all together on the same problem- 
solving situation.
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 Conclusions and Further Directions

This study presents a learning trajectory (LT) of length measurement that integrates 
epistemological and didactical considerations. It emerges from a three-year action- 
research process involving preschool and primary school teachers. The LT is a tool 
designed to support teachers in planning problem-solving situations that could 
guide children toward constructing the meaning of measurement, articulated as a 
progression of key questions. Embedding the theoretical principles of Harel’s 
(2008) framework into a path framed on problem-solving activities, the LT aims to 
support a teaching-learning characterized by meaningful learning experiences. 
Some examples of activities associated with three key questions toward the sense of 
measurement are provided, which constitute prototypes for illustrating how to build 
learning activities about the core questions of the LT for developing the meaning of 
measurement. They may also represent an example of how children can progress in 
their learning by dealing with problem-solving situations, following the NP. Another 
key aspect, highlighted by the examples, is the intertwined evolution of the measur-
ing tools and conceptual understanding (e.g., their relationship with the unit of mea-
surement and the measurement itself) dealing with problem situations through the 
learning path, in accordance with the DP. Finally, the examples show that moving 
along LT is not necessarily linear: it is possible to revisit the conceptual nodes of the 
questions, even when dealing with different experiences, following the PR.

With the LT, teachers can design learning activities aimed at constructing the 
meaning of measurement, focusing on length. However, our future research aims to 
investigate whether what is learnt can be extended to other quantities, such as capac-
ity and time. Finally, to fully leverage its potential, future research should focus on 
evaluating the LT’s usability and effectiveness when adopted by teachers outside the 
communities involved in its co-construction. Additionally, professional develop-
ment opportunities should be explored to ensure teachers have the knowledge and 
support necessary to use the LT effectively. Indeed, implementation issues cannot 
be underestimated (Boscolo, 2024). The LT acts as a systematic design tool, prompt-
ing critical questions about its utility: How practical do teachers "nd it? To what 
extent does it support their instructional planning? What additional resources or 
training might they require? Answering these questions will help re"ne the LT and 
ensure its broader applicability in diverse educational contexts.
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Fostering Logical Reasoning 
with the “Betta-the-Bee” Game

Raffaele Casi, Cristina Sabena, and Carlotta Soldano

 Introduction and Theoretical Background

Playing is a fundamental activity in all cultures, as it has been discussed by various 
scholars, starting from Huizinga’s (1971) seminal work. According to Bishop (1988), 
play constitutes one of six ‘universal’ activities that can be characterized as mathe-
matical activities. In particular, playing is popular and ubiquitous in early childhood 
education, including mathematics education. As Radford pointed out in his plenary 
lecture at the POEM4 Conference, in early mathematics education literature play is 
usually considered as a source of development or as a window through which adults 
may observe signs of children’s development (Radford, 2020). To these two main 
strands, he added a vision of play in the production of subjectivities in preschool. In 
our research, we align with the "rst and last conception and consider playing a rule-
based game as a suitable context in which children may encounter mathematical 
ideas, and speci"cally logical reasoning, namely forms of reasoning typical of log-
ics. Here the reference is to classical logics, or propositional logics, in which propo-
sitions are declarative sentences that can be either true or false but not both.

Research in mathematics education at the secondary level has focused on logical 
reasoning skills for decades, primarily linking them to problem-solving and argu-
mentation and proving (e.g., Durand-Guerrier et! al., 2011; Schoenfeld, 1985). 
Different forms of reasoning have been studied in these processed, such as explor-
ative, abductive, and deductive reasoning. Arzarello and Soldano (2019) highlighted 
that these different forms of reasoning are not separate from each other, but they 
interact dynamically during problem-solving. They also showed that questioning 
plays a crucial role in facilitating mathematical inquiry and in fostering logically 
sound critical thinking.
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Asking and answering questions are crucial processes in mathematical activities. 
They are closely related to the delicate process of planning, decision-making, and 
control in problem-solving, as well as to argumentation. As introduced by Schoenfeld 
(1985), control involves “global decisions regarding the selection and implementa-
tion of resources and strategies” (p.!15). In other words, it seems to play a primary 
role, encompassing actions such as planning, monitoring, assessing, decision- -
making, and conscious metacognitive acts. Grounding on this general meaning of 
control, Arzarello and Sabena (2011) illustrated how secondary school students pro-
cesses in the context of argumentation and proof activities are managed and guided 
through two intertwined modalities of control, namely semiotic and theoretical con-
trol. Semiotic control pertains to knowledge and decisions primarily involving the 
selection and implementation of semiotic resources (e.g., choosing an algebraic 
formula to represent a problem). It includes semantic control, which involves the 
ability to manage or regulate the meaning and interpretation of signs. Theoretical 
control necessitates explicit reference to the theoretical aspects of mathematical 
activity, such as when a student consciously uses a speci"c property or theorem to 
support an argument. In addition to these categories, we can refer to logical control 
as the ability to apply logical reasoning, rules, and principles to make decisions, 
solve problems, and regulate thought processes.

The development of different types of control is generally considered a learning 
objective for secondary school students—especially with regard to theoretical 
aspects and explicit knowledge of the principles that underly them. However, it is 
our belief that, in an appropriate educational environment, it is possible to start 
much earlier, as early as preschool. Featured within a Vygostkian perspective on 
learning, emphasizing social interaction and cultural context in learning from early 
childhood (Vygotsky, 1931/1978), our research is grounded in the hypothesis that 
structured, rule-based games that encourage them to formulate and answer ques-
tions, and analyze the consequences of their choices, can be exploited by teachers 
and educators in creating such environments.

To this purpose, we designed a card game in which children can engage with and 
apply key aspects of logical reasoning in mathematics: the “Betta-the-Bee” game. 
In this chapter, we present and analyse the design of the game. We also provide 
some insights from the "rst observations of children engaging in playing the game, 
in the presence and under the guidance of one or more adults.

 The Design of the ‘Betta-the-Bee’ Game

The Betta-the-Bee game uses 24 #ower cards that show a #ower in a pot, surrounded 
by some butter#ies and by a caterpillar.1 The cards differ in the number of petals, the 
colour of the pot, the position and number of butter#ies, the position of the 

1 Cards are retrievable at the following link: https://www.dfedidamath.unito.it/home-page/giochi-
di-carte/betta-lapetta
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caterpillar and the position of the leaf in relation to the stem. All other aspects of the 
cards remain the same. This choice was made to promote the noticing of the vari-
ables by observing the characteristics that change and those that remain the same in 
the cards (Fig.!1).

The game dynamics are inspired by the commercial games “Who is it?” and 
“Oudordodo”. The play begins when a player (hiding player) hides Betta under a 
#ower card without being observed by the other players. The aim of the opposing 
player (seeking player) is to "nd out where Betta is hidden by asking questions 
about the characteristics of the cards (e.g. “Is Betta-the-Bee under a card with a red 
pot?”). The cards that do not have the required characteristic are removed by the 
players and another question can be asked until only the card under which Betta is 
hidden is left on the table.

All variables are represented in two or three modalities. We use the term modality 
to denote the different qualitative or quantitative values that a variable can take on.

The following table details the variables and modalities used in the Betta-the- -
Bee game and outlines the design choices made.

As it can be seen in the table, all the variables are displayed in three modalities, 
with the exception of the position of the leaf and the position of the butter#ies, 
which can only be on the right or the left.

The 24 cards are laid out face up on the table. As already mentioned, the partici-
pating players take on two roles: the hiding player and the seeking player(s). The 
hiding player asks the seeking players to close their eyes and hides the Betta-the-
Bee card under one of the #ower cards. When Betta is hidden, the seeking players 
can open their eyes and start asking questions that may lead to "nding Betta. Only 
questions that relate to the characteristics of the cards are allowed. Each question 
may relate to only one modality and must be formulated in such a way that only 
“yes” or “no” is possible as an answer. After the seeking player has answered “yes” 
or “no”, the players can discard the cards in the following way: if the answer is 
“yes”, all cards without this modality are discarded (e.g. all cards without a red pot); 
if the answer is “no”, all cards with this modality are discarded (e.g. all cards with 
a red pot). After the cards have been discarded, another seeking player formulates 
another question, the hiding player answers and other cards are discarded. When 

Fig. 1 One of the cards of the Betta-the-Bee!game with a description of variables and modalities 
(left), Betta-the-Bee card (right)
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there is only one card left on the table, Betta’s location is discovered and the 
round ends.

The game dynamics described above emphasize three key subsequent phases 
within each game round. After hiding Betta, the "rst phase is the formulating ques-
tions phase, carried out by the seeking players. The second phase consists of answer-
ing questions, a role assigned exclusively to the hiding player, who performs it 
throughout the game. Finally, in the discarding cards phase the seeking players (and 
often the hiding player too) collaborative remove cards according to the received answer.

Each of these three phases requires the players to careful observe and compare 
the cards on the table, with particular attention to the variables and modalities pres-
ent on the displayed cards. As emphasized by Mason (2002), noticing is as a funda-
mental process in learning mathematics. In a sense, indeed mathematical 
understanding grows through awareness of patterns, structures, and relationships 
that require to be noticed. In the process of answering questions in the Betta-the-bee 
game, the hiding player must carefully observe the card under which Betta is hidden 
and establish if the asked modality is displayed on it, in order to decide whether to 
answer “yes” or “no”. Finally, careful observation is required during the card 
removal phase. Each player must examine the cards to decide which to keep and 
which to discard, depending on whether the modality mentioned in the question is 
present or not. In addition, the hiding player must make sure that the card under 
which Betta is hidden is not accidentally removed.

The dynamics of the game stimulate different and rich mathematical aspects, that 
we term ‘Mathematics-in-the-Game’ (MiG). They are highlighted in the left column 
of Table!2, with reference to the three main game phases.

The "rst mathematical aspect of the MiG, shown in Table!2, concerns the law of 
the excluded middle. This aspect appears in all the three game phases. Applied to 
the game, the law of the excluded middle states that Betta can only be hidden under 
a card that either has a certain modality or does not have that modality. For example, 
Betta can only be hidden under a card in which the pot is blue or under a card in 
which the pot is not blue. As a result, questions with “yes” or “no” answers ensure 
that the game comes to a conclusion. During the question formulation process, play-
ers can only ask questions that can be answered with “yes” or “no”, as other types 
of questions may prevent the game from progressing. When answering questions, 
the hiding player can therefore answer “yes” or “no” with absolute certainty. Finally, 
when removing cards, the law of the excluded middle uniquely determines which 
cards must be discarded and which must be kept.

The second aspect of MiG refers to the logical operation of negation. This aspect 
can be seen in the card removal process: if the answer to a question is “no”, this 
means that Betta is not hidden under a card with the speci"ed modality. Consequently, 
all cards with this modality must be discarded. If, on the other hand, the answer to 
a question is “yes”, this means that Betta is hidden under a card with the speci"ed 
modality, so all cards without this modality must be discarded. In other words, if the 
answer is “no” the cards belonging to the subset that has the modality speci"ed in 
the question are discarded; if the answer is “yes” the cards belonging to the comple-
mentary subset are discarded.
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In this context, the use of the logical operation of negation is combined with the 
application of material implication. For example, if the answer to the question “Is 
Betta-the-Bee hidden under a card with a red pot?” is “no”, the reasoning that leads 
to the removal of the cards can be made explicit as follows: IF Betta is not under a 
card with a red pot, THEN I can remove all cards with a red pot. Conversely, if the 
answer to the same question is “yes” the reasoning for removing cards would be as 
follows: IF Betta is under a card with a red pot, THEN it is not under a card without 
a red pot. THEN I can exclude all cards without a red pot.

Finally, the aspect of case-based reasoning appears both in the formulation of the 
question and in the answer to the question. This type of reasoning ensures that, even 
if players focus on a single modality at a time in questions and answers, they will be 
able to "nish the game by formulating their questions appropriately. This is ensured 
by the fact that each variable on all 24 cards of the game is represented by different 
modalities.

Besides the Mathematics-in-the-Game, the game also provides other kind of 
mathematical inputs, which are strictly connected on the cards in the deck. We term 
‘Mathematics-in-Deck’ (MiD) the mathematical features as presented in Table!1. In 
the ‘Betta-the-Bee’ design, MiD encompasses classical basic mathematical skills 
usually considered in early mathematics education, such as number sense, and spa-
tial abilities. However, in our view the most interesting aspect of the deck from the 

Table 1 Description of variables, modalities and design choice of the Betta-the-Bee game

Variable Type Modalities Design choices

Pot Colour Red
Pink
Blue

The colour of the pot is the only variable that does not have 
a direct connection to mathematical aspects. This variable 
was chosen for two reasons. On the one hand, it allows 
children who might have dif"culty identifying 
mathematically oriented variables to participate in the game 
by focusing on a primarily perceptual aspect. On the other 
hand, questions concerning this type of variable may help 
reduce the set of available cards right from the initial stages 
of the game, thereby enabling the formulation of questions 
about mathematical variables with a smaller number of 
cards remaining on the game table.

Petals Number Three
Four
Five

The decision to use small numbers and to arrange the petals 
side by side was made to allow children easily quantify by 
means of the process of subitizing, or the counting process.

Butter#ies Number Zero
Two
Four

We remind that the inclusion of the number zero transforms 
this variable from numerical to existential.

Butter#ies Position Left
Right

The choice of these three positional variables enables a 
focus on spatial and topological aspects, including both 
above- below and right-left relationships.Leaf Position Left

Right
Caterpillar Position On the petal

On the leaf
On the pot
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mathematics education perspective is not so much the speci"c mathematics content 
of the cards. It is the fact of presenting to children a context in which different vari-
ables with different modalities are present at the same time, and children may be 
engaged in the process and in the challenge of noticing them (in the sense of Mason, 
2002) while playing.

MiD is integrated into the variables that are present in the cards and the modal-
ities in which these variables appear. In order to keep the dif"culty of the game 
suitable for young children, each variable is either dichotomous or trichotomous, 
i.e. it appears only in two or three modalities, respectively. The butter#y variable 
is existential, as it may or may not be present on the cards. Quantity variables 
include petals and butter#ies. Identifying them requires referring to what Lemke 
(2003) calls ‘typological meaning’, namely a type of meaning that involves cate-
gorizing phenomena into distinct types or categories. Position variables are the 
leaf and the caterpillar. These variables, which potentially could be closer to a 
‘topological meaning’ (involving gradual, continuous variation), are indeed 
treated in the game as typological ones, as the leaf may be left or right (two posi-
tions) and the caterpillar may be on the petals, on the leaf, or on the pot (three 
positions). This typological nature of the game is coherent with the typological 
nature of the semiotic resource through which the game develops, namely verbal 
language.

To take advantage of the rich stimuli associated with the MiD in the Betta-the- -
Bee card context, we suggest introducing a preliminary discovery phase before the 
main game begins. This phase should help players to effectively notice variables 
and modalities. During the discovery phase, the adult facilitating the game (e.g. 
teacher, parent or caregiver) introduces the 24 #ower cards that are on the table 
(usually displayed in three or four rows) and guides the players to explore them by 
asking carefully worded questions. Examples include: “Have you looked carefully 
at all these cards? What do they represent?”, “Can you see any similarities between 
some of the cards? What about the differences?”, or similar prompts designed to 
encourage observation and perception, and ensure that all children know the names 
of the observed features of the cards (i.e. all modalities and variables). Once the 
players have familiarised themselves with the cards, especially the MiD, the hiding 
player can hide the Betta card under one of the #ower cards, which begins the 
game phase.

 Methods and Research Questions

The Betta-the-Bee game was developed within a research group comprising math-
ematics education researchers (the authors of this chapter), kindergarten and pri-
mary school teachers, and pre-service kindergarten teachers. Overall, the design 
phase for the game lasted 3 years and the current version has been published on the 
research group website (https://www.dfedidamath.unito.it/). The game is freely 
accessible under the Creative Commons CC-BY-NC-ND 4.0 license.
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The design process was guided by principles inspired by Educational Design 
Research (EDR; McKenney & Reeves, 2019). This method is designed to uncover 
the underlined mechanism rather than to evaluate the ef"cacy of a proposed edu-
cational session. According to this approach, we followed and reiterated in a 
cyclical way three phases: A) research group meetings in which the game was 
designed; B) experimental educational sessions in the kindergarten classrooms or 
in home setting; and C) research group meetings in which the experimental edu-
cational sessions were discussed. Each experimental educational session in kin-
dergarten was conducted in the participating teachers’ classrooms. During the 
sessions, a researcher was present in the classroom as an observer. The experi-
mental educational sessions conducted in home settings involved children famil-
iar to the researchers. Each session comprised gameplay activities with the 
participation of one or two children, one of the authors as a researcher, and a 
caregiver (parent). All sessions were video- and audio-recorded, and the audiovi-
sual data, together with "eld notes from teachers and researchers, were analyzed 
during subsequent design meetings to re"ne both the game and the associated 
educational sessions.

In the previous section of this chapter, we presented the design of the game and 
the analysis of the associated MiD and MiG components. These considerations are 
the result of re#ections that we elaborated mainly during the group meetings of 
phases A and C, nurtured with direct and video-observation of the experimental ses-
sions (phase B). We proposed the game and conducted empirical observations with 
various groups of kindergarten children and different teachers. The second or the 
third author were always present as participant observers and one video-camera 
"lmed each session, with the consensus of parents. Children engaged in the game 
through teacher-organized play (also known as guided play or structured play, 
Reikerås, 2020), where the teacher sets the rules and initiates the play. Children 
could also play the game during their free time if they wished, as the cards were 
made available to them. Additionally, the third author carried out three interviews 
with children aged 3, 5, and 6, in home setting.

Despite phase B was primarily meant to re"ne the design of the game according, 
it allowed us also to get "rst data on how children faced the MiD and MiG compo-
nents when being introduced to the game in different environments when playing 
the game and on how the various kinds of control may intervene. As, according to a 
Vygotskian perspective, the adults play an important role in the children’s encoun-
ter with knowledge—which in our case is embodied in the cards (MiD) and in the 
game rules (MiD)—the children interplay with the teachers or more generally the 
adults was also of interest to us.

More precisely, the results presented in the next section of the chapter will be 
orientated to answering the following research questions:

RQ1a: How is the process of observing the MiD carried out by children during the 
discovery phase of the game?

RQ1b: How may adults (teachers, parents or caregivers) effectively support children 
in this process?
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RQ2a: What challenges do the children face in the different phases of the game 
(formulating questions, answering questions and discarding cards)?

RQ2b: How may adults (teachers, parents or caregivers) effectively support children 
in overcoming these challenges?

 Results

We will brie#y report and discuss the results of this "rst phase of empirical observa-
tion. This phase of the research allowed us to re"ne the design of the game and 
further explore aspects of the game that were highlighted in the a priori analysis as 
detailed in the previous section. The presentation of "ndings is organized around 
three selected episodes.

Episode 1. They All Look the Same, But They Have So Many Differences 
To!help childen to identify the variables of the MiD, before presenting the rules of 
the game, some teachers chose to initiate the exploration by asking to children to 
describe what they were seeing on the cards and helping them noticing the vari-
ables. The following episode serves to address RQ1a and RQ1b. It reports the dis-
covery phase involving a group of four 4-year-old students and their teacher (all 
names are pseudonyms):

1. Teacher Take a good look at the cards, as they all look the same, but they have so many 
differences

2. Marghe Because this one has 1, 2, 3, (counting the petals of one card) 1, 2, 3 (counting 
the petals of another card) 1, 2, 3, 4, 5 (counting the petals of another card)

3. Teacher What do they have? What are they?
4. Marghe Two are less and one is more
5. Teacher But what are these that you counted? They are…?
6. All Petals
7. Teacher The petals of a #ower
8. Fede A daisy
9. Teacher What we see is a daisy and the daisy is in all the cards and it’s a daisy inside a 

pot, the pot is in all the cards too
10. Marghe Some don’t have a caterpillar, but some do
11. Teacher Some have a caterpillar
12. Michi This pot is red, and this one is blue (pointing !rst to a card with a red pot and 

then to a card with a blue pot)
13. Teacher The pots have different colours, good! And what do you also notice that is 

different?
14. Fede That it has two butter#ies (looking at a card with two butter"ies)
15. Teacher That there are butter#ies
16. Marghe More! 2 (pointing to a card) 1, 2, 3, 4 (counting the butter"ies on a card with 4 

butter"ies)
17. Teacher Some 2, some 4 and some
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18. Fede 5
19. Teacher And some? Do you see them here (pointing to a card with no butter"ies)?
20. All No
21. Teacher And some don’t have butter#ies at all
22. Marghe Then here no, here no, here yes … (pointing to one by one all the cards)
23. Teacher And then also try to observe something else
24. Fede That here there are 5 and here 3 (pointing !rst to a card with !ve petals, and 

then to a card with three petals)
25. Teacher What? What are the names of these that are 3, 4 and 5? The …
26. All Petals
[…]
27. Michi The caterpillar is not always on the leaf
28. Teacher It’s not always on the leaf! Try to observe the caterpillar
29. Marghe One is here, one is here…
30. Zen One is on the pot
31. Teacher On the pot or?
32. Michi On the petals
33. Teacher On the petals or?
34. Marghe On the stem
35. Fede On the leaf.

The observation process is initiated by the teacher, who invites the children to 
look at the cards and to pay attention to differences among them (line 1). In a dia-
logue involving words and pointing gestures to the observed cards, a process of 
identi"cation and naming of the main variables and modalities of the cards begins. 
Having shared names for the observed things, namely a semantic control over the 
MiD, is a necessary condition for the game, which is based on questioning and 
answering. The experimenting teachers appear conscious of the importance of 
developing such control. In the reported episode, the teacher guides children in 
naming all the elements of the cards (e.g. see lines 5–9, 25–26).

In the episode, children identi"ed the cards variables and modalities in two dif-
ferent ways. One way is enacted by Michi, who notices both the blue and the red pot 
and recognises the variable by contrasting the two modalities in which it appears 
(line 12). Namely, she contrasts two cards and notices that they show different 
modalities (red and blue) of the same variable (pot). Another way involves two or 
more players looking at two different cards at the same time. A child notices one 
speci"c feature on one card and states it loudly. The other looks at a different card 
and notices that the same feature (the variable) appears differently (a different 
modality) and states it loudly. This is the case of the dialogue between Fede and 
Marghe in lines 14 and 16: Fede observes two butter#ies on one card and states “it 
has two butter#ies”, while Marghe (line 16) points out another card with a different 
number of butter#ies and counts them. The search for differences is carried out by 
children in a close collaboration, which entail observing what the other child is 
observing and pointing to, taking it into account and selecting a card with a different 
modality of the same variable.
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In both cases it is interesting to take a closer look on how the teacher inserts in 
the dialogue: after that some modalities have been identi"ed by the children, the 
teacher soon mentions the relative variable. It happens in line 13, when the teacher 
comments “The pots have different colours, good!” right after Michi has said “This 
pot is red, and this one is blue”. And in line 15, when the teacher says “That there 
are butter#ies” after that Marghe has looked at a speci"c card and said “That it has 
two butter#ies”. In the game, the variables always occur in each card in one particu-
lar modality. In other words, it is not possible to observe the variables if not through 
the modalities. This may explain why despite the initial explicit prompt to children 
to look for differences (instantiated in the different modalities), the teacher’s subse-
quent effort is directed to making them noticing the variables connected to the men-
tioned modalities. Such a process, based on the comparison between modalities, is 
mainly carried out through verbal language. At the end of the episode, the teacher 
exploits the word “or” to connect all the positions in which the children have 
observed the caterpillar (lines 30–35).

In our data, we have found that the "rst approach to contrast modalities is used 
by children mostly for the “colour of the pot” and occasionally for the “number of 
petals”. The second approach occurs more frequently for other variables related to 
number and position (see Table!1). A possible interpretation regards the perceptual 
nature of the variable “colour of the pot”, which can be identi"ed with a glance, or 
to the fact that the variable “number of petals” can be easily captured by subitizing, 
as the petals are prominently displayed on the card. On the other hand, in order to 
notice the different modalities in which the variable “number of butter#ies” appears, 
it requires very often a counting process. We also found that the children generally 
notice the presence of the caterpillar immediately, but only after a while do they 
notice the different modalities in which it appears on the cards. The same applies to 
the left/right modalities of the leaf variable. In other words, the spatial position 
seems to be more dif"cult to notice or name than the number of petals/butter#ies 
and the colour of the pot. According to our observation, no child noticed the differ-
ence in the position of the butter#ies. In the above speci"c episode, the students 
have noticed all the variables except the position of the leaf in relation to the stem. 
The position of the leaf may be to the right or left of the stem, which was found to 
be quite a dif"cult distinction to manage for children. We will come back on this 
aspect in the next episode as well.

Episode 2. Is the Leaf on This Side Or on This Other Side? 

To address questions RQ2a and RQ2b, investigating children challenges and how 
the teachers provided support in overcoming them, we rely on the a posteriori analy-
sis conducted after several experimental educational sessions related to phase B of 
the research. These sessions were conducted both in the kindergarten and in the 
home environment. The playing processes investigated are those shown in Table!2, 
namely formulating questions, answering questions and discarding cards.

In relation to the phase of formulating questions, we observed children having 
dif"culties mostly in the two situations: (i) verbalizing and articulating the question 
and (ii) identifying the variable or modality on which to base the question.
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Table 2 Relation between MiG and game phases

GAME PHASES
Formulating 
questions Answering questions Discarding cards

MiG Law of excluded middle ✓ ✓ ✓
Negation ✓
Material implication ✓
Case-based reasoning ✓ ✓

Some students simply pointed to a card and asked if Betta was under it. In these 
moments, the teacher typically suggested some variables and suggested questions in 
the following way: “Would you like to ask about the number of petals? Or perhaps 
the butter#ies?”. Another challenge emerged when only few cards remained on the 
table during the game. In these cases, we noticed that some children asked inef"-
cient questions instead of choosing the most suitable variable.

The following episode offers a brief excerpt from a game played by the previ-
ously mentioned group of four 4-year-old students, who were introduced to the 
Betta-the-Bee game on the same day. It focuses on the "nal question asked during 
the third match, when only two cards are left on the table. These cards are identical 
except for the position of the leaf in relation to the stem (Fig.!2). Fede is the hid-
ing player.

In this extract, we can observe both challenges (i) and (ii) related to the phase of 
question formulation. Both in the "rst lines and in the last part of the excerpt, 
Marghe has dif"culties in verbalizing and articulating the question (i). At the very 
beginning Marghe struggles with formulating her question and uses “above” instead 
of “below” (line 36). She receives assistance from her friend Fede to correct the 
mistake (line 37). In the last part, it is the teacher that steps in to support Marghe, 
engaging in a sort of word game where they alternate saying one word each 
(lines 48–52).

Moreover, we can also spot a challenge in identifying the variable on which to 
base an ef"cient question (ii). Initially, Marghe asks a question about the colour of 
the pot (line 38). The answer is yes, but the children struggle in the phase of turning 
cards, as we may infer from the seconds spent in silence. After making explicit that 
no card may be discarded as the pots are both red (line 42–43), the teacher prompts 
the students to look if they may "nd something different (line 44). After another 
long moment of silence, Michi identi"es the modality for the question (line 45). 
Again, we can observe that he faces dif"culties in wording the entire question, 
involving the terms “left” and “right”. In several cases we observed that children 
tended to avoid left-right questions unless absolutely necessary, i.e. when only two 
cards did remain and they differed solely in the position of the leaf.

Since we understood that the process of noticing variables underlies all the 
phases of the game, we decided to conduct individual interviews immediately fol-
lowing the play sessions in the home environment. These interviews aimed to 
deepen our understanding of how variables become apparent to the children. The 
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Fig. 2 Last two cards on the table

36. Marghe: But Betta the bee is by chance above…
37. Fede: No, under…
38. Marghe: Well, under a red pot (pointing to one of the two cards)?
39. Fede: Yes
40. Marghe: So we turn…
(4 second of silence)
41. Teacher 1: Which one do you turn over?
42. Marghe: None!
43. Teacher 1: They are both red!
44. Teacher 2: Michi, you may try to look if you "nd something different.
[…] […] (4 seconds of silence)
45. Michi: This (pointing to one of the two cards) is a leaf on the other side and the 

other (pointing to the other card) leaf is on the other side
46. Teacher 2: Bravo! So let’s repeat, this (pointing to one card) is to the …? (raising he 

arm in the same direction as the leaf)
47. Chorus: Left
48. Teacher 2: And that one (points to the other card) to the right. So, which is the 

dif"cult question to ask? Is Betta the bee…
49. Marghe: Under…
50. Teacher 2: The card…
51. Marghe: That has…
52. Teacher 2: The leaf…
53. Marghe: Right (lifting the left arm)?
54. Fede: No
55. Marghe: Left (keeping the same arm raised)
56. Teacher 2: Does it have the leaf on the right?
57. Fede: No
58. Teacher 2: So let’s turn the [card with the] leaf to the right (turning the card over). 

Let’s see… Marghe, try if it [Betta] is there… (Marghe lifts the card and 
!nds Betta).
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interviews were conducted with children who had not participated in the educa-
tional sessions at the kindergarten. In contrast to the kindergarten sessions, the 
exploration phase was omitted in order to make the noticing of variables more vis-
ible through the phase of questions formulation.

When interviewing Jack, a 5-year-old child, we observed that the "rst two ques-
tions he asked in his initial game were about the colour of the pot and the number of 
butter#ies (see transcript in subsection: Episode 3. Yes is a tricky answer). As the 
game progressed, Jack asked the following three questions before he found Betta: 
Does it have two butter#ies? Does it have one caterpillar? Does it have "ve petals? 
All the questions, except for the question about the colour of the pot, refer to numer-
ical or existential variables. Even when Jack does notice the caterpillar, he does not 
attempt to ask a spatial question about the position of the caterpillar. We can inter-
pret these observations through two different lenses. The "rst suggests that it is 
easier for Jack to distinguish between numerical quantities of variables in the MiD 
than between spatial features. The topological nature of spatial features as opposed 
to the typological way in which they are treated (essentially through language) 
could potentially help explain these dif"culties (Lemke, 2003). The second perspec-
tive focuses on the speci"c graphical features of the cards and their perceptual 
apprehension. The variables that Jack refers to in his questions are those promi-
nently displayed. For example, the #ower with the different number of petals is at 
the top and is the largest graphic element on the card. The butter#ies, which are also 
at the top, stand out with their contrasting colours and are well separated from the 
other graphic elements. The variables relating to the spatial position, on the other 
hand, are located in the middle of the card, are smaller and, in the case of the cater-
pillar, always overlap with other graphic elements.

In relation to the phase of answering questions, we observed that children faced 
two main challenges: (i) remembering under which #ower card Betta is hidden, and 
(ii) connecting the verbalization of a modality (usually spatial) with its graphical 
representation.

Regarding the "rst challenge, we observed that some hiding players occasionally 
forgot under which card they had hidden Betta. As for the dif"culties in verbaliza-
tion, which occurred mainly with the variable “leaf position”, the adult took the 
opportunity to reinforce the terms right and left by associating the two terms with 
arm movements. This was done after ensuring that all players were on the same side 
of the table in terms of the orientation of the cards.

Episode 3. Yes Is a Tricky Answer
In relation to the discarding cards phase, we observed that children face the follow-
ing two challenges: (i) discarding the cards after receiving a “yes” answer, and (ii) 
discarding the cards after receiving an answer to an inef"cient question.

In the discarding cards phase, players have to remember the questions asked and 
the answers received, then to combine this information to decide which cards to 
eliminate. If the answer is “yes”, the cards lacking a speci"ed characteristic-namely 
cards showing other speci"c characteristics!have to be removed. We noticed early on, 
from the very "rst classroom session, that “yes” is a dif"cult answer to receive. 
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Acting correctly after receiving the “yes” answer requires the use of the logical oper-
ation of negation in conjunction with material implication, that is to say to exert logi-
cal control in combination with semantic control (see also thee previous discussion 
in the section: The design of the “Betta the Bee” game). This challenge is re#ected 
in the longer time necessary to children to discard the cards when the answer is “yes” 
compared to when the answer is “no”. Although we observed this aspect in numer-
ous play sessions, we could not "nd evidence of this challenge beyond the time 
required or the greater involvement of the adult in supporting the process. We, there-
fore, decided to rely on an individual interview to explore this issue further. To this 
end, we report the transcript of the "rst Jack’s gameplay while he is playing in the 
role of the seeking player. Alongside Jack is a researcher explaining the game and 
acting as the hiding player, and Jack’s mother observing and supporting him in 
the game.

59. Jack: Does it have a pink pot?
60. Researcher: Is Betta under a card with a pink pot? Yes!
(Silence)
61. Researcher: So now we have to "gure out what we have to turn…so Betta could be for 

example here, here, here… (pointing to the cards with pink pot) so these 
are all the cards that we have to keep. And so, which are the cards where 
Betta-the-Bee is de"nitely not hidden?

62. Jack: Does it have 4 butter#ies?
63. Researcher: Uh, no, wait, wait, let’s reason about the pot
64. Mom: You asked the question “is it under a pink pot?”, Carlotta [the researcher] 

said “Yes, it is under a pink pot”, then we have to discard all the pots 
that…

65. Jack: that are pink
66. Mom: That are pink? […] But if Betta-the-bee is under a pink pot, do you have to 

keep the pink pots or do you have to discard them?
67. Jack: You have to keep them.
68. Researcher: Very good then let’s keep all the pink pots and discard the others!

In order to focus Jack’s attention on the consequences of having received a 
“yes answer”, Jack’s mother makes two interventions. First, she summarizes the 
question and the received answer and asks him to draw the conclusion on the 
cards to be discarded (line 64). But Jack fails (lines 65). At this point she refor-
mulates the information received with the yes answer—namely that Betta-the-bee 
is indeed under a pink pot (line 66) and asks the child a direct question on whether 
the pink pot cards are to be kept or discarded. The child is now able to answer. The 
key passage here is that the focus of attention is shifted from the cards to be dis-
carded, which Jack is not able identify, to what to do with the pink pot cards 
(keeping or discarding them). The fact that keeping the pink pot cards means 
discarding all the others is made explicit by the researcher immediately after (line 
68) and the game may continue. According to the game design, this requires acti-
vating logical control on the complementary set and applying the law of the 
excluded middle.

R. Casi et!al.
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 Discussion and Conclusions

The careful design of the Betta-the-Bee game is driven by the belief that, in order to 
enhance learning opportunities for all children, pedagogies must intentionally focus 
on fundamental and speci"c aspects of mathematical reasoning from early child-
hood education. Speci"cally, the game is designed to create a suitable context in 
which children can engage with logical forms of reasoning inherent in mathematical 
activities. However, these forms of reasoning are not considered in isolation but 
rather as embedded in fundamental processes activated through the three phases of 
the game: examining the cards with speci"c goals in mind, asking questions to make 
decisions, and discarding cards according to the received answer. Carefully observ-
ing a diagram or "gure, asking questions, evaluating answers and taking decisions 
are all essential processes in mathematical problem-solving and proof-related activ-
ities, as they require the integration of semiotic (including semantic) and theoretical 
(including logical) control (Arzarello & Sabena, 2011).

In playing the game, answering a question has generally proven to be easy for 
children. It requires the hiding player to exercise semantic control, linking the asked 
feature to their perception of the chosen card—provided, of course, that they 
remember which card they selected to hide Betta. As researchers, our focus has 
therefore been on the processes of asking questions and discarding cards.

Although the law of the excluded middle permeates all phases of the game, it is 
particularly evident in the constraint that only yes/no questions are allowed. Our 
observations indicate that the main challenges children face in this regard involve 
selecting the modality for the variable to consider and formulating the question 
appropriately. Playing the game in a non-competitive setting may enable children to 
support one another in these processes (as it happens in Episode 2).

In subsequent ongoing experimental cycles (not covered in this chapter), we 
introduced a “fortune wheel” displaying various modalities as a support tool for 
children struggling to choose which question to ask. This artefact contributed mak-
ing reasoning by cases more apparent to children.

The teacher’s intervention has proven necessary in cases where inef"cient ques-
tions were asked—namely, questions that do not allow for the elimination of any 
cards. With primary school children (grades 1 and 2), we are exploring also the issue 
of inef"cient questions as an explicit topic of discussion. More generally, the chal-
lenges children face in formulating questions are leading us to place greater empha-
sis on the linguistic aspects involved in the questioning phase. Considering research 
on how the Italian language develops in young children may help re"ne our analysis 
of semantic control over the MiD and its role in game dynamics, particularly in rela-
tion to MiG.

The management of negation has proven to be a challenging issue, particularly 
in relation to material implication during the discarding phase after a “yes” 
answer. We observed that children take longer to discard cards, frequently make 
mistakes, and sometimes even hesitate. In fact, correctly responding to a “yes” 
answer requires applying the logical operation of negation alongside material 
implication, demanding both logical and semantic control. As noted by Horn 
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(1989), languages often develop lexical and syntactic strategies to facilitate the 
processing of negation (e.g., negative concord in some languages). In Episode 3, 
we saw how Jack’s mother transformed the “problem of the yes answer” into a 
simpler question—focusing instead on whether a certain type of card should be 
kept or removed.

The process of observing cards permeates all phases of the game. Our data 
clearly show that the teacher plays a crucial role in guiding children’s observation 
of the MiD, encouraging them to identify and name the variables and their modali-
ties. This process unfolds through dialogue and pointing gestures, fostering a shared 
semantic understanding essential for the game questioning and answering dynam-
ics. Children primarily use two strategies to identify differences: contrasting modal-
ities within a single variable or collaboratively comparing different cards.

The teacher may strongly support this process by reinforcing variable recogni-
tion through verbal prompts, helping to strengthen children’s analytical skills. There 
appears to be a general consensus among the authors of the POEM5 Conference that 
“the teacher has a key role as a mediator of mathematical objects because play envi-
ronments do not provide suf"cient support for children to explore new mathemati-
cal meanings on their own” (Palmér et!al., 2023, p. vii). When playing alongside 
children, the teacher serves as a model, extending their in#uence beyond the math-
ematical content itself. As Radford (2020) notes, “in interacting with the children in 
classroom activity, teachers bring to the fore, and make available to children, fea-
tures of knowledge and being that are relevant in teaching and learning” (p.!55). 
Further research is needed to explore the teacher’s role in managing games (included 
rule-based games as Betta-the-bee) as educational activities.
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Mathematical Modelling in Early Years 
of School

Trude Fosse, Troels Lange, and Tamsin Meaney

 Introduction

Thirty years ago, Carpenter et al. (1993) wrote:

The construction of a model or representation of a problem is one of the most fundamental 
problem-solving processes. Many problems can be solved by representing directly the criti-
cal features of the problem situation with an equation, a computer program, or a physical or 
pictorial representation. Modeling also turns out to be a relatively natural problem-solving 
process for young children. There is an extensive body of research documenting that even 
before they receive formal instruction in arithmetic, young children can solve a variety of 
different types of addition and subtraction word problems by directly modeling with coun-
ters the action and relationships described in the problems. (s. 428)

Although Carpenter et al. (1993) highlighted the value of modelling for younger 
students, its depiction in academic literature remains scarce, unlike modelling for 
high school students (English & Watters, 2004). Since modelling and exploration 
constitute core elements of mathematics in the current Norwegian curriculum 
(Kunnskapsdepartementet, 2019; abbreviated to LK20), even the youngest students 
in school are expected to learn about these practices. Typically, mathematical mod-
elling involves identifying critical features of a real-world situation and generating 
a model applicable to solving speci"c problems (Doerr & Pratt, 2008). This under-
standing is re#ected in the statements in LK20 about what a model is and what the 
aims for the students are, “a model in mathematics is a description of reality using 
mathematical language. The pupils shall gain insight into how mathematical models 
are used to describe everyday life, working life and society in general” 
(Kunnskapsdepartementet, 2019, Core elements section).

Although modelling in the "rst years of school could provide opportunities for 
students to engage with various mathematical concepts across different contexts, 
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very little research has been done on this (English & Watters, 2004; Stohlmann & 
Albarracín, 2016). Chan (2009) focussed on mathematical modelling as a contribu-
tor to developing students’ problem solving, but did not consider problem posing. 
Instead, the contexts of the modelling tasks were decided by the researchers.

Although there is limited research on young children’s mathematical modelling, 
understandings about its processes can be related to what is known about students 
in the "rst years of school solving word problems. Word problems have been inves-
tigated extensively (Verschaffel et al., 2020), particularly addition word problems, 
Verschaffel et al. (2020) described earlier research in which problem-solving mod-
els “assumed that the most critical steps in the solution of a word problem were the 
construction of a mental representation of the problem situation (i.e. situational 
model) and the transformation of that situational model into a mathematical model” 
(p. 4). These presumptions led to a focus on the reading skills of students so they 
could develop appropriate situational models, which could be mathematised into 
mathematical models that would contribute to them identifying a correct answer. 
Yet, subsequent criticism about the lack of consideration of the in#uence of content 
and context as well as students’ informal solution strategies, such as directly model-
ling the problems with concrete materials or "ngers, has led researchers to focus on 
how word problems can contribute to children moving from informal strategies for 
solving speci"c problems to general strategies that can be used for a range of prob-
lems, often involving formal arithmetic calculations. However, Verschaffel et  al. 
(2020) noted that knowing how to facilitate students to make such a move is still 
open for debate. Chan’s (2009) investigation suggested that mathematical model-
ling supported Grade 6 students to focus on the process of problem solving by rea-
soning their way towards a solution, which included arguing about any #awed 
reasoning which appeared in the discussion. This could be considered to show how 
children could be moved from informal strategies to general strategies.

To contribute to this debate, we discuss how children’s number stories, known as 
regnefortelling (-er in plural) in Norwegian can give insights into mathematical 
modelling. Regnefortellinger, produced by young students, are multimodal, narra-
tive texts that pose a problem involving quantities, sometimes self-chosen and 
sometimes supplied by the teacher, as well as a solution to the problem (Fosse & 
Meaney, 2020). The students choose the context for the problems and decide how to 
communicate them and their solutions through writing, symbols, and drawings. 
Unlike textbook word problems, regnefortellinger are based on children’s own real-
ities, including their imaginations. Hence, they connect to familiar situations and 
afford children the opportunity to mathematise aspects of their everyday lives (see 
for example Fig. 1).

As we assume that students construct mental representations of problems while 
they author their regnefortellinger, the story in a regnefortelling with its setting and 
events can be considered a situation model in alignment with Verschaffel et  al. 
(2020). Therefore, the creation of a regnefortelling indicates that a mental represen-
tation, that is a situational model of the settings and events de"ning the posed prob-
lem, precedes the solving of the problem, rather than being produced as children 
interpret the problem.

T. Fosse et al.
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Fig. 1 Nr. 2-65—example of regnefortelling (it is a literal transcription of the Norwegian text but 
with the translation being into standard English)

We use mathematical modelling to investigate regnefortellinger created by 
second-  grade, seven-year-old children, that involve two or more arithmetic opera-
tions, which can be described as two-step problems. Constructing mental representa-
tions of two-step word problems is considered to demand greater mathematical 
cognition than one-step problems (Hickendorff, 2021). Viterbori et al. (2017) found 
that because adjustments to determine the appropriate arithmetic operations are 
needed in two-step operations, higher demands are made on students’ working mem-
ories. This is likely also to be the case with regnefortellinger, as one-step problems in 
our data were by far the most common. As Alibali et al. (2014) found that developing 
two-step problems was challenging for intermediate-grade children, it was interest-
ing to "nd regnefortellinger in our data set which included two-step problems. 
Hickendorff (2021) had found that by year 6, students no longer make situation mod-
els, when solving word problems. As experienced problem solvers, they instead 
looked for cues that gave insights into which operation to apply to the numbers in the 
problem. Thus, analysing these examples of two-step problems, considered generally 
to be beyond the possibility for most seven-year olds, can provide insights into the 
relationship between situation models, mathematical models, and their connections 
to the contexts that the children have chosen in the regnefortellinger. By understand-
ing the mathematical modelling processes that contributed to these two-step prob-
lems, it would be possible for teachers to support other young children to develop 
more complex problem posing and general strategies for problem solving.

 Theoretical Framework

Mathematical modelling is typically perceived to be a cycle of processes. Various 
versions exist, but as in Fig. 2 most modelling cycles involve identifying a “real 
world” problem (RWP), mathematising it into a mathematical problem or a “model 
world” problem (MWP), transforming the model world problem to produce a model 
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Real World 
Problem RWP

Model World 
Problem 

MWP

Model World 
Solution MWS

Real World 
Solution RWS

mathematise

transforminterpret

validate

Fig. 2 Mathematical 
modelling cycle

world solution (MWS), interpreting the solution in relation to the original problem 
to produce a “real world” solution (RWS), and validating this solution against the 
original RWP (Doerr & Pratt, 2008). Extra-mathematical problems, i.e., problems 
that are not inherently mathematical, count as belonging to the “real world”. Hence, 
the children’s real world in regnefortellinger can include a fantasy element or be 
entirely imaginary.

In relationship to regnefortellinger, Fig.  2 indicates that the RWP comes into 
being during the process of conceiving the story with its setting and events. This 
situation model (a mental representation) is materialised in the actual artefact, the 
regnefortelling. Mathematising involves identifying relevant quantities and mathe-
matical operations and combining them in an algorithm, which is the MWP. This 
may or may not be explicitly included in the regnefortelling. Carrying out the algo-
rithm, such as calculating the value of an arithmetic expression, transforms the 
MWP into the MWS.  Interpreting the MWS as a statement about the real-world 
results in the RWS. Validating this against the original RWP involves evaluating the 
reasonableness of the result, subject to real world conditions.

The modelling process is likely to be more complex when the problems, that the 
students are working with, require two or more steps. This is because although the 
context and the RWP are the same, the processes of mathematising, transforming, 
interpreting and validating may be interconnected in different ways. For example, it 
could be expected that the MWS to the "rst step could become information that is 
mathematised into the MWP of the second step. By reconstructing regnefortell-
inger, which involve two-step problems, as mathematical modelling cycles, it is 
possible to gain insights into the mathematical thinking of these seven- year- old 
children. This can provide insights for teachers who want to develop students’ 
problem- posing capabilities as well as the mathematical modelling competencies. 
In Norway, it will also provide some insights into how the LK20 requirement to use 
mathematical modelling in the younger years could contribute to the common math-
ematical activity of constructing regnefortellinger.

T. Fosse et al.
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 Method

In 2018, we collected 209 regnefortellinger from three grade 2 classes in a school in 
Western Norway. Producing regnefortellinger were part of the usual mathematics 
classroom activities and the teachers were not given any speci"c requirements for 
this research, but were asked to continue their normal practices. Nevertheless, there 
were differences between the classes. In one class, students drew a card with num-
bers less than 20, from two different decks and created a regnefortelling with these 
two numbers, using addition and/or subtraction. In the other classes, the students 
chose the numbers themselves. In both classes, the students chose the context, the 
settings and the events, for the regnefortellinger and how to convey the problems 
and their solutions in drawings, symbolic representations and the written descrip-
tions. All the students worked individually.

The data included a variety of regnefortellinger, some of which have been pub-
lished elsewhere (Fosse et al., 2023; Fosse & Meaney, 2020, 2021). In this paper, we 
focus on the 16 regnefortellinger that included two-step problems, in which the 
solution for one part of a problem was included into a subsequent part of the prob-
lem. These regnefortellinger were classi"ed according to the relation between the 
problem parts using the categories in Table 1.

None of the regnefortellinger included drawings and only three included algo-
rithms (two CP and one RD problem). Only one problem, a CP, did not include a 
solution, although in this case the solution was zero, suggesting the student perhaps 
knew the answer, but decided it was not necessary to include.

Following this classi"cation, we then considered how each of the regnefortelling 
could be related to the processes in the modelling cycle (see Fig. 2). As the RWP is 
situated within a context, the "rst step of the analysis is to identify the RWP by not-
ing context and if there was a stated problem. Often, the stated problem was a MWP 
as it focused a very narrow aspect of the context, such as buying a speci"c item. This 
meant there was limited information about the RWP and the mathematising process. 
The next step in the analysis was to identify how the MWP was transformed into 

Table 1 Classi"cation of two step regnefortellinger

Category
Number of 
regnefortellinger Description Example

Running total 
(RT)

11 Problems in which amounts were added and/
or subtracted a step at a time from an original 
amount

Figs. 4–6

Continuous 
problem (CP)

3 A series of addition or subtraction part 
problems are described but without amounts 
being speci"cally calculated between each 
part-problem

Figs. 5 
and 7

Related but 
different (RD)

2 One part of the problem could be about 
money being spent on buying objects, while 
the second step could be about eating one of 
the objects

Fig. 3
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MWS. If a symbolic expression was provided it was easy to see how the students 
had transformed the problem into the solution. A clearly stated answer provided the 
MWS. If this was relayed as an amount in real world terms, for example a number 
of units rather than a unit-less number, then we considered that a RWS had been 
provided. However, the interpreting process was often not explicit. Similarly, the 
validating process could only be identi"ed implicitly, because of the limited infor-
mation about the initial mathematising of the RWP.

In the next section, we present four examples of regnefortellinger, three RT prob-
lems and one CP. They provide insights into different aspects of the relationship 
between the contexts that the students use and mathematical models.

We have not included an example of an RD problem, because, as can be seen in 
Fig.  3, switching the objects in focus produces two separate one-step problems 
rather than a two-step problem.

 Results

The "rst example (Nr 1-7), depicted in Fig. 4, is about buying ice cream and requires 
the use of subtraction three times. Thus, it is an example of a RT problem. It pro-
vides insights into how the context of money, one frequently used in mathematics 
textbook problems although often in unrealistic situations (see for example, Queiroz 
et al., 2018), affects the relationship between RWP and MWP. The RWP is to deter-
mine how much money is left from an initial amount of 100 kr, after three consecu-
tive purchases of ice cream by Pål and his friends. The remaining amount of money 
is calculated after each purchase, before the next purchase is made.

Fig. 3 Nr 1-12—Peter buys apples
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Fig. 4 Nr 1-7—Pål and his friends buy ice cream

There is no explicit mathematisation in the regnefortelling. Likewise, the MWP, 
the MWS, and process that transforms the "rst to the second, are implicit since there 
is no mention of mathematical operations and no symbolic algorithms provided. 
Nevertheless, we consider that the regnefortelling involves three “runs” through of 
the modelling cycle, one for each purchase. In the "rst run, the MWP is a subtrac-
tion 100  –  15, which, having been transformed into the difference of 85, is the 
MWS. This is implicitly interpreted as the RWS, 85 kr, and implicitly validated as 
a legitimate answer to the original RWP. This amount is then the start amount for the 
next RWP, the modelling process of which can be reconstructed in the same way. A 
similar case can be made for the third run of the cycle. Thus, in this regnefortelling, 
we can reconstruct a modelling process consisting of three consecutive cycles, 
where the RWS from one cycle feeds into the RWP for the next. Alternatively, the 
reconstruction could posit one cycle with three sub-cycles between the model world 
problem and the model world solution, that is as a sequence of subtractions where 
the minuend is the amount of money available, the subtrahend is the expense, and 
the difference is the amount of money after the purchase. The difference in one 
subtraction becomes the minuend in the next. In symbolic terms: 100 – 15 = 85 → 8
5 – 10 = 75 → 75 – 20 = 55. However, this alternative reconstruction is less reason-
able given that the remaining amount of money after each purchase of ice cream is 
explicitly stated.

The absence of explicit mathematisation is not surprising since money acts as the 
universal medium for exchange of commodities by quantifying—and hence math-
ematising—the use value (of ice cream) to the exchange value (the money equiva-
lent of the ice-cream) (Savard et al., 2020). It is a prime example of Skovsmose’s 
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(1994) point that “mathematics is formatting our society” (p. 43). Therefore, real 
world money problems are set in an already mathematised world with the effect that 
the distinction between the RWP and the MWP disappears. Thus, situational models 
revolving around events in which money is exchanged leads to regnefortellinger in 
which the RWP is already mathematised to the MWP. It may be that regnefortell-
inger which include money, by being derived from this particular class of situational 
models, can contribute to children developing complex problems which in turn may 
facilitate the development of general strategies. However, the loss of the distinction 
between RWP and MWP may restrict their understanding of the mathematising 
process if not discussed explicitly. Similarly, MWS and RWS are easily con#ated in 
such settings, thus making distinguishing between MWS and RWS seem trivial, 
pointless and neglectable.

The regnefortelling (Nr 3-21) depicted in Fig.  5 is also a RT problem about 
money, although it involves more events and types of transactions than the previous 
one in Fig. 4. Nr 3-21 provides an example of how young students can combine dif-
ferent operations while staying within the same context. As such, it provides insights 

Fig. 5 Nr 3-21—per gains money and buys things
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into how young children can move beyond speci"c informal strategies to develop-
ing general strategies for solving problems.

Per, so the story goes, has 6 kr, Pål gives him 3 kr and Askeladden gives him 63 
kr. Per then uses 32 kr on lollies, buys three glasses of juice that are 10 kr each, and 
"nally buys lollies for 4 kr. After each of the events, it is stated how much money is 
left, in the "rst three cases as the answer to the explicit question “how much has he 
now/left?” and in the last two as a statement “then he has [amount] left”. The "ve 
events in Nr 3-21, Fig. 5, are handled consecutively, suggesting mathematical mod-
elling in 5 cycles, in which the RWS of one cycle feeds into the RWP of the next. As 
was the case in the "rst example, there is no explicit mathematisation. The recon-
structed MWP for the "rst two cycles are additions 6 + 3 and 9 + 63, and subtraction 
for the third and "fth, 72-32 and 10-4. The unit, kr, is included in the RWS for cycle 
2 (72 kr) and implicit in the others, 9 (kr), 40 (kr) and 6 (kr) respectively.

The fourth cycle is more complex, suggesting a move from a RT to a CP. The 
RWP is about the amount of money which remains from 40 kr after Per buys 3 
glasses of juice, each costing 10 kr. Unlike the other exchanges, this is handled as 
one event rather than three consecutive events, one for each of the glasses of juice. 
MWP can be reconstructed in three different ways, either as consecutive subtraction 
40 – 10 – 10 – 10 or subtraction with a composite subtrahend consisting of a sum 
40 – (10 + 10 + 10) or a product 40 – 3 × 10. It is not possible to tell from the reg-
nefortelling which reconstruction is the most appropriate, but nonetheless it is a far 
more complex MWP than Nr 1-7 in Fig. 4, and regnefortellinger with this complex-
ity were rare in our data set.

Carpenter et al. (1993) asserted that children can solve various types of addition 
and subtraction problems when they mathematised the operations by directly mod-
elling them. In this example, the problem is not modelled by counters, but is part of 
a self-authored story formed from a situational model in which the problem is artic-
ulated. The use of money as stated in regard to the "rst example facilitates this self- 
authoring. By controlling the setting of the story and the events in it, the child 
embedded the RWP, ensuring it made sense to them. It may be that using the names, 
Per, Pål and Askeladden, from familiar Norwegian folk tales supported the sense- 
making and the possibility to show their mathematical understandings. It seems that 
putting their self-authored problem into a familiar setting provided a possibility for 
this Grade 2 student to engage with quite complex mathematics.

Figure 6 (Nr 3-25a) depicts a regnefortelling about cards, which is somewhat 
different to the previous two. In it, the context allows for incorporation of anti-social 
behaviour, indicating that children’s self-chosen contexts provide opportunities to 
make sense of the real world with mathematics. There are two events in the regne-
fortelling. First, Peter, who has nine cards, and Mina, who has eight cards, collect 
them into a pile, and then Jon steals 4 cards from the pile. After each event, there is 
a question, asking how many cards there are, and the answer, making this a RT 
problem.

Compared to the two previous examples, the setting for Nr 3-25a is different, as 
it is about piling up and stealing cards rather than receiving and using money to 
purchase items. However, the reconstructed mathematical modelling processes are 
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Fig. 6 Nr 3-25a—the card problem

similar. In this case, there are two cycles where the RWS of the "rst feeds into the 
RWP of the second. The mathematisation strips the amounts of cards of their unit, 
producing the MWP. The mathematical operations are addition and subtraction with 
small numbers, in the "rst MWP 9 + 8 and in the second 17-4. The MWS “17” in 
the "rst cycle is not explicitly interpreted to form RWS (which would be “17 cards”), 
but this is implicit both in the question (“how many cards do they have together”) 
and in the statement of the second RWP since this involves stealing “4 cards”. 
Similarly, the MWS (“13”) in the second cycle is not explicitly interpreted to a RWS 
(“13 card”) but this is implied in the question (“how many cards left”).

The antisocial behaviour of Jon, who steals cards, distinguishes this regnefortel-
ling from the previous ones. Regnefortellinger that included anti-social behaviour 
did appear occasionally in the data set (Fosse & Meaney, 2020). This suggests that 
the situational model is affected by the educational context of producing a regnefor-
telling, in that the situational model is not just dealing with the mathematics but also 
testing the boundaries of what is possible to raise in a mathematics lesson from the 
wider society. Whereas most research on word problems have focused on children’s 
mathematical understandings (Verschaffel et al., 2020), the RWP and RWS in the 
modelling cycle require consideration of the context that children use in their regne-
fortellinger. Especially, the validation of RWS provides opportunities for a discus-
sion that goes beyond the mathematical understandings to talk about the real-world 
experiences that inform the children’s regnefortellinger. English and Watters (2005) 
highlighted that mathematical modelling in the early years of school provided 
opportunities for children to draw on their informal, contextual knowledge. 
Regnefortellinger, which allow students to use imaginary scenarios, seem to also 
provide them with opportunities to play with social aspects of the contexts, which is 
not possible when they are predetermined by the teacher.

The regnefortelling (Nr 2-29) in Fig. 7 is brief: Noah has 88 kr, buys a toy car for 
80 kr, and "nds 4 kr. A question is asked about how much it is, and an algorithm 
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Fig. 7 Nr 2-29—Noah buys a toy and "nds some money

with an answer is provided. This is an example of CP as the problem is presented as 
a whole without each step being calculated individually. Among two-step problems 
in our sample, CP were rarer that RT problems (see Table 1), suggesting that they 
are more complex that RT problems. However, it seems that CP problems can shift 
the modelling process so that interpreting the MWS to become a RWS is even less 
likely to be explicit. This seems to be because the algorithm takes prominence and 
the RWP becomes just a vehicle for producing it.

As was the case with Nr 3-25a in Fig. 6, there are two events, but unlike the pre-
vious examples, there is only one RWP. The two events are combined in one model-
ling cycle, with elements of explicit mathematisation. As in the previous example, a 
taken-for-granted mathematisation involves stripping the amounts of their unit, 
which never reappears, as no explicit RWS is included. MWP and its transformation 
into MWS is combined in one algorithm 88 – 80 + 4 = 12. As was the case with Nr 
1-7 in Fig. 4 and Nr 3-21 in Fig. 5, there is no explicit RWS, as the 12 is not pro-
vided with an indication that money (kr) is the real-world setting, and there are no 
signs of validation. The regnefortelling demonstrates that this student can combine 
two events into one modelling cycle and can use formal arithmetic symbolisation as 
a mode of expression. The irony, perhaps, is that the student seems to consider the 
RWP as merely a prompt, such as the case with word problems in textbooks, to 
focus on the calculation. This has similarities with Hickendorff (2021) who found 
that intermediate students looked for numbers and cues in word problems to deter-
mine what calculation they were expected to use, rather than relating to the context 
of the problem. In so doing, the situational models drawn from the word problems, 
similar to what author does in creating Nr 2-29 in Fig. 7, are reduced to focus only 
on the MWP and its transformation to MWS.
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 Discussion

In this chapter, we have reconstructed modelling cycles for four regnefortellinger, 
which were representative of the two-step problems from a large data set. Two-step 
problems are considered complex for children of this age but are also recognised as 
providing better opportunities for supporting them to develop mental models in 
their solution strategy (Viterbori et al., 2017). Our analysis of these regnefortell-
inger provides insights into different aspects of interactions and connections 
between the setting and events in situational models and mathematical modelling, 
which indicate that creating regnefortellinger can contribute to the development of 
mental representations of complex problem posing contexts. Although two-step 
problems have been used to investigate children’s problem solving (Viterbori et al., 
2017), reconstructing the mathematical modelling processes, when problem posing 
is combined with problem solving as in regnefortellinger, provides more informa-
tion about the role of contexts. English and Watters (2005) found that sometimes 
young students’ informal contextual knowledge impeded their work on mathemati-
cal modelling tasks whereas at other times it supported them. Our results show that 
the choices made about the contexts for their regnefortelling did have an impact on 
speci"c mathematical modelling processes but in different ways. We also found that 
creating CP, while seemingly mathematically more advanced, could result in the 
real word steps, RWP and RWS, and the mathematical modelling processes that 
connect the real world to the mathematical world, mathematising and validating, 
being ignored as the author focuses on producing an algorithmic mathematical 
statement.

In our analysis, we reconstructed the mathematical modelling for the arithmetic 
problems posed and solved in the regnefortellinger. These reconstructions indicated 
that the situation model was co-created with the RWP and consequently that the 
context was important for what problems the students could pose, make sense of 
and solve. Being authored by the children, regnefortellinger put them in control of 
the modes of expression. Hence, it can be assumed that these are in direct contact 
with their perception of the setting and events in their story (Johnsen-Høines, 2020). 
Thus, the choice of context affected what was possible within the posing of the 
problem and also its solution. Analysing the regnefortellinger from a mathematical 
modelling perspective, therefore, extended Chan’s (2009) "ndings about problem 
solving to provide insights into how problem posing could contribute to the con-
struction of situational models, when children chose their own contexts.

Whereas English and Watters (2005) found that young students’ informal knowl-
edge affected their interpretation of the modelling situations, in our analysis, it 
seemed that the situation model could reduce the distinctions between the different 
mathematical modelling processes. For example, contexts such as money seem to 
result in the con#ation of the RWP with the MWP because money is already an 
abstract representation of an exchange linked to the monetary value of different 
items. As well, it seemed that when symbolic algorithms were provided in the reg-
nefortelling, the children could have been channelled into ignoring the need to 
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validate their MWS to gain an RWS, as was the case with Nr 2-29 (Fig. 7). The 
algorithm may have been considered suf"cient and, therefore, the validating process 
of the modelling cycle was no longer deemed important in the students’ authoring 
of the regnefortellinger. This has similarities with Chan’s (2009) results in her 
research on mathematical modelling and problem solving.

The two-step problems included in the regnefortellinger highlighted the mathe-
matics that the children were interested in, although the mathematical choices 
would also be determined by what they were aware of. English and Watters (2005) 
found that children worked with mathematical ideas that they had not yet been for-
mally introduced to. In the regnefortellinger, the mathematics included not only 
understandings about addition and subtraction but also equality, a crucial compo-
nent needed for early algebra (Sumpter & Löwenhielm, 2022). When children work 
with a set of related problems, concerns have been raised about the use of “equality- 
strings” where strings of calculations are concatenated with equal signs (Sumpter & 
Löwenhielm, 2022). For example, Nr 1-7 (Fig. 4) could have been set out incor-
rectly as 100 – 15 = 85 – 10 = 75 – 20 = 55. Sumpter and Löwenhielm (2022) 
warned that it is common for children to view the equal sign as an indicator to 
“complete the calculation” rather than equality, which is why these equality strings 
seem to be a common way for children to reason about how to express what they 
were calculating. However, in our small set of two-step regnefortellinger, there were 
no equality-strings. It may be that by authoring these more complex regnefortell-
inger using familiar modes of expression, the children are more able to understand 
the relationship between the different steps so that, when they are ready, they pro-
duce an algorithm, such as that in Nr 2-29 (Fig. 7), in which they use the mathemati-
cal symbols appropriately.

 Conclusions and Implications

Our "ndings provide understandings about the affordances and challenges of having 
children produce complex regnefortellinger. Supporting teachers to use mathemati-
cal modelling as a framework for understanding students’ regnefortellinger may 
contribute to their facilitation of young children’s arithmetic knowledge and skills, 
so that they can move from speci"c informal strategies to more general strategies. It 
would also provide teachers with possibilities to use existing practices about regne-
fortellinger to ful"ll curricular requirements about integrating mathematical model-
ling into their teaching (Kunnskapsdepartementet, 2019).

For a regnefortelling to be connected to all the processes of the modelling cycle, 
it seems that the student needs a purpose, perhaps from a more interesting context 
than in N2-29’s in Fig. 7. A context in which children are interested may support 
them to make explicit the RWS, rather than just focusing on "nding an MWS. Thus, 
there could be a need for teachers to have children discuss the inter-connections 
between the context and the problem in their regnefortellinger. This could relate to 
the mathematical ideas and to the societal issues that they raise through the choice 

Mathematical Modelling in Early Years of School



166

of context. It may be that textbooks provide only limited kinds of examples that 
students can draw upon for producing their own regnefortellinger, suggesting a need 
for children to see alternative examples of mathematical problems, which could 
include two-step problem-solving. This could include problems in which the math-
ematisation is not already embedded, and hence the distinction between the real 
world and the mathematical world obscured, as typically is the case with money 
problems.

Regnefortellinger can also support young students to gain insights into model-
ling as a process, as required by the Norwegian curriculum (Kunnskapsdepartementet, 
2019), since they are situated in children’s everyday experiences, including their 
imaginations. However, to maximise these possibilities, teachers may need more 
information about the four steps of the modelling cycle, as depicted in Fig. 2. In 
particular, they may need support to devise prompts which could challenge the chil-
dren to develop more complex regnefortellinger, involving richer settings and 
events, and provide opportunities to discuss the processes involved in mathematical 
modelling. In their research, Chan (2009) found that the intervention of the teacher 
could support the students to engage in further validation processes, that took them 
beyond a recognition of a plausible solution. It seems that some of the issues with 
using regnefortellinger to involve young children in mathematical modelling could 
be overcome if the teacher engaged the students in discussions about what they have 
represented and the processes that they went through.

There were few two-step problems in the collection of regnefortellinger. 
However, the analysis of these suggests that they are not beyond the reach of young 
students more generally. Making more explicit connections to the modelling cycle, 
could increase the students’ mathematical understandings more generally, extend 
the range of complexity they can handle, and reduce the possibility of students sim-
ply looking to identify relevant numbers in word problems as they grow older 
(Hickendorff, 2021).

Acknowledgments The data collection was part of the research project, Learning about Teaching 
Argumentation for Critical Mathematics Education in multilingual classrooms (LATACME) 
funded by the Research Council of Norway (273404).

References

Alibali, M. W., Stephens, A. C., Brown, A. N., Kao, Y. S., & Nathan, M. J. (2014). Middle school 
students’ conceptual understanding of equations: Evidence from writing story problems. 
International Journal of Educational Psychology, 3(3), 235–264. https://doi.org/10.4471/
ijep.2014.13

Carpenter, T. P., Ansell, E., Franke, M. L., Fennema, E., & Weisbeck, L. (1993). Models of problem 
solving: A study of kindergarten children’s problem-solving processes. Journal for Research in 
Mathematics Education, 24(5), 428–441. https://doi.org/10.2307/749152

Chan, C. M. E. (2009). Mathematical modelling as problem solving for children in the Singapore 
mathematics classrooms. Journal of Science and Mathematics Education in Southeast Asia, 
32(1), 36–61. https://hdl.handle.net/10497/15726

T. Fosse et al.

https://doi.org/10.4471/ijep.2014.13
https://doi.org/10.4471/ijep.2014.13
https://doi.org/10.2307/749152
https://hdl.handle.net/10497/15726


167

Doerr, H.  M., & Pratt, D. (2008). The learning of mathematics and mathematical modeling. 
In M.  K. Heid & G.  W. Blume (Eds.), Research on technology in the teaching and learn-
ing of mathematics: Synthesis and perspectives (Vol. 1 Research syntheses, pp.  259–285). 
Information Age.

English, L. D., & Watters, J. J. (2004). Mathematical modelling with young children. In M. J. Høines 
& A. B. Fuglestad (Eds.), Proceedings of the 28th annual conference of the International Group 
for the Psychology of mathematics education (Vol. 2, pp. 335–342). PME.

English, L.  D., & Watters, J.  J. (2005). Mathematical modelling in the early school years. 
Mathematics Education Research Journal, 16(3), 58–79.

Fosse, T., Lange, T., & Meaney, T. (2023). Lek med problemer [Playing with problems]. Nordisk 
Barnehageforskning Tidsskrift, 20(2), 89–109. https://doi.org/10.23865/nbf.v20.280

Fosse, T., & Meaney, T. (2020). Using problem posing to bring real-life into the mathematics class-
room: Can it be too real? For the Learning of Mathematics, 40(3), 40–45.

Fosse, T., & Meaney, T. (2021). Milieus of learning in a Norwegian mathematics textbook. 
In G.  A. Nortvedt, N.  F. Buchholtz, J.  Fauskanger, F.  Hreinsdóttir, M.  Hähkiöniemi, 
B. E. Jessen, J. Kurvits, Y. Liljekvist, M. Misfeldt, M. Naalsund, H. K. Nilsen, G. Pálsdóttir, 
P. Portaankorva- Koivisto, J. Radišić, & A. Wernberg (Eds.), Bringing Nordic mathematics 
education into the future: Proceedings of Norma 20 the ninth Nordic conference on mathe-
matics education Oslo, 2021 (pp. 81–89). SMDF Svensk Förening för MatematikDidaktisk 
Forskning Swedish Society for Research in Mathematics Education.

Hickendorff, M. (2021). The demands of simple and complex arithmetic word problems on lan-
guage and cognitive resources. Frontiers in Psychology, 12, 1–12. https://doi.org/10.3389/
fpsyg.2021.727761

Johnsen-Høines, M. (2020). Begynneropplæringen: Matematikkdidaktikk—barnetrinnet. 
[Beginner’s education: Mathematics didactics—Primary school]. Caspar forlag AS.

Kunnskapsdepartementet. (2019). Læreplan i matematikk 1.–10. trinn (MAT01–05) [Curriculum 
for Mathematics year 1–10 (MAT01–05)]. Fastsatt som forskrift. Læreplanverket for 
Kunnskapsløftet 2020. https://www.udir.no/lk20/mat01- 05?lang=eng

Queiroz, M. R. P. P. P. D., Barbosa, J. C., Noss, R., & Hoyles, C. (2018). The gap between the 
"nancial mathematics expressed in textbooks and that practiced in banks. Acta Scientiae, 20(2), 
96–116. https://doi.org/10.17648/acta.scientiae.v20iss2id3816

Savard, A., Cavalcante, A., Turineck, L. P., & Javaherpour, A. (2020). Some considerations towards 
the concept of money in elementary school. For the Learning of Mathematics, 40(3), 22–24. 
https://www.jstor.org/stable/27091167

Skovsmose, O. (1994). Towards a philosophy of critical mathematics education. Kluwer Academic 
Publishers.

Stohlmann, M.  S., & Albarracín, L. (2016). What is known about elementary grades math-
ematical modelling. Education Research International, 2016(1), 5240683. https://doi.
org/10.1155/2016/5240683

Sumpter, L., & Löwenhielm, A. (2022). Differences in grade 7 students’ understanding of the 
equal sign. Mathematical Thinking and Learning, 1–16. https://doi.org/10.1080/1098606
5.2022.2058160

Verschaffel, L., Schukajlow, S., Star, J., & Van Dooren, W. (2020). Word problems in mathematics 
education: A survey. ZDM, 52(1), 1–16. https://doi.org/10.1007/s11858- 020- 01130- 4

Viterbori, P., Traverso, L., & Usai, M.  C. (2017). The role of executive function in arithmetic 
problem-solving processes: A study of third graders. Journal of Cognition and Development, 
18(5), 595–616. https://doi.org/10.1080/15248372.2017.1392307

Mathematical Modelling in Early Years of School

https://doi.org/10.23865/nbf.v20.280
https://doi.org/10.3389/fpsyg.2021.727761
https://doi.org/10.3389/fpsyg.2021.727761
https://www.udir.no/lk20/mat01-05?lang=eng
https://doi.org/10.17648/acta.scientiae.v20iss2id3816
https://www.jstor.org/stable/27091167
https://doi.org/10.1155/2016/5240683
https://doi.org/10.1155/2016/5240683
https://doi.org/10.1080/10986065.2022.2058160
https://doi.org/10.1080/10986065.2022.2058160
https://doi.org/10.1007/s11858-020-01130-4
https://doi.org/10.1080/15248372.2017.1392307


168

Open Access This chapter is licensed under the terms of the Creative Commons Attribution- 
NonCommercial- NoDerivatives 4.0 International License (http://creativecommons.org/licenses/
by- nc- nd/4.0/), which permits any noncommercial use, sharing, distribution and reproduction in 
any medium or format, as long as you give appropriate credit to the original author(s) and the 
source, provide a link to the Creative Commons license and indicate if you modi"ed the licensed 
material. You do not have permission under this license to share adapted material derived from this 
chapter or parts of it.

The images or other third party material in this chapter are included in the chapter’s Creative 
Commons license, unless indicated otherwise in a credit line to the material. If material is not 
included in the chapter’s Creative Commons license and your intended use is not permitted by 
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from 
the copyright holder.

T. Fosse et al.

http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/


169© The Author(s) 2026
T. Meaney et al. (eds.), Engaging with Mathematics in the Early Years, 
https://doi.org/10.1007/978-3-032-16065-2_11

Assessment of Early Arithmetical Skills 
in Natural Learning Situations: Two 
Assessment Situations and a First 
Validation

Hedwig Gasteiger and Christiane Benz

 Early Arithmetical Learning in Natural Learning Situations

Mathematics learning in schools and beyond is based on a solid basic understand-
ing of numbers and quantities at an early age. Conversely, if a basic understanding 
at an early age is lacking, there are gaps which—especially if undetected—can 
become larger and larger and lead to serious dif"culties in learning arithmetic in 
the "rst years of school. These "ndings have been increasingly supported by 
numerous national and international studies over the last 20 years (e.g., Nguyen 
et al., 2016; Skopek & Passaretta, 2020). There is now a strong consensus that 
children can acquire this basic understanding of numbers and quantities as well as 
basic arithmetic skills, such as counting or dealing with quantities, in situations 
that encourage them in their natural learning processes (“natural learning situa-
tions”—Gasteiger, 2014, p. 276), like everyday activities or play situations (e.g., 
Gasteiger, 2012, 2014; Pramling et  al., 2019; Seo & Ginsburg, 2004; van 
Oers, 2010).

However, we know that it cannot be taken for granted that children actually 
acquire early arithmetic skills in these play and everyday situations. In order to 
support children in their development, early childhood professionals have to mod-
erate and accompany the learning process in these natural learning situations 
(Björklund et al., 2018; Zosh et al., 2018). Therefore, situational observation and 
perception is a central competence facet of the mathematical didactic competence 
of early childhood professionals (Gasteiger & Benz, 2018). This competence is 
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necessary in order to recognize the individual abilities of children in their actions 
and expressions and to be able to assess their level of competence (Gasteiger & 
Benz, 2018). Early childhood professionals require a comprehensive understand-
ing of a child’s existing knowledge and skills. This foundation enables the profes-
sionals to plan future steps that will guide the child into the zone of proximal 
development (Vygotskij, 1978) or to act spontaneously in the moment with learn-
ing stimuli, based on the situation. A professional assessment is the basis for 
deciding which stimuli can help the child to develop further. The aim of this 
assessment is to guide the next steps with the child, in a goal-oriented manner. 
Assessment and learning support are therefore inextricably linked and should be 
understood as a kind of continuous cycle (Hußmann & Selter, 2013; Mulligan & 
Mitchelmore, 2018).

 Prerequisites for an Action-Guiding Assessment of Early 
Mathematical Skills

For adequate pedagogical and didactic action, the early childhood professional 
needs to have a clear understanding of the arithmetic competences of each child. To 
achieve this, an assessment of early mathematical skills is essential. However, this 
assessment can only be successful when the early childhood professional is familiar 
with “the general developmental trajectory of, and individual differences in, chil-
dren’s understanding and learning of mathematics. This knowledge is essential to 
guide instruction for the group and tailor it to the individual” (Ginsburg, 2016, 
p. 941). Because it is knowledge that drives pedagogical action, Gasteiger and Benz 
(2018) refer to this as essential “explicit knowledge”.

As “knowledge of content and students” (Ball et al., 2008, p. 401) or a part of the 
competence of individual-related diagnosis and fostering (Gasteiger & Benz, 2018) 
early childhood professionals need to know the developmental processes of mathe-
matical abilities, for example developmental steps in learning to count or to com-
pare quantities—which as well is seen as a part of the essential “explicit knowledge” 
in the competence model of Gasteiger and Benz (2018).

Based on this knowledge, professionals are able to realize which individual 
mathematical skills their children have (a part of the competence facet situational 
observation and perception). In other words, early childhood professionals are only 
able to support children adequately in their developmental process, if they know the 
learning status (Where is the learner right now?), the learning goal (Where will/
should the learner go in the next step?) and the steps towards the learning goal (How 
can the learner get there?) (Ramaprasad, 1983). Empirical studies have shown that 
a continuous assessment of children’s performance with the aim of using diagnostic 
information to improve teaching and learning (formative assessment), can have a 
positive impact on children’s performance (Hattie, 2012; William et  al., 2004). 
However, the way in which the assessment is carried out seems to be important 
(Schütze et al., 2018).
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 Possibilities for or Forms of Action-Guiding Assessments 
in Kindergarten

The aim of formative or action-guiding assessment can be described as obtaining 
information about the children’s competencies, as a starting point for future learn-
ing or for the adaptation of stimuli and support offered during a learning process 
(Philipp, 2023). In kindergarten (as well as in school), this information can be 
obtained in different ways, whereby the forms of assessment can be differentiated 
according to the degree of standardization and structuring, both in the acquisition of 
information and in the documentation (Fig. 1; Benz et al., 2024).

The most structured, standardized or formalized form of formative assessment is 
formal and embedded in curriculum (Shavelson, 2006). It can be implemented 
through a standardized test with a detailed manual. It has to be said that these tests 
are mostly used as a summative assessment or assessment of learning, which means 
to get results that can be compared to norms and not as assessment for learning, 
where the focus is on assessing the learning status with the goal to plan the next 
steps. Another example of a curriculum embedded assessment is a diagnostic inter-
view conducted in a one-on-one setting in which speci"c skills are asked about. 
Less formalized is the planned-for-interaction (Shavelson, 2006) assessment which 
can take place in everyday life within the framework of planned action (Ertle et al., 
2016) and play situations. Children’s skills and competencies are observed in this 
planned interaction. The third form, an on-the-#y assessment (Shavelson, 2006), 
can be understood as unplanned observations during everyday daycare activities. 
This is the least standardized form.

Tests can be experienced as an arti"cial situation in kindergarten. Due to test 
quality criteria, the way the child is addressed is usually precisely speci"ed. 
Therefore, to ensure objectivity, in some test manuals, repeating tasks and answer-
ing questions are not allowed. Diagnostic interviews as another form of curriculum- -
embedded assessment are often not so prescriptive as tests but also take place in a 
structured and formal one-to-one situation. When evaluating children’s answers to 
the questions in the interview, not only products (as in tests) but also solution pro-
cesses are taken into account. Thus, further aspects can be observed and documented 
which can be useful for further pedagogical and didactical decisions.

The planned-for-interaction assessment can take place in everyday situations 
within the framework of planned action and play situations in kindergarten, because 
learning situations and assessment situations do not have to differ in terms of the 

Fig. 1 Differences of assessment forms, due to standardization
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task. Only the interaction between the early childhood professional and the child 
may be organized differently depending on the respective objective. In contrast to a 
learning situation, an assessment goal focuses less on helping the child to "nd a 
solution. If a child names an incorrect counting result, a stimulus in a learning situ-
ation could be, “Tap each marble as you count so that you don’t get mixed up”, 
while a stimulus in an assessment situation could be, “Can you explain or demon-
strate how you got this result?” In this way, natural learning situations can also 
become assessment situations by gathering information about the child’s stage of 
development.

On-the-#y assessments in kindergarten can be understood as unplanned observa-
tions during everyday activities. This is the least standardized form of gathering 
information and requires a high level of expertise from early childhood profession-
als (Bruns et al., 2020).

In an evaluation of the practicability of different assessment tools in Germany 
(Benz et  al., 2024), early childhood professionals rated a curriculum-embedded 
assessment, such as a one-to-one interview, more highly than o ther forms.  the on- -
the-  #y assessment was rated the lowest. Positive aspects of the curriculum- -
embedded assessment were mentioned, especially the accuracy, the clear 
mathematical focus in the situation as well as the organization and usability of the 
documentation. The early childhood professionals felt that they could train their 
assessment competence in a given situation of reduced complexity and, thus, would 
have the opportunity to acquire knowledge not only about relevant mathematical 
content, but also about which mathematical processes were important and how 
these could be assessed. They regarded assessment as an opportunity for profes-
sional development. This indicates that the interviewed professionals require and 
actively seek structure and precision in assessing children’s developmental prog-
ress. However, the early childhood professionals also highlighted negative aspects 
of the assessment embedded in the curriculum, viewing it as an arti"cial, highly 
controlled situation that children may perceive as a test. The on-the-#y assessment 
was reported to be quite demanding because of the complexity of everyday situa-
tions. In particular, the organization of the documentation was described as dif"cult, 
as the focus of the observation only emerges in the situation and is not known from 
the outset.

 Observation and Assessment in Natural Learning Situations

As early mathematical education is not aimed for school-based contexts, but is more 
focused on natural learning situations like play and everyday situations, it seems 
sensible to assess the children’s developmental steps on-the-#y (Shavelson, 2006), 
through everyday observations and when a child shows mathematical skills sponta-
neously. This form of assessment is highly demanding (see above), as the early 
childhood professional must know in the situation, which developmental steps were 
taken and which were not (yet). This in turn requires that these developmental steps 
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are part of the explicit knowledge of the early childhood professionals and that this 
knowledge can be activated in the situation.

Therefore, it may be less demanding to pre-plan assessment situations in natural 
learning situations with the child (planned-for-interaction, Shavelson, 2006). This 
reduces the challenge for the early childhood professional to be spontaneously alert 
in every situation in order to not miss anything.

Especially when early childhood professionals have had little opportunity in 
their vocational training to acquire the explicit knowledge that is essential for an 
on-the-#y assessment (as it is the case in Germany—see Blömeke et al., 2017), a 
planned-for-interaction assessment can be helpful. This could be in the form of a 
game or a pedagogical situation, such as looking at a picture book, with detailed 
stimuli and questions and a documentation instrument tailored to this as a tool to 
assess children’s mathematical skills and competence.

Two situations, which can be classi"ed as natural learning situations (a game and 
reading a picture book), are described below that can be used as planned assessment 
and observation situations. The game situation has a stronger focus on strategies and 
processes to determine quantities, whereas the picture book reading situation has a 
broader focus on basic arithmetic skills. For the assessment situations in a natural 
learning context, early childhood professionals are provided with stimuli and ques-
tions that are assigned to different levels of arithmetic skills so that children’s indi-
vidual basic arithmetic skills and learning processes can be identi"ed and 
observations can be documented.

 Playing a Memory Game with Egg Cartons and Eggs

The classic memory game can be played with egg cartons and different quantities of 
eggs in the carton. The predetermined structure of the egg carton particularly stimu-
lates the structuring perception of quantities and opens up the possibilities of differ-
ent strategies to determinate the quantity.

Like the classic memory game, the cartons are closed and only two cartons are 
allowed to be opened, with each turn. With a typical memory game, only two car-
tons with the same quantity and same arrangement (identical representation) would 
be a solution to "nding a pair. In order to create more learning opportunities, the 
assessment-version of the memory game only require pairs with the same quantity. 
Two cartons are a pair if they contain the same quantity of eggs, even if the eggs are 
arranged differently. This rule enables many different learning opportunities 
(Bäckman, 2016).

The pairs of the memory game can be created together with the children. While 
creating the pairs different arrangements of one quantity can be discussed with the 
children. Here, different structures of arrangements and therefore different part- -
whole relations can become visible. Also, different possibilities to determine the 
quantity can be used, such as count all, count on and non-counting strategies 
(derived fact, composing, decomposing).
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After the cartons are prepared, the game can start. The aim is to "nd pairs and 
explain why it is a pair. When children "nd pairs when playing the game and explain 
why the different arrangements have the same quantity, they can show different 
abilities concerning counting and non-counting strategies to identify the quantity.

The mathematical focus of the game lies on different processes for quantity per-
ception and number determination based on structures in quantity representations. 
This emphasizes a process-oriented view of mathematics. Early childhood profes-
sionals direct their questions and actions not only toward the outcome, but, more 
importantly, toward understanding children’s thought processes and the pathways 
they took to arrive at their conclusions. Rather than simply inquiring, “How many 
are there?”, the emphasis shifts to questions like “Why are there seven?”, “Why did 
you know that?”, “How did you know there were seven?” or “How did you know 
that these boxes make a pair?”

Various situations arise during the game that can be used as assessment situa-
tions, but also as learning opportunities. This also applies to the situation of prepar-
ing the pairs (see above). However, the role and action of the early childhood 
professional is slightly different depending on whether the focus is on assessing 
children’s competencies or on fostering competencies. Based on the observation in 
the assessment situation the early childhood professional can support the learning 
process in an adaptive way. Therefore, similar situations or even the same situations 
and questions can be used to help children to the next step in developing different 
strategies for determining and comparing quantities.

In order to enable precise observations and structured documentation in this 
assessment situation, an observation and documentation sheet with questions and 
stimuli was developed for the professionals, which provides possible observation 
categories and learning stimuli (see Fig. 2).

Despite the structured nature of the assessment and observation, the playful char-
acter of the game should be retained. For this reason, the questions do not have to 
be asked in any particular order, but can be chosen according to the play situation.

The practicability of the documentation is currently being tested by professionals 
in Germany. Following this initial test, the observation form has to be evaluated for 
validity (similar to the validation process described in the next section).

 Reading a Picture Book: Pepe’s Adventure1

When reading a picture book that encourages mathematical interactions, there are 
many opportunities to observe and assess mathematical skills. Experts could use 
this pedagogical situation for assessment purposes even without additional materi-
als. However, if early childhood professionals are to be supported in observing in a 
structured way and in directing their attention precisely to the most important 

1 Developed by Sonia Knochel and Hedwig Gasteiger as part of an exam thesis at the LMU Munich.
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Fig. 2 Documentation tool for memory game

developmental steps, it is useful to provide more speci"c questions and prompts for 
these natural learning situations. In an optimum scenario, once early childhood pro-
fessionals have used these structured questions and prompts several times, they can 
dispense with it because they are then automatically focusing on the essential 
knowledge and skills of children.

For this purpose, the picture book Pepe’s adventure was developed, which, in 
addition to the illustrated pages (see Fig. 3), also opens up opportunities for action, 
for example by allowing bananas to be counted and distributed, which are attached 
to the picture book pages with magnets.

The early childhood professionals can note down their observations using an 
observation grid, which refers to the basic arithmetic skills that the book could make 
available to children, and which can be marked with a cross (excerpt see Fig. 4). 
Additionally, the observation grid gives some guidance about how children can be 
led to the next step of development or how the early childhood professional can help 
the child to react on the question or prompt (column on the right). There is also 
space for the teacher to make additional notes.

In the following, the story of the picture book Pepe’s Adventure is described 
together with the basic arithmetic skills that can be observed by reading the pic-
ture book:

Pepe the monkey likes to jump from tree to tree (resultative counting: How many 
jumps can he do today?). But he actually wants to jump much further today. He 
wants to jump as far as the child can count (Counting skills, number word sequence: 
How far can you count?). Then a small accident happens. Pepe has not held on 
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Fig. 3 Scenes from the book Pepe’s Adventure: Pepe’s jumps & the game of hide and seek (pic-
tures Andrea Maier)

page 2 and 3 (jumps):
The child counts ______ jumps.

the child points to pictures while counting

jumps were omitted

some jumps were counted several times

incorrect number word sequence: ______________

_________________________________________

stimuli to assist the child/for next 
steps of learning:

pointing to jumps 

count to 3 together with the 

child

page 9 (hide and seek):
Child counts backwards: ____________________________

________________________________________________

Option: counting backwards from 20 done     yes       no

Child counts backwards: ___________________________

_______________________________________________

_______________________________________________

stimuli to assist the child/for next 
steps of learning:

counting backwards to 8 

together with the child ('10, 

9, 8 and now it is your turn’)

Option: counting backwards

from 20: together with the 

child to 18 (‘20, 19, 18 and 

now it is your turn’)

Fig. 4 Documentation tool for Pepe’s adventure (excerpt)

tightly and falls to the ground. He injures himself (resultative counting: How many 
wounds does he have?). By chance, Pepe’s friend Maika comes by and treats him. 
She moves on. As a thank-you, Pepe wants to collect bananas for Maika (resultative 
counting: How many bananas do you see?). Pepe collects eight bananas, which the 
child counts again and puts in a basket. Coco—Pepe’s monkey friend—and her little 
brother Toni come along. They have also collected bananas (compare quantities: 
Who has more?). Pepe is happy to meet Coco and Toni and suggests playing hide 
and seek. Toni looks after the two baskets of bananas and Coco and Pepe play hide 
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and seek. Pepe is supposed to look for Coco and "rst has to count backwards from 
ten (Counting skills, number word sequence backwards: How does Pepe have to 
count?). In the meantime, Toni plays with the bananas and counts them (Counting 
skills, number word sequence & counting on: Show Toni how far you can count. 
Can you start counting from three?). Oh dear, Toni has got the bananas all mixed up 
(Comparing: Who has more bananas in the basket now?). Pepe has won the hide- 
and- seek game. Now he realizes that he’s really hungry. He eats four bananas 
(Calculating with countable elements: How many does he have left in his basket?). 
Pepe remembers that he wanted to give Maika 6 bananas - now he has eaten too 
many... (Calculating: How many is he still missing?). So, he jumps up and collects 
four more bananas (Calculating: How many does he have?). He looks for Maika and 
"nds her in the forest. Finally, he can thank her properly and give her the bananas. 
Maika is happy and invites Pepe to sit under the tree and to eat the bananas together.

In order to check whether the picture book can be used to validly record early 
arithmetic skills, a sample of 26 German kindergarten children (n  =  14 female, 
n = 12 male, between 3 years 6 months and 6 years 6 months old—average 4 years 
11 months; SD = 11 month) was assessed with the Pepe picture book. Additionally, 
the OTZ (Osnabrücker Test zur Zahlbegriffsentwicklung [OTZ—a test of number 
concept development]; van Luit et al., 2001) was carried out with the children in 
individual situations to check the validity with correlations (N = 25, the data of one 
girl is missing). The OTZ contains 40 items and consists of eight subscales. Four 
subscales focus on counting skills and calculating, while the other four subscales 
address more basic mathematical skills such as serialization, classi"cation and one- 
to- one mapping.

The Pepe picture book assessment contains 13 items with arithmetical skills, 
relevant for further learning, representing four subscales of different arithmetical 
content (see Table 1). First of all, a reliability test was carried out on the entire Pepe 
picture book assessment.

There were 13 items related to arithmetic content, including resultative counting, 
number word sequence, comparison, and calculation, which formed a reliable scale 

Table 1 Subscales and items of the Pepe picture book assessment

Arithmetical content Context in the story/details Number range/items

Resultative counting Jumps
Wounds
Bananas

Until 9
Until 4
Until 9

Number word sequence Counting forward (jumps)
Counting forward (hide and seek)
Counting backwards (hide and seek)
Counting backwards (option)
Counting on (hide and seek)

As far as the child can count
As far as the child can count
From 10
From 20
Forward starting with 4

Comparison Bananas in two baskets
Bananas in two baskets

8 vs 5
6 vs.7

Calculating Eating bananas
Looking for bananas
Collecting bananas

8–4
4 + ___ = 6
4 + 4
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Table 2 Descriptive data from the Pepe picture book and the OTZ (Solution rate: average of the 
points achieved divided by the maximum number of points to be achieved)

M SD Min Max

OTZ (40 items) .40 .23 .05 .95
OTZ (20 items) .28 .24 .00 .90
Pepe .67 .21 .13 1.00

(Cronbach’s alpha.792). The OTZ also showed good reliability values in the sample 
(Cronbach’s alpha.924) for the whole scale with 40  items. When only the 20 OTZ- 
items which assess number word sequence, counting skills and calculating (compa-
rable to the skills assessed in the Pepe picture book situation) are taken into account, 
the items also show good reliability (Cronbach’s alpha.879).

Looking at the descriptive data (see Table 2), we can see that the OTZ was 
clearly more difficult for the children than answering the questions when look-
ing at the Pepe picture book. The mean value at the OTZ was 40% for all 40 
items and 28% for the 20 items assessing number word sequence, counting 
skills and calculating—compared to a mean value of 67% for the 13 picture 
book items.

To explain the results, it must be considered that the OTZ is normed for an age 
range of 4 to 7  years and our sample of assessed children was younger (3.6 to 
6.6  years). Moreover, the OTZ includes counting and calculating in the number 
range up to 20. The counting tasks in the picture book situation can also be com-
pleted in a higher number range, but the calculation tasks are limited to the number 
range up to 10 (see Fig. 4).

To test the validity of the Pepe picture book assessment, we looked at the cor-
relation between OTZ (in both con"gurations) and the Pepe picture book items. 
We calculated a Pearson correlation for the scale with all OTZ-items related to 
the Pepe picture book items. Both assessment tools correlated strongly and 
highly signi"cantly with r = .77 (p <. 001; Pearson). As the data collected with 
the 20 OTZ-items representing counting skills and calculating was not normally 
distributed, we analyzed the relation between the Pepe picture book assessment 
and OTZ with 20 items with a Spearman-Rho correlation. The correlation coef-
"cient r = .73 (p < .001, Spearman-Rho) also shows a strong relation between the 
scale of the 20 OTZ-items representing counting skills and calculating and the 
Pepe picture book assessment. The Pepe picture book is, therefore, an assess-
ment and observation tool that can gather information on children’s basic arith-
metic skills reliably in kindergarten.

 Discussion and Conclusion

In this article, two natural learning situations—as situations which support children 
in their natural learning processes—were presented (a game and a picture book 
reading situation). These situations focus on the observation and detailed 
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assessment of arithmetic skills by early childhood professionals, through a struc-
tured approach, with deliberately-prepared stimuli. In this way, a precise, mathe-
matically focused and systematic observation and assessment is possible. In addition 
to assessing a child’s developmental stage, it is also possible to observe: What can a 
child achieve and perform with support? In what developmental process is the child 
currently engaged? The information provided through these situations highlight 
how it is possible to combine assessment with individual support for children and 
the stimulation of learning processes.

With the prepared stimuli, professionals do not need to possess the same level 
of explicit knowledge about the learning processes of children as is required in 
spontaneous, situational (on-the-#y) observations. Still, by linking questions 
and observations to arithmetic skills while engaging with the picture book or 
playing the memory game, key arithmetic concepts for further learning emerge, 
thereby enhancing the professional competence of early childhood 
professionals.

Furthermore, the Pepe picture book assessment tool based on a natural learning 
situation has been empirically proven. Basic arithmetic skills are validly recorded 
with this instrument. In both situations—the game and the picture book—the early 
childhood professionals were provided with an observation grid in order to meet 
their desire for simple organization and usability of the documentation (Benz et al., 
2024). Based on the information gathered with the presented opportunities for 
assessment, the early childhood professionals can plan the next steps of learning. 
This could be counting children in the morning, counting the plates for lunchtime, 
simulating a rocket start by counting backward and many other things. The informa-
tion can also be used to offer children speci"c board games or picture books with 
appropriate learning possibilities.

The observation grid and the accompanying stimuli can also serve as valuable 
tools for professional development, as they enhance early childhood profession-
als’ awareness of the mathematical potential inherent in natural learning situa-
tions. Additionally, they help professionals recognize the various levels of 
mathematical skills that children may demonstrate. As it is mentioned above, 
working with these prepared and structured stimuli can help the early childhood 
professionals to get ideas about situations in which they could ask questions, to 
provide further learning opportunities and to assess children’s skills. This is 
because learning support without prior assessment is not adaptive and can be 
unspeci"c, whereas assessment without subsequent support does not help children 
in their development and can lead to stigmatization. It is the strong link between 
assessment and learning support (Hußmann & Selter, 2013; Mulligan & 
Mitchelmore, 2018) that provides a good basis for sustainable mathematical learn-
ing processes.

More extensive testing of both planned-for-interaction-situations in practice will 
provide further insights into their feasibility and usability. If the situations described 
in this chapter prove to be effective, observation grids and accompanying stimuli 
can also be developed for other natural learning situations, such as dice games or 
everyday situations like setting the table.
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Early Childhood Student Teachers 
Designing and Discussing Mathematics 
in Games

Annette Furnes, Sigurd A. Haaland, Magni Hope Lossius, and Elena Severina

 Introduction

Bennett (2005) distinguished between two types of approaches to Early Childhood 
Education and Care (ECEC). In contrast to the school readiness approach, the peda-
gogical approach underlying ECEC in Norway, like other Nordic countries, is the 
social policy pedagogy approach, which focuses on the child’s holistic develop-
ment, being “"rmly play-based, with movement, choice and child autonomy in evi-
dence” (Bennett, 2005, p. 11). To achieve this, “[s]taff are trained to work in open 
framework contexts”, which “allow them to experiment with different pedagogical 
approaches” (Bennett, 2005, p. 11). To support children’s mathematical learning in 
play, ECEC teachers need to recognise mathematical content in the moment; mean-
ing that kindergarten teachers’ mathematical knowledge is an important prerequi-
site for being able to do this (Oppermann et al., 2016).

Games are one type of play, valued by mathematicians for their rule-governed 
behaviour, mirroring how they work with mathematics itself (Bishop, 1988a). In 
teacher education, there is a growing awareness of the value of game-based 
approaches to teaching and learning of mathematics (Kangas et al., 2016; Russo 
et al., 2021; O#az, 2023). Research has shown the potential of mathematical games 
to enhance mathematical thinking (Smith & Golding, 2018). There are a few studies 
concerning mathematics and game design, for example Pilten et al. (2017). However, 
in research on game-based learning of mathematics in teacher education, game 
design comprised only 2% of studies (Moon et al., 2024). In Pilten et al.’s (2017) 
study, the mathematical game design skills of primary school student teachers were 
investigated in relationship to design principles. As games are recognised as media-
tors of mathematical content and spaces for mathematical learning (Bayeck, 2020), 
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being able to design games could also be useful for future ECEC teachers. However, 
there is a lack of research from ECEC using a social policy pedagogy approach, that 
have holistic and playful settings connected to mathematics and games. Our study 
explores the design of games by early childhood student teachers aiming to contrib-
ute to understandings about how to recognise mathematics in such settings.

The Norwegian Framework Plan (Ministry of Education, 2017) for ECEC, 
describes mathematics in the learning area “Quantities, spaces and shapes”, and 
indicates that kindergarten teachers “shall use […] games [together with other 
tools and materials] to inspire the children’s mathematical thinking” (Ministry of 
Education, 2017, p.  54). “Quantities, spaces and shapes” builds upon Bishop’s 
(1988a) six fundamental mathematical activities, which he considered to be uni-
versal for all cultures. One of the fundamental mathematical activities is Playing, 
de"ned as “[d]evising, and engaging in, games and pastimes, with more or less 
formalised rules that all players must abide by” (Bishop, 1988b, p. 183). Studying 
problem-solving and problem-posing in the Norwegian kindergarten context, 
Fosse et al. (2020) built on Bishop (1988a, 1988b) and expanded the fundamental 
activity of Playing to include imagination and hypothetical thinking. By model-
ling reality, all players practice making assumptions, predictions, guesses and esti-
mations. Therefore, problem-solving can be related to both Playing, by the 
question how to, and another of the six fundamental activities, Explaining, 
related to why.

There is limited research available on how teacher education supports student 
teachers to include mathematical content in holistic, play-based learning situations. 
Therefore, our research question is: What mathematics can be identi!ed in the 
games student teachers design?

As the timeframe of the teaching session was limited and the student teachers 
were new to game design, some of their valuable ideas may not have been imple-
mented as intended. Therefore, we analysed the student teachers’ process of 
designing, playing and discussing the games. We "rst describe some connections 
between game design features (Schell, 2019) and mathematics, and then present 
Artefact-  Centric Activity Theory (ACAT), the theoretical framework of our study. 
We identify mathematical content in the games, based on Bishop’s fundamental 
activities, while ACAT is used to reveal the mathematical potential for young chil-
dren of the game and the student teachers’ understandings about mathematics for 
young children.

 Game Design and Mathematics

As noted previously, mathematics in the Norwegian Framework Plan (Ministry of 
Education, 2017) is understood in terms of Bishop’s (1988a, 1988b) fundamental 
mathematical activities. These activities are: Counting (systematically identify, 
organise, compare and explore quantities of objects), Designing (using mental 
images to design a shape or an object in the environment), Measuring (quantifying 
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qualities for purposes of comparison and ordering), Locating (exploring one’s spa-
tial environment and conceptualising and symbolising it), Explaining ("nding ways 
to account for the existence of phenomena) and, previously described, Playing. 
Bishop (1988a, p. 48) associates the fundamental mathematical activities with ques-
tions: Counting would correspond to human activities focusing on how many; 
Measuring—how much; Locating—where; Designing—what, Playing—how, and 
Explaining—why.

To understand the game design process, which is non-linear, creative and com-
plex, Schell (2019) suggested using different “lenses”. The lens of elemental tetrad 
describes game design as consisting of four interrelated elements: Mechanics (game 
procedures and rules), Story (sequence of events), Aesthetics (sensory appeal) and 
Technology (materials and interactions). The lens of player indicates the importance 
of always having in mind who is the player and what is a suitable gameplay type 
(individual, competitive, collaborative, etc.).

Games, often considered to be tangible real-life objects, have possibilities for 
conveying mathematics, that are closely related to how game design elements are 
interconnected. For example, the fact that the Technology of the game has a die is 
not enough to conclude that the game is about Bishop’s Counting, because the 
Aesthetics component could de"ne that the die has colours or geometrical shapes 
instead of dots or number symbols. The rules decide how this die can be used. For 
example, a die with shapes combined with the rule “"nd a similar shape” challenges 
a child to recognize the shape, therefore engaging in Designing, and not Counting. 
Likewise, unclear rules will require players to negotiate, creating opportunities for 
problem-solving and, therefore, Playing. Aesthetics affects visualisations of the 
mathematical content, while Story in#uences the possibility to choose different 
actions, instead of blindly relying on chance. Therefore, we carefully describe the 
game design elements before identifying its mathematical content.

 Game Design and Artefact-Centric Activity Theory

To discover how student teachers incorporated mathematics into designing games 
for young children, we choose to use ACAT. Originally ACAT was developed to 
support the development of digital games for children to be used on multi-touch 
devices (Ladel & Kortenkamp, 2011) and further developed to assess digital apps 
(Larkin et  al., 2019). ACAT is a theoretical model based on Cultural-Historical 
Activity theories originated in the 1930s as part of Soviet psychological activity 
theory and further developed by Leontiev (1972/81) and Engeström et al. (1999). 
According to Larkin et al. (2019), ACAT can be a “methodological tool to under-
stand and structure the complex, causal network of relationship that compromises 
the interacting activity system of teaching and learning” (p. 60). Both digital games 
(apps) and analogue games (e.g. board games) are cultural artefacts which mediate 
children’s learning of the mathematics which is in focus (see Fig. 1).
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Fig. 1 Adopted ACAT model (Ladel & Kortenkamp, 2011, p. 66): blue—the right triangle nodes, 
yellow—the left triangle nodes

The ACAT model (Fig. 1) consists of "ve nodes: subject, artefact, object, rules, 
and group (Ladel & Kortenkamp, 2011; Larkin et  al., 2019). The relationship 
between these is described by the intertwined processes of internalization and exter-
nalization, operating continuously (Engeström et al., 1999). In ECTE context, Vee 
and Meaney (2022) used ACAT to identify the potential relationship between the 
child (subject) and the mathematical content (object) mediated by apps (artefact) 
based on the student teachers’ app evaluations. Although children were not partici-
pating in the study, the student teachers focused on them as the subjects when mak-
ing their evaluations, because they would be expected to be learning mathematics 
(object) through interacting with apps (artefact).

In alignment with Schell’s (2019) elemental tetrad, we consider that game proce-
dures and rules (element of Mechanics) are related to the rules node as they dictate 
how the game is played. The game’s elements of Aesthetics and Technology belong 
to the artefact node because they are tools to visualise the Mechanics and make it 
tangible for players. The gameplay type and element of Story frame allowed inter-
actions among players, making it relevant for the group node. The group node rep-
resents players’ interaction with each other while playing, including the required 
scaffolding of children’s learning, with and without the support of the artefact, 
which is linked to the rules node.

The ACAT model can be split into three substructures: subject–artefact–object 
(horizontal axis), artefact–object–rules (right triangle), and artefact–subject–group 
(left triangle) (Ladel & Kortenkamp, 2011; Larkin et al., 2019). The horizontal axis 
gives information about the mathematical concepts the games make available for 
players. The right triangle is linked to the design process and may provide insight 

A. Furnes et al.



187

into how the student teachers viewed mathematics and expected it to be learnt. The 
left triangle is linked to the gameplay and may indicate how the student teachers 
thought children would engage with mathematics through the opportunities made 
available by the game, such as by discussing it with others or by silently taking each 
turn to move around the board. Analysing each substructure helps to understand the 
potential relationships that the student teachers considered that there were between 
the subject (child) and object (mathematical content), mediated by the artefact 
(games designed by student teachers).

According to Ladel and Kortenkamp (2011), the subject–artefact–object-line 
(Fig.  1) is the primary substructure for studying interaction. Here, learning and 
understanding of the object by the subject through the artefact are viewed as ongo-
ing, intertwined processes of internalization and externalization. When studying 
game design processes in an educational context, the artefact–object–rules-triangle 
(Fig. 1, right triangle) provides insights into the interaction between the game (arte-
fact) and the mathematical content (object) through the game’s rules and procedures 
(rules). “Through the rules we de"ne the object formally (externalizing it) and the 
rules are made to capture the nature of the object in the best way possible (internal-
ization)” (Ladel & Kortenkamp, 2011, p. 4). The rules externalize abstract mathe-
matical concepts (e.g. one-to-one correspondence), making them concrete (e.g., 
through the provision of a dotted die, rather than one with the digits representing the 
amounts) while supporting the subject’s internalizing of these expectations (e.g. 
about using the provided die) within the physical components of the game. The 
artefact-subject-group-triangle (Fig. 1, left triangle) emphasises how the subject is 
in#uenced by the potential group who would play the game. The interaction with 
and around the game depends on who is playing, which could in#uence which 
mathematical objects were engaged with, which may differ from those which were 
the focus of the game.

 Methods

In Norway, early childhood teachers complete a three-year bachelor program, in 
which “Language, Text and Mathematics” is a mandatory course in the "rst year of 
study, speci"cally focusing on mathematics and Norwegian language. Playful learn-
ing is one of the course’s central topics, as well as Bishop’s (1988b) six fundamental 
mathematical activities. In this chapter, we use data collected in a small-scale design 
research project on playful learning from this course. As part of the project, teacher 
educators, including the authors, organised a 6  hour workshop in which student 
teachers designed games suitable for children aged one to 6 years. The guidelines 
indicated that the game should facilitate experiences of at least one of Bishop’s 
(1988b) activities, which had previously been introduced in the course. The "rst- 
year student teachers designed the games during an interdisciplinary play workshop 
in "ve classes (two in autumn 2023 and three in spring 2024). As well as designing 
the games, the student teachers played the games and either made a sales pitch to 
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present their game to "ctious buyers or made a game page in Book Creator (a digital 
app). Each group of student teachers was taught by two teacher educators and was 
observed by at least two other teacher educators. The authors attended workshops as 
either teachers or observers.

Data from the workshops includes unstructured, individual "eld notes on student 
teachers’ game design processes, photos, as well as 21 games. For this paper, we 
analyse the games and the "eld notes on student teachers’ actions and dialogues 
from designing, presenting, playing and discussing games in the "ve classes. Due to 
the unstructured nature of the "eld notes, the amount of data about each game var-
ied. The project followed ethical requirements for research in Norway.

We conducted the data analyses in three steps. In the "rst step, we categorized 
the games according to the elemental tetrad and gameplay type (Schell, 2019) to 
reveal the diversity of game designs. In the second step, we identi"ed the mathemat-
ical content, according to Bishop’s (1988a) six universal activities. The third step 
involved identifying how the student teachers considered that young children would 
engage with the mathematics, using ACAT.

Initially, three of the authors worked together to become familiar with the games 
and "eld notes. We then extended the "eld notes for each game with a description of 
the game’s design, based on the elemental tetrad and types of gameplay (Schell, 
2019). Most of the games had clear rules (20 of 21), a linear story (19 of 21) and 
involved competitive gameplay (16 of 21). For further analysis, we chose one game 
with open rules, one with a branching story and one with collaborative gameplay to 
ensure that we gained insights from the range of game design types.

In the second step of the analysis, we identi"ed the mathematical content of the 
game. In operationalising Bishop’s mathematical activities in relationship to each 
game, we agreed that Counting could be identi"ed in rules that encouraged players 
to use elements of aesthetics (tally objects, number symbols, number line or rele-
vant drawings on the cards/game board) and technology (e.g., task cards, dice) to 
"nd out how many. Measuring could be identi"ed in rules that encouraged players 
to use elements of aesthetics (physical objects or functional visualizations on the 
gameboard and/or task cards), technology (e.g., task cards, rope, natural material) 
and story (unfolding of the route) to use comparison words and "nd out how much. 
Locating could be identi"ed in rules that encouraged players to use elements of 
aesthetics (functional visualizations), technology (e.g., task cards), story (unfolding 
of the route) or other ways to identify the route to "nd out where. Designing could 
be identi"ed in rules that encouraged players to use elements of aesthetics (func-
tional visualizations like shapes) and technology (e.g., task cards, puzzle pieces) to 
"nd out what. Playing could be identi"ed in rules that encouraged players to use 
elements of aesthetics (functional visualisations), technology (e.g. task cards, puz-
zle pieces) and story (unfolding of the route and related dependencies) to engage in 
problem-solving to "nd out how. Explaining could be identi"ed through rules that 
encouraged players to use elements of (functional visualisations), technology (e.g. 
task cards) or story (unfolding of the route and related dependencies) to classify or 
de"ne something and "nd out why. Collaborative games might increase the number 
of situations where why-questions are posed and where players are engaged in 

A. Furnes et al.



189

Table 1 Classi"cation of our data into different ACAT nodes

ACAT 
node

Description of the node and 
type of data that belongs to it Example from our data

Object Bishop’s activities. Data 
included explicit naming of 
mathematics in the game by the 
student teachers or the 
mathematics made available by 
features of game design

Counting was evident in "eld notes which captured 
student teachers during the game design discussing 
counting in the game or the use of number symbols 
on the board

Rules Rules of the game. Data orally 
or written describing rules and/
or gameplay of the game

The student teachers describe the rules: “Roll the 
dice, count the number of dots on the dice and move 
the corresponding pieces forward”

Artefact Explicit aspects of the game 
design made available through 
the game itself or student 
teachers’ remarks, e.g. 
aesthetics

The design of the game (Fig. 2) might incorporate 
counting through aesthetics like number symbols on 
the gameboard and technology through a die with 
dots etc.

Subject Children. Data documenting 
student teachers’ discussions of 
the learning potential for a 
child from playing the game

Student teachers said during the sales pitch, “in this 
task, they [children] will explain to each other how 
to cross the water, for example by using “left” and 
“right”. Here student teachers explain the game’s 
potential for children to learn about locating

Group Group of players. Field notes 
documenting student teachers 
discussing the potential for 
interaction between children 
and/or ECEC teachers using the 
game or other comments about 
groups as players

Student teachers said during the sales pitch: “Now 
we have one hunter. It might be that the children 
want two hunters. That is open for discussion. … 
that’s where we can play with the children’s 
imagination. They can participate, we can have 
multiple wolves, hunters” this "eldnote describes 
how the student teachers identi"ed possible 
interactions in a group related to the object playing

problem-  solving together, hence gameplay type may in#uence engagement in 
Explaining and Playing.

In the "nal step, we used the ACAT model (Ladel & Kortenkamp, 2011) to anal-
yse the games and corresponding "eld notes. The mathematical content identi"ed in 
step two was considered to be the object. Then the data was further analysed to 
identify their relevance to other nodes (see Table 1). If several of Bishop’s mathe-
matical activities were evident in the data, each was considered a separate object 
and analysis was repeated for each object.

 Results

To answer the research question, “What mathematics can be identi!ed in the games 
student teachers design?”, we present the results from three games to illustrate how 
the students teachers identi"ed how the potential for mathematical learning oppor-
tunities was integrated into the variety of game designs.
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Fig. 2 Game “One, Two, 
Three—Eat Little Red 
Riding Hood”

 Game “One, Two, Three—Eat Little Red Riding Hood”

The game “One, two, three—eat Little Red Riding Hood” (Fig. 2) was selected for 
analysis as it was the only game where the design included rules which were open 
for negotiation. It was based on the fairy story “Little Red Riding Hood”, which is 
well known in Norwegian ECEC institutions. This game was designed, played, and 
presented by the student teachers to a potential buyer by holding a sales pitch.

The gameboard had a prede"ned route, with progress determined by rolling a 
die. According to student teachers in the sales pitch presentation, this was a com-
petitive game where children would be encouraged to play with an adult. Like 10 of 
the 21 games designed by the student teachers, this game was inspired by “Snakes 
and Ladders” with the game space being restricted to in and around the board. 
Players started at the gate (bottom right corner of Fig. 2) and move forward along 
spaces 1–19 (coloured circles on the board in Fig. 2). There were two places where 
the player should go backwards (arrow) or down (ladder). To complete the route, the 
players had to cross a pond in front of Little Red Riding Hood’s house by throwing 
a ball into a free-standing egg-box. The game elements and player pieces are the-
matically adapted to the fairy story.

 Analysis

We identi"ed Locating, Measuring, Counting, Playing in the game and the "eld 
notes about the student teachers’ design. Locating and Measuring were not as evi-
dent in the game design and related processes. Locating, Measuring and Playing 
were recognised in the rule “throw the ball into the egg-box”, indicating that the 
player must throw a ball into a free-standing egg-box to cross a pond. Estimating the 
distance to the egg-box involves judgments related to where and how long. However, 

A. Furnes et al.



191

freedom to position the egg-box, invited players to consider how to achieve the 
desired outcome, indicating that Playing could be considered part of the object of 
the game. Counting could be recognised through the rule to use a dotted die to 
de"ne how many steps to move a player piece forward on the board.

Studying the processes of internalization and externalization between the game 
(artefact) and the child (subject) offers information about the opportunities that the 
student teachers made available for Counting activities in the game. One-to-one cor-
respondence could be stimulated by interpreting the die and moving the game piece 
around the board accordingly. The numbered circles on the game board are an exter-
nalization of a number sequence that could invite the players to internalize the sym-
bols and/or numerical sequence 1–19. However, the student teachers’ explanation of 
the rules during the sales pitch “you start at the gate, roll the dice, and move as many 
steps as the dice shows in one direction (except in positions 5 and 12)” indicates that 
they may not have identi"ed how children could internalize other Counting compo-
nents other than one-to-one correspondence.

Playing (object) was initially identi"ed in relation to the rule about the pond 
crossing. The student teachers commented during the sales pitch, “They (the chil-
dren) have to agree where to place it (the egg-box). They can adjust the dif"culty by 
placing it closer.” We interpreted this as the student teachers were highlighting the 
children’s possibilities for problem-solving, through the provision of open rules. 
During the sales pitch, student teachers de"ned their game as “multifunctional”, 
meaning it was also considered to act as a set of toys, revealing a slightly different 
understanding related to Playing as an object:

This game allows for negotiations because now we have one hunter. It might be that the 
children want two hunters. That is open for discussion. Perhaps they want to include 
grandma? We don’t have grandma here, but it is possible. We have certain rules that are not 
completely determined, we can change the game as we go along. The hunter, who will be 
him? Who will get eaten? Little Red Riding Hood or the hunter? That is where we can play 
with the children’s imagination. They can participate, we can have multiple wolves, hunters.

In this utterance, the student teachers indicated that they valued the rules of the 
game being open, as they provided opportunities for the children to negotiate and 
therefore to engage in problem-solving. The focus on negotiation also highlighted 
possible interactions between the group (children and kindergarten teachers), the 
subject (the player) and the artefact (the game), which are part of ACAT’s left tri-
angle. Several hypothetical scenarios are presented by the student teachers, high-
lighting that they focused on the mathematical object Playing, by considering 
problem-solving and rule negotiation. The student teachers raised different ideas 
about what the children might wonder about, indicating that the student teachers 
were open to listening to the children, making them aware of children’s possible 
internalization processes. They suggested that children might include new, previ-
ously unidenti"ed elements in the game (grandma, an extra hunter) and encourage 
rule negotiations among children. If this happens the realisation of such possibilities 
could be considered examples of the externalization of children’s internal under-
standings, as Engeström et al. (1999) described that an internal representation can 
become externalized through speech. All these ideas were open to different degrees 
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of complexity in the gameplay and thus possible developments in the mathematical 
objects and children’s learning.

Measuring and Locating were externalized as objects through the rule “throw the 
ball to the egg-box”-part of gameplay and using game board design with a free- -
standing egg-box. The student teachers suggested that children might be interested 
in “measuring how long it is from start to end [on the game board]”. This indicates 
that the presence of the objects Measuring and Locating in game design could 
appear, but that student teachers might need further assistance to identify possibili-
ties in playing games with children that are more realistic.

According to the student teachers’ sales pitch, the presence of the geometrical 
shapes (square, rectangle, circle, or triangle) on the back of wolf-"gures could 
expose children to Designing. However, Bishop’s de"nition of designing included 
“creating a shape or design for an object” (1988b, p. 183), which the game design 
did not seem to prompt the children to do when playing the game. Rather, the use of 
shapes to differentiate the wolves seemed to only act as labels. Therefore, the stu-
dent teachers may need further insights into what is involved in the mathematical 
activity of Designing.

To summarise, four of Bishop’s (1988a) mathematical activities were identi"ed 
as objects of the game based on the collected data about the student teachers’ design 
process: Measuring, Counting, Locating and Playing. Although student teachers’ 
comments suggested that they considered that young children could learn about 
Designing from playing the game, we found their explanation not to be in alignment 
with Bishop’s de"nition. The student teachers paid attention to these mathematical 
foci (objects) while designing the game. When student teachers described the pos-
sible learning opportunities for children provided by the game, they did not focus on 
Locating or Measuring, but elaborated opportunities explicitly connected to 
Counting, implicitly (through rules negotiation and problem-solving) related to 
Playing, and Designing, although this may need further development. Our analyses 
of the left and right triangles of ACAT helped us to identify nuances in what math-
ematics the student teachers noted and what they still needed support to recognise.

The last peculiarity of the game is related to its collaborative gameplay. Studying 
the rules of the game in the right triangle of the ACAT model, it seems to be a com-
petitive game for repetitive activities about counting. However, analyses of the data 
related to the group in the left triangle of ACAT revealed that the game could encour-
age children to problem solve by negotiating rules, add characters and construct 
new ideas.

 Game “Ulf That Disappeared”

The game “Ulf That Disappeared” (Fig. 3) was selected for analysis of a particular 
feature of the route choice that seemed to support the emergent development of the 
story. The game supports two to four individually competing players and has a 
clearly de"ned set of rules. According to the student teachers’ explanation, the game 
was inspired by the game “The Lost Diamond”. Each player starts in the corner 
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Fig. 3 Game “Ulf That 
Disappeared”

diagonally opposite to the colour matching their piece. The objective of the game is 
to "nd Ulf, who is lost in the forest (represented by the game board), and return 
from the forest to any starting point. The move allowance in each round is deter-
mined by rolling a dotted die, but otherwise, players are free to choose their route 
and direction. Wooden forest markers are randomly placed on the circular spaces at 
the start of the game. When landing on a forest marker space, the player turns the 
marker, revealing either a magnifying glass (check any marker on the board without 
sharing the information), boots (roll the die to move one more time), a hot air bal-
loon (move to any space on the board), a treasure (worth two points), a wolf (worth 
one point, forcing the player back to the nearest starting point), or Ulf (unique 
marker, worth three points). When the Ulf-marker is found, all players must exit the 
forest through a starting point (worth two points if the starting point matches your 
piece colour). The player with the most points after everyone exits the forest wins. 
This game was designed, played and presented in Book Creator.

 Analysis

We identi"ed Counting, Playing and Locating as the mathematical objects of the 
game. Counting was identi"ed in the inclusion of the rule to use a dotted die to 
de"ne how many steps to move a player piece forward on the board and by compar-
ing how many points. Locating and Playing were prompted through the inclusion of 
rules requiring players to navigate in the forest while also maximising the collection 
of points. Locating was identi"ed from the implicit requirement that children should 
read and use the forest map, presented through the aesthetics of gameboard, in order 
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to decide where to move next. Playing was identi"ed through the children being 
required to engage in problem-solving, related to how to choose the next destination 
to win the game.

To see how Counting (object) was included in the design, we studied the horizon-
tal axis of ACAT.  The processes of internalization and externalization between 
Counting and the player through the game could be stimulated by interpreting the 
dots on the die and moving the game piece the same quantity of spaces which indi-
cated a need for one-to-one correspondence. These requirements suggested that the 
children had possibilities to internalize counting concepts and processes such as the 
cardinal principle and the number sequence, by keeping track of their points. 
Utilisation of the hot-air balloon had the possibility to facilitate the children’s inter-
nalization of the number sequence and the cardinal principle, in order to answer the 
question of “how many forest markers may I get”.

When Playing was the object, we identi"ed the important role of the free route 
choice as an externalisation of the relationship in the right triangle of ACAT. The 
student teachers mentioned that when collecting forest markers, some routes may 
provide more markers than others, and that after Ulf was found, each player had the 
opportunity to decide to either collect more markers or exit as quickly as possible. 
To solve the problem of how to win the game, these decisions were relevant. 
Therefore, we interpret these as examples of the potential problem-solving opportu-
nities that children might engage in. At the same time, focus on gaining the most 
markers required utilisation of Counting, while orientation on the gameboard 
required Locating.

In the rules, it seemed that the children could engage with Locating by identify-
ing the routes made available from utilising the magnifying glass and the hot-air 
balloon markers. Additionally, if they chose to act strategically they could gain an 
extra two points to match the exit and the player piece’s colour. From the student 
teachers’ perspective, Locating was a central mathematical object of the game 
because the child needed to orient themselves in the forest. Super"cially, this makes 
sense, as the game offered children possibilities for their route choice on the map, 
with the goal of the game being to locate Ulf. However, the analysis of the game 
using ACAT indicated that the route choice was more likely to promote children to 
engage in Playing (strategies and hypothetical reasoning) and Counting to a signi"-
cantly higher degree than Locating.

After the student teachers had designed their game, they presented it in Book 
Creator. The aim of this part of the task was to make the student teachers aware of 
the potential relationship between young children, the mathematical content in the 
game, and how their game might support learning of the mathematical content. 
However, this group of student teachers used Book Creator to show the design pro-
cess and pictures of the games, rather than writing re#ections on what they should 
be aware of when the game will be played with children. Therefore, there was insuf-
"cient data to complete an analysis of the left triangle of ACAT. This was typical for 
those groups of student teachers who were assigned to use Book Creator rather than 
present a sales pitch about their games.
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 Game “Ulf Goes Out”

In the game “Ulf Goes Out” (Fig. 4), all the players had to collaborate to get Ulf 
home and the student teachers positioned it from the start as a “problem-solving” 
game. This made it unusual both because of the expectations that the children were 
to work together and in regard to the mathematical content. The rules were clearly 
de"ned, even though one of the student teachers stated that all games played in 
ECEC should be open to rule change to adapt to age groups. The player piece is 
moved along a speci"c path with a stop at "ve places to solve a task. Answers or 
heuristics were not provided. If Task 1 is solved, the players are allowed to move on. 
Solving Task 2 allows the group to take a shortcut and skip Task 3. This provides an 
alternative scenario in the game, but not the route choice. The players meet several 
characters from the picture book “Ulf is Unwell” (Wexelsen & Kuhn, 2020) while 
playing, and the game unfolds almost exclusively on the gameboard. This game was 
designed, played and then presented in Book Creator.

 Analysis

We identi"ed Counting, Locating, Playing and Explaining as the potential mathe-
matical objects that children would engage with if they played the game. Locating 
was identi"ed through the rule requiring players to navigate the player piece along 
a road containing aesthetics components like tasks, a bridge and a ladder. 
Additionally, task 5 challenges players to cross a pond using direction markers on 
the “hills”. This requires orientation in the game board landscape and use of the 
direction terms. Counting is a potential object because of the set order of the tasks 
(task 3 cannot be done before task 1), also Task 4 requires the use of a tally on the 
game board to answer “How many #owers are there in the garden?”. Playing is 

Fig. 4 Game “Ulf 
Goes Out”
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identi"ed through Task 2, answering how a snake might climb a ladder, while 
Explaining is also connected to Task 2 as the collaborative gameplay type facilitates 
discussions concerning why.

To consider how Counting was included in the design, we focused on the right 
triangle of the ACAT model. The student teachers painted six bushes with various 
amounts of roses on the game board, and Task 4 required the players to "nd how 
many #owers there were in the garden. Hence the game could be considered to 
externalize Counting concepts such as one-to-one correspondence, the number 
sequence, and the cardinal principle through the presentation of the rose bushes on 
the game board. The horizontal axis of ACAT suggests how children could internal-
ize and externalize these Counting concepts by pointing their "ngers at each rose 
while counting. The student teachers explained that the artefact did not include 
answers because “this is a prototype” and someone, presumably an adult, should 
read and provide feedback to the children. Studying the left triangle of ACAT, the 
collaborative format of “Ulf goes out” could provide more situations where exter-
nalization of Counting is possible. As the children must work together, it is most 
likely that they would share their heuristics and answers providing their understand-
ings to others about the mathematics they were engaging with.

The game potentially encourages the internalization and externalization of 
Locating concepts and processes by promoting positioning and orientation in the 
route design, starting at the “Start” space and ending at “Home”, following arrows 
on the road and stones on the way. The student teachers explained, “players have to 
move their player pieces along the route”. In Task 5, the players would need to use 
direction terms such as left, right, forward to cross a pond scattered with stones. 
When explaining the game design, a student teacher stated “in this task, they will 
explain to each other how to cross the water, for example by using ‘left’ and ‘right’.” 
This suggests that the student teachers were aware of how children might inter-
nalise and externalise the use of these terms, through hearing others use them and 
using them themselves. However, the student teachers’ re#ections did not discuss if 
and how Locating could be internalized by players. There is also some uncertainty 
whether direction terms would actually be used to solve the problem in Task 5.

The most prominent mathematical objects of the game, are Playing and 
Explaining. In Task 2, players are required to "gure out how a snake would climb a 
ladder. The location of Task 2 is accompanied by a model of a snake and the task 
stated, “I have no legs nor arms; will I still be able to climb the ladder?”. According 
to the student teachers, the players are expected to discuss the difference in how a 
snake moves in contrast to humans, restrictions in the way a snake moves, linking 
to for example an earthworm climbing a stick, enquire about snakes’ general ability 
to climb, explore the model of the snake, come to an agreement and conclude if and 
how a snake would climb a ladder. According to Bishop (1988a, p. 48), Explaining 
answers the question why while Playing answers how to. In this task, these two 
objects are intertwined involving problem-solving through how to while exploring 
the model snake and answering the why question through discussions. The rules do 
not dictate how to solve the tasks nor provide speci"c answers. The rules, however, 
make the game collaborative and thus facilitate Explaining in the group node. 
Hence, the group node in the left triangle of ACAT indicates where there may be 
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opportunities for interaction, which could contribute to engaging with Explaining, 
building on rules of the game which require the children to cooperate which is dis-
cussed in the right triangle of ACAT.

The game design had some limitations, as young children might struggle with 
the lack of clarity concerning how the tasks were to be solved which could lead to 
them not engaging with the mathematical objects that the student teachers had iden-
ti"ed. Also, the game had only "ve tasks, so children might "nd it uninteresting to 
play more than once. However, the student teachers seemed to recognise some of 
the limitations when they stated, “This [the game] is a prototype”, indicating that 
several things could be improved.

 Discussion

This study aimed to get insights into the mathematics identi"ed in games designed 
by student teachers. Mathematics was expressed in terms of Bishop’s (1988a, 
1988b) mathematical activities. Most of the student teachers’ games were competi-
tive board games, with unambiguous rules and a linear storyline, along a prede"ned 
route. The results of the study provide some insights into the mathematics the stu-
dent teachers integrated into their games so it became available for the players. 
From the "ndings, it was clear that some student teachers still needed teacher edu-
cators’ support to expand their understanding of how games they design could offer 
children mathematical experiences.

Across the different games, the student teachers identi"ed Bishop’s six mathemat-
ical activities (1988a, 1988b), although to different degrees. In earlier research, Vee 
(2023) found that student teachers main focus was on Counting when evaluating apps 
(digital games), with some apps also considered as providing opportunities to support 
Locating and problem-solving, as part of Playing. Similarly, the student teachers in 
our study also seemed to focus on Counting and Playing by mostly including oppor-
tunities to engage with these in their games. Counting (Bishop, 1988a) was the most 
frequently identi"ed mathematical activity because of the children were expected to 
use a dotted die to determine the number of steps along the routes set out in each of 
the games. The student teachers also identi"ed Counting in the task cards, which they 
included in their games, which were also considered as providing problem-solving 
activities. The integration of Counting in the games by the student teachers was in 
alignment with Bayeck’s (2020) literature review which indicated that games can be 
effective in fostering number sense among young children. Overall, it seems that 
designing games can support student teachers to identify different aspects of mathe-
matics in play situations. However, given that not all of the six activities were in 
focus, there is a role for teacher educators to develop the student teachers’ under-
standings about other mathematical activities, such as Designing and Measuring.

The mathematical activity of Playing (Bishop, 1988a) was identi"ed by the 
inclusion of different kinds of problem-solving. In “Ulf That Disappeared” and “Ulf 
Is Going Out”, problem-solving was prominently expressed through the game 
design elements such as Mechanics and Aesthetics. However, in “One, Two, 
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Tree—Eat Little Riding Hood”, the student teachers discussed aspects of Playing in 
their sales pitch, revealing a different understanding of gameplay, where children 
are invited to modify Rules and Aesthetics, like adding characters, of the game.

The use of ACAT highlighted how the fundamental mathematical activities 
(1988a, 1988b) identi"ed in the designing of the games was not always evident in 
the student teachers’ re#ections during testing, playing, and presenting their games. 
For example, in the game “One, Two, Three—Eat Little Red Riding Hood,” it was 
possible to identify Locating and Measuring in the Aesthetics element of the game 
(design of the pond), but the student teachers did not discuss these two activities as 
related to game design during their re#ections. The analysis using ACAT provided 
a nuanced picture of the possible interactions between the subject and the object. 
The right triangle offered insights into what student teachers paid attention to when 
designing their games, while the left triangle showed how the student teachers con-
sidered that the group might affect the mathematics promoted by the game. As was 
the case in other research with student teachers which analysed how they recognised 
mathematics (e.g., Vee & Meaney, 2022; Vee, 2023), ACAT facilitated the identi"-
cation of the mathematical content. It also expanded our understanding of how the 
student teachers’ game design process, was manifested in the game features.

As the student teachers were in their "rst year, it was to be expected that mathe-
matical awareness during the design process would still require some development, 
as it is dependent on their mathematical understanding and their experiences of 
playing games with children. According to Oppermann et al. (2016), mathematical 
knowledge is essential for ECEC teachers to use their pedagogical repertoire in play 
settings, of which playing games is one example. O#az (2023) highlighted the role 
of game design and re#ection in the development of student teachers’ skills to adopt 
games as a pedagogical tool in their practice. In this study, we could see that the 
game design required mathematical knowledge so that they could recognise how to 
include mathematics into the game’s design (Schell, 2019) and ful"l their aim for 
the games. The student teachers’ re#ections highlighted how they considered how 
the mathematical content might appear when the game was played with children. 
The didactical considerations during the game design concerned the predicted 
development of the player. Therefore, the ECEC teacher educators may need to 
provide ongoing support to assist student teachers to make didactical decisions 
throughout the game design process.

 Conclusions

This study investigated the mathematics that could be identi"ed in the games that 
student teachers designed during their compulsory course that included mathemat-
ics education in their ECEC teacher education. We identi"ed differences between 
what the student teachers identi"ed as mathematics in the game design and the 
potential mathematics which could be available to children from playing the games. 
Our "ndings provide feedback on the use of game design as a teaching and learning 
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activity in ECTE.  Hence, this study contributes to a knowledge gap about how 
ECTE can support student teachers to recognise the mathematical potential of 
games to be designed or played. Potential practical strategies to enhance student 
teachers’ awareness could be re#ection exercises highlighting the differences 
between mathematical knowledge and didactical application of mathematical 
knowledge.

Several limitations are identi"ed. The current study is limited by the sample size, 
restricted to only one institution, one point in time and without follow-up later in 
their education. Due to these limitations, we suggest future research in other institu-
tions, with follow-up studies in the third year of study. We see a need for further 
research on how to support the student teachers’ awareness of the potential of games 
for introducing young children to mathematics. Mathematical game design could be 
explored further to expand student teachers’ experiences and further development. 
It would also be interesting to study experiences with actual playing of games 
together with children.
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On the Way to Pattern-Making: Young 
Children’s Self-Initiated Non-Pattern 
Creations

Miriam M. Lüken

 Introduction

Research on young children’s patterning competency has shown its importance for 
their overall mathematical development (Rittle-Johnson et al., 2019; Wijns et al., 
2019). Beyond that, creating patterns seems to be an activity young children pursue 
out of their own interest. Reports on pattern-making in free-play environments and 
on children-made patterns surface repeatedly in early childhood research literature. 
For example, Waters (2004) observed a young girl who created an AB pattern with 
shapes from a hammer and nails construction kit. Seo and Ginsburg (2004) reported 
a young girl creating a necklace with an AB pattern from plastic beads, and a young 
boy building a pattern with three-dimensional re"ection symmetry from rectangular 
and triangular prisms. In a nursery classroom, Threlfall (1999) observed a string 
threaded with alternate discs and tubes, and an egg box containing small pieces of 
material—strips and rounds—placed alternately in the depressions. From these 
unsystematic reports, we can gather that young children use everyday objects (e.g., 
beads) as well as geometrical play materials (e.g., building blocks) to create pat-
terns, and that they create patterns with different structures (e.g., AB patterns with a 
translational symmetry, three-dimensional patterns with a re"ectional symmetry).

Ginsburg et al. (1999, 2003) found that children spend 21–36% of their free-play 
time engaging in pattern and shape activities. In their studies, pattern and shape 
activities refer to detecting, predicting, or creating patterns or shapes, whereby pat-
terns include simple translation patterns as well as line symmetry and elaborate 
re"ection symmetries in three dimensions. From the arrangements made while cre-
ating with geometric construction material, Schuler (2001) found 66% to be pat-
terns (i.e., symmetrical designs). Lüken (2023), with a larger and younger sample, 
found only 38% of all creations made in a free-play environment to be patterns; ten 
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percent of the creations resulted from sorting behavior (i.e., children sorting objects 
along a self-imposed rule). My interest is in the other 52% of creations. I assume 
them not to be mere “faulty” patterns but creations with their own value for chil-
dren’s patterning development. The aim of this chapter, therefore, is to take a closer 
look at these non-pattern creations, which result from self-initiated play with geo-
metrical play materials (like shapes, cubes or pattern blocks) and everyday objects 
(like buttons or spoons), and to link experiences with arranging material in a geo-
metric way to pattern-making.

 Theoretical Background

To focus on non-pattern creations, #rst, an understanding of a mathematical pattern 
has to be established. With the properties of a pattern in mind, non-pattern creations 
are de#ned in a second step and clearly distinguished from patterns. For analyzing 
the non-pattern creations, we need to look into research that has studied children 
playing and creating with objects. The extensive work on construction play offers 
valuable insights into how children arrange objects, and it describes different kinds 
of children-made constructions which can inform the later analysis of the data.

 Mathematical Patterns

Children create patterns  – but what is a “pattern”? In this study, a geometrical 
arrangement is understood as a pattern if it can be reduced to a smallest subset (the 
unit of repeat) that repeats or transforms in such a regular way, that it consequently 
makes the pattern predictable (Sawyer, 1964; Threlfall, 1999). A regular, geometric 
repetition of the unit of repeat can be carried out by any congruence mapping. 
Shifting the unit along a line results in a translation pattern (e.g., ABAB) which 
seems to be the predominant pattern type in early childhood education. However, 
the “concept of ‘pattern’ goes far beyond sequential repeated patterns” (Clements & 
Sarama, 2009, p. 190). A regular, geometric repetition can also be carried out by 
mirroring (re"ection pattern) or rotating (rotation pattern) the unit of repeat. 
Consequently, and in line with Clements and Sarama (2009), I consider all sym-
metrical arrangements as repeating patterns. Furthermore, similarity transforma-
tions (uniform scaling), which enlarge or shrink an object (respectively the repeating 
#gure) during its repetition in a regular way, result in growing (or shrinking) pat-
terns and can be considered as yet another type of pattern. Often, growing patterns 
are numerical patterns in a geometric representation, with a speci#c number of 
objects added from stage to stage, while the overall shape stays the same. To sum-
marize: all kinds of children-made symmetric #gures and objects as well as growing 
patterns are considered as patterns in this study. Consequently, non-pattern cre-
ations might be as aesthetic, complex, or in some way regular, for example elements 
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ordered in a line. In contrast to repeating or growing patterns, however, non-pattern 
creations lack the unit of repeat (respectively the repeating #gure) and its geometri-
cally or numerically regular repetition or transformation.

 Research on Construction Play

Creating arrangements with material can be considered as construction play. 
Research on construction play, in particular research on blockplay, goes back a long 
way (Guanella, 1934; Hanfmann, 1930; Hetzer, 1931; Johnson, 1933/2015) and 
touches on a variety of related topics (see for an overview Gura & Bruce, 1992; 
Henschen, 2020). For the theoretical background of this paper, I focus on open 
exploratory blockplay, different kinds of children-made constructions, and the 
development of construction play.

“Constructive play occurs when children use play materials to build something” 
(Christie & Johnson, 1987, p. 439). Play materials for constructing usually involve 
materials like building blocks, Lego, Lokon, and boxes, but also clay, sand, paper, 
and puzzles (Christie & Johnson, 1987; de Moor, 2008). Blockplay as a subcategory 
of constructive play has been particularly well researched and most #ndings, which 
are presented in the following, stem from open exploratory block building activities. 
Building blocks are wooden solids, mostly differently sized cuboids and triangu-
lar prisms.

Looking at different kinds of children-made constructions, researchers from dif-
ferent eras and countries consistently describe similar constructions that can be 
roughly grouped into abstract block-structures, patterns (i.e., symmetrical struc-
tures), and representations of the real world (Gura & Bruce, 1992; Hanfmann, 1930; 
Henschen, 2020; Hetzer, 1931; Johnson, 1933/2015; Sarama & Clements, 2009). 
The origins of block-constructing can be seen in holding blocks next to each other, 
creating heaps of material, and simple stacking and lining activities (Gura, 1992; 
Hanfmann, 1930; Hetzer, 1931; Schuler, 2001; Shotwell, 1979). For more elaborate 
constructions, Gura (1992, p. 54) suggests “basic block forms”, which she groups in 
a #rst step with regard to spatial dimensions. For one- dimensional (linear) and two -
dimensional structures, she further differentiates between vertical and horizontal 
constructions, and for two- and three-dimensional structures, she makes a distinc-
tion between enclosures and areal/solid structures (completely covering a surface or 
volume).

Regarding the developmental aspect of blockplay (Guanella, 1934; Gura, 1992; 
Hanfmann, 1930; Johnson, 1933/2015; Sarama & Clements, 2009), children 
between the ages of 1 and 7 years seem to progress from the placement of uncon-
nected blocks and the connection of two blocks at a time to linear arrangements of 
numerous blocks vertically and horizontally. They proceed to simple combinations 
of vertical and horizontal lines into #rst crosses and enclosures, and then into cover-
ing a plane (also horizontally and vertically). Early spatial con#gurations are later 
combined as more complex block constructions, in particular three-dimensional 
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arrangements. Furthermore, developmental trends can be seen in an increase in the 
constructions’ complexity and in a decrease in the number of creations with grow-
ing age (Hanfmann, 1930; Gura, 1992).

From the review on blockplay research, two relevant issues seem to be missing. 
First, children creating patterns are mentioned in the literature cited above but are 
not thoroughly studied. Hanfmann’s (1930, p. 259) categories of children’s con-
structions for example, comprise a symmetrical structure category, which seems to 
consist only of re"ection patterns. However, examples of other categories (e.g., 
single buildings) also show creations with a re"ectional symmetry, whereas cre-
ations with a translational symmetry are integrated in several categories. Gura’s 
(1992) very thorough system of basic block forms does not touch upon the aspect of 
symmetry at all. Bruce et al. (1992), when looking at patterns, focus on patterns 
with translational symmetry only. Second, children create and construct not only 
with building blocks but also with other didactical materials like shapes or even 
with everyday objects like stones, sticks, beads, or paper strips (Hetzer, 1931; see 
spontaneous patterning examples from the introduction). Schuler (2001) in her try- -
out of building materials for her own Montessori classroom, and Lüken (2023) in 
her recent study on self-initiated patterning, speci#cally looked into children creat-
ing with diverse materials and compared pattern creations (i.e., symmetrical con-
structions in Schuler’s study) to non-pattern creations. Schuler (2001) found that the 
designs of older children (5- and 6-year-olds) were more complex and, in addition, 
that the percentage of symmetrical work (i.e., patterns) increased with age. In the 
context of self-initiated creating in a free play environment, Lüken (2023) found 
that the total number of patterns varied largely between individual children and that 
not all children created patterns on their own accord. Similar to Schuler, the extent 
of pattern-making signi#cantly increased with age. Looking speci#cally at the 
materials that children chose for creating, the materials’ external properties and 
number of different objects that make up a set of materials in"uenced pattern cre-
ation (Lüken & Jaeger, 2024). Both studies, however, did not analyze children’s 
non-pattern creations, which make up between 34% and 52% of all creations. It is 
unclear to date, how far the basic forms of blockplay and the development in 
building-  structures are applicable to creations with materials other than building 
blocks, and how the non-pattern creations relate to or possibly even precede 
pattern-making.

 The Current Study

The current study investigates creations young children made from a range of geo-
metrical play materials and everyday objects in a free-play environment. Photos of 
the creations were taken and used for categorization. In a #rst approach, the types of 
children-made creations were categorized, in particular differentiating between pat-
tern and non-pattern arrangements (Lüken, 2023). For this paper, the aim was to 
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further focus on the non-pattern creations, to describe the different types of non- -
pattern creations, and to link self-initiated creating experiences to pattern-making.

The speci#c research question is:

• What types of non-pattern arrangements do young children create of their 
own accord?

With the results for this question in mind, I then offer some considerations in the 
discussion section regarding the overarching question, in how far non-pattern cre-
ations re"ect meaningful experiences on the way to pattern-making.

 Method

 Participants

The sample consisted of 84 children from 1  year and 5  months to 6  years and 
9 months of age (37 girls) from #ve early childhood centers in Germany. Clustered 
per year, the distribution of age in the sample was as follows: 1-year-olds (3), 
2-year-olds (17), 3-year-olds (19), 4-year- olds (26), 5-year- olds (11), and 6-year- 
olds (8).

 Design, Materials, and Procedure

The data collection took place during 40 hours of unstructured, child-directed play-
time per classroom (referred to as free play). Every morning of data collection 
between breakfast and lunch, the children were free to choose their activity and their 
play partners for roughly two hours. All children were available for observation dur-
ing this time-slot as they were supposed to stay in the area of their own classroom 
and they had no other assignments. A team consisting of the author and one of four 
bachelor students collected the data in each classroom. The researcher communi-
cated with the children, but neither did she initiate any activity nor did she attempt 
to in"uence a child’s choice of material or creation.

In order to make the #ve free-play environments more comparable and inviting 
for constructing activities, we offered a wide range of different materials and added 
geometrical play materials, and everyday objects to the early childhood environ-
ment (pattern blocks, paper clips, Cuisenaire rods, cubes, shapes, Hama beads, 
Lego, pegboards, building blocks, plastic spoons, beads and strings, and buttons). 
All of the materials came in multiple colors. Naturally, children also made creations 
from the classrooms’ other materials, such as plates, chairs, craft materials, chest-
nuts, etc. All materials were readily accessible to all children. An early childhood 
educator supervised very young children handling small objects.
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Children’s creations were documented by digital photography. For this, the 
researcher moved through the classroom during free play, pausing to observe groups 
of playing children. When a child #nished creating, the researcher took a photo of 
their creation.

 Data Analysis

For data analysis, all photographed creations were interpreted by means of content 
analysis (Mayring, 2008). In this study’s case, it meant assigning pictures to catego-
ries. In an iterative procedure, categories were developed deductively and induc-
tively, and the creations coded accordingly. Consistent with my de#nition of the 
term pattern, I started with the distinction between non-pattern and pattern cre-
ations, inductively adding classi#cation (i.e., creations resulting from sorting behav-
ior) as the third main category during the #rst round of coding. After several rounds 
of coding the entire data set for main categories, the non-pattern creations were 
divided into subcategories. I started this process inductively, developing the subcat-
egories distributing, penciling, and aligning, again with several subcategories each. 
With reference to the theories of Gura (1992) and Hanfmann (1930), I deductively 
regrouped the subcategories of aligning several times (see Table 1 for #nal non- 
pattern subcategories with prototypical creation pictures). After all categories had 
been developed and creations coded accordingly, a second coder double coded 25% 
of the creations. The inter-rater reliability calculated as the percentage of answers 
which received the same category from both coders was high (96.3% agreement). 
Linear regression analysis was used to model the relationship of the main categories 
with age. For the description of the data in the graph (Fig. 1), age was categorized 
in six groups, whereas the age was kept continuous in the regression analysis to 
allow for a better modeling of the relationship between the outcomes and age. 
Finally, the number of creations in each category was quanti#ed and compared.

 Results

A total of n = 972 creations were made by the 84 children during data collection. 
The relative frequencies of the main categories were non-pattern 52%, pattern 38%, 
and classi#cation 10%. Working with individual proportions of these categories per 
child and resulting from the linear regression analysis, age is seen as a major deter-
minant for non-pattern creations. The proportion of non-pattern creations decreases 
every 10 months by 6% (95% con#dence interval [−1.0, −0.19; p = 0.005], see 
Fig. 1 for mean individual proportions per main category and age groups).

The frequency distributions of the non-pattern subcategories are distributing 
17%, penciling 8% and aligning 75% (see Table 1 for further details). The category 
distributing contains arrangements with no regular relations between single objects 

M. M. Lüken



207

Table 1 Non-pattern subcategories (relative frequencies based on n = 506 non-pattern creations)

Distributing
17%

Heaping 1.19% Spreading 8.1% Selecting 7.31%

Penciling
8%

Drawing 4.94% Writing 2.96%

Aligning
75%

Laying 51.19%
Row & chain 29.64%

Enclosure (horizontal) 6.13%

Area (horizontal) 15.42%

Stacking 24.31%
Tower 12.06%

Enclosure (vertical & 3-dim.) 1.19%

Area (vertical) 3.16%

Building (3-dim.) 7.9%
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and it was further subdivided into the categories heaping (material was piled; 
1.19%), spreading (material was distributed "at on the surface; 8.1%) and selecting 
(a small selection of material (number of objects <10) was picked out; 7.31%). In 
the category penciling, the material was used by the children to create the pen-lines 
in drawing (e.g., animals, vehicles, or "owers on grass with sky, sun, and clouds; 
4.94%) and writing (letters and words; 2.96%). The creations from the category 
aligning were regularly ordered arrangements (without a repeating unit or regularly 
transforming #gure). This largest category was further subdivided into creations 
that resulted from laying activities (50.19%), working exclusively in the horizontal 
plane, and on the other hand resulted from stacking activities (24.31%), working 
(additionally) along the vertical. The creations from both subcategories were further 
categorized according to arrangements in a line (row & chain, tower), covering an 
area (horizontal, vertical), enclosing an area (horizontal, vertical & three- -
dimensional), and three- dimensional buildings (only for stacking).

 Discussion

The current research analyzed the self-initiated non-pattern creations of young chil-
dren. In the following, I #rst answer the research question and then link the creating 
experiences that resulted in non-pattern creations to pattern-making.

 What Types of Non-Pattern Arrangements Do Young Children 
Create of Their Own Accord?

Besides patterns and classi#cations, more than half of all creations were arrange-
ments with no discernable unit of repeat or regularly transforming #gure. These 
non-pattern creations were categorized into the subcategories distributing, pencil-
ing, and aligning, which re"ect three fundamentally different ways of interacting 
with the material. Each of the three categories is discussed in turn.
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Distributing The arrangements of the category distributing have no regular rela-
tions between their objects. The children seemed to simply distribute material in an 
arbitrary way on their working space. They either took handfuls of material and 
piled it on one or more heaps (heaping), spread the material out "at (spreading), or 
picked out a small selection of material, often just one or two objects, and laid them 
down as their creation (selecting). Hanfmann (1930) and Gura (1992) also observed 
young children creating heaps of materials in their studies on blockplay. Gura, in 
contrast to Hanfmann, points out that the pile may be indeterminate in form, but 
“the placement is not random” (Gura, 1992, p. 53). I agree with this statement for 
the spreading and selecting categories, as the children purposefully placed the mate-
rials apart from each other or decisively chose particular objects for their creation. 
Still, because of their spatially unstructured arrangement, the creations have a ran-
dom vibe.

Penciling In the category penciling, the creations look as if they were drawn or 
written with a pencil or crayon. This category is different from the overall distinc-
tion between representational creations of the real world and abstract or patterned 
creations in blockplay research (Henschen, 2020). As I did not ask the children in 
my study if their creations were meant to represent something, it is not possible to 
make the distinction between representational and abstract. I, therefore, categorized 
representational creations (e.g., creations that looked like houses, "owers, garages, 
stars, or other real-world objects) according to their structure and not according to 
their external appearance. However, for nearly 8% of all non-pattern creations, the 
children’s interaction with the material as a writing and drawing device was so 
pointedly different from the other creations that the category penciling was created.

Aligning In contrast to the random piling or spreading of material, three quarters 
of all non-pattern creations were somehow ordered arrangements (category align-
ing). Children made the objects touch on one or more sides, aligning them more or 
less neatly. This created a sense of order with (parallel) lines and (regular) angles. 
The category includes both creations from simple lining and stacking activities, and 
more elaborate constructions, which can also be found in the category systems of 
Gura (1992), Hanfmann (1930), and Schuler (2001). In contrast to Gura and 
Hanfmann, and in line with Schuler, symmetrical creations or creations with a regu-
larly transforming unit of repeat were coded for the separate category pattern. I 
subdivided the category aligning into creations that on the one hand resulted from 
laying activities, working exclusively in the horizontal plane, and on the other hand 
resulted from stacking activities, working (additionally) along the vertical. As most 
patterning activities are carried out in the plane, this subdivision makes sense from 
a pattern point of view. With half of the creations in the aligning-laying and a near 
quarter in the aligning-stacking categories and with regard to Gura (1992), the cre-
ations of both subcategories were further categorized according to dimensionality. 
This differentiation helped in connecting experiences from aligning objects to the 
making of different pattern types (see below).
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 In How Far Do Non-Pattern Creations Re"ect Meaningful 
Experiences on the Way to Pattern-Making?

The answer to this overarching question is not inferred from the empirical data. 
Instead, I want to offer some theoretical considerations on pattern-making and link 
them to the empirical data on non-pattern creations. First, however, I would like to 
point out that construction play provides a range of meaningful experiences for 
children outside of experiencing patterns. In creating with material, children can, 
for example, experience the concept of balance, characteristics of geometric solids 
(Henschen, 2020), or simply the sheer joy of creating. Studies even show that early 
construction competencies have an in"uence on later mathematical learning 
(Verdine et al., 2014; Wolfgang et al., 2001). Coming back to my focus of creating 
patterns and understanding the structure of patterns, non-pattern creations might 
additionally involve meaningful experiences for or even be precursors to pattern- 
making. It would go beyond the scope of this chapter to link all non-pattern subcat-
egories to pattern-making. Thus, I limit the discussion to creations from the broadest 
subcategory aligning-laying.

Over half of all non-pattern creations resulted from laying activities. Children 
put the material’s objects on the plane of their working space and aligned them, i.e., 
created regular spatial relationships between the objects. As diverse objects instead 
of repeating units or regularly transforming #gures were aligned, the creations are 
not patterns. Still, they show strong references to operations from the symmetry of 
the plane, such as creating a row or chain from material, like buttons in a line next 
to each other, which have some semblance of simple translation patterns, just with-
out the unit of repeat. It is the operation of shifting along a line, which is repeated 
over and over again. The data set includes multiple examples of rows of material 
spanning the length of the early childhood classroom, somehow touching on the 
idea of in#nity of translational repeating patterns. For a mathematical translation, 
however, the very same geometrical #gure is shifted. The aligned elements in the 
non-pattern creations are different objects, however, most often from the same cat-
egory of material (e.g., buttons, albeit in varying orders of color or size). The same 
holds true for shifting along two dimensions. Instead of creating regular tessella-
tions, children covered a surface with a mix of geometric shapes or with the same 
geometric shape in a random order of color. It seemed as if the children needed to 
experience the covering of a surface without overlaps or gaps before they focused 
additionally on regularity regarding the objects (creating a unit of repeat or a regu-
larly structured #gure). Analogous to shifting actions, a number of creations from 
the aligning-laying category indicate "ipping actions, e.g., turning over an object 
before laying it down or reversing a sequence. Other creations suggest circular rota-
tion movements around a point of rotation. Again, the focus seemed to be on the 
movement ("ip/turn, rotate) and not on the regularity of the objects’ characteristics. 
The latter is focused in classifying activities in which objects are purposefully 
selected according to speci#c characteristics. The ability to classify, in particular 
discerning the features of objects (Björklund, 2016, p.  277), might be seen as a 
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necessary competency to pattern-making for all pattern types because the same set 
of objects has to be selected multiple times in order to create the repeating units or 
the transforming #gure. Then again, the aligning-laying activities might provide 
meaningful experiences for later positioning the unit of repeat/#gure in a spatially 
regular way, e.g., aligned in a row, "ipped over next to each other, or moved around 
in a circle.

 Conclusion

Self-initiated creating with material provides young children with experiences in a 
variety of mathematical topics, including both patterns and basic distributing and 
aligning competencies on the way to pattern-making.
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Multimodal Mappings of a Child-Created 
Model Pattern Within an Embodied 
Activity

Morten Bjørnebye

 Introduction

Educational research highlights early pattern knowledge as a foundation for both 
current mathematics pro"ciency and future mathematical achievement (Fyfe et al., 
2019; Rittle-Johnson et al., 2019; Zippert et al., 2019). The term pattern is de"ned 
as any replicable regularity (Papic et al., 2011). Repeating patterns, growing pat-
terns and spatial-structural patterns are common types of patterns encountered by 
young children (Papic et al., 2011; Rittle-Johnson et al., 2013). Repeating patterns 
consist of smaller repeating units and have a cyclical structure (e.g., 
AABAABAAB…), where the repeating part (e.g., AAB), known as the unit of 
repeat, must occur at least twice. Growing patterns involve a systematic increase or 
decrease of elements in a sequence (e.g., AB, ABB, ABBB, ABBB, …). Spatial -
structural patterns refer to the invariant relationships between different properties 
(e.g., collinearity, number, size, con"guration/spacing) of geometric shapes 
(Mulligan et al., 2020; Papic et al., 2011), and can take the form of repeating pat-
terns (e.g., ◯◯ ◯◯ …), or growing patterns (e.g., ◯ ◯  ◯   ....).

Children’s early patterning experiences involve a range of activities, such as cre-
ating, copying, translating and extending regularly arranged objects in their envi-
ronment. These experiences arise in free play (Lüken, 2023), construction activities 
(Wijns et al., 2020) and guided instruction (Zippert et al., 2021). Copying or extend-
ing patterns using the same materials is considered easier than tasks that involve 
recognising the cyclical feature of repeating patterns, particularly the unit of repeat 
(Rittle-Johnson et al., 2013). To assess this skill, children are often asked to repli-
cate a pattern’s structure with different materials, a process referred to as 
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generalising (Wijns et al., 2019), abstracting (Rittle-Johnson et al., 2013), translat-
ing (Lüken & Sauzet, 2021) or transferring (Junker et al., 2024).

From a multimodal perspective, O’Halloran (2015) describes mathematics as 
the mapping of relations and patterns, suggesting that patterns are experienced 
through language, gestures and movement, and concrete, visual and auditory 
modalities. Building on this, the process of replicating a pattern’s structure 
involves the concept of multimodal mapping, understood as the mapping of the 
repeating unit across and within various modalities, with consistency achieved 
when all modalities align with the unit of repeat. This aligns with the embodied 
perspective on task design, which emphasises creating learning environments that 
allow learners to use their hands or body to map spatial entities and relationships 
in a way that maintains consistency between the movement modality and the 
mathematical learning objective (DeSutter & Stieff, 2017; Skulmowski & Rey, 
2018). Examples of consistent multimodal mappings of an AAB pattern, where 
the repeating unit is represented by a model tower of cubes in “blue, blue, red,” 
include sequences of upper-body movements (e.g., “hard clap, hard clap, soft 
clap”) and full-body movements (e.g., “parallel jump, parallel jump, left leg step”). 
These mappings may involve interaction with spatial entities represented by visual 
elements, con"gured either linearly (e.g., jumping on “square, square, triangle” 
arranged in a row), or non-linearly as spatially dispersed elements on the ground. 
This dynamic, multimodal embodied approach to repeating pattern experiences 
contrasts with commonly used assessment tools and learning activities that empha-
sise mapping of linear con"gurations of elements within similar modalities. 
Additionally, with some exceptions (e.g., Junker et al., 2024; Lüken & Sauzet, 
2021), educational research on patterning tends to focus on the end product, while 
the process of children’s exploration of patterns, particularly within a multimodal 
context involving non-linear con"gurations of the unit of repeat, remains less 
understood.

Therefore, this paper poses the research question: “What dimensions of variation 
can a child discern in an activity designed to support multimodal mappings of a self- -
made model pattern?” This question guides the analysis of a case involving a "ve- -
year-  old participant in a task-based interview conducted after a design study of 
pattern learning. It explores which aspects emerge as dimensions of variation during 
the child’s creation of an AABBC model pattern, followed by the multimodal map-
ping of its repeating unit across various modalities and spatial con"gurations of 
visual elements that incorporate upper- and full-body movements.

 Review of the Literature

I begin by reviewing studies of early pattern learning, focusing on the spatial con-
"gurations of visual elements in tasks designed to assess and foster repeating pat-
tern knowledge. Then I explore intervention research on multimodal approaches to 
pattern learning.
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The taxonomy of Rittle-Johnson et al. (2013) for the acquisition of repeating 
pattern knowledge among kindergarteners consists of four progressively complex 
cognitive levels: exact copying, continuation, abstraction with varied materials, and 
unit recognition. Using linearly con"gured coloured geometric shapes and Uni"x 
cubes, they assessed four-year-olds’ abilities. Most children could duplicate and 
extend patterns, and some recreated patterns with new materials, but few identi"ed 
the unit of repeat. Rittle-Johnson et al. (2013) suggest that while children may copy 
and extend patterns through visual matching, abstraction requires understanding the 
pattern’s structure rather than its surface features.

Zippert et al. (2018) developed the Teacher-Based Patterning Assessment (TBP) 
to assess children’s pro"ciency with repeating patterns, using linear con"gurations 
of pictures (e.g., apple, sun, umbrella) for tasks involving pattern extension, abstrac-
tion, and identi"cation of missing elements. Subsequent research by Zippert et al. 
(2020) applied the TBP to evaluate preschoolers’ understanding of patterns, "nding 
that these skills predicted future mathematics achievement. Further, Zippert et al. 
(2021) used the TBP, among other measures, to investigate the impact of focusing 
on patterns in objects and numbers on preschoolers’ mathematical skills. This study, 
comparing "ve conditions, showed that tutoring in repeating patterns and numeracy 
most effectively improved children’s understanding of these patterns. Both studies 
suggest that the TBP is a useful tool for evaluating the impact of early math inter-
ventions on patterning skills.

Lüken and Sauzet (2021) explored the patterning strategies of children aged 
three to "ve. Like the TBP, they used linear con"gurations to assess pattern transla-
tion, but instead of the TBP’s use of visuals, they utilised coloured cubes, with 
which children replicated a given pattern using different colours. Their "ndings 
suggest that although patterning strategies and skills naturally develop in three to 
"ve-year-olds, "ve-year-olds often display a limited focus on the pattern’s structure. 
As a result, Lüken and Sauzet (2021) recommend that early mathematics interven-
tions should place greater emphasis on children’s understanding of the structure of 
patterns. In a subsequent study, Lüken (2023) explored the structure of patterns 
created by one-to-six-year-olds in their self-initiated play. Focusing on geometric 
patterns with concrete materials, the study revealed that children performed various 
congruence mappings, such as translation, re#ection and rotation. Out of the 972 
creations examined, 38% were patterns: 12% involved translation (linear structure), 
19% re#ection, 5% rotation, and 2% were growing patterns. Thus, over two-thirds 
of the patterns were non-linear (26% of the total creations), with re#ection symme-
try occurring most frequently.

Junker et al. (2024) conducted a multimodal analysis to explore similarities and 
differences in the success rates and incorrect strategy usage among six-year-old 
students with low and high number sense when solving tasks involving pattern 
duplication, extension, transfer and unit identi"cation. The analysis focused on ver-
bal, spatial and gestural expressions in tasks involving linear con"gurations of 
coloured geometric tiles or horizontal stacks of coloured cubes. In the ABB transfer 
activity, the A and B components of the pattern differed in both colour and shape, 
and students were challenged to replicate the same type of linear con"gured pattern 
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using tiles of different colours and shapes. The "ndings demonstrated that students 
with a high number sense consistently outperformed their peers with a low number 
sense, achieving success rates of 99% vs. 97% in duplication, 36% vs. 9% in exten-
sion, 78% vs. 73% in transfer, and 27% vs. 12% in unit identi"cation. The multi-
modal analysis revealed that success in duplicating and transferring patterns was 
typically achieved by matching one tile at a time from left to right. This systematic, 
linear approach could be observed alongside verbal expressions such as “This one 
is that one” or phrases like “big, small, big, small,” where the words “big” and 
“small” distinguished the A and B elements of the pattern. These verbalisations 
were sometimes synchronised with gestures, such as "nger-pointing at the respec-
tive elements, and rhythmic variations in vocal pitch to emphasise the pattern’s 
structure. Junker et  al. (2024) found that in unsuccessful trials, students often 
employed recursive strategies, focusing on individual elements rather than the 
repeating unit (e.g., producing ABAABB instead of ABBABB).

Flynn et al. (2020) evaluated the patterning abilities of children aged four to six 
by comparing the use of abstract language (such as the letters AAB or numbers 112) 
with non-abstract instructions (such as “This part, this part”). The "ndings showed 
that children exposed to the abstract language of patterns were more able to recog-
nise and create patterns involving objects and numbers. Wijns et al. (2021) exam-
ined the impact of a 20-week intervention on "ve-year-olds’ patterning and 
numerical abilities. This intervention included sessions focused on repeating and 
growing patterns and their underlying structure. While most pattern activities 
emphasised linear con"gurations using concrete materials, symbols, and pictures, 
two activities adopted alternative approaches: one involved copying and creating 
movement patterns (e.g., “high, high, low, high, high, low”; AAB pattern), and the 
other used music in singing a pattern song (e.g., “up, down, up, down”; AB pattern; 
Wijns et al., 2021, p. 5).

Warren and Miller’s (2010) intervention study, involving patterning activities for 
four-year-olds, demonstrated improvements in the children’s ability to copy, extend, 
and create repeating patterns, but there was no advancement in their skills to "ll in 
missing elements. The intervention included activities featuring both linear and 
non-linear pattern con"gurations, together with mapping the repeating unit across 
modalities. For example, students engaged in movement activities, such as a 
sequence of jumping and clapping, which was then translated into tangible materi-
als. However, the assessment tools employed used linear con"gurations of cards 
depicting the patterns, with students being provided with concrete materials (e.g., 
lighthouses and ladybugs) to complete the tasks.

In summary, the review highlights the importance for preschoolers of mastering 
repeating patterns and suggests that interventions could facilitate this development. 
With some exceptions, however, most studies focus on the outcomes of children’s 
engagement with repeating patterns through linear con"gurations of visual or con-
crete materials (e.g., Rittle-Johnson et al., 2013; Zippert et al., 2018). Considering 
the growing evidence of a connection between pattern recognition, structural under-
standing and abstract mathematical thinking (e.g., Lüken & Sauzet, 2021; 
McCluskey et al., 2018; Mulligan et al., 2020), adopting a process perspective can 
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provide insights into understanding how multimodal mapping across various spatial 
con"gurations of repeating units supports early pattern learning.

 Variation Theory of Learning

The variation theory of learning characterises learning as the recognition and under-
standing of previously unnoticed aspects of a speci"c phenomenon (skill, knowl-
edge, learning objective; Marton, 2014). Within this framework, the elements that 
learners must identify to acquire the intended skill or knowledge, the object of 
learning, are identi"ed as critical aspects. Learning is, thus, seen as a qualitative 
change in how a learner perceives these critical aspects, which entails discerning 
variation against a background of invariance (Marton, 2014). In a teaching context, 
variation theory emphasises the importance of making the critical aspects of a learn-
ing objective visible and discernible (Kullberg et  al., 2024). To achieve this, a 
dimension of variation is de"ned as an aspect, whether critical or not, that is varied 
within a context centred on a speci"c object of learning (Kullberg et al., 2024). 
When repeating patterns are the object of learning, students are encouraged to 
explore different ways of copying, extending, repairing, and mapping repeating 
units of varying length, using a variety of materials, modalities, and structures. It is 
through exploring the dimensions of variation within a learning objective that stu-
dents develop powerful ways of seeing (Marton, 2014), leading to a deeper, more 
#exible and sustainable approach to understanding repeating patterns.

As highlighted in the reviewed literature, a common approach to conceptualis-
ing the generalisation and abstraction of pattern knowledge involves assessing 
children’s ability to map repeating units using different materials, often framed 
within single or dual modalities across linear con"gurations of elements (e.g., 
Rittle-  Johnson et al., 2013; Wijns et al., 2019). From the perspective of variation 
theory, however, generalisation is understood as a pattern of variation. For gener-
alisation to occur, the critical aspects must remain invariant while other aspects are 
varied (Kullberg et al., 2024). Consequently, if students have already experienced 
linear pattern mapping within concrete modalities, this aspect of multimodal map-
ping may no longer be essential for their learning. Therefore, it is argued that, in 
the learning of repeating patterns, children should experience novel variations in 
the mapping of a pattern (the invariant unit of repeat) across multimodal  linear and 
non-  linear con"gurations of elements (the variations). For example, when children 
use a linear AABC colour pattern with cubes to model non-linear sequences of 
steps on geometric shapes of different colours on the ground (e.g., circles, squares, 
triangles), they engage with visual con"guration, full-body movement, and audi-
tory modalities as dimensions of variation, which enhances their recognition of the 
invariant unit of repeat. This context highlights the importance of providing 
diverse, multimodal experiences that allow children to explore the underlying 
structures of patterns in novel forms, thereby deepening their pattern 
understanding.
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 Method

 Task Design of Early Learning of Patterns

The case examined in this paper is part of a Norwegian design study of pattern 
learning involving ten children aged four to 5 years, conducted with informed con-
sent from their legal guardians. The study took place in an embedded design near 
their kindergarten, and included "ve 1 hour intervention sessions, followed by indi-
vidual and group-based post-testing through task-based interviews, all of which 
were videotaped. The interventions were collaboratively conducted by kindergarten 
teachers and two researchers, with one of the researchers (the author of this paper) 
conducting the task-based interviews. Informed by the multimodal embodied per-
spective on task design (DeSutter & Stieff, 2017; O’Halloran, 2015; Skulmowski & 
Rey, 2018), the principles (DPs) that guided the cyclical process of task develop-
ment, evaluation, and re"nement (Gravemeijer & Cobb, 2006) were:

DP1: Consistent multimodal mappings of repeating units.
DP2: Aesthetic and expressive aspects of full-body performance.
DP3: Collaboration and multimodal dialogue.
DP4: Guided play.

The interventions enabled the children to create, explore and map repeating pat-
terns in both linear and non-linear con"gurations of visual elements, using diverse 
modalities and materials. These activities included dancing and stepping on spa-
tially dispersed coloured dots sprayed on the ground, building with blocks, and 
participating in playful and cooperative settings.

Re#ecting the nature of case studies as in-depth examinations of phenomena 
within de"ned temporal and spatial boundaries (Yin, 2018), this paper presents 
insights from a video excerpt featuring "ve-year-old Wanda (pseudonym) during 
individual testing post-intervention. The goal of case studies is to achieve theoreti-
cal (analytical) generalisation by con"rming, expanding and re"ning existing theo-
ries, which requires selection of cases with the potential to reveal something new 
and different (Eisenhart, 2009). This paper aims to contribute to the discourse on a 
process-oriented approach to children’s pattern learning and assessment (e.g., 
Junker et al., 2024; Lüken & Sauzet, 2021), with a focus on the notion of multi-
modal mapping of the repeating unit. The case of Wanda is used to illustrate dimen-
sions of variation in her multimodal pattern mapping through her engagement in the 
activity described below.

 The Embodied Pattern Activity

The activity, aimed at enhancing the creation of a model pattern and the mapping of 
its repeating unit across different modalities (using the same colours), unfolds over 
"ve stages.
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Stage 1: Freely choose red, white, and blue cones to "ll a linear array of "ve empty 
circles, creating a referential model pattern (Fig. 1).
Stage 2: Multimodal mapping of the model pattern using coloured blocks 
(10 cm × 10 cm × 5 cm) to build a pattern tower (Fig. 2).
Stage 3: Multimodal mapping of the model pattern using Uni"x cubes (Fig. 3).
Stage 4: Step alongside the cone pattern, accompanying the movement with ver-
balisation of colours, then enter a large circle (d = 5 m) with 300 randomly arranged 
dots in red, white, and blue. While navigating across the circle, map the model 
pattern repeatedly through verbalised physical interactions by walking on dots 
(Fig. 4).
Stage 5: In a six-dotted matrix featuring pairs in red, blue and white, map the model 
pattern repeatedly into a verbalised dance (Fig. 5).

Fig. 1 Cone model 
(Stage 1)

Fig. 2 Tower model 
(Stage 2)
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Fig. 3 Uni"x model 
(Stage 3)

Fig. 4 Pattern walk 
(Stage 4)

 Process of Analysis

Drawing on variation theory, it is assumed that examining variations in how Wanda 
discerns the repeating unit throughout the pattern activity will facilitate an analysis of 
her understanding of creating a model pattern and mapping it multimodally. Table 1 
details the modalities analysed and describes the primary characteristics of each.

In coding, the concept of a multimodal bundle is used to represent the integration 
of various modes to convey a speci"c idea (Abdu et al., 2021). These multimodal 
bundles have both static and relational characteristics, allowing for synchronic and 
diachronic analyses. Synchronic analysis examines the simultaneous use of multi-
ple modal resources and can identify whether a multimodal bundle maintains inter-
modal consistency or not (Abdu et al., 2021). For example, consistency is observed 
when the spoken word “blue” aligns with an audible stepping on a blue dot (coded 
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Fig. 5 Pattern dance 
(Stage 5)

Table 1 Modalities with descriptions of characteristics

Modalities Descriptions of characteristics

Verbal Verbal elements (e.g., spoken colours)
Upper-body 
movement

Use of hands to manipulate concrete elements (e.g., cones, blocks, cubes)

Full-body 
movement

Physical elements produced by stepping beside cones or on dots on the 
ground

Auditory Aural elements produced by gait or stepping
Visual Visual elements, including coloured concrete objects (e.g., cones, blocks, 

cubes) and coloured dots or cones tagged through physical interactions (e.g., 
stepping)

as a full-body movement-verbal-auditory-visual bundle, whereas inconsistency 
occurs if the verbal cue does not correspond to the colour of the dot.

As a complementary approach, the diachronic analysis examines the meaning 
created by connected multimodal bundles over time, with each modality contribut-
ing distinct information to the pattern mapping process. For instance, the auditory 
modality may convey the structure of the unit of repeat (e.g., “hard step, hard step, 
soft step”; AAB) or, as demonstrated in this research, represent its length and beat 
through the number of aural elements produced in conjunction with verbal expres-
sions of colours during a stepping sequence (Table 1). The diachronic analysis of 
the visual modality examines the spatial con"guration of connected visual elements, 
whether static (e.g., a linearly con"gured AAB-coloured pattern tower) or dynamic 
(e.g., a non-linear stepping sequence of dots in the order “blue, blue, red”), and their 
role in maintaining consistency within the mapping process (Table 1). For instance, 
in a sequence of verbal-full-body movement-auditory-visual bundles, the visual 
modality captures the spatial con"guration of the produced elements and assesses 
alignment with the targeted unit of repeat through its colour cues, while the verbal 
modality reinforces this alignment.
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The reliability of identifying and distinguishing temporal modalities (e.g., verbal, 
auditory and full-body movement) and static modalities (e.g., visual elements cre-
ated using cones, blocks or cubes) was ensured through multiple reviews of video 
recordings to validate consistency in observations. The inclusion of images from the 
video aimed to enhance the trustworthiness and depth of the analysis. Analysing 
connected multimodal bundles across the activity’s "ve stages enables the identi"ca-
tion of dimensions of variation in pattern mappings related to the invariant proper-
ties of the model pattern. The video excerpt, lasting 4:09  minutes, was "rst 
transcribed in Norwegian and then translated into English. The transcript is divided 
into numbered sections, each describing an individual’s multimodal actions, with 
non-verbal actions detailed in brackets and verbal expressions italicised.

 Results and Analysis

The excerpt begins as the researcher facilitator "nishes explaining the "rst stage of 
the activity.

(1) Wanda: [Uses hands to arrange cones, creating an AABBC pattern; Fig. 6]
(2) Facilitator: What a nice pattern, Wanda! How long is your pattern?
(3) Wanda: [Finger pointing at the cones] One, two, three, four, !ve.
(4) Facilitator: Yes. Can you make the same pattern using these blocks [Pointing 

at a box with 10 × 10 × 5 cm blocks in white, blue, and red]? You should make 
a tower.

(5) Wanda: [Uses hands to create an AABBC-block tower, looking at the cone- 
pattern after placing the two blue blocks]

Fig. 6 Design of the 
AABBC model pattern
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Fig. 7 Counting the length 
of the tower pattern

Fig. 8 Constructing the 
Uni"x pattern

(6) Facilitator: How long is your pattern?
(7) Wanda: [Upwards "nger pointing at the blocks; Fig.  7] One, two, three, 

four, !ve.
(8) Facilitator: Yes. Can you use these smaller pieces to make the same pattern?
(9) Wanda: [Uses hands to construct the AABBC pattern with Uni"x cubes, 

looking at the cone pattern twice during the process; Fig. 8. Shows the "nished 
Uni"x-pattern to the facilitator]
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Fig. 9 Walking alongside 
the cone-pattern

Fig. 10 “Blue, blue” (turn 
for visual support in the 
cone-pattern)

(10) Facilitator: Great. Can you walk the pattern here [Pointing at the cones], 
and continue [Pointing inside the 300 dotted circle], until you get to the other side 
[Pointing]?

(11) Wanda: Should I bring this [Shows the Uni"x pattern]?
(12) Facilitator: Yes.
(13) Wanda: Blue, blue, red, red, white [Stepping alongside corresponding cones; 

Fig. 9. Stops]. And then into the circle?
(14) Facilitator: Yes.
(15) Wanda: Blue, blue [Stepping on two blue dots, halts, turns around and looks 

at the cone-pattern; Fig. 10]. Red, red, white. Blue, blue, red, red, white. Blue, blue, 
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Fig. 11 “Blue, blue 
(pause), red, red (pause), 
white (pause)”

Fig. 12 Dancing “Blue, 
blue, red, red, white”

red, red, white. Blue, blue, red, red, white. Blue, blue, red, red, white [Stepping on 
corresponding dots, rhythmically dividing the pattern into three parts, AA (short 
pause) BB (short pause) and C (short pause); Fig. 11]

(16) Facilitator: Then you are going to dance the same pattern here [Pointing at 
the six-dotted matrix]

(17) Wanda: Blue, blue, red, red, white. Blue, blue, red, red, white. Blue, blue, 
red, red, white. [Rhythmic verbalised stepping on dots; Fig.  12. Brie#y pausing 
while balancing on one leg in between each cycle; Fig. 13. Not looking at the Uni"x 
pattern during the process]

Table 2 presents a summary of the analysis, outlining the modalities involved in 
connected bundles, the spatial con"guration of visual elements, the frequency and 
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Fig. 13 Balancing on one 
leg in between 
AABBC-cycles

Table 2 Modalities in bundles, frequency, con"guration, mapping (in)consistency and 
observations in excerpt

Stage Modalities involved in connected multimodal bundles

Frequency/con"guration 
of visual elements/
mapping (in)consistency Line

1 Visual (linear con"guration of coloured cones), 
upper-body movement (hands to arrange cones in an 
array)

1/linear/not applicable 1

2 Visual (linear con"guration of coloured blocks), 
upper-body movement (hands to stack blocks into a 
tower)

1/linear/consistent 5

3 Visual (linear con"guration of coloured Uni"x 
cubes), upper-body movement (hands to stack Uni"x 
cubes into a tower)

1/linear/consistent 9

4 Visual (gait alongside linearly arranged coloured 
cones and non-linear gait onto coloured dots in the 
300-dotted circle), full-body movement, auditory, 
verbal (speech of colours)

1/linear/consistent5/
non-linear/consistent

1315

5 Visual (non-linear con"guration of stepping onto 
coloured dots in the six-dotted matrix), full-body 
movement, auditory, verbal (speech of colours)

3/non-linear/consistent 17

the (in)consistency in Wanda’s mapping of the AABBC model pattern across the 
different stages of the activity.

Table 2 shows that Wanda performed 11 consistent multimodal mappings of the 
AABBC model pattern she created. In the "rst three stages, Wanda interacted with 
concrete materials, manipulating cones, blocks, and Uni"x cubes. In contrast, in 
Stages 4 and 5, she combined distinct auditory temporal movements within visual 
con"gurations of elements (the 300-dotted circle and the six-dotted matrix; Table 2). 
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In these two stages, she demonstrated rhythmic mappings of the AABBC pattern, 
where the physical tagged elements were arranged in a non-linear spatial con"gura-
tion. Initially in Stage 4, Wanda relied on the reference cone pattern in her mapping 
process, but after the "rst repetition in the 300-dotted circle, she internalised the 
repeating unit. While navigating across the circle (15; Fig. 11), her movement-based 
mapping was divided into three synchronised parts, following a 2–2-1 beat structure 
and articulated as “Blue, blue”, “red, red” and “white”. Similarly, within the six- 
dotted matrix, Wanda created a #uent, non-linear sequence of verbalised and audi-
ble steps, where the integration of these temporal modalities reinforced the "ve-beat 
rhythm of the AABBC pattern. After completing each AABBC sequence, she 
paused, balancing on one leg before continuing her dance, which reinforced the 
perception of the pattern’s boundaries (17; Fig. 13). Table 2 shows that the "rst three 
stages involved tactile manipulation of objects in the mapping of linear con"gura-
tions of the repeating unit (i.e., bundles of two modalities), whereas the latter two 
stages involved full-body movement, incorporating bundles of four modalities. In 
these "nal stages, Wanda synchronised her articulation of colours with auditory 
movements, highlighting rhythm, beat, and the non-linear con"guration of physi-
cally tagged visual elements as dimensions of variation in her pattern mapping.

 Discussion and Final Remarks

The review of studies of repeating patterning in early years reveals three main 
insights: the dominance of linear con"gurations in patterning tasks, a certain rigidity 
in the use of modalities, and a need for a deeper understanding of how children cre-
ate and map patterns. To address these insights, I explored the case of "ve-year- old 
Wanda’s engagement in a "ve-stage activity focused on the multimodal mappings of 
the repeating unit in her self-created model pattern (AABBC). The diachronic analy-
sis highlights key differences in how Wanda mapped the model pattern at each stage, 
emphasising her recognition and application of the repeating unit across various 
modalities and visual con"gurations of elements. The initial stages (1 to 3) primarily 
involved unarticulated material manipulation, while the latter stages (4 and 5) were 
characterised by rhythmic full-body movements combined with the articulation of 
colours. This shift highlights the integral role of verbalisation in mathematical learn-
ing (e.g., Peng et al., 2020) and the intrinsic connection between rhythm, mathemat-
ical thinking (Radford, 2015), and pattern learning (Junker et al., 2024). In Junker 
et al.’s (2024) study of six-year-olds, a rhythmic, linear approach to pattern mapping 
was observed, with verbal expressions such as “big, small, big, small” synchronised 
with gestures like "nger-pointing and vocal pitch variations. Building on these "nd-
ings, the present study extends the understanding of rhythm in pattern mapping by 
highlighting how full-body movement contributes to the synchronisation of multi-
modal elements. For example, as Wanda danced within the six-dotted matrix, her 
pattern mapping combined rhythmic, non-linear visual con"guration of audible 
steps with synchronised verbalisations of the colours, making the "ve-beat rhythm 
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evident through her multimodal interaction. This illustrates how the verbal and audi-
tory modalities, with their sequential characteristics, support the perception and pro-
duction of rhythm, while the visual modality, shaped by movement trajectories, can 
adapt to non-linear con"gurations according to the spatial arrangements of the visual 
elements. Despite the increased demands on working memory posed by the tempo-
ral nature of movement- based pattern mappings compared to static visual modali-
ties, the cyclical rhythm of such mappings may shift focus to the repeating unit and 
its boundaries, rather than individual elements, thereby reducing reliance on error-
prone recursive strategies, a common approach observed in unsuccessful trials 
(Junker et al., 2024).

Unlike other assessment tools that focus on linear mapping of elements within a 
single modality (e.g., Fyfe et al., 2015; Rittle-Johnson et al., 2013), the initial stages 
of the activity offered a wider variety of concrete objects in terms of size and shape 
(cones, blocks and Uni"x cubes), although limited to the same three colours. Stages 
4 and 5 encouraged Wanda to navigate between non-linear and linear visual con-
"gurations of patterns, engaging in mappings of the unit of repeat that integrated 
full-body movement and auditory modalities. The non-linear pattern con"guration 
aligns with the study by Lüken (2023), which found that one-to-six-year olds fre-
quently produced non-linear patterns during their self-initiated play with materials. 
Furthermore, the multimodally rich experiences with patterns emerging from 
Wanda’s initial construction of the AABBC pattern resonate with the activities pro-
posed by Wijns et al. (2021) and Warren and Miller (2010), which combined pattern 
creation and translation with movement and auditory elements.

As noted earlier, educational design and assessments of pattern knowledge often 
exhibit a bias towards mapping linear con"gurations of visual or concrete elements, 
aiming to streamline the evaluation process for educators (e.g., Zippert et al., 2018). 
However, from the perspective of variation theory, the validity of the experiences 
provided by such assessment tasks and pattern activities must be weighed against 
novel ways of mapping patterns as a learning objective. Marton (2014) emphasises 
that discerning dimensions of variation within an object of learning can shape a 
learner’s recognition of critical features in new contexts. In response, this results 
from my study demonstrate how a child’s creation of a model pattern can support 
multimodal mappings of its repeating unit across different visual con"gurations of 
elements, incorporating full-body movements. Thus, rather than focusing on the 
end-product and the notion of “using different materials” to conceptualise a child’s 
ability to copy, extend, repair and abstract a given linear pattern (e.g., Rittle-Johnson 
et al., 2013; Wijns et al., 2019), this research shifts attention to examining dimen-
sions of variation in how multimodal mappings of a self-created model pattern 
occur. In this study, Wanda’s multimodal mappings of the model pattern do not meet 
the criteria for repeating pattern generalisation (Wijns et al., 2019), or abstraction 
(Rittle-Johnson et al., 2013), as the mapping process relied on the same colours. 
However, moving beyond these cognitive perspectives, variation theory offers a dif-
ferent approach by conceptualising generalisation as a pattern of variation perceived 
through experience (Kullberg et al., 2024), where critical aspects remain invariant, 
while others change. This approach provides insights into learners’ discernment and 
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multimodal understanding of pattern knowledge. These "ndings, therefore, rein-
force the importance of targeted interventions to support children’s pattern creation 
and their comprehension of pattern structures (e.g., Lüken & Sauzet, 2021). By 
acknowledging multimodality and embodiment as powerful ways of experiencing 
mathematics (O’Halloran, 2015; Skulmowski & Rey, 2018), educators can design 
learning activities that not only foster understanding and facilitate the generalisation 
of pattern knowledge, understood as a pattern of variation, but also address both the 
learning process and the assessment of repeating pattern knowledge in early child-
hood education.

This research extends previous studies on multimodal experiences with pattern 
structures (e.g., Junker et al., 2024; Lüken & Sauzet, 2021; Wijns et al., 2021) by 
providing insights into variations in a child’s multimodal mappings of the repeating 
unit in a self-created model pattern, emphasising the role of physical interaction 
with different spatial con"gurations of visual elements. Future studies should test 
the re"ned concept of multimodal mapping of patterns (O’Halloran, 2015), explor-
ing differences and variations to assess its generalisability (Eisenhart, 2009) with a 
focus on how movement shapes children’s ability to discern the repeating unit 
across properties such as beat, shape, size, collinearity, and con"guration of ele-
ments. In conclusion, while acknowledging the limitation of focusing on one single 
case, this paper advocates for a broader understanding of how a multimodal approach 
supports pattern learning in early childhood education.

Acknowledgment I want to express my gratitude to Jorryt van Bommel for her support in con-
ducting this research.
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Collaboration in Primary Students’ 
Collective Mathematical Reasoning

Peter Markkanen, Helena Eriksson, and Lovisa Sumpter

 Introduction

Mathematical problem solving is one of the key aspects of mathematical under-
standing, serving not only as a central component but also as a crucial element in 
preparing students to function in a modern society (Gravemeijer et! al., 2017). 
Research has shown that students’ ability to solve problems can be enhanced 
through collaborative problem-solving processes (e.g., Harding et! al., 2017) and 
that students construct collective meaning-making in collaboration with each other 
(Roschelle & Teasley, 1995). One of the dif"culties when working together is creat-
ing a collaborative environment, where what is considered collaborative can vary 
from super"cial interactions to demanding interactions where one can "nd content- -
oriented learning (Krummheuer, 2007). The ability to work collaboratively and 
solve problems in groups are also recognised as essential twenty-"rst century skills 
(Felmer, 2023).

However, working with problem solving is not always straightforward, and stu-
dents may experience dif"culties in identifying relevant elements for solutions or 
visualising appropriate solution paths in the situation (Klang et!al., 2021). Students 
can also have unstructured habits in problem solving, which signi"cantly impact 
their ability to solve mathematical problems and often prevent them from fully 
understanding the problem at hand, which, in turn, hinders a group from developing 
and implementing effective plans to "nd solutions (Widodo et!al., 2019). In a suc-
cessful collaboration, group members pay attention to and respond to what others 
do and say (Sjöblom & Meaney, 2021). They provide space for each other’s contri-
butions and monitor how they relate to the problem-solving goal (Webb, 2009). This 
means that the collaborative problem-solving space depends on both the individuals 
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and the social context where the problem solving takes place (Seidouvy & Schindler, 
2019). One key aspect of productive collaborations is students’ ability to engage in 
mathematical argumentation (Stein et!al., 2008). Collective reasoning stems from 
social interaction and depends on the justi"cations given for different decisions 
(Sumpter, 2016). Thus, students must develop the capacity to articulate mathemati-
cal reasoning for themselves and their peers (Hansen, 2021). Reasoning ability is a 
crucial skill that is closely linked to problem solving. Promoting students’ experi-
ences with mathematical reasoning and problem solving has been identi"ed as a key 
objective in mathematics education (Lithner, 2017).

In addition, the nature of the task will affect the problem solving and the math-
ematical reasoning (Granberg & Olsson, 2015; Hestner & Sumpter, 2018). It means 
that certain tasks that might be more open and allow different types of solutions can 
generate a variety of mathematical arguments (Eriksson et!al., 2023). Therefore, 
teachers must not only be able to create or choose appropriate tasks and activities 
but also pose questions that allow students to re#ect and develop their reasoning 
(Gravemeijer et!al., 2017; Webb, 2009). There is limited research on how students’ 
collaboration and reasoning are interconnected (Sidenvall, 2019). The studies that 
have been conducted predominantly focus on older students (e.g., Granberg & 
Olsson, 2015) or collaboration in relation to other speci"c abilities, such as spatial 
reasoning (Duff et! al., 2021). Therefore, this study seeks to address this gap by 
investigating how primary school students’ problem-solving space can be created in 
collective reasoning.

 Background

The chosen theoretical frameworks employed in the study are a framework for col-
laboration (Roschelle & Teasley, 1995; Szabo et!al., 2024), and one about collective 
mathematical reasoning (Sumpter, 2016). Starting with collaboration, one can 
divide research, according to Seidouvy and Schindler (2019), into two overarching 
perspectives: (a) research focusing on the outcomes of student collaborations, a 
product-focused approach and (b) research directing attention to the process in stu-
dent collaborations. There are varying perspectives on what collaborative problem- -
solving entails. In PISA 2015, it was de"ned as the ability of an individual to 
effectively participate in a team of two or more members by sharing understanding, 
achieving consensus, determining solutions, and uniting collaborative knowledge, 
skills, and actions to solve problems (OECD, 2017). Similar de"nition is provided 
by Lahann and Lambdin (2020) who stated that collaboration involves a group of 
students working together, sharing ideas, solving problems, and achieving a com-
mon goal. What both these de"nitions have in common is the joint process, a key 
feature identi"ed by Cao (2024); that collaborative problem solving should be 
viewed as a social process in which individuals reach a high level of cognition 
through interaction with their social environment. Gestures, such as pointing, mov-
ing arms and hands, play an important role in young students’ reasoning, that will 
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help them to understand better each other’s mathematical arguments (Wathne & 
Carlsen, 2022). The understanding of each argument is crucial (Sjöblom & Meaney, 
2021), especially since collaboration entails a shared responsibility for the group’s 
actions (Klang et! al., 2021). In the present study, we align with Roschelle and 
Teasley (1995) when they de"ne collaboration as “a coordinated, synchronous 
activity that is the result of a continued attempt to construct and maintain a shared 
conception of a problem” (p.!70). A core feature of collaboration, therefore, is the 
notion of a shared conception of the problem and social interactions in the context 
of a problem-solving activity, which are described in the theory of Joint Problem 
Space (JPS).

A JPS is considered a socially negotiated, shared knowledge structure that 
emerges among students through the external mediational framework of shared lan-
guage, situation, and activity (Roschelle & Teasley, 1995). As such, it covers several 
aspects of problem solving, social interactions, and mathematical reasoning. In this 
study, we have chosen a reduced version of JPS that has been utilised in previous 
studies (e.g., Szabo et!al., 2024). Then, the focus is on the following situations: (1) 
Understanding the problem and creating a goal, that is, initiating (I) the reasoning 
within the group and thereby a JPS; (2) Creating, implementing and evaluating 
problem-solving strategies (S); (3) Observing and negotiating (N) conceptions as 
well as deviations from the goal; and (4) Solving the problem and thereby reaching 
the goal (G). Conception is de"ned as a mental structure within the individual, serv-
ing as an umbrella concept comprising beliefs, meanings, concepts, propositions, 
rules, mental images, and preferences (Philipp, 2007). To build a JPS, participating 
students must in a collaborative process introduce and accept knowledge in the JPS, 
monitor ongoing activity for evidence of disagreements, and repair deviations that 
may hinder progress. It encompasses turn-taking, giving and receiving suggestions, 
asking questions, and providing explanations, all central aspects of a collaborative 
problem-solving process, when reasoning with each other (Clark & Schaefer, 1989; 
Granberg & Olsson, 2015; Sjöblom & Meaney, 2021).

Continuing with collective mathematical reasoning, it can be viewed in different 
ways (Sumpter, 2016). In this study, mathematical reasoning is de"ned as a meaning- -
making process that emerges from collective joint work, which can be structured 
into chains of arguments (Sumpter, 2016). This is inspired by Lithner’s (2008) 
description of reasoning as “the line of thought adopted to produce assertions and 
reach conclusions in task solving” (p.! 257). Although reasoning in mathematics 
education is often characterized as high-quality thinking, there is limited clarity 
about what this entails or how it can be effectively demonstrated and described in 
young children’s reasoning (Sumpter, 2016). To provide structure to the reasoning 
process, the following steps are utilised: (1) a (sub)task is explored (TS); (2) a strat-
egy choice is made (SC); (3) the strategy is implemented (SI); and (4) a conclusion 
is suggested (C). For each step, different arguments can be expressed (Eriksson & 
Sumpter, 2021; Lithner, 2008). Here, the focus is on the steps and not the arguments 
or the content of the arguments. In contrast to studies on collaborative reasoning 
(e.g., Granberg & Olsson, 2015), which often focus on speci"c individuals or par-
ticular characteristics of reasoning, such as types of imitative reasoning, we explore 

Collaboration in!Primary Students’ Collective Mathematical Reasoning



236

how students engage in collaborative problem solving through their collective math-
ematical reasoning. While decisions and arguments in this context are shaped by a 
group, the emphasis remains on the collaborative processes involved (Sumpter, 
2016), and learning and teaching are seen as ongoing changes in human behaviour 
(Sumpter & Hedefalk, 2018). In regard to reasoning in mathematics, students often 
require support to explore and develop their reasoning skills, both individually and 
collectively (Hansen, 2021). Thus, the teacher can be viewed as an agent who can 
provide targeted support to the students as needed.

In this study, we are interested in how a problem-solving space can be created 
through collective reasoning. The aim is to explore how students create collabora-
tive problem-solving in their collective mathematical reasoning. The research ques-
tions posed are: (1) How is joint problem-solving a part of collective mathematical 
reasoning? (2) What contextual factors can be identi"ed as contributing to the pro-
cess of creating a joint problem space?

 Method

The data were video recordings of students’ work with three cases from a sequence 
of six (for information about all six cases, see Sumpter and Hedefalk (2023)). The 
work with the cases was part of a larger project exploring the progression of stu-
dents’ reasoning using a cross-curricular approach between mathematics education 
and sustainability education. In Case 2, the students were asked to share four paper 
biscuits among three animals (soft-toys). In Case 5, they were instructed to distrib-
ute 12 biscuits with the additional condition that one of the three animals was really 
hungry. Finally, in Case 6, the students had to share eight biscuits among three 
animals, one of whom was portrayed as both hungry and sad. Sharing, is an appro-
priate mathematical topic since it is a fundamental aspect of division and, thereby, 
fractions (Lamon, 2020; Vonk et!al., 2024). However, compared to division, where 
the fundamental principle is that all recipients receive equal amounts, in reasoning 
about sharing, arguments can be based on understandings about fairness and unequal 
parts (Watson, 1997). The selected cases presented the students with ethical dilem-
mas (Sumpter & Hedefalk, 2023) and were intentionally designed to facilitate 
diverse solutions while actively engaging the students (e.g., Hestner & Sumpter, 
2018). As a result, the concept of fair sharing remains open to interpretation.

The teacher, Kim (pseudonym), was instructed to encourage students to express 
arguments by asking them to explain their proposed ideas and compare their respec-
tive ideas and reasoning processes. Hence, the encouragement of expressing argu-
ments and listening to each other arguments were central (e.g., Eriksson & Sumpter, 
2021; Sjöblom & Meaney, 2021). Three students worked together as a single group—
Ida (6y 1 m), Nova (6y 2m) and Adam (6y 6m). All students were born in Sweden but 
had another "rst language than Swedish. The students’ parents have signed a letter of 
consent, thereby complying with Swedish ethical guidelines. In addition to the 
teacher, the second author was present, responsible for operating the camera.
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The data analysis followed a "ve-step process. In the "rst step, the video record-
ings were transcribed verbatim, supplemented with descriptions of both students’ 
and the teacher’s actions—capturing not only verbal exchanges but also relevant 
nonverbal interactions related to their engagement with the task (e.g., Mergenthaler 
& Stinson, 1992). Such transcriptions give rich descriptions of the data, permitting 
a micro-analysis to be conducted. The second and the third step of the analysis 
adopted a theory-driven approach. Step two involved organising the data in accor-
dance with the structure for collective reasoning (Lithner, 2008; Sumpter, 2016), 
comprising: Task Situation (TS), Strategy Choice (SC), Strategy Implementation 
(SI), and Conclusion (C). This step entailed an analysis of how reasoning was struc-
tured, beginning with the identi"cation of the task situation (TS), wherein students 
or the teacher de"ned the problem and discussed which problem needed to be 
solved. It is noteworthy that, at times, students revisited the task situation (TS) dur-
ing the reasoning process, although they had already agreed on what was the task 
and problem to solve. The analysis further examined the students’ strategy choices 
(SC), that is, the speci"c approaches proposed for solving the task. Subsequently, 
the analysis focused on strategy implementation (SI), identifying instances where 
students applied either their own or their peers’ strategies. Finally, conclusions (C) 
were identi"ed when the students argued why their delivery of the biscuits to the 
recipients was fair, and all the animals were content. The organisation of the data in 
this structure allows us to identify where in the reasoning certain processes 
take place.

In the third step of the analysis, the data were examined through the lens of the 
Joint Problem Space (JPS) framework (Roschelle & Teasley, 1995), which focuses 
on: Identi"cation (I), Strategy (S), Negotiation (N), and Goal (G), identi"ed as situ-
ations for collaborative problem solving (Szabo et!al., 2024). The third step began 
by identifying instances where students recognised and articulated the problem to 
be solved (I). These moments typically occurred at the beginning of each task, 
although students occasionally revisited this phase during the problem-solving pro-
cess to re-evaluate or reaf"rm the nature of the problem. The analysis then focused 
on students’ strategy use (S), including the creation, implementation, and evaluation 
of approaches to solve the task. Next, we examined negotiation (N), which captured 
moments of discussion around conceptual challenges, divergent understandings, 
and differing perspectives, particularly regarding what constituted fairness in the 
context of the task. Finally, the analysis addressed how students articulated the reso-
lution of the problem and reached a shared understanding of the goal (G). Step two 
and three were initially carried out independently by two researchers. They then 
convened to systematically compare and evaluate their respective interpretations. 
The individual analyses showed a high level of consistency, and in cases of discrep-
ancies, the relevant data was jointly reviewed and categorised. The structure of the 
analysis to this point is presented in Table!1.

To exemplify steps two and three of the analysis, empirical data are utilised, as 
shown in Table!2.

As illustrated in Table!2, after some time trying to understand the task where the 
students collaboratively moved the biscuits around, one child, Adam, decides to half 
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Table 1 The structure of the analysis

Time Person Data Reasoning JPS
Time codes 
from the video 
"lm

Participants Verbal and 
nonverbal 
conversations

Organisation of the 
reasoning, including 
content
(TS), (SC), (SI), (C)

Situations of 
collaboration
(I), (S), (N), (G)

Table 2 Illustration of the analysis through students work with Case 6

Time Person Data Reasoning JPS
03:00

03:08

All students

Adam

[The students have 
been moving the 
biscuits around for 
a while as they try 
to understand the 
task]
[Cuts one biscuit 
in half, then 
distributes seven 
biscuits (with one 
left over), so that 
the hungry and sad 
animal gets 3.5 
biscuits, while the 
other animals 
receive 2 and 1.5 
biscuits 
respectively]

TS

SC → SI

I

S

a biscuit, and experiments with distributing them. The exploration of the task, 
although a silent activity, is categorised as TS.!Subsequently, Adam takes action, 
which we interpreted, as a strategic decision, re#ecting reasoning in SC mode. We 
also assess that Adam’s action may be seen as a step towards reasoning in SI mode, 
since he has started to implement a strategy. In the third step of analysis, we catego-
rised the collaboration using the JPS framework. As seen in Table!2, the students, 
although silent, are engaged in an activity and thereby they initiated their collabora-
tive work. We categorised that their actions initiated the establishment of a JPS (I). 
When Adam takes action, we interpreted this as a situation in which he creates and 
test strategies, hence a situation when students implementing a strategy (S).

In the fourth step of the analysis, the coding outcomes at the different steps of the 
reasoning structure (Sumpter, 2016) were compared with the various situations 
described in the JPS framework (Szabo et!al., 2024). By studying the columns hori-
zontally, it became possible to identify how situations within joint problem-solving 
are part of collective mathematical reasoning.
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Step "ve was thematic, where data was analysed inductively. First, the entire 
transcribed material was carefully reviewed, and situations in which the context 
appeared to in#uence students’ collaboration during the problem-solving process 
were marked. Since students themselves—their thoughts and perspectives—are a 
central part of the context, attention was also given to how they asked questions, 
expressed agreement or disagreement (either verbally or through body language), or 
contributed in other collaborative ways (e.g., Clark & Schaefer, 1989). During this 
coding process, we identi"ed signi"cant situations within the data and assigned 
codes to these instances based on their characteristics. These codes were then sys-
tematically organized into overarching themes (e.g., Nowell et!al., 2017). Table!3 
presents examples of data interpretation, codes, and the resulting themes.

The thematic analysis led to the identi"cation and construction of four themes, 
which form the basis for presenting the results.

The method was "rst tested with only one Case (Case 6) in a pilot study 
(Markkanen et!al., 2024). Compared to the results from the pilot, besides validating 
previous themes, we found an additional theme. To ensure the trustworthiness 
(Nowell et!al., 2017) of the themes, we also analysed additional data from the same 
students’ work on two other cases, following the "ve steps described above. This 
approach aimed to con"rm the credibility and dependability of the "ndings through 
cross veri"cation.

 Results

In our analysis, we identi"ed four themes concerning contextual factors that in#u-
ence the process of creating a joint problem space. The themes are: (1) artefacts; (2) 
challenges related to the nature of the task; (3) students’ conceptions; and (4) teach-
er’s contributions.

Table 3 Two examples of data interpretation, codes, and resulting themes

Data Interpretation Code Theme
Ida

Nova

One, two [Give half of a biscuit 
to the hungry animal, and the 
other half to the other two 
animals]
What were you thinking here? 
[Points at the two animals that 
together received half a biscuit]

Fairness can mean that 
everyone gets the same 
amount, or that a 
hungry animal receives 
more

Perspectives 
on fairness

Challenges 
related to the 
task

Nova

Adam

[Places the eighth biscuit next 
to the hungry animal]
Oh, no! [Takes the eighth 
biscuit and cuts it in half]

Non-verbal support of 
reasoning

Actions with 
tools

Artefacts
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 Artefacts

The "rst theme is artefacts, which appeared to play a role in students’ reasoning in 
establishing a JPS.!The excerpt, on which Table!2 is based, occurred when the three 
students are gathered around a table, with three animals and eight biscuits (Case 6) 
and illustrates the importance of artefacts in the initial phase of setting up a JPS.!The 
students quickly engaged with the task, by moving around the eight biscuits, nego-
tiating. In so doing, they could be considered to be showing their understanding of 
the problem (Table!4).

In Table!4, the biscuits played a central role for the students as they tried different 
solution paths (I) during their group exploration (TS), thereby creating a JPS 
(00:38). Despite the students’ silence, it becomes evident how they are initiating (I) 
the reasoning (TS), Ida uses the biscuits, as an external mediational artefact in the 
JPS (00:40). Regardless their efforts in shuf#ing the biscuits back and forth, they do 
not manage to move further in the reasoning process.

However, within the strategy choice (SC), the artefacts (the paper biscuits) 
become part to the problem-solving process (Table!5).

In the strategy choice (SC) outlined in Table!5 (02:09), the students initiated (I) 
and created a JPS by focusing on how to distribute resources among the three ani-
mals. They identi"ed the problem and made a strategy choice: to allocate resources 
to the recipients. However, this strategy choice came with the realisation that equal 
distribution of whole biscuits is impossible. All three students utilised and empha-
sised the physical materials as tools to support thinking and reasoning, something 
that facilitated an JPS and encouraged collaborative efforts in tackling the challenge 
of distributing biscuits fairly. As illustrated in Table!5, the students’ implementation 
of a strategy (SI) was a potential approach to understanding the problem (I): the 
strategy was created, and evaluated as a problem-solving strategy (S) in the JPS.!The 
artefacts were also important to conclude (C) that the number of biscuits should be 
equal, in this situation, independent of size (02:24). In the JPS, the students evalu-
ated their conclusion and implemented their problem-solving strategies (S).

During the students’ work on Case 2, the biscuits also were a central artifact in 
developing a JPS as the students use scissors to implement the strategy of dividing a 
biscuit. One of the students, Ida, suggests that the fourth biscuit should be cut into 
smaller pieces and shared among the three animals. While Ida is responsible for cutting, 
both Adam and Nova are actively involved in the process, as summarised in Table!6.

The artifact is used by the students as they implement (SI), the strategy choice 
(SC), by dividing the biscuit into three parts. In the JPS, Ida measures with the scis-
sors over the biscuit (N), and Adam af"rms this (N). The solution for distribution is 
carried out with an additional cut, and the conclusion (C) is con"rmed by the other 
students (N) after 3!min and 8!s.
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Table 5 Students work with the physical artefacts in Case 6

Time Person Data Reasoning JPS

02:09 Adam [Cuts one of the biscuits from the hungry and 
sad animal in two. Then puts the two biscuit 
parts back among the others]

SC
Cannot be divided 
equally by whole 
numbers

I

02:11 Kim How many biscuits are there now?
[Arranges the biscuits so every biscuit is to be 
seen]

Probing for SI N

02:12 Adam Nine
[Points and counts the biscuit pieces regardless 
of size]

C
Sequential counting

S

02:14 Ida and 
Nova

[Points and counting sequentially] C S

02:16 Adam Nine C S
02:24 Ida and 

Adam
1, 2, 3, 1, 2, 3, 1, 2, 3
It is nine. [Points and counts the number of 
biscuit pieces]

C
Equality (equal 
number but not equal 
size)

S

Table 6 Students work with physical artefacts in Case 2

Time Person Data Reasoning JPS

02:53 Ida [Ida positions the scissors, "rst aiming for the middle of 
the biscuit and then slightly off to the side]

SC!→!SI N

03:03 Adam [Adam nods toward the biscuit that Ida is holding in her 
hand]

SI N

03:03 Ida [Ida cuts, resulting in one piece 
slightly larger than half and another 
slightly smaller than half. Ida then 
cuts the piece that is slightly larger 
than half once more, roughly in the 
middle. She places the three biscuits 
pieces on the table]

C G

03:08 Nova Stop, no more cutting C N
03:08 Adam [Nods again] C N

 Challenges Related to the Nature of the Task

As described earlier, the tasks were designed to allow different solutions and pro-
vide stimuli to open up discussion about what fair share could be, by including extra 
information, such as one animal was very hungry. The different perspectives about 
what is “fair” were an important aspect when students started to elaborate on the 
problem, thereby initiating (I) the reasoning within the group. This led to, a JPS 
being created. This can be seen in the students’ work with Case 6, in which all three 
students were engaged in a collaborative problem-solving session that lasted for 
2! min. During this time, they deliberated on different approaches to fairly 
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Table 7 Students’ challenges related to the nature of the task (Case 6)

Time Person Data Reasoning JPS

02:24 Adam A) Two here and two here. [Pointing in turn one, 
two of the animals (not the, hungry and sad one). 
However, his actions do not match his words, as 
he gives 1 and 2 biscuits respectively to these 
animals, for a total of 3 biscuits]
B) And this should have three pieces. [Points on 
the, hungry and sad animal]
And then there should be a piece here and a piece 
here. [Points "rst to the, hungry and sad animal 
and then to the two others. After that he points to 
the two biscuits in front of him]

SC

SI

S

S

02:45 Nova No, I have another idea TS!→!SC
New TS, when 
fair is equal 
distribution

N

02:51 Kim Do you think it should get more biscuits? Probing for SI N
02:54 Nova As many SC

Equality
S!→!N

distributing the eight biscuits among the three animals. Despite their efforts, a unan-
imous resolution was not agreed upon, as two interpretations of fairness emerged. 
Adam contended that the hungry animal deserved a larger share, while Nova advo-
cated for an equal distribution among the three animals. Table!7 started with a strat-
egy choice suggested by Adam.

In Table!7, Adam both predicted (SC) and implemented (SI) the allocation of 
resources to the recipients, indicating that fairness involves providing more resources 
to those in need. Using the terminology from JPS, the situation is maintained as a 
JPS by Adam through strategic implementation and evaluation (S). However, at the 
end of the summary of the extract in Table!7, Nova indicated that she disagreed with 
Adam’s suggestion of fairness in this situation. She suggested “as many” (02:54), 
thereby creating an alternative strategy-choice (SC). Nova’s argument contributes 
further to the JPS, indicating that the ongoing process involves a negotiation (N) of 
different viewpoints regarding fairness.

In the students’ work on Case 2, there were also indications that the challenges 
within the task created conditions for the students to create a JPS in their reasoning. 
At 00:27, the students suggested discarding the fourth and "nal biscuit. They argued 
differently that it would be fair if each of the three animals receives one biscuit. The 
fourth biscuit complicated the situation. For example, see (01:25) in Table!8.

The challenge of being unable to distribute an equal amount of biscuits to the 
animals, without splitting one, required the students to use fractions in the solution. 
This enabled the students to create a JPS in their reasoning. The students imple-
mented (SI) the strategy choice (SC) of cutting, and in the JPS, they demonstrated 
that the fourth biscuit is the issue that needs to be solved (S).
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Table 9 Conceptions related to problem solving in Case 6

Time Person Data Reasoning JPS

00:10–00:47 All 
students

[The students initially moved the biscuits around 
for a while]

TS N

00:47 Nova Wait, wait we all have to…think
[All three students move all eight biscuits around 
in a mode of action, as they think]

TS!→!SC N

Table 10 Conceptions related to mathematics in Case 2

Time Person Data Reasoning JPS
03:55
03:59

Kim
Adam

How did you know that?
No, I'm just thinking it through. We’re not just counting 
together

Questioning C
C

N
N

Table 11 Conceptions related to care (students’ preferences) in Case 5

Time Person Data Reasoning JPS

01:25 Ida and 
Nova

[They mimic chewing sounds and pretend the 
animal is eating]

SI!→!C S

01:25 Ida The really hungry one must eat everything C G
01:30 Kim Can it eat all the biscuits? Do the others think 

that’s okay?
Questioning 
SI

N

01:36 Adam I’ve never seen people do that, making [chewing 
sounds]

Questioning 
SI

N

01:42 All 
students

[Handles the biscuits but ultimately decides the 
really hungry one should have all of them]

SI!→!C G

02:06 Ida When you give them, you must make sure they 
actually eat. [Place the biscuit under the animal 
as if the animal has eaten the biscuit]

C N!→!G

 Students’ Concepts

The third theme was that the JPS was built on students’ concepts of what mathemat-
ics entails, which was that mathematics involves thinking (Table!9).

In Table!9, we see that Nova raises that “thinking” is central to the collective 
reasoning, and that all of the participants need to think. It is in the transition from 
task situation (TS) to choosing an appropriate strategy where she puts forward the 
need to think, and that they all have to do it as a group. When applying JPS, the situ-
ation falls under the category negotiation (N). The students repeatedly signalled that 
it was important to think when working with mathematics, especially when working 
together, see Table!10.

In the short interaction illustrated in Table!10, the students are questioned about 
their conclusion (C) by the teacher, Kim. One of the students, Adam, answers that 
one needs to think it through. It is not just him who has to do it since “We’re not just 
counting together”, hence not simply considering arithmetic procedures. This situ-
ation is categorised as negotiation (N).

Collaboration in!Primary Students’ Collective Mathematical Reasoning



246

When the students are asked to distribute 12 biscuits among three animals, with 
the additional condition that one of the three animals was really hungry (Case 5), 
their understanding of mathematics becomes evident. The activity revealed how 
conceptions of vulnerability and the need for extra care was incorporated into the 
mathematical reasoning, becoming an integral part of JPS.!For example, students 
Ida and Nova implicitly argued that the distribution process must also account for 
the recipient’s acceptance of their allocated resources, see Table!11.

As illustrated in Table!11, Ida implicitly demonstrated her understanding of the 
importance of ensuring that the distribution aligned with the agreed decision, 
thereby displaying conceptions of preferences. The students develop the JPS by 
implementing a strategy (S) at time (01:25), which is integrated (SI) into a negotia-
tion (N). This implementation is questioned, but ultimately con"rmed as an implicit 
argument, forming a conclusion (C) within the solution (G).

 The Teacher’s Contributions

The fourth theme differs from the "rst three in that it focuses on how Kim, the 
teacher, contributed to the students’ problem-solving process. In the earlier sum-
maries of excerpts, there were several situations where the teacher contributed to or 
facilitated the reasoning process. For instance, the teacher’s contributions included 
arguments that maintained the JPS while observing the children’s collaborative 
problem-solving. As an example, in Table!5, at 02:51, the teacher facilitated the 
students’ reasoning, by asking questions like “Do you think the same?”, “What 
about this one [pointing to some of the animals]?” or “What do you think?”. In 
Table!12, another example of the teacher's contribution is summarised, involving 
negotiations with the students about how the animals who receive a smaller share of 
biscuits might feel. This kind of negotiation was something that occurred frequently 
in the video-recordings:

Table 12 The teacher’s contributions in Case 6

Time Person Data Reasoning JPS

04:15 Kim Do these animals think it’s okay that they 
didn’t get as many pieces? [Points to the two 
other animals (not the hungry and sad one)]

Questioning C G!→!N

04:20 Adam That Hungry. [Emphasises that the sad and 
hungry animal should be given more]

C N

04:38 Kim Let’s go back to these animals. Do they think 
it’s fair that they have to share "ve pieces of 
biscuits while this one gets "ve pieces all to 
itself?

Maintain the TS in 
the conversation

N

04:43 Nova They equal. [Makes the same gesture again, 
pointing to the two other animals]

C N!→!G
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In Table!12, the teacher contributed twice. The "rst example is at 4!min and 15!s, 
when Kim queried the students’ suggested conclusion (C), which brought the solu-
tion (G) back to observing and negotiating (N). As such, Kim challenged the stu-
dents’ reasoning to stimulate arguments that could help the collaborative process. 
Twenty-three seconds later, Kim challenged the students to re#ect on their sug-
gested conclusion. However, the students decided to stick with their common solu-
tion, based on a shared sense of fairness. However, our data also included examples 
where students changed their solution after the teacher made a contribution. Looking 
at all instances, we see that Kim’s contributions almost always involve providing 
input in the form of negotiation conceptions (N) or redirecting proposed solutions 
back for further negotiations.

 Discussion

In this study, we have explored how students created collaborative problem-solving 
through their collective mathematical reasoning by combining the framework for 
collective mathematical reasoning (Sumpter, 2016) with the JPS framework for 
collaboration (e.g.,Roschelle & Teasley, 1995; Szabo et!al., 2024). By doing so, the 
results show collective mathematical reasoning in greater detail, using key con-
cepts from the JPS framework, such as initiating, implementing, and negotiating 
conceptions. What we can add is when in the reasoning collaboration takes place. 
The results signal that the different situations of JPS are often related to strategy 
choice (SC) and the implementation of strategy (SI), or the conclusion (C). Only a 
few aspects of JPS were noticed concerning the "rst step of reasoning, the task situ-
ation (TS). This differs from previous research on collective mathematical reason-
ing, where the "rst step of reasoning and the associated arguments have been vital 
to understanding the task (e.g., Eriksson & Sumpter, 2021). Although previous 
studies signal that collaboration can vary, from super"cial interactions to demand-
ing interactions (Krummheuer, 2007), we did not expect the difference in the 
importance of various steps in reasoning when applying the JPS theory. The focus 
on strategy choice and implementation in the present study might be connected to 
students not having so much experience in problem solving (e.g., Widodo et!al., 
2019) compared to our earlier work (e.g., Eriksson & Sumpter, 2021). At the same 
time, there are instances when the students paid attention to the others (e.g., 
Sjöblom & Meaney, 2021), and providing space for a collective solution goal (e.g., 
Webb, 2009), meaning that there are several indications of productive group work. 
Given that productive collaborations are connected to students’ ability to engage in 
mathematical argumentation (Stein et!al., 2008), there are implications for teach-
ing: what can teachers do to help students in their collective reasoning and in col-
laborative work?

The results from thematic analysis can provide some insight. One of the themes 
was about the teacher’s contributions to collaborative problem-solving. Previous 
studies have shown how quickly teachers can take over the reasoning and limit 

Collaboration in!Primary Students’ Collective Mathematical Reasoning



248

students’ space to express arguments (e.g., Sumpter & Hedefalk, 2018). Here, the 
results signal that the teacher contributed to the process and the JPS framework 
helped to illuminate the teacher’s contributions and facilitations in the reasoning 
process. As such, the teacher provided space for both collective reasoning and col-
laboration (e.g., Webb, 2009). Another result that could function as a part- explanation 
was about the cases. Previous studies have shown the nature of the task will affect 
the problem solving and the mathematical reasoning (e.g., Granberg & Olsson, 
2015; Hestner & Sumpter, 2018). Our results support such a conclusion, and through 
the micro-analyses, we can also illustrate how the nature of the task contributes to a 
JPS.!Here, given that what is considered ‘fair’ is not univocal, negotiation about 
fairness became important to move forward, and since the students had to negotiate 
on how to create fairness, it meant that both the choice of strategy and implementa-
tion of the different strategies depended on the different views of fairness. This is 
different compared to the mathematical progression of fairness that Watson (1997) 
describes where the goal is division. As such, the tasks required a successful col-
laboration, which has been identi"ed as connected to students’ ability to engage in 
mathematical argumentation (e.g., Sjöblom & Meaney, 2021). In addition, previous 
studies have noted that grappling with challenges inherent in mathematical tasks 
fosters “doing mathematics” (Stein et!al., 2008). One possible implication is that 
tasks of this kind might help students develop and access pertinent knowledge and 
experiences and adeptly employ them in sophisticated thinking and reasoning 
processes.

The results also illustrated how students’ understanding of mathematics shaped 
the construction of a JPS by the student group. This was sometimes due to the 
nature of the task, which required to some degree a shared understanding of ‘fair’, 
but also other conceptions. There is plenty of research from the past four decades on 
how different beliefs can affect reasoning in mathematical problem solving (e.g., 
Hestner & Sumpter, 2018), but not so much attention has been on the mathematical 
collaborative process. The results show that the students negotiated (N) how to 
interpret the situation, including what could be considered ‘fair’, which included 
which strategy choice (SC) to opt for. As stated earlier, there are indications that 
JPS and collective mathematical reasoning are closely connected. When adding 
conceptions (e.g., Philipp, 2007), it appears that how students interpret what math-
ematics is and how it should be done, forms their reasoning as well as their JPS.!In 
particular, their conceptions of what ‘group work’ is stands out. Group work in 
mathematics encompass how to work together, how to share ideas, how to solve 
problems, and how to achieve a common goal (e.g., Lahann & Lambdin, 2020). Just 
as Seidouvy and Schindler (2019) concluded, a collaborative problem-solving 
space depends both on the context and individuals. What we can add is that stu-
dents’ conceptions of such collaborative work appear to be vital for the success, 
especially with respect to negotiation. The implication is that teachers need to be 
aware of this affective component when using collaborative work as part of mathe-
matics teaching.

The last theme generated from the thematic analysis is about the role of the arte-
facts. Here, the artefacts—in the shape of paper biscuits—had a pivotal role 
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throughout the problem-solving process: in each step of the reasoning, these arte-
facts appeared to be integrated in the decisions that were made. The artefacts acted 
as a support and tools for the children. They also created conditions for various 
forms of reasoning, both verbal and non-verbal. Their non-verbal reasoning indi-
cates that students are not entirely dependent on language to maintain JPS: the arte-
facts contributed to the context by facilitating students to produce actions and 
gestures, which supported students to present and negotiate new ideas within the 
JPS (e.g., Roschelle & Teasley, 1995). Together with gestures (e.g., Wathne & 
Carlsen, 2022), the artefacts helped the students to communicate their reasoning. 
Given that this study was not designed to study the role of artefacts in collective 
mathematical reasoning or JPS, we therefore suggest this as a topic for further 
studies.
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Diagrammatic Activity 
and Communication About It 
in a Multilingual-Responsive Mathematical 
Learning Environment in Kindergarten

Barbara Ott, Priska Sprenger, and Ángela Uribe

 Introduction

Mathematical learning in school is always embedded in school socialization. This 
can be seen as a constitutive element for learning (Krummheuer & Brandt, 2001). 
Dör"er (2006) speci#es this by explaining that mathematics learning can be under-
stood as progressive participation in the social practice of diagrammatic activities. 
Early diagrammatic activities are, for example, exploring and manipulating an 
arrangement of a speci#c quantity of eggs in an egg carton, such as dividing the set 
of eggs into subsets (Benz et al., 2024). In addition to these diagrammatic activities, 
communication about them is also essential for mathematical learning (Ott & Wille, 
2022; Wille, 2020). In alignment with these understandings, the curriculum for kin-
dergarten1 of the canton of St.Gallen, Switzerland, where this study took place, 
states that in mathematics lessons, “the focus is on playful exploration…discover-
ing and representing mathematical relationships…and communicating about them” 
(Bildungsdepartement Kanton St.Gallen, 2020). In Switzerland, such 
communication is characterized by great language diversity. On the one hand, the 

1 In Switzerland, children start learning mathematics at school in kindergarten. Kindergarten is part 
of compulsory education and is generally attended by children from the age of four for 2 years 
(Konferenz der kantonalen Erziehungsdirektorinnen und -direktoren, 2020).
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children learn and use Swiss High German as the language of instruction, while they 
speak Swiss German in their other surroundings.2 On the other hand, immigration 
in recent decades has contributed to Switzerland increasingly becoming a multilin-
gual country over and above the existing multilingualism. Thirty-three percent of 
children under 15 regularly speak two languages at home, and around 10% are even 
in contact with three or more different languages (Bundesamt für Statistik, 2021). 
This means that many children in Switzerland experience “lifeworld multilingual-
ism” (Gogolin, 2010, p. 531) and there is a linguistic “super-diversity” (Vertovec, 
2007, p. 1024) in kindergarten and school. Several languages are represented, which 
are only partially or not shared at all by the learners, between themselves or with the 
teachers (Uribe, 2024). Current research on mathematics teaching in school classes 
provides evidence that the different languages of learners represent a learning 
potential (Barwell, 2018; Redder et  al., 2022; Uribe, 2024). But this diversity 
remains rarely used productively in mathematics learning in kindergarten. More 
research is needed about how learning environments can be designed for kindergar-
ten that enable children to activate their multilingualism in a social diagrammatic 
practice and how the children become diagrammatically active in different language 
settings. This article presents such a learning environment. Two scenes from differ-
ent language settings are used to reconstruct how a learner becomes diagrammati-
cally active and communicates about it.

 Diagrammatic Activity and Communication About It

In this article, diagrams are understood in the sense of Peirce, following Dör"er 
(2006). In Peirce’s theory, diagrams are signs with a relational character and encom-
pass any form of inscription that is integrated into “a (conventional) system of rules 
of production, use and transformation” (Dör"er, 2006, p.  202; translated by the 
authors). In this sense, diagrams are, for example, geometric #gures as well as terms 
like 5 + 3. However, no diagram is a diagram per se but must #rst be interpreted as 
such. To do this, the corresponding rules of the sign system must be known 
(Hoffmann, 2005). The sign system also determines how the diagrams can be oper-
ated and experimented with. Such activities can be called diagrammatic activities 
(Dör"er, 2006; Ott & Wille, 2022). As such, Dör"er (2006) mentions the manipula-
tion of diagrams, experimenting with diagrams and exploring their properties, 
investigation of relationships between different diagrams as well as the invention 
and design of diagrams. According to Huth (2023), not only actions but also ges-
tures can have a diagrammatic character.

In the learning environment presented in this article, plastic eggs and egg cartons 
that can #t up to ten eggs are used. Even if these were not speci#cally designed for 

2 Swiss High German is very similar to High German in Germany. There are some differences 
regarding vocabulary and grammar. Swiss German is a collective term for the dialects spoken by 
people from all social classes in German-speaking Switzerland.
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mathematics lessons, they can be used in such a way that they are subject to a “pre-
conceived system of rules” (Vogel & Huth, 2020, p. 221; translated by the authors) 
and thus function as a diagram in a sign system within diagrammatic activities. The 
arrangement of the egg carton, in two rows of #ve places, gives it a structure that can 
be used to determine the cardinality with the help of a structural use (Sprenger & 
Benz, 2020). An example of a structural use would be when a child says “there are 
#ve at the top and two at the bottom, that’s seven” or “there are three at the top and 
two at the bottom and I know that three and two are #ve”. In each case, two subsets 
are perceived and used to determine the cardinality.

Another essential part of the “social practice” of diagrammatic activities is the 
communication “about and with diagrams” (Dör"er, 2006, p. 215, translated by the 
authors) as well as the communication about diagrammatic activities. This commu-
nication includes both verbal and gestural utterances, too (Huth, 2023). According 
to Wille (2020), communication about diagrams and diagrammatic activities enables 
the use of designations for diagrams that belong to different sign systems but can be 
related to each other. In this way, links can be established between diagrams of dif-
ferent sign systems and a deeper mathematical understanding becomes possible. 
Communication about diagrams and diagrammatic activities also makes it possible 
to interpret the observations made in the diagrammatic activity. According to 
Tiedemann (2021), such communication can conventionalize the actions, focus on 
characteristic points for the developed procedure and condense the description 
itself. It is not yet clear how diagrammatic activities and communication about them 
interact in a mathematical learning environment that is multilingual-responsive.

 Multilingual-Responsive Mathematical Learning

Language is a key to building conceptual understanding. Beyond its communicative 
function, it plays an important epistemic role in the process of constructing meaning 
(Barwell, 2018; Planas, 2018). However, when multilingual learners are assumed to 
be monolingual, opportunities to draw on their rich linguistic repertoires for math-
ematical learning are lost. Research highlights that multilingual learners use a blend 
of linguistic and non-linguistic resources, including gestures, to construct and con-
vey mathematical ideas, emphasizing the signi#cance of multimodal communica-
tion in their mathematical discourse (Krause & Farsani, 2022; Ng, 2016).

A multilingual-responsive approach to teaching also offers further chances for 
learning. For instance, Moschkovich (2015) found that multilingual learners engage 
more deeply classroom discussions, while Norén and Andersson (2016) emphasize 
that such an approach acknowledges and af#rms learners’ agency and identity. 
Furthermore, it allows multilingual learners to connect classroom instruction to 
their everyday experiences (Domínguez, 2011), enriching their understanding of 
mathematical concepts.

Classroom settings involving multilingualism can be broadly categorized into 
two types (Uribe, 2024): settings with shared multilingualism, where learners and 

Diagrammatic Activity and Communication About It in a Multilingual-Responsive…



256

teachers speak or understand the languages represented, and settings with non -
shared multilingualism, where some or all learners and teachers do not speak or 
understand the same languages. Depending on the setting, different learning activi-
ties can be designed to support multilingual-responsive mathematics learning. 
These activities may include encouraging the use of multiple languages, offering 
multiple languages or fostering re"ection on language (Uribe, 2024). While such 
activities have already been developed for mathematics learning at school, it is still 
unclear for kindergartens how appropriate multilingual-responsive learning envi-
ronments can be designed and how learners in kindergarten use their multilingual-
ism in such a learning environment.

 Research Interest

The data presented here are part of the project “MATHEsprechen in kindergarten: 
Using language repertoires in mathematics productively right from the start”, which 
investigates the overarching question of the extent to which the use of multilingual 
resources is stimulated in kindergarten children through diagrammatic activities 
with materials in a multilingual-responsive learning environment. Accordingly, in 
the project, a learning environment was developed, that allows for and encourages 
the use of multiple languages by combining a setting in the language of instruction 
(kindergarten) and a setting in the home language (family) (Ott et al., 2024). This 
article investigates the following sub-question: How does a multilingual child 
become diagrammatically active and communicate about it in a setting that takes 
place in the language of instruction and in a setting that takes place in the home 
language?

 Method

Using Design Research methodology (Gravemeijer & Cobb, 2006), we devel-
oped the initial design and investigated the research question, focusing on itera-
tive re#nement through two cycles of design, implementation, analysis, and 
redesign, aiming to both understand and improve the learning environment and 
theories. Individual selected scenes were analyzed according to Krummheuer’s 
interaction analysis (Krummheuer & Naujok, 1999). For this purpose, the non-
German-language passages were translated. For the Spanish sections presented in 
this article, one of the researchers, who is multilingual with regard to these lan-
guages, took over the translation. In the interaction analysis, she was able to 
include linguistic differences and particularities. The following steps were car-
ried out in the interaction analysis (Krummheuer & Naujok, 1999): Structure of 
the interaction unit, general description, detailed analysis of the individual 
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utterances—(re)construction of alternative interpretations, turn-by-turn analysis, 
summary analysis.

 Design of the Learning Environment

In this article, we provide an insight into the second cycle of the design experiments, 
in which the learning arrangement was further developed based on the experiences 
from the #rst cycle. In the #rst cycle, the children’s parents were involved in order 
to activate the home language. For example, it became apparent that too much open-
ness in the activities led to parents strongly encouraging children to count and feel-
ing pressure to think of a game situation spontaneously, which was sometimes 
experienced as overwhelming for them (Ott et al., 2024). These aspects have been 
taken into account and improved in the second cycle.

The learning environment was developed to create opportunities for multilingual 
children to activate their multilingual repertoires by learning the topic of determin-
ing cardinality with the help of a structural use. It is based on the following design 
principles:

 (1) Activating the home language by involving parents;
 (2) Encouraging mathematical activity and communication about it (Ott & Wille, 

2022) within a social diagrammatic practice (Dör"er, 2006);
 (3) Connection of language of instruction and the home language through rich 

learning tasks with materials and natural differentiation (Krauthausen & 
Scherer, 2014).

Fig. 1 Design of the learning environment
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The learning environment consists of elements in kindergarten and in the family 
(see Fig. 1). Egg cartons and plastic eggs are the materials used and the objects of 
the mathematical activity. They are an essential element of the learning tasks at 
school as well as in the family.

The parts in kindergarten take place in the language of instruction, the use of 
other languages is possible, but not encouraged. The whole class participates. The 
children are encouraged to engage in diagrammatic activities and experience how to 
use the language for communication about them. An example of a learning task is: 
Each child has a ten-egg carton and six eggs. One child rolls a die. Each child then 
arranges the corresponding quantity of eggs in their carton so that one can immedi-
ately see how many eggs there are. The children compare whether they have laid the 
eggs similarly or differently and describe how they can immediately see the quantity 
of eggs. Thus, the learning tasks for the family part are prepared, too.

The activities in family are carried out by a child and one parent. Here, the learn-
ing tasks are designed as games. Parents and children are guided by multilingual 
videos to encourage the use of several languages. The families should use their mul-
tilingualism as they normally do. In these parent-child videos, two hand puppets, 
Jenny and Chrischi, introduce the learning tasks by playing the games themselves 
and acting as role models (see Fig. 2). A narrator draws attention to special aspects.

The parent-child videos are available in three versions: entirely in High German, 
the language of instruction, entirely in the respective family language, or mixed, with 
Jenny speaking High German and Chrischi speaking the family language. Parents 
and children could choose which video they wanted to watch. Additionally, in a par-
ent video, the parents are introduced to the learning content of the learning tasks and 

Fig. 2 Translated excerpt from the parent-child video for the learning task “Arranging eggs”

Fig. 3 The #ve parts of the learning environment (K: Kindergarten, F: Family)
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they are given ideas on how to support their children’s mathematics learning through 
these games. This video is available in High German or the family language.

The learning environment consists of #ve parts in total (see Fig. 3). Three parts 
were carried out with the kindergarten group, two parts in the context of the family. 
All parts took place on the premises of the kindergarten.

 Conducting the Design Experiment

The learning environment was tested in a design experiment in September 2023 in 
two kindergarten groups in Switzerland with children in the last year of kindergar-
ten. The #rst group consisted of ten children (average age: 5 years, 7 months), the 
second of six children (average age: 5 years, 3 months). Two Albanian-speaking 
families, one Spanish-speaking family and one Serbian-speaking family took part. 
The kindergarten part was carried out by a researcher. All parts were carried out in 
the same week: The kindergarten parts took place on Monday (part 1), Wednesday 
(part 2) and Thursday mornings (part 4), the family parts on Wednesday (part 3) and 
Thursday afternoons (part 5). For the family parts, the parents and children came to 
the kindergarten in the afternoon. All activities in the kindergarten and in the fami-
lies were videotaped.

 Results and Interpretations

In this article, we explore the research questions by analyzing Lami’s case. He is 
5 years and 3 months old. His home language is Spanish, and this is the only lan-
guage spoken at home. Lami speaks and understands Swiss German and High Swiss 
German to some degree but is not "uent in them. He mixes them while speaking. 
His father, who conducts the family part with him, speaks or understands very little 
German. In the following, the summary analysis of the interaction analysis of two 
selected scenes is presented. To describe the position of the eggs in the carton in the 
transcript, the places in the carton were numbered as shown in Fig. 4.

In order to make it possible to follow the use of the different languages, the trans-
lation in the transcript excerpts (see Tables 1 and 2) underlines the passages that 
were originally spoken in (Swiss) High German, but not in Spanish. Passages spo-
ken in Swiss German are also italicized. Actions are indicated in brackets.

Fig. 4 Numbering of the 
places in the egg carton in 
the transcript
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Table 1 Transcript of the scene from part 2 of the learning environment with explaining 
screenshots (Swiss High German: underlined; Swiss German: underlined and in italics; Spanish: 
without highlighting)

Teacher: Let’s #nd another description. Look at it again. Lami?

Lami: Yes (moves to the egg carton) this this (takes the egg from 
E7 out of the carton and holds it in the left hand)

give out (presses with the #ngers of the right hand onto E7 
and then moves the hand over the egg onto E6) done like this

And the other (puts the egg back and presses with the #ngers 
of the right hand on the eggs on E1 and E6)

done like this (points to Annika and then puts his right hand 
over the eggs on E6 and E7, index and middle #nger of his 
left hand on the egg on E7) this so many children made like 
this (takes away the egg on E7)

like he not (points with his left hand to the empty place E7)

so is not the same (takes an egg from E3 and places it on E7)

or so or (presses the egg from his hand brie"y into E3 and 
then places it in E8) so is not also the same

but from (turns the whole carton by 180° and presses brie"y 
on the egg on E2 with the right hand) other see it the same 
way

(takes the egg from E8 in the previous view with the right 
hand and places it in E3 in the previous view)

or (turns the box 120°) like this

 Kindergarten Part of the Learning Environment

In the example, the scene (see Table 1) is from part 2 of the learning environment 
(see Fig. 3), at the end of the lesson. In the egg carton, #ve eggs are arranged as 
shown in Fig. 5. The children were asked by the teacher (researcher) to #nd as 
many different descriptions as possible for how one can immediately see that 

B. Ott et al.



261

Table 2 Transcript of the scene in the middle of the game with explaining screenshots

Lami: And look here, look (puts the die on the ground and turns it so that the 
die face 6 is oriented as it might lie in the father’s carton) It’s like this 
(points to the spots on the die)

You placed them in (turns the die so that the die face 6 is oriented as it 
lies in his carton

Touches the eggs in the father’s carton in the order: E5, E3, E1) one, 
two, three and three (touches E7–E9) Here are three (points 
simultaneously to the #elds E5, E3, E1) and here (points 
simultaneously to the #elds E7–E9) there are three and it’s six

But (takes the egg from E5 and places it in place E4) if you place them 
(takes the egg from E1 and places it in E2) like this, it’s the same 
(places the eggs back as the father had placed them)

Fig. 5 Position of #ve 
eggs in the kindergarten 
scene

there are #ve eggs in the carton. They sit in a circle with the carton in the middle. 
Three children have already found three descriptions: “(Points to the top row.) 
There are three. (Points to the bottom row.) And there are two.”, “(Points to the 
bottom row.) There are two. (Points to the top row.) And there are three.” and 
“(Points to E1 and E6.) Here two. (Points to E2 and E7.) Here two. (Points to E3.) 
And here one.”

 Summary Analysis

Unlike the other children, it seemed to be important for Lami to sit close to the 
carton, which indicates that he has planned to work with the eggs in the carton and 
will need more time than the other children to explain his ideas. Lami seems to have 
a clear idea in his explanation. It seems to be important to him to refer to what the 
other children have said. For example, he points to Annika or places his hand over 
two eggs (E1 and E6) in exactly the same way as another girl did previously. In 
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order to communicate his thoughts to the others and especially to the teacher, Lami 
combines verbal communication about the arrangement of the eggs with appropri-
ate pointing gestures and diagrammatic activity, which is shown by taking out or 
placing the eggs. Lami’s verbal utterances have Swiss High German parts, parts in 
Swiss German, and Spanish parts. The egg in position E7 plays a crucial role in his 
explanation. He seems to be concerned with why there are different descriptions for 
the arrangement of these #ve eggs in the egg carton. His explanation has two sec-
tions: In the #rst section, he explains what is “not the same”. For example, the 
arrangement of the eggs is no longer the same when the egg on E7 is removed from 
this place. Likewise, it is no longer the same when the egg on E3 is moved from this 
place. It is possible that he has previously interpreted the other children’s pointing 
gestures in such a way that they no longer refer to the entire quantity of the #ve 
eggs, but only to partial quantities or individual eggs, resulting in different descrip-
tions. It is also possible that he is wondering why different descriptions are being 
sought for the same arrangement. In the next part of the utterance, he now explains 
that the arrangement of the eggs remains the same, even when viewed from differ-
ent perspectives. He is presumably reacting to the previous statements, which are 
made in the circle opposite each other. To make his argument clear, he turns the 
carton and puts the eggs back in the way they were at the beginning.

 Focus on Diagrammatic Activity and Communication About It

In this section of the scene, Lami is diagrammatically active in a variety of ways 
(Dör"er, 2006). He changes the arrangement of the eggs, adds an egg, takes it 
away or changes its position, and divides the set of eggs into subsets. He is not 
doing it here to explore the diagram, but to show and prove his argument. 
Presumably he wants to show that different arrangements of the eggs lead to dif-
ferent descriptions, but different perspectives on the same arrangement lead to 
the same description. He also uses gestures to manipulate the diagram (Huth, 
2023), for example by highlighting individual subsets as well as to refer to state-
ments made by other children. As an additional mathematical element, he intro-
duces the spatial position of the carton and the perspective into the discussion. To 
do this, he again becomes diagrammatically active with an action, the turning of 
the carton, and uses this for his argumentation. Lami also accompanies his argu-
mentation verbally and thus communicates about the diagrammatic activity 
(“done like this”) and the resulting diagrams. He uses all the languages available 
to him. In Swiss German and Swiss High German, he explains the essential ele-
ments of his argument in simple words, which he repeats: What was done, who 
did something and whether it is the same or not. He makes the reference to the 
other children gesturally and verbally. It is possible that these references are par-
ticularly important to him for his argumentation. The diagrammatic activities are 
an essential element of his argumentation, without which it would not be compre-
hensible. He inserts conjunctions that are important for the logical structure of an 
argument in Spanish, “and” and “but from”. Presumably he has not yet learned 
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Fig. 6 Position of six eggs in the family scene: (a) carton of Lami’s father, (b) Lami’s reposition 
in his father’s carton, and (c) Lami’s carton

these conjunctions in the language of instruction or is so preoccupied with the 
diagrammatic argumentation that he uses the terms in his more familiar language.

 Family Part of the Learning Environment

The scene in the example is from part 3 of the learning environment, where Lami 
and his father play the game “Arranging eggs” (see Fig. 3). In their egg cartons, they 
have arranged six eggs as shown in Fig. 6.

The scene is in the middle of the game (see Table 2) and Lami as well as his 
father speak Spanish throughout.

 Summary Analysis

It can be stated, that for Lami, unlike his father, the previous negotiation about the 
arrangement of six eggs in his father’s carton (see Fig. 6a) has not yet been satisfac-
torily concluded. It seems to be important for him to convince his father of his rea-
soning. The die still seem to play a crucial role for him and he seemed to focuses on 
this, so that his father could understand Lami’s reasoning by looking at the die and 
the eggs in the carton. More emphatically than in a previous turn, he again asks his 
father to follow his reasoning by #rst asking him to look, “and look here, look”. He 
then uses the die and the egg carton with the six eggs in such a way that the equality 
or inequality of the arrangement becomes clear by looking. His argumentation 
moves from the die to the egg carton, which the father should now link together. 
Lami #rst shows the father how the six dots are arranged on the die, which he has 
initially placed in such a way that the arrangement of the six dots on the die matches 
the orientation of the eggs placed in the father’s egg carton, “it’s like this”. The 
statement shows that the arrangement on the die seems to be an incontrovertible fact 
for Lami. Then the die seem to have served its purpose with the pointing, so Lami 
can put it away. It is possible that he deliberately places the die next to his own egg 
carton so that the six on the die face is oriented in the same way as the six eggs in 
his egg carton. He now turns to his father’s carton and explains how the eggs in this 
carton are arranged in contrast to what is shown on the die (see Fig. 6a). In doing so, 
he combines diagrammatic activity with verbal and gestural utterances. After ini-
tially tapping on the three eggs individually, the grouping of the eggs into three and 
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three then seems to be essential for him “here are three (points simultaneously to the 
#elds E5, E3, E1 and here (points simultaneously to the #elds E7–E9) there are 
three and it’s six”, as well as the total number of eggs in the carton. With the follow-
ing “but”, however, he now separates the fact that there are six eggs from his argu-
ment that it does not match the arrangement of the six on the die. This time, however, 
he varies his argumentation as Lami becomes diagrammatically active by reposi-
tioning two eggs from his father’s carton so that the six eggs are arranged in the 
carton similarly to the arrangement of the six dots on the die (see Fig.  6b). He 
accompanies this action with an appropriate utterance, “if you place them like this, 
it’s the same”, picking up on his formulation from his previous arguments. By rear-
ranging them, it can now be seen—and seen by looking—that the arrangement now 
matches the arrangement of the dots on the die. It seems to be irrelevant for Lami 
where the six eggs are placed in the carton, as it is now centered in his father’s box 
and right aligned in his own (see Fig. 6c). Overall, Lami brings together his argu-
mentation that the arrangement of six eggs in the carton must match the arrange-
ment of six dots on the die and his father’s argumentation that it is the quantity that 
matters. He makes clear that the quantity of eggs in his father’s carton is correct, but 
not the arrangement. However, this seems to be decisive for Lami in this situation.

 Focus on Diagrammatic Activity and Communication About It

Lami is diagrammatically active in a variety of ways (Dör"er, 2006) in this section 
of the scene. He relates two sign systems to each other (Ott & Wille, 2022): the 
arrangement of dots on the die and the arrangement of eggs in the carton. He estab-
lishes the connection between the two sign systems by paying attention to the spa-
tial relationships between the individual elements of the respective set in the 
arrangement. In addition, he changes the diagram in the egg carton according to the 
rules so that the new diagram has the same spatial relationships as the diagram of 
the six dots on the die. He also uses diagrammatically gestures (Huth, 2023) to 
divide the set of six eggs into subsets. He performs this decomposition in the natural 
numbers, too, by naming them verbally. In addition to his gestures on the egg car-
ton, he verbally names the total number of eggs. He uses the egg carton with the 
eggs as the mathematical object on which he works and with which he argues and 
communicates about the diagrams and his diagrammatic activities. Therefore, he 
uses his home language, which is also his father’s language, in an elaborated way 
and presents a logical argument with steps that build on each other in a meaningful 
way, in which he adopts the father’s perspective on the eggs.
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 Discussion and Outlook

In this article, we use the example of Lami to address the question of how a multi-
lingual child becomes diagrammatically active and communicates about it in a set-
ting that takes place in the language of instruction and in a setting that takes place 
in the home language. The two scenes analyzed took place on the same day. They 
show how Lami, a multilingual child in the second year of kindergarten, becomes 
diagrammatically active and communicates about it in both settings. In both cases, 
Lami becomes diagrammatically active by acting and gesticulating (Vogel & Huth, 
2020) and communicates about it and about the diagrams in the egg carton (Ott & 
Wille, 2022). The actions he performs are also similar in both scenes (rearranging 
the eggs and dividing the set into subsets). Reviewing the other scenes in the videos 
shows that this seems to be typical of Lami’s interaction in mathematical settings. 
He also makes references in both scenes: in the kindergarten scene between the 
diagrams previously shown gesturally and the current one, and in the family scene 
between the six dots on the die and the diagram of six eggs in his father’s carton. 
This aligns with the research #ndings on multilingual learners, which say, that mul-
tilingual learners use a blend of linguistic and non-linguistic resources to construct 
and convey mathematical ideas (Krause & Farsani, 2022; Ng, 2016). At the same 
time, this is also typical of social diagrammatic practice in mathematics lessons 
(Dör"er, 2006). Further research would be needed to see whether differences 
between monolingual and multilingual learners could be identi#ed here and whether 
learners approach other learning tasks similarly or differently.

Nevertheless, differences in Lami’s interaction can be observed in both settings. 
In the family scene, he intertwines the sign system established with the egg carton 
with that of natural numbers (Ott & Wille, 2022). He does not do this in the kinder-
garten scene, although this type of description had previously been established in 
the lesson and he did it there in other scenes, too. It seems not to have been impor-
tant to him for his argumentation in the kindergarten or it could have overtaxed him 
linguistically. Overall, he is more diagrammatically active in the kindergarten scene 
through actions and gestures and less through verbal communication about them. In 
the family scene, he uses very speci#c actions and gestures and always combines 
these with verbal communication about them. It is striking how well the two go 
together. In summary, it can be said that acting diagrammatically with material is 
crucial for Lami’s argumentation. In the kindergarten setting, that took place in the 
language of instruction (High German), his focus is on gestures and actions, partly 
accompanied in different languages; in the family setting, that took place in his fam-
ily language (Spanish), he combines his actional and gestural reasoning with his 
home language. Here, the diagrammatic activity and the communication about it are 
of equal value. Thus, the connection between diagrammatic activity and communi-
cation about it and a possible focus on one of the two seems to depend on the set-
ting, for example whether the child feels linguistically competent or not.

Overall, in both scenes, Lami combines diagrammatic activities and communication 
about them to explain mathematical relationships and to reason mathematically (Ott & 
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Wille, 2022). Even though both settings take place under conditions of non- shared 
multilingualism, Lami was able to activate and draw upon his multilingual resources 
and participates very actively in the interaction (Moschkovich, 2015). In the kindergar-
ten setting (language of instruction), he explicitly activates all his linguistic resources. 
In the family setting (home language) with his father, he only explicitly activates his 
Spanish resources in this scene. This shows that the multilingual- responsive learning 
environment with the kindergarten and family parts was suitable for addressing Lami 
with all his multilingual resources. Further research should explore other design pos-
sibilities for multilingual-responsive learning environments for kindergarten.

Moving forward, further analysis of the project data should examine how the 
interplay between diagrammatic activity and the communication about it might vary 
in other multilingual settings, for example a setting of a shared multilingualism. In 
addition, the repertoires-in-use (Uribe et al., 2024) are examined, as will interplay 
between these and the diagrammatic activity and communication about it.
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 Introduction

Situations that require “fair sharing” arise quite naturally in children’s lives from an 
early age. However, as only certain sets of numbers can be divided without a remain-
der, children are frequently challenged when they have to deal with a remainder in 
everyday life. Zorrilla et! al. (2021) have identi"ed three distinct categories of 
remainders, each exhibiting a unique impact on the outcome of the division task. 
This is due to the fact that decisions regarding the management of remainders must 
always be made in consideration of the particular circumstances of the situation. For 
example, if three donuts are shared fairly between two children, the remaining donut 
can be cut in half, so that each child gets one and a half donuts. However, if little toy 
cars are shared instead of donuts, cutting them up is not a feasible option, so a dif-
ferent interpretation is required. Despite their real-life relevance, such problems are 
rarely considered at school, especially not before division is taught. With respect to 
secondary students of various grades it has already been shown that students often 
have dif"culties solving division with remainder (DWR) problems and that certain 
types of remainders present considerable challenges for students (Rodríguez et!al., 
2009; Silver et!al., 1993). To date little is known about how successfully cwhildren 
solve real-world related DWR problems when they start school and how they justify 
their handling of remainders with respect to the speci"c contexts. The extent to 
which certain types of remainders might present speci"c challenges for students at 
primary level is, at present, largely unknown. In this interview study, we seek to 
contribute to this "eld of research. Sixteen German "rst graders were invited to 
work on four DWR problems and to share their thinking on their solution process. 
The DWR problems used in the study differ in terms of the interpretation of division 
(quotitive or partitive) and the type of remainder.
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 Theoretical Background

For this study a classi"cation of real-world related DWR tasks is necessary, regard-
ing two different aspects: On one hand, two interpretations of division can be distin-
guished, and on the other hand, three different types of remainders can be 
differentiated. When looking for real-world related representations of a division 
problem, one numerical task (e.g. 12÷3) can present two completely differently 
structured situations depending on the nature of the problem context. It can there-
fore be illustrated in two interpretations of division: partitive and quotitive division. 
These are regarded as prototypical mental models of the mathematical division con-
cept, which are indispensable for a comprehensive understanding of division. 
Table!1 illustrates the partitive and the quotitive interpretation of the task 12÷3.

Both interpretations of division have in common that the total number of items 
that need dividing is the same (12). However, they vary in terms of what is wanted. 
For partitive division, the number of groups (three equal groups) is known and the 
number of items per group is wanted (How many children in each group?). For 
quotitive division in contrast, the number of items per group is known (groups of 
three) while the number of groups is wanted (How many groups of three?). 
Depending on the real-world problem context, the two interpretations vary accord-
ing to the mathematical structure as well as to the concrete actions.

Division with remainder is a fundamental theorem of number theory. Unless very 
speci"c sets of numbers are selected (e.g. by a teacher), division problems fre-
quently leave a remainder. In an entire mathematical (symbolic) context, the solu-
tion to these types of problems is a decimal number. But when a DWR problem is 
set in a real-world context, “the result must be interpreted by the real-world con-
straints that give meaning to the problem” (Pacheco-Muñoz et!al., 2022, p.!160). 
Consequently, the solution of such a problem does not automatically correspond to 
the arithmetic solution. Instead, it is necessary to interpret the remainder with 
respect to the speci"c context. Zorrilla et!al. (2021) distinguish three types of situa-
tions that require a different interpretation of the remainder: In the "rst type of situ-
ation, the remainder is not given any consideration, the solution corresponds to the 
quotient without the decimal. In the second type of situations the presence of the 
remainder requires a recognition of the value of the quotient plus one more unit. The 
third type comprises situations where the result is the quotient, plus the fractional 

Table 1 Partitive and quotitive division tasks for 12÷3

Interpretation of division

Total 
number of 
items Number of groups

Number of items per 
group

Partitive division 
Twelve children want to split into three 
equal groups. How many children are in 
each group?

12 children 3 equal groups Wanted: 
How many children 
in each group?

Quotitive division 
Twelve children want to form groups of 
three. How many groups of three can 
they form?

12 children Wanted: 
How many groups 
of three?

Groups of 3
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Types of remainders Quotitive division Partitive division

Type 1

The remainder is not given explicit 

consideration, the solution 

corresponds to the quotient without 

the decimal.

There are 7 socks in the drawer. How 

many pairs can you make? (QD1)

22 playing cards are on the table. 

Divide them equally between 4 

children. How many cards does each 

child get? (PD2)

Type 2

The remainder requires recognizing

the value of the quotient plus one 

more unit.

Here you see 22 children. They are 

to be seated at tables of four. All 

children want to sit down. How 

many tables do you need? (QD2)

Here are 13 candies. Divide all of 

them equally between 3 jars. How 

many candies are in the jar that 

contains the most at the end?

Type 3

The result is the quotient plus the 

fractional (decimal) part of the 

remainder.

Five liters of water are filled into 2-

liter bottles. How many bottles will 

be full? How many liters of water are

in the last unfinished bottle?

Here are 7 pretzel sticks. Divide 

them all equally between 2 children. 

How many does each child get? 

(PD1)

Table 2 Matrix for the two interpretations of division and the three types of remainders

part of the remainder. Table!2 combines both classi"cations. It provides examples of 
real-world DWR problems relating to partitive and quotitive division in combina-
tion with the different types of remainder-situations described above. The examples 
highlighted in gray (QD1, QD2, PD1, and PD2) were used in the subsequent inter-
view study.

The fact that not all combinations of interpretation of division and types of 
remainders were included in our interview study is illustrated by the examples of 
type 3 quotitive DWR problems and type 2 partitive DWR problems shown in the 
matrix. In both cases, only rather unrealistic contexts can be identi"ed that contain 
extremely complex questions or no longer correspond to the characteristics of the 
respective interpretation of division. Therefore, in our study, we have focused on the 
four situations that portray realistic division contexts that relate to young children's 
real-life experiences.

 Research Background

Previous research indicates that young students can successfully solve real-world 
related division problems at the beginning of school (Brown, 1992; Cheeseman 
et!al., 2022). However, we are not aware of any studies on how successfully and in 
what way children at this age consider and interpret remainders in real-world divi-
sion problems. Silver et!al. (1993) conducted a study with 195 students in grades six 
to eight and found that only 45% could solve a quotitive type 2 DWR problem 
appropriately in terms of the respective context. Over 70% of the students in that 
study solved the problems using the division operation or a division algorithm. 
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Silver et!al. (1993) therefore assume, that children who rely on a division algorithm 
when solving DWR problems have greater dif"culties in correctly interpreting the 
remainder. Rodríguez et!al. (2009) investigated which of the types of remainder -
situations (see Table!2) are the most dif"cult for 45 12- and 13-year-olds to inter-
pret. They found no difference between the between the solution rates of types 1 and 
3 DWR problems. Type 2 DWR problems, on average, were solved correctly the 
least frequently and showed a signi"cantly increased dif"culty compared to the 
other types of remainder-problems. Li and Silver (2000) examined how 14 third 
graders solved a type 2 DWR problem, which is considered the most dif"cult type. 
They found that 11 out of the 14 participants solved the task correctly and almost 
exclusively used additive strategies. Li and Silver (2000) therefore argued that the 
use of these non-division strategies enables primary students to interpret the factual 
situation signi"cantly more often than middle school students who use division 
strategies. In addition, Pacheco-Muñoz et!al. (2022) found in their study that 50 
fourth grade students in Mexico often succeeded in correctly interpreting the 
remainder in type 1 and type 2 DWR problems with both partitive and quotitive 
division. In contrast to other studies, this does not depend on whether the children 
used division or non-division strategies.

 Method

Situations that require fair sharing occur early in children’s lives. Quite often there 
is a remainder that needs to be dealt with to allow fair sharing. Most of the research 
on DWR problems focuses on secondary students, for whom type 2 DWR problems 
pose the greatest challenges (Rodríguez et!al., 2009). Only a few studies (e.g. Li & 
Silver, 2000; Pacheco-Muñoz et!al., 2022) focus on primary school students, i.e. 
third and fourth graders. The participants in our study are children at the end of their 
"rst year of primary school before any formal introduction of division. Our study 
seeks answers to the following two research questions:

RQ1a: How successfully do the children in the samples (nq, np) solve the differ-
ent tasks?

RQ1b: Does the solution rate differ between quotitive (nq) and partitive division (np)?
RQ2: How do children justify their handling of the remainder in different DWR 

problems depending on the respective context?

A clinical interview was conducted with each of the children during and after they 
were solving the DWR problems. The chosen semi-standardized approach aims to 
understand the children’s rich thinking (Kubli, 1985). The four problems chosen for 
the study are highlighted in gray in Table!2.

The children were part of a quantitative study (N!=!537) on early understanding 
of division (Wiggelinghoff et!al., in press). They were selected for the qualitative 
sub-study because of their drawings that required explanation (N!=!16). Seven of 
these children (np!=!7) worked on the two partitive division problems (PD1, PD2) 
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Fig. 1 Concrete material regarding PD1, PD2, QD1, and QD2 (from left to right)

portraying types 1 and 3, while nine children (nq!=!9) worked on the two quotitive 
division problems (QD1, QD2) that relate to types 1 and 2. The children were 
divided in two groups (partitioning and quotitioning), because the children were 
only given tasks for one of the types in the main study. This procedure was chosen 
so that children who had worked on the partitive division problems "rst, would not 
be in#uenced in their choice of strategy for the quotitive division problems and vice 
versa. The children in each group were provided with manipulatives that correspond 
to the respective contexts of the problems (see Fig.!1). They were encouraged to 
explain their thoughts and procedures when "nding the solution and particularly 
their interpretation of the remainder. All interviews were video-recorded and tran-
scribed including gestures and actions. The children were assigned codes from P1 
to P16!in the transcripts.

The transcripts were then analyzed using qualitative content analysis (Mayring, 
2015). In a "rst step three main categories were de"ned deductively based on the 
existing literature and the interview protocols, i.e. (1) solution strategy, (2) interpre-
tation of the remainder, and (3) justi"cation for the interpretation of the remainder. 
All transcript extracts that clearly show a child’s solution strategy were assigned to 
the "rst category. Extracts showing how the children interpreted the remainder (as 
expected or unconventional) were assigned to the second category, while explana-
tions and reasons for the interpretation given were assigned to the third category. In 
a second step, the main categories were then differentiated into subcategories based 
on the interview data (Table!3).

The following extract from the transcript illustrates the coding.

P5: But then there are still two [cards] left.
I: What do you want to do with the cards that are left?
P5: I put them away […]. (The child puts all the cards on the edge of the table.)

The above transcript extract indicates how P5 interprets the remaining two cards 
and is therefore allocated to category (2). From a research point of view, it is also 
important to analyze how exactly the student interprets the remainder. In this exam-
ple, P5 does not consider the remainder and is therefore classi"ed as (sub-)cate-
gory (2a).
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Table 3 Deductively de"ned main categories and inductively differentiated subcategories

Main categories Subcategories

(1) Solution strategy (a) Grouping strategies
(b) Estimation strategies
(c) Sharing/dealing strategies
(d) Mention without action or task knowledge

(2) Interpretation of the 
remainder

(a) Remainder is not considered
(b) Manipulation of the remainder
(c) Remainder is rounded up to the next natural number
(d) Uneven distribution of the remainder

(3) Justi"cation of the remainder (a) Criterion of fairness
(b) Number of items per group
(c) Estimation, rearranging or sharing described as safe 
strategies
(d) Everyday references and physical properties

 Results

The presentation of the results is organized according to the four different tasks 
(PD1, PD2, QD1, and QD2). In terms of content, the presentation of results is based 
on the three main categories, i.e. (1) solution strategy, (2) interpretation of the 
remainder, and (3) justi"cation for the interpretation of the remainder.

 Sharing Pretzel Sticks (PD1): A Type 3 Partitive DWR Problem

 Solution Strategy

Six of the seven children (all except P1) in sample np solved the task of dividing 
seven pretzel sticks equally between two children without any leftovers by using a 
grouping strategy (see Kouba, 1989), that is they place three pretzel sticks directly 
on each plate. P1 solved the task by dealing out pretzel sticks one by one (see 
Kouba, 1989) until six pretzel sticks have been used up. The fact that almost all 
children used a grouping strategy is initially surprising, as the number of items per 
group is not included in the task (see Wiggelinghoff & Peter-Koop, 2024). One 
explanation for this might be, that they (i.e. P2, P3, P5, P6, and P7) use suitable 
addition strategies to obtain the required information. P3’s explanation is typical, 
“Because three plus three is 6 and then one is left over. […]. I saw three plus three.”

 Interpretation of the Remainder

For this problem we expected the most likely appropriate interpretation would be 
that the remaining pretzel stick is broken in half, so that each child receives three 
and a half sticks (type 3, see Fig.!2). In the interviews, six out of seven children gave 
an explanation that corresponds to this interpretation. Only one child (P6) initially 
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Fig. 2 P4 breaks the 
pretzel stick

explained that you “can’t share seven pretzel sticks fairly.” When P6 was told that 
all sorts of things could be done with the stick, he also broke the remaining 
stick in two.

 Justi"cation for the Interpretation of the Remainder

Six children (all except P4) justi"ed their predominantly appropriate manipulation 
of the remaining pretzel stick by saying that this ful"lls the criterion of fairness. P2, 
for example, expressed, “Then every child has the same amount.” P6 explained his 
thought process leading to this realization

I: What made you think that you could break it up?
P6: If you put three on each plate, then it’s fair, but if you add one more, then it’s not 

fair. And then I came up with the idea of breaking it up.

Some children (P2, P4, P5, and P6) also explicitly described the consideration of the 
second criterion, that is there should be no pretzel stick left over. P4 broke the 
remaining pretzel stick, “so that everything is empty” and P2 stated, “not one little 
bit is left over!” An adequate interpretation of the remainder always depends on the 
speci"c context, because breaking the pretzel stick into two only makes sense due 
to its physical properties. All children with an appropriate solution have apparently 
thought about this possibility successfully, with two children (P4, P5) describing 
this explicitly. P5 drew on her everyday experience and answered the question as to 
why she broke the remaining pretzel stick, “Because I've done that before. And 
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they’re not particularly hard, like a rock.” P4, on the other hand, referred to his 
experience by making a comparison to sharing pencils and explained that, unlike a 
pretzel stick, a pencil cannot easily be broken in two like a pretzel stick.

This type 3 DWR problem, therefore, presents the children with the challenge of 
considering two requirements (fairness, no remainder). Six of the seven children 
ful"ll both requirements. In their justi"cations, the children most often refer to the 
criterion of fairness and reveal that they think and judge precisely about the physical 
properties of the objects involved in terms of the factual context.

 Sharing Playing Cards (PD2): A Type 1 Partitive DWR Problem

 Solution Strategy

The same seven children (np) were asked to share 22 cards fairly between four chil-
dren. Four students (P1, P2, P6, and P7) use the strategy of dealing them out one by 
one (see Kouba, 1989) until 20 cards are distributed and two are left over. Two 
children (P4, P5) used estimation strategies (see Bönig, 1995), in which the number 
of items per group is "rst estimated (e.g. four cards for each child) and the remain-
ing items are then distributed or rearranged. Only one child (P3) used a grouping 
strategy (see Kouba, 1989) and immediately assigns "ve cards to each child, naming 
the matching addition task “"ve plus "ve plus "ve plus "ve plus "ve.” Given the 
comparatively large number range for "rst grade students, this is quite remarkable.

 Interpretation of the Remainder

For this problem it is not required to distribute all the cards and cutting the cards 
does not make sense in this context. Therefore, the two remaining cards are not to 
be considered when solving the problem (type 1). Five out of seven children (except 
P4 and P6) managed to interpret the remainder accordingly. P4 and P6, on the other 
hand, distributed all 22 cards, so that two children receive "ve and two children 
receive six cards. P6 recognized that this is not fair but wanted to distribute all the 
cards and does not think that there should be any cards left over. P4, on the other 
hand, obviously interpreted the criterion of fairness differently and stated that it is 
“also fair if two [children] have six [cards] and two have "ve.”

 Justi"cation for the Interpretation of the Remainder

The "ve children who interpreted the remainder as expected justi"ed this with the 
criterion of fairness. P7 stated that if the remaining cards were also distributed, “that 
would be unfair for the other two children.” In addition, four children (P1, P2, P3, 
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and P5) also referred to physical properties of the object as well as everyday experi-
ences in their justi"cation. P2, for example, recognized that although it is possible 
to cut up cards, it would not make any sense in this context:

P2: I have an idea, but I shouldn’t do that. I could cut them in half. […].
I: Do you think it’s a good idea to cut them in half?
P2: No. […]. Because then you can’t play properly, because then the card is cut 

in half.

P5 argued similarly, “So I shouldn’t break the cards in half […]. Because that’s 
what you play with. […]. Who wants to play with broken cards?” P1 and P3, on the 
other hand, referred to their experience with playing card games (see Fig.!3). P3 
placed the remaining cards stacked in the middle and commented, “Because these 
belong to the deck.” P1 also considered the remaining two cards as going into the 
deck based on her experience playing UNO.!Nevertheless, most of the "rst graders 
in our study immediately solved the type 1 partitive DWR problem as expected.

Once again, the children predominantly utilized the requirement of fairness con-
tained in the task in their justi"cations. However, the children also re#ected very 
carefully about the properties of the objects involved and the meaningfulness of 
breaking/cutting them in half.

Fig. 3 P3 forms a stack of 
cards
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 Forming Pairs of Socks (QD1): A Type 1 Quotitive Division 
with Remainder Problem

 Solution Strategy

The two quotitive division problems were completed by a total of nine children (nq). 
The "rst task was to form as many pairs as possible out of seven socks. Nine chil-
dren used a grouping strategy (see Kouba, 1989) and put two socks together until 
only one sock remained. Since it requires two socks to make a pair, the remainder is 
not considered in the solution of the problem (type 1).

 Interpretation of the Remainder

Eight out of nine children interpret the remainder as expected. Only P16 instead 
made two pairs and a group of three socks (see Fig.!4) and justi"ed this as follows:

I: How many pairs could you form now?
P16: Two plus two plus three. […]. Three times two is six. Then you must add one 

more to make seven.

 Justi"cation for the Interpretation of the Remainder

In his justi"cation, P16 only referred to arithmetical aspects and did not consider the 
context of the DWR problem in any way.

The reasons given by the children who interpreted the remainder as expected, on 
the other hand, contain various elements. Five children (P9, P10, P11, P12, and P15) 
focused on the information contained in the task about the number of elements per 
subset (always two socks). P12 stated, “there must always be two socks in a pair.” 
P9 referred even more speci"cally to the task, “You said […] that you can only 
make two pairs and not three [socks per pair].” Three other children (P8, P10, and 

Fig. 4 P16 forms two 
pairs of socks and a group 
of three socks
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P12) also referred to the properties of the objects and everyday experiences. P10 
explained why pairs of socks are required:

I: How do you know that the answer is three pairs, and a single sock left?
P10: Well, I know that we have two feet. And then the socks are put on. And if we 

have two feet, then we need two socks.

P8 argued similarly and explained that you “can’t do anything with three socks per 
pair because you don’t have three feet.” Another child (P14), who also came up with 
the expected solution, argued arithmetically, because he considers that only pairs 
are allowed, “Because four plus three equals seven and you can’t split four and 
three. […]. If you have seven, then whenever you divide [into pairs of two], one 
remains.”

Almost all children solve this type 1 quotitive DWR problem as expected. Some 
of the children based their reasoning on the number of elements per subset. Others 
rather referred to the properties of the object (socks) and their everyday experiences. 
The only child who did not interpret the remainder as expected, based his solution 
on purely arithmetical rather than real-life experiences.

 Forming Tables of Four (QD2): A Type 2 Quotitive Division 
with Remainder Problem

 Solution Strategy

Following the sock problem, the children (nq) were asked to solve problem QD2, in 
which 22 children are to be seated at tables of four in a way that all children are 
seated. Again, all nine children used the grouping strategy typical for quotitive divi-
sion problems (see Kouba, 1989) to "nd a solution.

 Interpretation of the Remainder

For all children to have a seat, a sixth table is required for the remaining two chil-
dren. Consequently, the solution is the value of the quotient plus one more unit (type 
2). Only one of the nine children interprets the remainder as expected. P14 forms 
tables of four and thus adheres to the number of items per group, but also considers 
that all children need a seat, “Only two [children] sit at this last table then […]. 
Because everyone should be seated. Otherwise, they would just stand there.” The 
other eight children were unable to interpret the remainder correctly. They stated 
that only "ve tables were required.

“I Could Cut Them in Half”: An Interview Study on First Graders Solving Different…



280

 Justi"cation for the Interpretation of the Remainder

In their explanations, the participants focused exclusively on the number of items 
per group and explained that two children were left over because “four should be at 
a table” (P10) or “because it wasn’t a four-pack” (P8). P12 explained:

I: Why can’t these two children sit at a table?
P12: They are only two. And two are not allowed at one table […]. Because four 

always must sit at a table. Two would be too few.

Most students were so focused on this argument that they did not consider that there 
was also a requirement that all children should be seated. They failed to combine 
both requirements. Instead, they looked for creative solutions, to "nd a subjectively 
meaningful answer. For P8, the remaining children “could be the parents”, while 
P12 suggested, “They can’t go to school anymore. […]. Because there are no more 
seats” (see Fig.!5).

For P13, the two remaining children could “play on their own” instead. Often 
these ideas no longer matched the context presented in the task but illustrated the 
children’s creativity in dealing with the remainder problem. When the interviewer 
reminded the children that each child is supposed to have a seat, four out of eight 
children (P8, P9, P11, and P12) subsequently changed their interpretation of the 
remainder by including a sixth table.

Only one of the nine children immediately solved the type 2 quotitive DWR 
problem as expected, while four other children required support during in the inter-
view. Their argumentations showed that most children focused on the required num-
ber of items per group (tables of four). The second requirement, that all children 
should be seated, was no longer taken into consideration, and could not be recon-
ciled with the speci"ed number of items per group.

 Discussion and Implications

The "ndings are pertinent to the research "eld. With respect to research question 
1a), the qualitative data analysis revealed that most of the participating "rst graders 
could solve three of the four problems (PD1: 6 out of 7; PD2: 5 out of 7; QD1: 8 out 

Fig. 5 P12 removed the 
“children who can’t go to 
school anymore”
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of 9). This indicates that at least some "rst graders already have a high level of com-
petence in solving DWR problems. One of the DWR problems (QD2; type 2 quoti-
tive division), was more challenging, as only one of nine children was able to 
interpret the remainder adequately. A dependency of the interpretation of division 
could not be identi"ed, because overall both partitive (PD2, PD2) and quotitive 
DWR problems (QD1) were solved as expected by most students. However, regard-
ing research question (1b), we observed a dependency on the situation-type of the 
remainder with respect to the solution rates. While type 1 and type 3 DWR problems 
(PD1, PD2, QD1) were predominantly solved adequately, the type 2 DWR problem 
(QD2) was the most challenging for the "rst graders who were given this problem. 
These "ndings are in accordance with research results for secondary school stu-
dents, who were also least likely to solve type 2 DWR problems correctly (Rodríguez 
et!al., 2009).

For research question 2, which focuses on the students’ reasoning when dealing 
with the remainder, we gained new insights into children’s thinking. In contrast to 
the solution frequency, there were differences in the students’ reasonings depending 
on their interpretation of division, which resulted from the underlying structure of 
partitive and quotitive division. In partitive division problems (PD1, PD2), children 
often explained their interpretation of the remainder with the criterion of fairness, 
which is typical for this interpretation. In quotitive division problems (QD1, QD2) 
the children often referred to the number of items per group given in the task. A 
second, interesting "nding, however, is independent of the interpretation of division 
and demonstrates why the children are already solving DWR problems successfully. 
Their reasoning showed that the children re#ected very carefully about the context 
and the physical properties of the objects involved in the problem. They made sen-
sible decisions on how to deal with remainders and built on their everyday experi-
ences. For example, the children described in a very distinguished way that pretzel 
sticks are easy to break, but playing cards should never be cut in half because “then 
you can’t play properly anymore” (P2). The children also understood that pairs of 
socks were much more useful than “bundles of three, because you don’t have three 
feet” (P10). The children’s reasonings, therefore, demonstrate that the interpretation 
of DWR problems resulted from the combination of implementing the requirements 
of the problem (e.g. fairness or number of items per group) and their ability to make 
decisions about objects and their properties based on their everyday experiences. 
The children’s dif"culties with problem QD2 (type 2, forming tables of four) can 
also be understood based on their explanations. The problem had two requirements 
that the students had to interpret and act upon. On the one hand, they were asked to 
set tables of four, on the other hand, each child must have a seat. All "rst graders 
who did not interpret the remainder adequately, refered to the number of items per 
group, which for them was the important criterion. The second requirement, to pro-
vide a seat for all 22 children, receded in importance and was not compatible with 
the given number of items per group from the students’ perspective. The structure 
of a quotitive division situation, in which the number of items per group is given, is 
apparently dif"cult to reconcile with a type 2 remainder, which requires the addition 
of a group that no longer corresponds to the given number of items per group, and 
therefore presented the children with the greatest challenges.
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Implications for classroom teaching are twofold. To begin with, primary mathe-
matics teachers should know that a substantial number of children can solve DWR 
problems successfully before the formal introduction of division, because they 
focus very precisely on the requirements contained in the task and think carefully 
about the context. Some children already have prior everyday life knowledge and 
might have faced remainder-situations that require strategies for fair sharing. 
Because of their close connection to children’s everyday life, DWR problems should 
be considered as important out of school knowledge, when division is formally 
introduced. In particular, the children’s rationales for dealing with remainders are 
frequently creative, re#ecting their endeavors to identify a viable solution. Their 
ideas and solutions might lead to rich mathematical discussions. Secondly, teachers 
should be aware that certain types of remainder-situations are dif"cult to compre-
hend for many children. Therefore, type 2 DWR problems should be addressed and 
discussed intensively in (primary) mathematics classrooms.

A clear limitation of our study is the rather small sample size. A further study 
following a quantitative design would allow more substantiated statements about 
solution rates and dif"culties regarding different types of remainder-situations. It 
would also be helpful to conduct further qualitative studies with larger sample sizes 
to better understand children’s reasoning in remainder-situations to inform a subse-
quent larger quantitative study. In addition, it cannot be entirely ruled out that the 
formulation of the items and the processing of two items in immediate succession 
also in#uenced how remainders were interpreted.
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Explorative Mathematical Argumentation
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 Introduction

Argumentation holds great potential for knowledge construction (“arguing to learn”, e. 
g. Asterhan & Schwarz, 2016; Andriessen, 2006). However, the ability to successfully 
engage in argumentation processes has to be developed in the course of children’s 
education (“learning to argue”, e. g. Kuhn & Crowell, 2011; Mercer, 2009). Despite 
argumentation’s undisputed role in science and not least in mathematical learning, it is 
often not easy for students to “engage in productive scienti"c argumentation to propose 
and justify an explanation through argument” (Sampson & Clark, 2008, p.!449).

The concept of explorative mathematical argumentation (EMA) offers an 
approach to analyse mathematical argumentation at a young age, as a basis for the 
promotion of argumentative competencies in preschool children. The concept draws 
on a distinction between persuasive and explorative argumentation proposed by 
Ehlich (2014), and understands argumentation as a social, multi-modal activity of 
reasoning about mathematical content that aims at collaborative knowledge con-
struction (Reuter, 2025).

Krummheuer (2007) emphasizes the crucial role of argumentation in mathemat-
ics learning, which he considers to be “argumentative learning” (2007, p.!62), even 
claiming that participating in argumentation marks the “constitutive social condi-
tion of the possibility of learning of a mathematical content, concept, or procedure” 
(p.!113). A growing body of empirical studies shows that even preschool children 
engage in mathematical argumentation (e.g. Salgado et!al., 2024; Brunner, 2019, 
and with a focus on play e.g. Nergård, 2023; Sumpter & Hedefalk, 2015). Domberg 
et!al. (2018) could show that 5- and 7-year-old children were more motivated to 
produce arguments in a cooperative context than in a competitive one (Domberg 
et!al., 2018. The term explorative argumentation refers to an argumentation process 
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conducted for the sake of gaining collaborative knowledge, as opposed to a com-
petitive starting point with the aim of persuading the interlocutors of a certain claim. 
The concept of EMA can be used for analysing processes of young children’s col-
laborative argumentation in mathematical learning situations (Reuter, 2023). It 
builds on the de"nition of argumentation as “a verbal and social activity of reason 
aimed at increasing (or decreasing) the acceptability of a controversial standpoint 
for the listener or reader, by putting forward a constellation of propositions intended 
to justify (or refute) the standpoint before a ‘rational judge’” (van Eemeren & 
Grootendorst, 1996, p.!5). However, in addition to the social embedment, didactical 
nature and the important role of reason within the process, EMA also takes into 
account the multimodality of argumentation processes by explicitly including ges-
ture and material-based action as well as verbal utterances. EMA can be de"ned as:

A process of collaborative knowledge construction that involves inferring conclusions from 
premises and supporting statements by "nding reasonable justi"cations within a mathemat-
ical context, which means that data, warrants and conclusions are mathematically anchored. 
Reasoning refers to the tools applied in the process, like forming and testing hypotheses and 
drawing on analogies. Modalities refer to what communicative measures are taken to carry 
out the argumentation process. Gestures and material-based actions have to be considered 
as well as verbal utterances. (Reuter, 2023, p.!431)

Analyses of video material conducted in a mathematical join-in studio at Karlsruhe 
University of Education, Germany, have shown EMA processes in preschool chil-
dren across different content areas. For an example in arithmetic, see Reuter (2023), 
for an example of geometric conceptualization, Reuter (2025).

The case study presented below depicts an argumentation process in which the quan-
tities of two sets of interlocking plastic bricks are compared. The research aims at 
answering the question in what way collaboration takes place among preschool children 
and between children and learning guides in a situation of early explorative argumenta-
tion. In order to answer this question, an analysing scheme drawing on the concept of 
EMA was applied to several argumentative moves during the analysed argumentation 
process, assessing which aspects of argumentation were implemented using which com-
municative modality. According to van Eemeren et!al. (2008), argumentative moves are 
“verbal moves made in argumentative discourse” (p.!16). However, in line with the 
growing awareness for the important role of gesture and material-based action in learn-
ing processes, moves within these modalities are also considered.

 Theoretical Background

 Components, Modalities and Tools of Explorative 
Mathematical Argumentation

Lithner (2008) claims that outside mathematics, arguments can be convincing even 
if they are not valid. In fact, different domains can have different requirements for 
argumentation. For example, argumentation in politics and jurisprudence draws to a 
great extent on rhetorical means (Ehlich, 2014), while mathematical argumentation, 
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though not necessarily merely deductive, usually deploys tools like making and 
communicating discoveries, drawing on analogies, developing and testing hypoth-
eses and drawing logical conclusions (Reuter, 2023). It should be noted that asser-
tions do not have to be mathematically correct in order to be categorized as 
mathematically anchored, and that individual components of the argument can 
remain implicit. Especially for the analysis of young children’s argumentation, who 
are not always able to verbalise their ideas, it is crucial to recover any implicit con-
tent (Rocci et!al., 2020). An example would be the argument below:

Claim: I have seven toy cars.
Datum: Because I have two toy cars in my backpack and "ve at home.
Implicit warrant: 2 plus 5 equals 7.

Here, all three components are mathematically anchored, as they deal with mathe-
matical content, in this case quantities. The concept of anchoring is based on Lithner 
(2008); see also Nordin & Boistrup, 2018). If all three constituting components are 
mathematically anchored, the argument is considered mathematical, even if it is not 
mathematically correct (e. g. “I have 55 toy cars, because there are 5!in my back-
pack and 5 at home, and 5 plus 5 equals 55.”).

Based on Toulmin’s (2003) model of argumentation, the components can be 
graphically visualized as in Fig.!1.

A datum supports a claim—chronologically, the claim can be made initially and 
be consequently supported by a datum or a datum can lead to a certain claim being 
made. The warrant explains why the datum leads to the respective claim. While the 
Toulmin model offers several more, optional components, these three components are 
constitutional for an argument. However, the warrant often remains implicit (Toulmin, 
2003) and has to be inferred during the analysis (Rocci et!al., 2020). Additionally, an 
attack (Homer-Dixon & Karapin, 1989) could be performed, e.g. on the warrant, by 
another child claiming that “2 + 5 equals 8”. A counting strategy could then be used 
as a backing of the original claim, “No, look: 6, 7!”. Attacks can be interpersonal like 
in this example, or intrapersonal, when a person performing an argumentation 
encounters a new or unexpected realization that leads to a cognitive con#ict.

Explorative mathematical argumentation (EMA) signi"es a concept of argumen-
tation adapted to early mathematics education by including different communicative 

Fig. 1 Example of a mathematically anchored argument
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Table 1 EMA analysing scheme (Reuter, 2023)

Modalities
Tools Verbal statements Gestures Material-based actions

Making discoveries
Communicating discoveries
Challenging existing knowledge
Finding (relational) patterns
Using (relational) patterns
Developing hypotheses
Testing hypotheses
Drawing on analogies
Drawing conclusions

modalities and tools for mathematical argumentation like "nding and using (rela-
tional) patterns, developing and testing hypotheses, and drawing on analogies 
(Reuter, 2023). These tools and the three communicative modalities form the ana-
lysing scheme used for EMA processes are shown in Table!1.

EMA processes are based on the goal of collaborative mathematical knowledge 
construction by reasoning about mathematical content (Reuter, 2023).

By conducting explorative mathematical argumentation, children make use of cer-
tain tools of argumentation which are conducted not only on a verbal level, but also in 
other communicative modalities like gesture and material-based action. This places 
special demands on the analysis of EMA as a multi-modal processes. A "lled analys-
ing scheme will be depicted with the results. Firstly, the mathematical content of the 
analysed situation, comparing quantities by comparing lengths, will be presented.

 Comparing Quantities of Sets by Lengths

Length as a visualization of arithmetic content is quite omnipresent. When dealing 
with data in the mathematics classroom, but also in everyday life, the lengths of bars 
or columns in a diagram serve the purpose of facilitating the comparison of num-
bers, visualizing relations via length comparison. Also, the number line is a typical 
example for the representation of numbers with the help of lengths and units.

Stacking rods with interlocking blocks can be a suitable representation of the 
relationship between length and cardinality (quantity of units), with the height of 
the single blocks representing a measurement unit (Zöllner & Reuter, 2019). With 
interlocking blocks of the same size, the material automatically leads to a unit itera-
tion because no gaps and overlaps are possible. Thus, the challenge of understand-
ing the invariance of quantity (e.g. there is still the same amount of coins lying on 
the table in a row, even though the length of the row was extended by leaving greater 
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gaps between the coins) does not arise. While the same quantity of blocks leads to 
rods of the same length, larger amounts of blocks lead to longer rods.

In order to make mathematically correct claims, children do not need an under-
standing of units and unit iteration. Therefore, such an understanding cannot be 
inferred from the successful completion of the task presented below. Children can 
argue mathematically correctly and conclude from the comparison of length to the 
comparison of quantity without the understanding that all blocks have to be of equal 
length and must stick without gaps and overlaps. However, they do need the under-
standing that a conclusion can be drawn from the direct comparison of length to the 
quantitative comparison of length units. Thus, using the one-to-one correspondence 
that is already inherent in the offered material, a comparison of the quantity of the 
two sets can be made without an exact determination of the number of bricks.

 Methods

The following situation was videotaped in the mathematical join-in studio, MiniMa, 
at Karlsruhe University of Education in Germany. In the join-in studio, preservice 
teachers of childhood education and primary school education provide play-based 
mathematical learning environments for children from 4 to 8 years. The join-in 
studio is part of the long-term project “Children and Adults Explore Mathematics 
Together”, which combines in-service training for kindergarten and primary school 
professionals, pre-service university courses, development and evaluation of early 
mathematics learning opportunities, and research on children’s mathematical devel-
opment as well as professionals’ competencies (Gasteiger & Benz, 2018).

Verbal and material-based actions as well as gestures were assigned to compo-
nents of the Toulmin model. The model is well suited to identify and visualize an 
argument, while it is too rigid to depict longer argumentation processes, in which 
assertions often change their function and a datum may become a claim or vice 
versa (Gronostay, 2017; Nielsen, 2013). Therefore, individual argumentative moves 
were analyzed with the help of the proposed analyzing scheme to clarify which 
argumentative tools took place in which communicative modality.

For the following transcripts it should be noted that, unlike English, the German 
language has a Subject-Object-Verb structure in subordinate  clauses, such as if- 
clauses or rationales starting with ‘because’. Several times in this sequence, a sen-
tence is not "nished verbally, but gestures and material-based actions replace the 
missing part of a sentence. If this leads to the omission of a verb, the transcript 
includes the phrase [verb omitted]. An example is found below in the student’s 
incomplete statement “Und wenn wir die zwei…” (S-O-[V]) which translates to 
“And if we [verb omitted] the two” (S-[V]-O).

Preschool Children’s Collaborative Explorative Mathematical Argumentation
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 Case Study of Explorative Mathematical Argumentation

The "rst sequence occurs after a preservice teacher had read the book “Die kleine 
Raupe Nimmersatt” (Carle, 2018, orig. The very hungry caterpillar) to a group of 
nine preschool children aged 5–6 years. The task for the children was to "nd out 
whether the caterpillar had eaten more pieces of food from Monday to Friday or on 
the weekend. As with younger children, physical objects are used to create graphs 
(Clements & Conference Working Group, 2004), green and yellow plastic bricks, 
provided by the preservice teacher, were gathered. A green one for each piece of 
fruit the caterpillar ate from Monday to Friday, a yellow one for everything it ate on 
Saturday and Sunday. Some of the interlocking bricks had already been stacked at 
the start of the sequence. The 15 green bricks were stacked in towers of 1, 2, 3, 4 and 
5 bricks, the 11 yellow ones in towers of 1, 1, 2, 3 and 4 (Fig.!2).

In the "rst excerpt, we "nd an argumentative move with the following compo-
nents (Fig.!3):

Preservice teacher (PT): And now? How can we see better now, where did she eat 
more? (points successively to the green and yellow bricks with open hands)
Und jetzt? Wie können wir jetzt besser erkennen, wo sie jetzt mehr 
gegessen hat?

Leah:  That (comes closer and points to the green bricks with the index "nger). 
That one there.
… Das. Das da.

PT: And how do you see that?
Und woran siehst du das?

Fig. 2 Green and yellow 
brick towers

Fig. 3 Argument 1
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Leah:  Because here (touches upon the single green brick with middle "nger) [verb 
omitted] only one… Look, here is… (touches upon the taller green towers 
with middle "nger)
Weil hier nur eins… Guck, hier ist…

Ben:  (Points to the green bricks with index "nger) Yes, there is tall… two… taller 
tower. There are two one (points to the yellow towers with index and middle 
"nger) and there is only one one (points roughly towards the green towers 
with index and middle "nger).
Ja, da ist hö(.) zwei(.) höherer Turm. Da sind zwei eins und da ist nur 
eins eins.

PT: Okay.
Ben:  (Points to the green bricks) Only one, but… (points shortly to the yellow 

bricks). That is only (points with one hand to the green bricks) one of the 
singles, and those are (points with two hands to the yellow bricks) two of the 
singles.
Nur eins, aber… Das ist nur eins von den Einser, und das sind zwei von 
den Einser.

The children discussed that there were more green bricks, as there are less green 
single bricks. The preservice teacher!guiding the situation now challenges this argu-
ment by stacking the single bricks onto existing towers and asking: How does it 
look now? (Fig.!4).

PT:  Okay. (..) And if we [verb omitted] the two… (stacks the two single yellow 
bricks together and onto one of the yellow towers. Then stacks the green 
single brick onto one of the green towers.) How does it look now?
Okay. (..) Und wenn wir die zwei… Wie sieht es, wie schaut es jetzt aus?

The children integrate this challenge (the removal of single brick towers) into their 
argumentation and put forward a new argumentative move. Ben and Leah both 
claim that there are still more green bricks and give the following reason:

Ben: Still (points to the green blocks with both feet).
Immer noch.

Leah: Still (..) that one (points shortly to the green bricks with the index "nger).
Immer noch (..) das.

PT: Still that one?
Immer noch das?

Ben: Yes.
Ja.

Fig. 4 More green than 
yellow towers
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PT: And how did you realize that now?
Und woran habt ihr das jetzt erkannt?

Ben: Because, because there… (points to the green bricks with the index "nger)
Weil, weil den da…

Leah:  Because, look. (Points successively to all green towers with the index "nger, 
like counting) (..) Because those over there (points to the yellow bricks)…
Weil, guck. (..) Weil die da halt eben…

Ben:  … are three and these are four (points with his hand to the yellow, then the 
green bricks).
… drei sind und das sind vier.

PT:  Ah, okay. So these are three towers (points shortly to the yellow towers), at 
the weekend, and there (points shortly to the green towers) are four towers?
Ah, okay. Also das sind drei Türme, beim Wochenende, und da sind 
vier Türme?

What happens next is quite remarkable, as the new datum is now challenged by one 
of the children, Denis, who con"rms the data, but then changes the number of tow-
ers (Figs.!5 and 6).

Denis:  Yes. There three, there four (points with the index "nger "rst to the yellow, 
then the green towers). And one can put this here on this (points succes-
sively to the two smaller green towers), then [unintelligible] it is fair.
Ja. Da drei, da vier. Und man kann das hier auf das hier stellen, dann 
(unverständlich) ist es gerecht.

PT: Okay, do you want to do that?
Okay, willst du das mal machen?

Fig. 5 Challenging the data

Fig. 6 Equal number of 
towers
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Denis:  Then that is three (points to the yellow towers), umm, that’s three and that’s 
three (points "rst to the yellow towers, then the green ones). (Stacks the two 
smaller green towers together)
Dann ist das drei, ähm, das drei und das drei.

PT: Okay.

It is not clear whether Denis actually has the intention to refute the other children’s 
reasoning, but Leah seems to interpret his intervention as a challenge (Fig.!4) and 
adds another datum by introducing the idea of length comparison to support the 
claim. Her argument is not completely valid, as she only compares one of the green 
towers with the yellow towers, and it is immediately challenged by Denis again. The 
preservice teacher contributed less, as the children took on the major part of the 
argumentation process (Fig.!7).

Leah:  But anyway, then that tower (points to the newly built, tall green tower) is 
higher than those (points to the yellow towers).
Aber troṭtzdem, dann ist der Turm höher als die da.

PT: Ah, is that still higher then?
Aha, ist das dann immer noch höher?

Denis:  Then I take one down now (stacks the top brick of the tallest green tower 
onto the smallest green tower, so the three green towers all have the same 
height now).
Dann mache ich jetzt eins runter.

Now, Leah performs a direct comparison of one of the green towers ("ve bricks) 
with one of the two taller yellow towers (four bricks). The argumentation move is 
executed to a great extent via material-based action while several verbal utterances 
remain incomplete (Fig.!8).

Leah:  But now these are (repeatedly points from the yellow towers to the green 
towers and back)… Now they are, look (takes a green tower and holds it 
right next to one of the higher yellow towers).
Aber jetzt sind die… Jetzt sind die, guck.

PT: Yes.
Ja.

Ben:  Now they are STILL… (takes the smaller yellow tower, holds it 
towards Denis)
Jetzt sind die IMMER noch.

Peter: Yes, still [unintelligible].
Ja, immer noch [unverständlich].

Fig. 7 Equal height of all 
green towers
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Fig. 9 Direct comparison 
of two towers

Fig. 8 Argument 3

Amir: The green ones are much more bricks anyway.
Die grünen sind eh viel mehr Steine.

PT: The gree… okay, how did you…
Die grü… okay, und woran hast…

The argumentation can now be considered mathematically correct. However, the 
children perform one last argumentation move that cannot be refuted anymore, with 
more children from the group chiming in (Fig.!9).

PETER:  But what… but what happens when I put this one onto this here? (Stacks 
two yellow towers together)
Aber was… aber was passiert, wenn ich den hier drauf stelle?

F. Reuter and C. Benz
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PT:  Go… Stop, stop. Go back to your seats all of you… (defensive move-
ments with both hands)
Geht mal… Stopp, halt. Geht mal alle wieder auf eure Plätze…

Amir:  And if… Now we make a… We can [verb omitted] now…
Und wenn… Jetzt machen wir ein… Wir können jetzt…

Ben:  And this… (stacks two of the green towers together)
Und das…

Amir:  (grins and stacks the two remaining green towers together) And now this 
one onto that.
Und jetzt der drauf.

PT: Go back to your seats all of you.
Geht mal alle wieder zurück auf eure Plätze.

Ben:  (quickly stacks the two remaining yellow towers together). Like that! 
(clicks his tongue twice, points to the green tower, takes the yellow tower 
and holds it shortly next to the green tower, then puts it back)
So!

When asked to explain their approach, the children only verbalized this last move of 
the argumentation process (Fig.!10):

Ben:  I did measured which, which tower is bigger, and I saw it, that clearily that 
tower there is bigger (points to the green tower).
Ich hab gemesst, welche, welcher Turm größer ist, und ich hab's gesehen, 
dass eindeutlich da der Turm größer ist.

Denis:  The green one is really very, very bigger (takes the yellow tower and holds 
it next to the green one).
Der grüne ist wirklich sehr, sehr größer.

Mario: The green one of course.
Der grüne natürlich.

Denis:  (Takes both towers up from the #oor, puts them on his right hand holding 
them with the left hand)

Ben: See, that’s measuring.
Guck, das ist Messen.

Fig. 10 Argument 4
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 Results

The concepts of direct comparison of length and unit (Zöllner & Benz, 2015) 
implicitly and explicitly play important roles in the children’s approach. After initial 
impulses given by the preservice teacher, the argumentation chain is collaboratively 
developed by the children themselves, based on repeated rebutting of the data pro-
vided to support the claim. Although the preservice teacher’s initial actions and 
verbal impulses as well as the material offered to visualize the mathematical content 
undoubtedly played important parts in the course of events, the presented video 
sequence shows that young children are able to successfully engage in play-based, 
collaborative argumentation processes and self-effectively develop a mathematical 
argumentation chain.

Although mathematically anchored, the children’s argumentation is not mathe-
matically incontestable in the beginning. Initially, the preservice teacher presented 
a challenge to the datum that was put forward to support the claim. After that, one 
of the children took over this role. The children’s mathematical argumentation 
developed and improved with every rebuttal which was put forward. Neither the 
smaller amount of single bricks nor the higher number of towers are reliable indica-
tors for the larger quantity of blocks, while the different heights of the two towers in 
the end visualizes the actual comparison of the amount of bricks.

Also, even with the same number of towers, the comparison of one green tower 
with one or more yellow towers is not suf"cient. Only when all three green towers 
have the same length and one of them is shown to be taller than one of the two taller 
yellow towers through a direct comparison can the claim that there are more green 
blocks than yellow ones be viewed as a suitable conclusion. In the end, the children 
produced an argument that was not challenged anymore, by stacking two towers, 
one consisting of all the yellow blocks and one consisting of all the green ones, and 
directly comparing them to each other. They seemed to realise that this produced the 
most effective or convincing argument. When asked about their approach retrospec-
tively, the children only explained this last move of the argumentation process.

The analysing scheme shows how this last argumentative move is brought for-
ward by the children applying tools of argumentation in different modalities 
(Table!1).

Verbal utterances play a minor role in this process, while gestures and material- 
based action carried most aspects of the argumentative approach (Table! 2). The 
hypothesis that something interesting might happen when more towers are stacked 
together was tested via material-based action (stacking towers together), the discov-
ery that the green bricks make a higher tower than the yellow bricks is made and 
communicated by the direct comparison of the two towers, and a pointing gesture 
answered the question about where there were more bricks, and with that the initial 
question when the caterpillar ate more pieces of food. In order to keep track of the 
development of the argumentation process and provide suitable data and backings 
for their claim, the children constantly inferred the implicit information from ges-
tures and material-based actions.

F. Reuter and C. Benz



297

Table 2 EMA Analysing scheme

Verbal utterance Gesture
Material based 
action Implicite content

Developing 
hypotheses

“But what 
happens when I 
put this one onto 
this here?”

Stacking towers 
together might be 
helpful

Testing 
hypotheses

Stacking towers 
together

Making 
discoveries

Holding one tower 
close to the other for 
a direct comparison

All green bricks 
stacked together 
make a higher tower 
than the yellow 
bricks

Communicating 
discoveries

Pointing to 
the green 
tower

Drawing on 
analogies

Greater length means 
more units, i.e. more 
bricks, i.e. more 
objects eaten

While the scheme in Table!1 focusses only on the last argumentative move, the 
children adopt actions from one another and adapt them to the given challenge 
throughout the whole process, like when the direct comparison performed by Leah is 
replicated by Ben on the two towers that consist of all green, respectively yellow 
bricks. All in all, six children contributed to the argumentation process. While Leah 
and Ben assisted each other in putting forward several different data to support the 
claim that there were more green bricks than yellow bricks, Denis provided them with 
challenges to the data that helped them reformulate the argumentation. Peter and 
Amir contributed to the "nal argument by stacking towers together, and Mario ver-
bally con"rmed the insight that the green tower was higher than the yellow tower, 
while Denis communicated this discovery on a verbal level as well as through mate-
rial-based action.

The preservice teacher’s role was mainly limited to the initiation of the argumen-
tation process, that is through reading the story book, providing the material and 
asking the initial question, as well as providing the "rst challenge by challenging 
the datum given by the children. After that, attacks were performed from within the 
group and the quality of the argumentation was collaboratively enhanced. Not only 
did the role of the preservice teacher become increasingly passive, but the children 
become so engaged in the process that they missed or ignored the preservice teach-
er’s request to stop and sit back. In the end, they even display the con"dence to 
explain the mathematical concept they conducted to the preservice teacher, “See, 
that’s measuring”, when directly comparing the two towers.

The case study shows how preschool children engage in explorative mathemati-
cal argumentation with little teacher guidance, by putting forward a claim, several 
data with implicit warrants to the claim and challenges as well as backing to the 
data. Gesture and material-based action play an important role in the process.
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 Discussion

The study con"rms former "ndings on young children involving in mathematical 
argumentation (Brunner, 2019; Salgado et!al., 2024). The role of gesture in an EMA 
process has been previously shown in the context of preschoolers’ geometrical con-
ceptualization (Reuter, 2025). However, this study also reveals the role of material- 
based actions and sheds light on the use of argumentation in the content area of 
measurement and comparison. The choice of the material offered to the children to 
visualize the food the caterpillar ate, played an important role in the process. The 
same-sized bricks and the inherent unit iteration of stacking towers enable children 
to use the material autonomously for their argumentation, even without a fully 
developed concept of unit and unit iteration. Domberg et! al.’s (2018) study that 
showed a high motivation to produce cooperative argumentation in 5- and 7-year-
old children can thus be con"rmed in an explicitly mathematical context. The chil-
dren progressively collaborated with each other, with little guidance from the 
preservice teacher. With all warrants remaining implicit and data being largely pro-
vided through material-based actions, the content has to be inferred by the children 
in the process of collaborative engagement in the EMA process. Several different 
data were applied to support the claim, which itself is not changed throughout the 
argumentation process, until the conclusion is mathematically correct and not fur-
ther challenged. Only then did the collaborative argumentation process end. This 
shows the children’s intrinsic motivation to exhaustively go through the argumenta-
tions process, but also their ability to evaluate and adapt their own argumentative 
approach.

As consequences for early mathematical education practice, the results indicated 
that materials should be carefully chosen when planning on fostering collaborative 
mathematical argumentation, and gesture and material-based action should be 
explicitly considered in the process. Also, material that facilitates certain procedural 
aspects may contribute to children’s ability to participate in collaborative argumen-
tation. Depending on the intended focus, manipulatives that facilitate aspects like 
the understanding of units, unit iteration, and one-to-one correspondence may be 
less suitable for challenging and promoting measurement concepts, but convenient 
for the purpose of fostering argumentation processes.

Research on children’s mathematical argumentation also has to take into account 
the modalities of gesture and material-based action and the role of content that 
remains implicit. The presented analysing scheme can contribute to this undertaking 
(Reuter, 2023).
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Assessing Children’s Cardinality 
Competence Using Authentic Observation 
in Kindergarten

Reinert André Rinvold and Leif Bjørn Skorpen

 Introduction

Authentic assessment is an approach in which information is captured through 
observation and other ways from children’s natural or facilitated play and daily 
skills (Neisworth & Bagnato, 2004). This approach aligns well with learning in play 
and everyday situations, as advocated by, for instance, Gasteiger (2012), Gasteiger 
and Benz (2018), Reikerås et!al. (2012) and the Norwegian Framework Plan for 
Kindergartens (Ministry of Education and Research, 2017). According to the 
Framework Plan, formative assessment continuously plays a role in both individual 
children’s well-being and all-round development, in providing them with necessary 
additional support and in uncovering special educational needs (Ministry of 
Education and Research, 2017). In Norway, kindergartens are not organised in 
classrooms, and children’ age range from 0–5 years old. In this study, we restrict our 
attention to the assessment of children from 3–5 years. The purpose of the assess-
ment is to monitor progress and to identify children needing additional support, 
rather than eligibility or programme planning. According to Reikerås et!al. (2012); 
Reikerås (2016), authentic observation of cardinality competence has been used in 
the Stavanger Project, a Norwegian study in which kindergarten teachers and other 
staff observed young children (2–5 years of age) in their usual surroundings in play 
and everyday situations. Mathematical skills in counting and enumeration, as well 
as skills from other mathematical areas, were observed. Rinvold and Skorpen (2024) 
presented results from another Norwegian study that built upon the Stavanger 
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Project in its intent to observe everyday and play situations but which primarily 
focused on counting and enumeration. In the work of Rinvold and Skorpen (2024), 
kindergarten staff were interviewed about their observations when using this kind of 
observation material. Most of the observed children were around 3 years old.

In the "eld of developmental psychology, children’s mathematical development 
is often studied through experiments in controlled laboratory settings. Clinical labo-
ratory testing in developmental psychology and authentic assessment is seen as two 
extremes in the assessment of young children’s competencies. Even standardised 
tests based on psychometrics have been criticised for mismeasuring children’s com-
petence, labelling children and not being useful for supporting children’s learning 
(Bagnato, 2005; Neisworth & Bagnato, 2004). Despite these shortcomings, research 
in developmental psychology has achieved interesting results relevant to early 
mathematics education. Geary et!al. (2018) importantly compared the mathematical 
skills or knowledge of 3–4-year-olds with their subsequent mathematical school 
achievement, concluding that conceptual understanding of cardinality before the 
age of "ve predicts superior school-entry number system knowledge and that delay 
of such understanding may indicate risk for later failure in mathematics.

In this study, we analyse the interview data of Rinvold and Skorpen (2024) using 
a framework for observation contexts based on (Neisworth & Bagnato, 2004) to 
measure qualities of authentic observation of cardinality-related tasks. This study 
contributes to a theoretically and empirically based discussion about designing 
tasks for authentic observation of young children’s cardinality competence, how 
authentic observations of such competence can be conducted or whether it is pos-
sible to do at all. To strengthen the theoretical discussion and compare cardinality- 
related tasks intended for authentic observation with corresponding tasks from 
developmental psychology, we conducted a document analysis of cardinality-related 
tasks and observation materials. While observation contexts include who observes, 
how observation is conducted, where it is done and what kind of in#uence adults 
have on children’s behaviour during observation (Neisworth & Bagnato, 2004), 
document analysis is concerned with the observation task itself and how it is 
assessed and socially valued. Neisworth and Bagnato (2004) described two authen-
ticity properties that are suitable for analysing observation tasks. The "rst authentic-
ity property, functionality, distinguishes between whether a task is assessed against 
the stated function it was supposed to achieve or against rules describing the form 
of the child’s supposed standardised behaviour when performing the task (Neisworth 
& Bagnato, 2004). The second authenticity property, valuableness, relates to 
whether the aim of the task is worthwhile and socially valued (Neisworth & Bagnato, 
2004). Comparisons with corresponding tasks from developmental psychology is 
covered by another kind of authenticity property, comparability, which is the prob-
ability that mastery of a cardinality task in the observation materials implies mas-
tery of the corresponding task from developmental psychology. To broaden the 
analysis and include international data, we also analysed tasks from a German 
observation material called “Lerndokumentation” (Steinweg, 2006). According to 
Gasteiger (2012), Lerndokumentation (Steinweg, 2006) is used in everyday and 
play situations. While the term “authentic observation” is not explicitly used in the 
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material, it is based on a similar view of assessment. Lerndokumentation includes 
observation tasks in the mathematical areas “number and counting” and “number 
and structure,” but as in the Stavanger project, other mathematical areas are also 
covered. Neither of the authenticity properties are explicitly described in the obser-
vation materials, so they are inferred from task descriptions which systematizes 
relevant information about the observation tasks and their assessment.

The overarching research question of this study is whether and how authentic 
observation of cardinality competence of children aged 3–5 years can be done. This 
question is investigated and discussed through three research questions, the "rst of 
which is based on interview data and investigates how kindergarten staff used the 
observation material of Rinvold and Skorpen (2024). The second question asks for 
a systematic overview of relevant information of the observation materials, while 
the third question asks for the authenticity properties. The observation materials 
analysed in the second and third research questions are the same as in Rinvold and 
Skorpen (2024), the MIO material used in the Stavanger Project (Davidsen et!al., 
2008) and Lerndokumentation (Steinweg, 2006, 2015), as well as two selected tasks 
and how they are described in developmental psychology (Geary et!al., 2018; Le 
Corre et!al., 2006; Wynn, 1990).

Three research question are posed:

 1. In which observation contexts did kindergarten staff observe cardinality-related 
tasks, and how did the observation context vary between tasks?

 2. How are cardinality tasks described in the observation materials and tests from 
developmental psychology?

 3. How do the authenticity properties of functionality, valuableness and compara-
bility of cardinality tasks vary across tasks and between the three observation 
materials and corresponding tasks from developmental psychology?

 Theoretical Background and Framework

Psychometric test design is based on how items discriminate between children 
(Kline, 2015), and the items of conventional testing often only represent compe-
tences to be tested. We do not necessarily want to teach the skill asked for by the 
item, for example standing on one foot (Neisworth & Bagnato, 2004). A mathemati-
cal example could be counting backwards for which the aim may not be highly 
socially valued, but from a certain age failure may indicate later dif"culties with 
mathematics. The competencies assessed in authentic assessment, however, are 
worthwhile, teachable and socially valued (Neisworth & Bagnato, 2004). We do not 
discuss whether tasks are teachable but focus our attention on whether the aims of 
tasks are worthwhile for the child and valued by adults, and these two latter authen-
ticity properties together is denoted valuableness. Authentic assessment emphasises 
the function of behaviour rather than its form (Neisworth & Bagnato, 2004), allow-
ing observers to recognise a child’s competency in various situations rather than 
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looking for standardised, accepted behaviours. We interpret this as the task having 
an objective or aim. Assessment based on function means that accomplishing this 
aim is what decides mastery, not the strategy or procedure applied to achieve the 
objective. Assessment based on form suggests that only one strategy or procedure is 
accepted as mastery of the task.

Neisworth and Bagnato (2004) offered a theoretical framework for observation 
contexts or measurement contexts, which is a continuum from decontextualised to 
contextualised. “Decontextualised” and “contextualised” are also referred to as 
“clinical” and “natural”, respectively, with “simulated” and “analogue” being con-
texts between the two extremes. Each measurement context is characterised by four 
characteristics abbreviated by the interrogative words “where”, “what”, “how” and 
“who”. A simulated measurement context occurs in a place unfamiliar to the child 
but is purposefully made to look similar to the child’s usual environment (where); 
on-demand behaviour, which is measured in a way that is less free than prompted 
behaviour (what); using structured tests (how); and is conducted by psychologists or 
other certi"ed professionals (who). An analogue measurement context takes place 
in the child’s usual surroundings under normal conditions (where), but some natural 
or typical behaviour is prompted, or some arrangement is made to increase the like-
lihood of observing certain behaviour (what). Analogue measurement is conducted 
through direct observation (how) by kindergarten staff and caregivers (who). A 
natural measurement context is similar to an analogue measurement context, but it 
measures spontaneous behaviour (what).

In the developmental psychology "eld, the cardinal word principle denotes that 
the last number word in a correct count of a set measures the size of the set, its 
numerosity or cardinality (Le Corre et! al., 2006; Wynn, 1992). “Last-word- 
responding” refers to a situation in which a correct count of a set of items is fol-
lowed; for instance, saying “there are four dogs” after counting four dogs (Fuson 
et!al., 1985). This is often preceded by an emphasis on the last word in the count 
(Mix et!al., 2012). The “How-many” task refers to when children are asked, for 
instance, “how many dogs are there” after counting the dogs (Wynn, 1990). This 
procedure has been criticised as possibly confusing children to think that adults ask 
because the children made mistakes in their counting (Le Corre et! al., 2006). 
According to Wynn (1992), children may understand that the last number word 
indicates the numerosity of the set but instead prefer to answer by recounting the 
set. Thus, last-word-responding is not a valid measure of cardinality understanding. 
Le Corre et!al. (2006) improved the procedure by placing the question into context 
and asking, “Can you tell Big Bird how many toys he has here?” Mastery of last- 
word- responding is insuf"cient for complete cardinality competence, as the child 
might not understand that the last counting word refers to the entire set and to the 
numerosity of the set (Fuson et!al., 1985). Gradually a test called “Give-N” has 
become the most used measure, partly because of validity problems with the How- 
many task in developmental psychology in terms of measuring the conceptual 
understanding of how counting is related to cardinality (Geary et!al., 2018; Wynn, 
1990, 1992). While there exist some variations in how the Give-N task is described 
in developmental psychology, Wynn’s (1990) method is the most followed: A pile 
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of objects is placed in front of the child, and the child is to give a number of such 
objects to a puppet, a toy animal or the experimenter. Wynn’s (1990) work provides 
an example of how the child is asked: “Could you give Big Bird two dinosaurs to 
play with?” One testing procedure that originated in the works of Wynn (1990, 
1992) starts with Give-1 and continues to Give-6!in case of success but does not ask 
for a higher numerosity when a child fails on a try. Then, the child is asked once 
more to give the preceding numerosity. The child is asked, for instance, “Is that 
three?” when asked to give three, and then “Can you count to make sure?” (Wynn, 
1992). The knower level is the highest numerosity in which a child succeeds at least 
two of three times.

While the Give-N task has been used extensively in research, it has scarcely been 
investigated in terms of how the task can be applied in kindergarten practice. One 
exception to this is the work of McDonald et!al. (2021), in which educators’ percep-
tions of implementing tasks and a test called “the Numeracy Screener” were stud-
ied. The authors determined whether the task was effective in identifying children at 
risk of falling behind, and how the educators used the assessment results to inform 
and target their instruction, "nding that all respondents felt that children were 
engaged with the Give-N task.

 Methodology

The interview data in this study, which primarily concerns the "rst research ques-
tion, comprise 12 interviews with kindergarten staff, each lasting approximately 
45!min. The central theme was how observations of children’s mathematical com-
petencies were conducted. In total, 61 children aged 3–5 years from 12 different 
kindergartens (K1–K12) were observed using the observation material developed 
by us and our colleagues (Rinvold & Skorpen, 2024). All participants gave their 
active informed consent. The material, inspired by the MIO material (Davidsen 
et!al., 2008), was developed in 2019–2020 and covered counting and enumeration. 
Children’s observed competence is not investigated in this chapter, which instead 
focuses on how kindergarten staff observed children and the material they used for 
observation. The second and third research questions are investigated by document 
analysis of how cardinality-related tasks and tests are described in the observation 
materials from our project, MIO (Davidsen et!al., 2008) and Lerndokumentation 
(Steinweg, 2006, 2015), as well as the developmental psychology papers produced 
by Geary et!al. (2018), Wynn (1990) and Le Corre et!al. (2006). All three observa-
tion materials consist of an observation scheme and a handbook or manual. However, 
Lerndokumentation has a shorter manual with less detailed information about each 
item, instead containing general comments referring to supposed teacher knowl-
edge. Our choice of Geary et!al. (2018) is linked to their claims about the impor-
tance of early cardinality understanding, and their Give-N task is based on Wynn 
(1990). Geary et! al. (2018) did not have a How-many task, and Le Corre et! al. 
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(2006) was chosen because they dealt with validity problems of the How-many task 
and criticised earlier versions of this test.

To distinguish psychometric tests from authentic assessment, “Give-N” denotes 
the laboratory test, and “Fetch-N” denotes the similar everyday task of fetching N 
objects of a given type when prompted by the number word for N.! How-many 
denotes tasks in which a child correctly counts a set of objects and then tells how 
many there are in some way, but not necessarily with last-word-responding. An 
adult can ask how many it is either before or after the child’s counting, but a child 
may also perform the task without any external prompt.

A framework based on Neisworth and Bagnato (2004) but modi"ed to "t obser-
vations in kindergartens similar to those in Norway (Table!1), is used to analyse the 
interview data, and also to some extent the observation tasks. Horizontally, the 
framework outlines different observation contexts, and vertically, it details the 
where, what, and how of the observations. A new observation context, termed 
“involved”, accounts for situations in which the staff are more engaged than in 
merely prompting behaviour but still do not conduct structured testing with on- 
demand behaviour.

Additionally, we use the term “structured” instead of “simulated” when the 
observations are carried out by kindergarten staff rather than psychologists. For the 
same reason, we omit the column for clinical measurement contexts and the row for 
“who” from Neisworth and Bagnato (2004). In the case of tasks from developmen-
tal psychology, the terms “clinical” and “simulated” are used. Behaviours are 
arranged on a continuum from on-demand to spontaneous. The natural observation 
context refers to a play or everyday situation that is not modi"ed in any way for 
observation. This kind of behaviour is spontaneous, but the entire situation is not 
necessarily initiated by the child. The distinction between “involved” and “ana-
logue” lies in the degree of adult involvement. In the analogue observation context, 
adult interference is minimal and unobtrusive. Structured and involved observation 
contexts are organised by the kindergarten staff, but they differ in that the former is 
planned, and the latter is a spontaneous response to ongoing play or everyday 
situations.

Themes!for descriptions of observation tasks to answer the second research ques-
tion were found inductively by thematic analysis of the three observation materials: 
task formulation, information about assessment, example, and information about 
situation. The structured observation materials are more suitable for thematic 

Table 1 Framework for observation contexts

Structured Involved Analogue Natural

Where? Separate room or 
special conditions

Arranged 
circumstances

Slightly modi"ed 
circumstances

Usual 
surroundings

What kind of 
behaviour?

On-demand 
behaviours

Facilitated 
behaviours

Prompted 
behaviours

Spontaneous 
behaviours

How? Structured 
observation

Participant 
observation

Direct observation Direct 
observation
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Table 2 Themes for description of observation tasks

Theme De"nition

Task formulation How the task is formulated in the observation scheme or manual
Information about 
assessment

Assessment criteria, including strategies that excludes mastery and 
strategies that must be included

Example Examples of the task as it will be formulated to a child, or examples of 
a child’s mastery of the task

Information about 
situation

Information about how an observation situation should be arranged

analysis than the research papers from which the psychological tests are taken. 
However, the themes are also applied to the latter (Table!2).

The third research question concerns three authenticity properties—functional-
ity, valuableness and comparability—as de"ned in the introduction and inferred 
from the task descriptions answering the second research question. According to 
(Geary et!al., 2018), a child is considered to know the cardinal word principle when 
mastering Give-N for at least N!=!5. The reason for this is that children may decide 
cardinality by subitizing when N!<!5 and thus do not depend on counting. Similarly, 
also for How-Many it is not necessary to consider N!<!5!in view of the subitizing 
range. Thus, to decide comparability for Fetch-N, comparison of Fetch-5 with 
Give-N is enough.

 Results

The presentation of results is organised by research question. We "rst present results 
from the analysis of interview data for different cardinality-related tasks.

 Observation Contexts from Interview Data

The "ndings are exempli"ed by excerpts from the interviews, and in the excerpts, 
“T” stands for a kindergarten teacher or staff member. The "ndings for Research 
Question 1 are summarised in Table!3.

Some observers found the Fetch-N task dif"cult to observe in play and everyday 
situations, leading to observation being conducted in organised rather than natural 
situations.
T:   I found it challenging to fetch objects. Then, we brought some items into a 

separate room. Both of us were there so that we could observe and instruct, 
applying those terms. (K1)

The observation context mentioned by the teacher above was structured and can 
involve on-demand behaviours. The data included examples of observations in a 
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Table 3 Observation 
contexts for different 
observation tasks

Observation task Observation context

Fetch-2 Structured, involved, analogue
Fetch-N, N!≥!3 Structured, involved
How-many Analogue, natural
One-to-one counting Analogue, natural
Set-construction Natural

separate room where facilitated or prompted behaviours occurred. Additionally, the 
involved observation contexts were employed for Fetch-N, as illustrated below.
T:   One example is that we took out the car box. Can you give me three cars? Can 

you give me "ve cars? Otherwise, we used small teddy bears of different 
colours. (K1)

Both toy cars and teddy bears were common in children’s play, but the kindergar-
ten staff organised an activity that resembled a laboratory Give-N task more than a 
slight modi"cation of a potential play or everyday situation. Fetch-2 differs from 
Fetch-N for higher N values in that analogue behaviour was observed, as indicated 
below, meaning that the observation context depended on N.
T:   Can you—there was a shortage of two—can you "nd two more to add on 

top? (K10)
Direct observation of spontaneous child-initiated behaviour was infrequent, 

according to interviewed kindergarten staff, although it did occur (Rinvold & 
Skorpen, 2024).
T:   The boy who succeeded each time counted extensively. He did this indepen-

dently as well. Counting became part of his activities all day long in the kinder-
garten, with trains and cars. He would line them up and count [on his own 
initiative]. (K1)

T:   He wanted the adults to join him to watch or participate in parking cars in the 
car park, to count all the cars and how many he had room for. (K1)

The boy who, according to the kindergarten teacher, succeeded each time, cre-
ated his own sets by arranging toy cars, which he then counted. The arranging task 
we termed “Set-construction”, and the task was followed by the How-many task. 
Sometimes the boy initiated counting independently, but at other times he sought 
the kindergarten staff to prompt him to count, indicating both spontaneous and 
prompted behaviour, even if the prompting was wished for by the child. One-to-one 
counting and the How-many task are typically conducted in analogue or natural 
observation contexts during everyday or play situations, as suggested by the follow-
ing excerpt.
T:   For example, counting or one-to-one correspondence counting, or How-many, 

we simply did in everyday situations—the play we were engaged in, trains, cars 
or whatever we were doing. (K1)

As seen in Table!3, there is a clear difference between the observation context for 
Fetch-N and the How-many and One-to-one counting tasks. The former task was 
observed in structured or involved observation contexts, while the latter tasks were 
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observed in analogue or even natural observation contexts. An exception is Fetch-2, 
which also were observed in the analogue observation context.

 Task Descriptions of Give-N and Fetch-N Tasks

The second research question yielded task descriptions that are used to infer the 
results of the third research question. This information was easily extracted from the 
documents. Table!4 provides the task descriptions of the Give-N task from Geary 
et!al. (2018) and Wynn (1990).

The information about the Give-N situation including organization and that toy 
dinosaurs are placed in a pile, points to a clinical observation context, but Wynn 
(1990) indicated that the child was allowed to play with the dinosaurs before the 
test, and this may suggest a simulated observation context, but limited information 
is given in Geary et!al. (2018). The testing is thought to happen in minimalistic situ-
ations in which nothing else is available for the child aside from a pile of objects of 
a given type from which the child is to fetch as many objects as the experimenter 
asks for.

Table 5 shows the task descriptions of the Fetch-N tasks from the observation 
materials.

 Authenticity Properties of Give-N and Fetch-N Tasks

The Give-N task is functional since there are no assessment restrictions on the use 
of strategies (Table!5), but practically possible strategies are limited by strict organ-
isation. To fetch a number of objects of a type, given a number word is valuable, 

Table 4 Descriptions of the Give-N task from developmental psychology

Give-N task from Geary et!al. (2018) and Wynn (1990)

Give-N N!=!1, 2, 3, 4, 5, 6
Task 
formulation

Children are asked to give the experimenter exactly 1, 2, 3, 4, 5 or 6 objects 
from a pile.

Information 
about 
assessment

The score is the largest set size for which the response was correct at least two 
of three times. The child is considered to know the cardinal word principle 
with a score of "ve or six.

Example Give me six pigs.
Information 
about situation

Fifteen toy dinosaurs are placed in front of the child in a pile. The child is "rst 
allowed to play with the toys. The child is then asked to give the experimenter 
1, 2, 3, 4, 5 or 6 objects beginning with set size 1. It advances to the next size 
after a correct response but goes down one size after an incorrect response 
(Wynn, 1990).
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Table 5 Descriptions of Fetch-N tasks in the observation materials

Rinvold and Skorpen 
(2024) MIO Lerndokumentation

Fetch-N N!=!2, 3, 5, 6 N!=!2, 3, possibly 5 
(Set-table-5)

N!=!5

Task 
formulation

To fetch N objects, 
given a number word

Fetches two (three) 
objects on request and 
sets the table for "ve 
persons

Can give you "ve objects 
simultaneously

Information 
about 
assessment

Cannot use one-to-one 
correspondence or 
visual cues

It is important to discern 
“will not” from 
“cannot”.

Simultaneous fetching is 
needed for mastery.

Example Can you fetch "ve 
plates?

Five children are to be 
seated around this table. 
Please set the table.

Take three gummy bears.

Information 
about situation

Plenty of objects to be 
fetched available in a 
pile

Situation given for 
N!=!5, else no

The child must take 
objects from a greater set.

since valuableness regards the aim of the task. This is independent of the usefulness 
of the context, which is less in laboratory cases.

In the Rinvold and Skorpen (2024) observation material, the Fetch-N task is 
formulated as “To fetch N objects”. The objects must be fetched based on informa-
tion provided by a number word without relying on visual cues combined with one- 
to- one correspondence. These assessment restrictions in strategy use mean that the 
Fetch-N task is not functional, mimicking the minimalistic condition for 
Give-N.!Since the requirement that objects of the actual kind are available in a pile 
is satis"ed, mastery of the task implies mastery of Give-N.

The MIO material includes the Fetch-2 and Fetch-3 tasks but the task “set the 
table for "ve persons” (Set-table-5) replaces Fetch-5. All these tasks are obviously 
functional and valuable, but some re#ection is needed to decide if mastery of Set- 
table- 5 implies mastery of Give-N.!During Set-table-5, it is possible that a child is 
requested to fetch "ve plates upon hearing the number word “"ve”. However, if "ve 
individuals are already seated around the table, the task might be completed through 
one-to-one correspondence without relying on the number word “"ve” as informa-
tion, as the following example from our interview data demonstrates.
T:  Setting the table was fun to demonstrate. It was a success. Initially, the exact 
number of plates and the number of people seated were placed on the table. When 
we sat down, we asked the child to place one plate for each person. She then set the 
table using pairwise matching for each seated individual. (K6)

The child demonstrated mastery of the task “Can hand out one item to each per-
son”, which is included as an observational task in both MIO and our observation 
material. Mastery of this task does not imply mastery of the Give-N task, since "ve 
persons or other visual cues cannot be present according to the minimalistic condi-
tion of Give-N.!The provided example in the MIO handbook, “Around this table, 
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Table 6 Authenticity properties of Fetch-N tasks in the observation materials

Rinvold and Skorpen (2024) MIO Lerndokumentation

Functionality No Yes No
Valuableness Yes Yes Somewhat reduced
Comparability N!=!5, 6: highly probable 

N!=!2, 3: subitizing possible
Not from description N!=!5, 
probable from example

Probable

"ve children shall be seated. Can you set the table?” (Davidsen et!al., 2008, p.!47), 
implies that the "ve individuals are not yet seated when the task begins. If this is the 
case and no other visual cues for "ve persons are available, then being able to set 
"ve plates possibly implies mastery of Give-5. When continuing with placing out 
knives and forks, the plates are a visual cue for "ve, which according to the assess-
ment information in Table!5 must not be used in Give-5. However, the existence of 
one probable Give-5 situation during performance of the task is enough to show 
probable mastery of Give-N.

Lerndokumentation contains only Fetch-N for N!=!5, which is above the subitiz-
ing range, so mastery of this task is a candidate for mastery of Give-N, even if the 
lack of N!=!6 means that mastery of the task implies general Give-N mastery with a 
slightly lower probability than in our observation material. The requirement of 
simultaneousness should rule out that kindergarten staff assess children to master 
the task of Give-5 based on the use of one-to-one correspondence with visual cues. 
That the child must take objects from a greater set is imprecise and open to interpre-
tation, but can mean almost the same as if the objects must be taken from a pile of 
objects. The restriction to simultaneous fetching implies that the task is not func-
tional, but also a possible drawback since some children may not be able to carry 
with them "ve objects like plates. Simultaneousness may not be a natural restriction 
and make the task less valuable to learn.

Table 6 summarises functionality, valuableness and comparability for the 
Fetch-N tasks in the observation materials.

 Task Descriptions of How-many Tasks

We begin with the How-many task from developmental psychology. Table!7 shows 
the task descriptions of the How-many task from Le Corre et!al. (2006).

The How-many task from Le Corre et!al. (2006) may describe a simulated obser-
vation context as the task and follow up question is formulated in a play-like situa-
tion with the intention of helping Big Bird to count. However, the use of a plastic 
tray which provides the toys to be counted has similarities with a clinical observa-
tion context.

Table 8 shows the task descriptions of the How-many tasks from the observation 
materials.
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Table 7 Descriptions of How-many tasks from developmental psychology

How-many task from Le Corre et!al. (2006)

How-many N!=!2, 3, 5, 6
Task 
formulation

The experimenter (E) "rst introduced each child to a Big Bird puppet, saying, 
“Big Bird has a problem. He forgot how to count! Could you help Big Bird 
count his toys?” Le Corre et!al. (2006, p.!138)

Information 
about 
assessment

The child must know the count list and answer with the correct number word 
when asked to do so.

Example Not given
Information 
about situation

E then showed the child a tray of two, three, "ve, or six identical toys on a 
plastic tray, and the child was asked to count the toys for Big Bird. Then, E 
presented each set size twice in a pseudorandom order, and on one of the trials 
for each set size, the child was probed after the count for a cardinal response 
with the phrase, “OK, so can you tell Big Bird how many toys he has here?”.

Table 8 Descriptions of How-many tasks in the observation materials

Rinvold and Skorpen 
(2024) MIO Lerndokumentation

How-many N N not speci"ed 5 N not speci"ed
Task 
formulation

Can answer how many 
objects it is in a set after 
counting the objects

Can answer how many 
objects it is in a set of 
"ve after counting the 
objects

Counts objects correctly 
to…

Information 
about 
assessment

After correct counting, 
the child, on its own 
initiative says, for 
example, “it is four 
apples.”

Can answer the 
question “How many 
is it?” after a correct 
count to "ve

Unclear, but the material 
mentions the cardinal word 
principle

Example Answers “it is four 
apples.”

After Gustav has 
counted the "ve cars, 
he says: “I have "ve 
cars!”

Not given

Information 
about situation

No information No information No information

 Authenticity Properties of the How-many Tasks

The How-many task from Le Corre et!al. (2006) is not functional, since the require-
ment of answering How-many by counting is considered a restriction in possible 
strategies.

In both our observation material and the MIO material, the only accepted way of 
mastery of the How-many task is last-word-responding. For example: “It is "ve 
cars” in response to “How many cars is it?” is interpreted as mastery based on form 
rather than function, as a child is not given the opportunity to demonstrate the same 
competence in other ways. An alternative way of answering is to count to "ve and 
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Table 9 Authenticity properties of How-many tasks in the observation materials

Rinvold and Skorpen (2024) MIO Lerndokumentation

Functionality No No No (strictly interpreted)
Valuableness Yes Yes Yes
Comparability Probable Probable Unclear

emphasise the last counting word (Mix et!al., 2012). In both MIO and our observa-
tion material, one-to-one counting of sets and last-word-responding are separate 
tasks. In MIO, the formulation of the former task is “counting to "ve while correctly 
pointing at objects” (Reikerås, 2016, p.!66). This is also seen as an assessment based 
on form rather than function, since counting while using gaze is an alternative to 
physical pointing. However, the How-many task which includes last-word- 
responding can be considered a task with a socially valued aim, even if there may be 
only one strategy for achieving the aim. One difference between our observation 
material and MIO is that only the former require last-word-responding on the child’s 
initiative. MIO does not mention such initiative explicitly, and in the given example, 
the child is not said to answer a question from an adult. For both our observation 
material and MIO, it is probable that mastery of the How-many task also implies 
mastery of the How-many task from Le Corre et!al. (2006), as the information about 
assessment is similar, even if different observation contexts may have an in#uence.

Lerndokumentation contains the task “can count objects correctly to …”. This 
requires counting, which, when strictly interpreted, means that the task is not func-
tional. Despite this, different ways of supporting counting are allowed, not only 
pointing. Last-word-responding is not mentioned in the task formulation but in a 
supporting text for the theme “Experience of number and counting”, the cardinal 
word principle is an important competence. This could mean that competence is 
assessed based on several observation tasks, rather than just one.

Table 9 summarises functionality, valuableness and comparability for the How- 
many tasks in the observation materials.

 Discussion

This study discusses if and how children’s cardinality competence can be observed 
by kindergarten staff in a way that is faithful to the requirements of authentic assess-
ment and such that suf"ciently similar cardinality competence is assessed as in 
corresponding tasks used in developmental psychology. The "rst research question 
concerns the observation contexts in which kindergarten staff observed cardinality- 
related tasks and how observation context varied between tasks. The results show 
that overall, the How-many task was observed in more authentic observation con-
texts than the Fetch-N task, except for Fetch-2, which is in the subitizing range, and 
therefore, not relevant to understanding how counting is related to cardinality. In 
some participating kindergartens, they thought that the Fetch-N task was more 
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dif"cult to observe than the How-many task. This led them to observe Fetch-N 
mostly in more structured observation contexts (Rinvold & Skorpen, 2024), but in 
most cases the Fetch-N task seems to have been observed in suf"ciently authentic 
observation contexts. Typically, this is the involved observation context in which 
aspects of children’s play or everyday situations are starting points for facilitation. 
The involved observation context is a new contribution, although according to 
Neisworth and Bagnato (2004) observation of facilitated play can be part of authen-
tic assessment. The application of Give-N in a kindergarten classroom in McDonald 
et!al. (2021) occurred in a structured observation context, but even then, children 
were engaged according to the kindergarten teachers, in partial alignment with the 
work of Rinvold and Skorpen (2024). This challenges some of the advantages of 
authentic observation, but engagement is not necessarily enough to give the same 
advantages as observation in play and everyday situations. Even the natural obser-
vation context occurred, an observation context without adult organization, but 
observation without such organisation was rare (Rinvold & Skorpen, 2024). The 
natural observation context was seen for the How-many task, one-to-one counting 
and the Set-construction task, which involved a child who made sets of toys and 
either counted on his own initiative or signalled the staff to prompt him to count or 
to say how many toys were in the set. Our "ndings about observation contexts show 
that the framework is suitable, that observation of cardinality-related tasks can be 
done in a range of observation contexts, and that observation of such tasks seems to 
be possible in suf"ciently authentic observation contexts. Our "ner-grained exten-
sion of the observation context framework of Neisworth and Bagnato (2004) and the 
fact that the full spectrum of observation contexts appeared reinforces what is also 
implicit in their framework, that there are degrees of authenticity rather than a clear 
border between authentic and non-authentic observation contexts.

The second research question asks how cardinality tasks are described in the 
observation materials and tests from developmental psychology and is answered 
with tables in which task descriptions are divided into themes. This makes it possi-
ble to compare similar tasks in different observation materials and tests and particu-
larly infer authenticity properties asked for in the third research question: 
functionality, valuableness and comparability. Both the Give-N task and the Fetch-N 
tasks in our observation material and Lerndokumentation are valuable, albeit less so 
the clinical test. The Give-N task is functional, but the Fetch-N tasks are not, since 
they have restrictions in allowed strategies. Set-table-5 is a valuable task that is used 
in place of Fetch-5!in the MIO material. This alternative composite and complex 
task can have Fetch-5 as a subtask, so Set-table-5 may be a valid and authentic way 
of assessing Give-N competence. The example in the MIO-handbook that “"ve chil-
dren are to be seated around this table, please set the table” makes it probable that 
Fetch-5 appears as a subtask of Set-table-5. The comparability of the Fetch-N tasks 
from our observation material and Lerndokumentation is probable, as with Set- 
table- 5 if properly organised. The How-many tasks of our observation material, 
MIO and developmental psychology all in some way claim that the child explicitly 
repeats the last counting word, and all the How-many tasks require that counting is 
used. These requirements mean that none of the How-many tasks are functional, but 
all of them are valuable. Comparability of the How-many tasks from our 
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observation material and MIO is probable, since the only difference from the clini-
cal task is the observation context.

Neisworth and Bagnato (2004) decomposed the concept of authenticity into con-
cepts as the functionality of tasks, if a task is worthwhile, teachable and socially 
valued, and measurement contexts or observation contexts. This chapter demon-
strates how these concepts can be applied in the analysis of interview data concern-
ing observation and the document analysis of observation materials. This study 
contributes to increased knowledge about the possibilities of assessing young chil-
dren’s understanding of cardinality through authentic observation. The analysis 
shows that valuableness and comparability are possible to achieve; however, com-
bining authentic observation contexts and assessment based on function rather than 
form turned out to be a challenge in the investigated observation materials. For the 
Give-N and Fetch-N tasks, the more structured or clinical observation contexts 
make it possible to reduce possible strategies to choose for the child, but for the 
How-many task not even the clinical observation context avoids that counting and 
last-word-responding are required. Two possible solutions to this problem are sug-
gested, and both should be investigated through further research. The "rst solution 
is found by determining whether it is possible to reduce the degree of authenticity 
to what we call the involved observation context to achieve enough functionality 
and validity. The kindergarten staff we studied occasionally organised the Fetch-N 
task in a way that made unwanted strategies less likely, but this caused the observa-
tion context to be less authentic. A pragmatic solution is to balance organisation and 
authenticity by using the involved observation context. Both Rinvold and Skorpen 
(2024) and McDonald et!al. (2021) argued that children can be engaged even if the 
task is somewhat organised. A second suggestion is to observe composite and com-
plex everyday tasks that are organised so that Fetch-N or How-many tasks probably 
appear as subtasks. Embedding cardinality tasks to be assessed into authentic com-
posite tasks, as when Fetch-5 is embedded in Set-table-5, may solve problems with 
functionality. According to Neisworth and Bagnato (2004), authentic assessment 
requires collaboration between several everyday settings and with assessment part-
ners. Everyday tasks such as Set-table-5 are advantageous in that parents and other 
non-expert adults can contribute to observation, but as we have seen, Set-table-5 
does not necessarily measure Give-N competence without organisation of the tasks 
that make Fetch-5 probable to occur. Both solutions seem to depend on the compe-
tence of the kindergarten staff, but this needs further research. A task that was not in 
our observation material, the Set-construction task, appeared as a child-initiated 
task combined with one-to-one counting and the How-many task. The validity prob-
lems of the How-many task pointed out by Wynn (1992) do not apply to this com-
bination of tasks. Set-construction undertaken on the initiative of a child may only 
occur with children who are not at risk of not understanding the cardinality-word 
principle. It is a question for further research whether the Set-construction task fol-
lowed by the counting of constructed sets can be used to assess children’s cardinal-
ity competence. As far as we know, this task, when not initiated by a Fetch-N or 
Give-N task in which it is common to say that a set is produced, created or con-
structed (Baroody & Lai, 2022), has not been previously described.
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This study is limited in that the practical application of only one observation 
material is investigated and that we use only interview data, rather than observations 
of children and kindergarten staff. This limitation is particularly relevant to the 
German Lerndokumentation, as its cultural context differs from the Norwegian one, 
with which we are more familiar. Another limitation is that many variables, such as 
the age and competence of the children and the competence of the kindergarten 
staff, may in#uence the distribution of observation contexts and the functionality of 
tasks. Kindergarten practice and research are recommended to use our results and 
analysis methods to design or improve observation materials for authentic assess-
ment of young children’s mathematical competence and to investigate the compe-
tence required for kindergarten staff using these materials.
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Pre-Service Teachers’ and Children’s 
Conceptual Understanding 
of Quadrilaterals

Mark Sprenger

 Introduction

Conceptual understanding is a basis for mathematical knowledge and for applying 
mathematical relationships (Hischer, 2021). Many studies show that children often 
have dif"culties developing an adequate conceptual understanding for different 
geometric shapes like “quadrilateral”, “rectangle”, “square” or “triangle” (Bartolini 
Bussi & Baccaglini-Frank, 2015; Bruns et al., 2021; Clements et al., 1999; Maier, 
2019; Maier & Benz, 2020; Tsamir et al., 2014; Unterhauser, 2020). Results indi-
cate that children still have dif"culties in understanding these terms in secondary 
school (Fuys et al., 1988; Heinze, 2002). In order to adequately address these dif"-
culties in school, it is important that teachers themselves have a solid conceptual 
understanding of geometrical shapes. However, studies also indicate that this is not 
always the case (Fujita & Jones, 2007; Gokbulut & Sen, 2019; Molitoris Miller, 
2018; Pagiling & Nur’aini, 2022). Some studies on teachers’ conceptual under-
standing, especially those on quadrilaterals, often have small sample sizes (Gokbulut 
& Sen, 2019; Molitoris Miller, 2018; Pagiling & Nur’aini, 2022). In studies about 
quadrilaterals, it is mainly only aspects to do with de"nitions which are in focus. 
While the dif"culties faced by primary school children as well as pre-service teach-
ers due to a lack of conceptual understanding have been noted, what is not known is 
if they face the same dif"culties. Consequently, the present study investigates pri-
mary school children’s as well as pre-service teachers’ conceptual understanding of 
quadrilaterals.
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 Theoretical and Empirical Background

The discussion of the term “concept” has a long tradition in the history of science 
and philosophy (Hischer, 2021; Ruwisch & Weigand, 2023). It is therefore impor-
tant to "rst clarify what a concept is, especially in regard to geometrical shapes. 
Concepts can be de"ned in a variety of ways. For example, a square can be de"ned 
by its “sides”, “lengths” and “angles”, or by its diagonal attributes or based on the 
de"nition of a rectangle, as a more general class of objects. A mathematical de"ni-
tion of a concept consists of condensed information, containing only the essential 
attributes. A concept refers not only to a speci"c object, but to a class of objects that 
share common attributes (Franke & Reinhold, 2016; Meyer & Tiedemann, 2017).

In order to describe a concept Vinner and Hershkowitz (1980) related the term 
“concept de"nition” to the term “concept image” for geometric concepts. A formal 
concept de"nition is one, that is accepted by the mathematical community, whereas 
a personal concept de"nition is formed by the individual and can evolve over time 
and under varying circumstances (Tsamir et al., 2014). Concept image refers to the 
entire cognitive structure associated with a concept, encompassing all mental 
images as well as the related properties and processes (Tall & Vinner, 1981), which 
include not only verbal, visual, and auditory associations, but potentially also other 
sensory connections (Vinner, 2011). Concept images vary from person to person 
and from one culture to another. In contrast, the concept de"nition refers to a lin-
guistic description used to specify the features of a concept precisely (Tall & 
Vinner, 1981).

The understanding of a concept can be acquired through various ways. Children 
mainly build concepts “by actively dealing with objects in connection with lan-
guage” (Franke & Reinhold, 2016, p. 118). Within cognitive psychology, there are 
two different views to describe the processes of categorization and development of 
conceptual understanding (Maier & Benz, 2020; Tsamir et al., 2014). The "rst is the 
classical view (Klausmeier & Sipple, 1980; Medin & Smith, 1981, 1984) in which 
all examples of a concept share a set of de"ning features. “The features of a new 
stimulus would then be judged against the features of a known category in order to 
determine if it is or is not an example of that category” (Tsamir et al., 2014, p. 498). 
The second is the prototypical view (Clarke, 2004; Medin & Smith, 1984; Szagun, 
2011) that focus on ideal examples, called prototypes. Prototypes are generally 
acquired "rst, often with other characteristic features, than just the de"ning features. 
When categorizing examples or non-examples, the prototypes serve as a basis for 
comparison. The classical view focusses on the concept de"nition whereas the pro-
totypical view focusses on, the individual mental representation, that one forms of a 
shape (concept image):

A concept name when seen or when heard is a stimulus to our memory. Something is 
evoked by the concept name in our memory. Usually it is not the concept de"nition, even in 
the case the concept does have a de"nition. It is what we call ‘concept image’ (Vinner, 
1991, p. 68).
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The concept image can re#ect only a few prototypical examples and does not neces-
sarily encompass the full range of examples that do not ful"ll the requirements of 
the concept de"nition (Franke & Reinhold, 2016). Examples of the concept image 
that are not in line with the de"nition are considered to be non-examples (Levenson 
et al., 2011). The concept de"nition in combination with a broad concept image, of 
relevant examples, can play a fundamental role in the development of the concep-
tual understanding (Maier & Benz, 2020).

 Selected Studies of Different Age

Franke and Reinhold (2016) differentiate how the concept de"nition and the con-
cept image can be distinguished through: (1) knowing de"nitions and properties of 
the concept (2) knowledge of the hierarchical structure (3) capture of the range of 
the concept, e.g. distinguishing examples from non-examples, drawing own exam-
ples, building or designing own examples of shapes (concept image) and (4) being 
familiar with the applications of the concept (Maier & Benz, 2020).

Studies focusing on the concept de"nition reveal that the con#ict between the 
perceptual experience and the theoretical needs of a mathematical de"nition persists 
in older children (Bartolini Bussi & Baccaglini-Frank, 2015; Clarke, 2004; Medin 
& Smith, 1984; Szagun, 2011). Therefore Bartolini Bussi and Baccaglini-Frank 
(2015) pointed out that the “process of harmonization of "gural and conceptual 
components must be fostered through speci"c interventions, because research 
shows that it does not occur spontaneously, and attachment to prototypes is not 
overcome with age alone” (p. 392).

Studies focusing not only on young children’s concept de"nition but also on their 
concept image are summarized by Bruns et al. (2021). With regard to the quadrilat-
eral, they note that studies with primary school children show that the explanations 
are often based on the number of angles or sides. In some cases, children’s explana-
tions and their identi"cations do not match. For example, children can insist that a 
quadrilateral must have four angles, but still would not choose a rectangle as an 
example of a quadrilateral. Children mainly identify squares as examples of quadri-
laterals, although a small percentage also identify rectangles. Overall, typical (rect-
angles, square) rather than atypical representatives (quadrilaterals with concave 
sides) are correctly identi"ed.

Non-examples (e.g. "gures without straight sides), on the other hand, tend to be 
incorrectly perceived as examples of the term quadrilateral (Bruns et  al., 2021). 
Regarding quadrilateral, non-de"ning attributes in#uence their identi"cation. In 
particular, primary school children often have dif"culty identifying “obtuse-angled” 
and “concave quadrilaterals”. If a "gure is not shown with a closed line segment, it 
is usually not correctly recognized as a representative. When square- like "gures 
have rounded angles, they are often identi"ed as representative. This is less com-
mon for "gures with curved sides. In general, children’s correct identi"cation of the 
quadrilateral concept increases in higher grades (Bruns et al., 2021).
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With reference to Currie and Pegg (1998), de Villiers (1994), Erez and Yerushalmy 
(2006), Monaghan (2000) and Pickreign (2007), Fujita and Jones (2007) summarise 
that a “number of international studies have shown that many learners have prob-
lems with a hierarchical classi"cation of quadrilaterals and the related issue of 
de"ning such shapes” (p 4). Therefore it can be concluded that children of all ages 
have dif"culties with the concept of quadrilaterals. This raises the question of how 
those, who teach the children recognize examples of the concept.

Pre-service teachers (N = 44) de"nitions of various quadrilaterals were examined 
by Molitoris Miller (2018) at a large Mid-Atlantic state university. Molitoris Miller 
(2018) described with pre-service elementary teachers (PSTs) teacher students who 
had not yet studied geometry or de"nitions on the college level. She showed that the 
majority of PSTs were most likely to align their statements with de"nitions that 
included necessary attributes, but which were not suf"cient or minimal attributes. 
This means that they knew the necessary attributes to describe essential characteris-
tics of a concept, but were unable to use it for a de"nition. For a de"nition, all 
essential characteristics must be included, but only these. Similarly, it was found 
that the PSTs’ de"nitions were equally likely to re#ect a hierarchical or partial rela-
tionship among of shape types. The PSTs were most comfortable with squares, 
followed by “parallelograms”, then “rectangles”, “trapezoids”, “rhombuses”, and 
"nally “kites”.

Understandings of the concepts “triangle”, “circle”, and “cylinder” of early- 
years teachers (N = 18; N = 45; depending on which parts of the questionnaire could 
be answered) were examined by Tsamir et al. (2014). The teachers were asked to 
de"ne each concept and then identify various examples and non-examples. Tsamir 
et al. (2014) also examined whether the teachers had used correct and precise math-
ematical language and whether they had referred to de"ning and non- de"ning attri-
butes. The results showed that teachers were generally able to identify examples and 
non-examples of triangles and to de"ne triangles. They were able to identify exam-
ples and non-examples of circles, although they had dif"culties with the task of 
de"ning circles. They also had dif"culties identifying examples and non- examples 
of cylinders and de"ning cylinders.

Teachers’ conceptual understanding, particularly about quadrilaterals, was also 
investigated in two qualitative studies, one with four primary school teachers 
(Gokbulut & Sen, 2019) and one with four secondary school teachers (Pagiling & 
Nur’aini, 2022). The study of Gokbulut and Sen (2019), conducted in Turkey, 
showed that the four primary teachers gave mainly standard de"nitions for proto-
type quadrilaterals like squares and rectangles. Important attributes, such as “paral-
lelism” or the inclusion of right angles were often omitted, or incorrectly assigned. 
This indicated that these teachers had limited knowledge of the de"nitions. The 
study of Pagiling and Nur’aini (2022), conducted in Indonesia, investigated the con-
cept de"nition and the classi"cation of quadrilaterals of four secondary school 
teachers. One teacher demonstrated a comprehensive hierarchical conceptual under-
standing of quadrilaterals by recognising the relationships between different types, 
for example, that a square was a special case of a rectangle and a rhombus and also 
a parallelogram. Two teachers’ conceptual understanding could be described as 
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partial prototype understanding. They were able to recognise some relationships 
between quadrilaterals, for example that a rhombus is a parallelogram, but had dif-
"culty recognising similar connections for squares and rectangles. One teacher 
referred solely to prototypical representations of quadrilaterals.

All of these studies indicate that some (preservice) teachers are likely to lack 
pro"cient conceptual understanding of geometric shapes, in formulating precise 
mathematical de"nitions, which include the necessary and suf"cient attributes. 
Instead, standard de"nitions or prototypes can dominate their conceptual under-
standing. The ability to classify geometric "gures hierarchically (e.g. squares as 
special cases of rectangles) can be limited in many teachers. In all of the studies, 
teachers’ knowledge was strongly characterised by prototypes, which led to incor-
rect classi"cations and a limited understanding of less familiar shapes. Teachers 
showed better conceptual understanding for familiar shapes, such as squares and 
triangles, while less familiar shapes, such as trapezoids, or rhombuses were less 
well de"ned.

Although these research results indicate that primary school children and pre- 
service teachers can have dif"culties in understanding concepts, the extent to which 
the same dif"culties exist in both groups has not been evaluated. Previous studies 
are all based on rather small samples and mainly focused on concept de"nition. To 
address the conceptual image and, above all, to compare primary school childrens’ 
and pre-service teachers’ conceptual image, a study addressing the following 
research questions was conducted.

RQ1: To what extent can primary school children identify and distinguish between 
examples and non-examples of quadrilaterals?

RQ2: To what extent can pre-service teachers identify and distinguish between 
examples and non-examples of quadrilaterals?

RQ3: Is there a difference between primary school childrens’ and pre-service teach-
ers’ responses?

 Design of the Study

Before describing the sample and the process of the study, it is important to high-
light a particular feature that arises from the German language. This characteristic 
may have an impact on the results. The term “Viereck” is predominantly used in the 
German language to refer to a quadrilateral and commonly used in everyday lan-
guage. The term Viereck is derived from the components “Vier” (meaning four) and 
“Eck” (meaning corner), thus, emphasizing the angles of the shape. In English- 
speaking contexts, the term is often referred to as quadrilateral with a focus on 
sides. In contrast to the German-speaking context the term quadrilateral is not used 
in everyday English.

In order to answer the research questions, a quasi-longitudinal study was under-
taken. To conduct the study in a manner that is ef"cient in terms of research 
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economy, an opportunity sample was employed (Döring & Bortz, 2016). The sam-
ple comprises 178 primary school children and 128 pre-service teachers, and, thus, 
in total 306 participants. The former sample comprised nine primary school classes 
as follows: grade 1: n = 42, grade 2: n = 42, grade3: n = 59, grade 4: n = 35. The 
latter sample comprised pre-service teachers studying primary school education at 
the same university. Most pre-service teachers were in their second year, n = 111, in 
their third year were, n = 10, and n = 7 were in their fourth year. The surveys were 
administered by the respective primary school teachers, as well as the respective 
lecturers teaching the pre-service teachers. Data was collected from the primary 
school children using a paper-and-pencil test and from the pre-service teachers 
using an online questionnaire.

To assess primary school children’s and pre-service teachers’ conceptual image, 
a task consisting of 18 items was used for operationalization. The selection of the 
task was mainly based on the studies of Aslan and Arnas (2007), Bruns et al. (2021), 
Clements et al. (1999), Fujita and Jones (2007) and Tsamir et al. (2014). Participants 
were presented with various quadrilaterals and non-quadrilaterals and asked to cir-
cle (paper-and-pencil test) or select (online questionnaire) all quadrilaterals. The 
selection of the different items (see Fig. 1) was based on the studies of Aslan and 
Arnas (2007), Bruns et al. (2021) and Clements et al. (1999). The selected "gures 
were varied in their position, their size and number of angles.

This systematic variation was used to "nd out to what extent primary school 
children and pre-service teachers recognized quadrilaterals independently of typical 
prototypes (Tsamir et al., 2014).

Fig. 1 Figures for the task “Selecting the representatives of the concept quadrilateral”. Note: 1 
prototypical square, 2 overlapping square resp. two triangles connected at the angle, 3 square at the 
angle, 4 trapezoid at the angle, 5 concave quadrilateral, 6 rectangle at the angle, 7 pentagon, 8 
small square, 9 parallelogram, 10 narrow rectangle, 11 rhombus at the angle, 12 concave hexagon, 
13 prototypical rectangle, 14 small rhombus, 15 trapezoid, 16 kite, 17 octagon, 18 irregular 
quadrilateral
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 Results

To address research question 1 and 2, the results provide information on identifying 
examples and non-examples of quadrilaterals for the different groups (grade 1 to 4 
and the pre-service teachers) (see Table 1). It can be seen that in grade 1 (n = 42), 
100% of the primary school children answered the “prototypical square” (1) and 
“pentagon” (in German “Fünfeck”—which consists of “"ve” and “corner” (7) items 
correctly. Over 75% of the primary school children gave correct answers to the 
items “trapezoid at the angle” (4), “small square” (8), “concave hexagon” (12), 
“prototypical rectangle” (13), “small rhombus” (14), and “octagon” (17). Fifty per-
cent or more also gave correct answers for the items “square at the angle” (3), “rect-
angle at the angle” (6), “parallelogram” (9), “trapezoid” (15), and “irregular 
quadrilateral” (18). Fewer that 50% of participants identi"ed correctly the “concave 
quadrilateral” (5), “narrow rectangle” (10), “rhombus at the angle” (11) and kite 
(16), with the item concave quadrilateral (5) having the lowest number of partici-
pants providing a correct answer with 11.9%.

In grade 2 (n = 42), the prototypical square (1) has the highest recognition rate at 
100%. Correct responses for the trapezoid at the angle (4) and pentagon (7) items 
were just over 95%. In addition to these items, over 75% of the primary school 
children correctly identi"ed the square on the angle (3), small square (8), concave 

Table 1 Solution frequencies at the grade and item levels, in %

Item Grade / group
Grade 1 Grade 2 Grade 3 Grade 4 Pre-service teachers

n = 42 n = 42 n = 59 n = 35 n = 128
1 prototypical square 100.0 100.0 98.3 100.0 98.4
3 square at the angle 69.0 88.1 91.5 82.9 98.4
4 trapezoid at the angle 85.7 95.2 91.5 54.3 91.4
5 concave quadrilateral 11.9 21.4 15.3 17.1 46.9
6 rectangle at the angle 61.9 69.0 81.4 42.9 98.4
7 pentagon 100.0 95.2 98.3 97.1 97.7
8 small square 81.0 90.5 86.4 74.3 96.1
9 parallelogram 69.0 71.4 76.3 34.3 93.0
10 narrow rectangle 23.8 45.2 52.5 28.6 93.0
11 rhombus at the angle 23.8 45.2 57.6 28.6 90.6
12 concave hexagon 88.1 83.3 79.7 85.7 95.3
13 prototypical rectangle 76.2 69.0 84.7 45.7 97.7
14 small rhombus 85.7 95.2 93.2 71.4 93.8
15 trapezoid 64.3 69.0 81.4 31.4 91.4
16 kite 23.8 40.5 45.8 25.7 81.3
17 octagon 85.7 76.2 69.5 94.3 97.7
18 irregular quadrilateral 64.3 85.7 88.1 42.9 89.8

Note: The item 2 overlapping square resp. two triangles connected at the angle was not included in 
the results, as it does not allow a clear statement to be made in its current form
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hexagon (12), octagon (17), and irregular quadrilateral (18) items. There were also 
over 50% correct responses for the items rectangle at the angle (6), parallelogram 
(9), prototypical rectangle (13), and trapezoid (15). The items concave quadrilateral 
(5), narrow rectangle (10), rhombus at the angle (11), and kite (16) had less than 
50% correct answers. The concave quadrilateral (5) received the lowest number of 
correct answers with 21.4%.

In grade 3 (n = 59), almost all primary school children (98.3%) chose the correct 
answer for prototypical square (1) and pentagon (7). There were also more than 
75% correct responses for the items square on the angle, trapezoid at the angle (4), 
rectangle at the angle (6), small square (8), parallelogram (9), concave hexagon 
(12), prototypical rectangle (13), small rhombus (14), trapezoid (15), and irregular 
quadrilateral (18). The primary school children also answered more than 50% cor-
rectly for the items narrow rectangle (10), rhombus at the angle (11), kite (16), and 
small rhombus (14). The correct answers for the items concave quadrilateral (5) and 
kite (16) were below 50%. The concave quadrilateral (5) had the lowest number of 
correct answers with 15.3%.

In grade 4 (n = 35), 100% of the primary school children gave the correct answer 
for the prototypical square (1) item. Over 75% of the primary school children gave 
the correct answer for the square at the angle (3), pentagon (7), concave hexagon 
(12), and octagon (17) items. At least 50% correct answers were also given for the 
trapezoid at the angle (4), small square (8), and small rhombus (14) items. Answers 
were lower for the items concave quadrilateral (5), parallelogram (9), narrow rect-
angle (10), rhombus at the angle (11), prototypical rectangle (13), trapezoid (15), 
kite (16), and irregular quadrilateral (18). At the end of the scale is the concave 
quadrilateral (5) with 17.1%.

In the group of pre-service teachers (n = 128), the correct answers for the items 
prototypical square (1), square at the angle (3), and rectangle at the angle (6) were 
close to 98%. Furthermore, there were more than 75% correct responses for the 
items trapezoid at the angle (4), pentagon (7), small square (8), parallelogram (9), 
narrow rectangle (10), rhombus at the angle (11), concave hexagon (12), prototypi-
cal rectangle (13), small rhombus (14), trapezoid (15), kite (16), octagon (17), and 
irregular quadrilateral (18). The correct answer for the concave quadrilateral (5) 
was 46.9%.

Research question 3 required a comparison of solution frequencies between the 
groups (grade 1 to 4 and the pre-service teachers). This comparison reveals notable 
differences for certain items. For instance, the solution frequencies for items such as 
prototypical square (1), pentagon (7) or small rhombus (14) show only minor differ-
ences, whereas the disparities are more pronounced for items like concave quadri-
lateral (5) or narrow rectangle (10).

To better classify the data presented so far, the respective frequencies of correct 
answers within the groups (grade 1 to 4 and the pre-service-teachers) are considered 
(see Table 2). This shows that in grade 1 and 2, 4.8% of the primary school children 
were able to rate all items correctly. In grade 3 it was 5.1%, in grade 4 11.4%, and 
among the pre-service teachers 40.6%. These results put the data in Table 2 into 
perspective. For example, although 21.4% of the primary school children in grade 2 
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Table 2 Solution frequencies of the individual grade levels or groups, in %

Solution frequencies Grade / group
Grade 1 Grade 2 Grade 3 Grade 4 Pre-service teachers

n = 42 n = 42 n = 59 n = 35 n = 128
0 incorrect identi"cations 4.8 2.4 5.1 11.4 40.6
1 incorrect identi"cations 2.4 14.3 8.5 5.7 34.4
2 incorrect identi"cations 7.1 9.5 16.9 5.7 7.0
3 incorrect identi"cations 9.5 21.4 23.7 5.7 8.6
4 incorrect identi"cations 9.5 11.9 8.5 0.0 1.6
5 incorrect identi"cations 19.0 7.1 8.5 2.9 0.8
6 incorrect identi"cations 7.1 4.8 14.3 2.4 0.0
7 incorrect identi"cations 7.1 4.8 8.5 0.0 0.8
8 incorrect identi"cations 11.9 9.5 3.4 14.3 3.9
9 incorrect identi"cations 11.9 4.8 1.7 5.7 0.0
10 incorrect identi"cations 2.4 7.1 1.7 17.1 0.8
11 incorrect identi"cations 0.0 2.4 1.7 11.4 0.8
12 incorrect identi"cations 4.8 0.0 1.7 8.6 0.0
13 incorrect identi"cations 2.4 0.0 0.0 8.6 0.0
14 incorrect identi"cations 0.0 0.0 0.0 0.0 0.0
15 incorrect identi"cations 0.0 0.0 0.0 0.0 0.8
16 incorrect identi"cations 0.0 0.0 0.0 0.0 0.0
17 incorrect identi"cations 0.0 0.0 0.0 0.0 0.0

recognized the concave quadrilateral (5) as such (see Table 1), all but 4.2% of the 
primary school children were unable to correctly identify all of the quadrilaterals. 
Five or more incorrect identi"cations were made by 66.7% in grade 1, 38.7% in 
grade 2, 37.3% in grade 3, 71.4% in grade 4 and 7.8% of pre-service teachers.

In relation to research question 3, a difference between the groups (grade 1 to 4 
and the pre-service teachers) becomes evident. Overall, the pre-service teachers 
provide fewer incorrect solutions compared to the primary school children. The 
analysis of the results in relation to the items shows that almost all primary school 
children and pre-service teachers gave correct answers to the prototypical square (1) 
item. There was also a high frequency of correct answers for the pentagon (7) in all 
groups. The other items showed a mixed picture in some cases, with stronger outli-
ers in grade 4 in particular. For example, for the trapezoid at the angle (4) item, the 
correct answers of primary school children in grades 1, 2, and 3 and pre-service 
teachers ranged from 85.7% to 98.4%, while a value of 54.3% was achieved in 
grade 4. It is interesting to analyze the items for which the primary school children’s 
solution frequencies were around or below 50%. These are for example the items 
narrow rectangle (10), rhombus at the angle (11) and kite (16). The kite (16) item 
shows relatively low frequencies of correct answers in each grade or group. At the 
bottom of the range is the concave quadrilateral (5), for which less than 50% of each 
group (grade 1 to 4 and the pre-service teachers), including the pre-service teachers, 
indicated that it was a quadrilateral.
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Looking at the data of the non-representatives for the concept quadrilateral, it 
can be seen that there are no special  results for the items pentagon (7), concave 
hexagon (12) and octagon (17). They show similar solution frequencies as many 
representative- items of the quadrilateral.

The analysis of the solution frequencies of the items across the different groups 
provides insights into the development of conceptual understanding. The data indi-
cates that the percentage of participants who could correctly identify quadrilaterals 
increases as they get older.

A central "nding of the study is the clear difference between prototypical and 
non-prototypical geometric shapes. While the prototypical square (1) is recognized 
almost consistently across all groups (between 98.3% and 100%), the recognition 
rates for non-prototypical quadrilaterals such as the kite (16) (between 23.8 and 
81.3), concave quadrilateral (5) (between 11.9% and 46.9%) are signi"cantly lower. 
A closer look at the individual group levels also reveals speci"c features. In the 
fourth grade, comparatively low solution frequencies can be observed for some geo-
metric "gures. For example, the parallelogram (9) achieved 69.0% and 93.0% in 
grades 1 to 3 and among pre-service teachers. In the fourth grade, the item was 
recognised as a quadrilateral by just 34.3% of the children.

 Interpretation and Discussion

The participants’ responses indicate that there are differences between concept 
images of prototypical and non-prototypical geometric shapes (Clarke, 2004; 
Szagun, 2011). The prototypical square is recognized consistently across nearly all 
age groups (grades 1 to 4 and pre-service teachers, ranging from 98.3% to 100%), 
whereas recognition rates for non-prototypical quadrilaterals, such as the concave 
quadrilateral, are much lower (ranging from 11.9% to 46.9%) These "ndings sug-
gest that learners become familiar with  prototypical shapes early on, while non- 
prototypical geometric "gures are integrated into their cognitive schemas more 
gradually. This observation corroborates previous research on the conceptual 
knowledge of primary school children (Bartolini Bussi & Baccaglini-Frank, 2015; 
Bruns et al., 2021; Clements et al., 1999; Maier, 2019; Maier & Benz, 2020; Tsamir 
et al., 2014; Unterhauser, 2020).

A more detailed examination of the individual age groups reveals trends. In the 
fourth grade, there is a notable absence of correct responses for certain geometric 
"gures, such as the parallelogram (9). This could indicate that children at this level 
have speci"c dif"culties in recognizing certain geometric features. We can only 
hypothesize about potential causes. It is possible that these decreases in perfor-
mance are attributable to instructional factors, such as a de"ciency in visual and 
practical exercises during classroom activities. Another possible explanation could 
be that the teacher did not have the necessary conceptual knowledge to effectively 
support the students’ learning. However, considering that the children are in the 
fourth grade, it is reasonable to assume that they have already been taught by 
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different teachers. Nevertheless, the small sample size prevents drawing reliable 
conclusions. To obtain more substantiated insights, additional data collection would 
be required.

The analysis of solution frequencies across different age groups in this study 
indicate a potential development of the conceptual image among primary school 
children and pre-service teachers. The results indicate that the correct identi"cation 
of quadrilaterals and non-squares increases during schooling. This tendency was 
also shown in the study by Bruns et al. (2021). However, the present study suggests 
that this development is not completed even after primary school, and that the abil-
ity to distinguish and classify shapes continues to improve beyond primary school.

The results indicate that conceptual understanding can develop from "rst grade 
through adulthood (with the exception of fourth grade). Nevertheless, the concep-
tual understanding among pre-service teachers remains highly variable and insuf"-
ciently developed, shown by the diverse responses. A possible explanation for the 
development could be that enhanced networking and structuring of learners’ knowl-
edge (Stern, 2002), along with a more systematic study of geometric de"nitions and 
relationships, contribute to this development. The fact that the development of geo-
metric understanding does not occur to the expected extent may also be due to 
teachers lacking the knowledge. If teachers lack the necessary knowledge, students 
will not have the chance to acquire it, and this will have an impact on their knowl-
edge when they become preservice teachers. Thereofre, there are consequences for 
teacher education.

The present "ndings have pedagogical implications. Speci"cally, mathematics 
learning opportunities should not focus exclusively on prototypical shapes, but 
should incorporate non-prototypical geometric "gures. It seems necessary to facili-
tate the recognition of non-prototypical shapes, potentially through the use of enac-
tive activities (Bartolini Bussi & Baccaglini-Frank, 2015; Franke & Reinhold, 
2016). Such approaches could help foster a deeper and more #exible conceptual 
understanding.

The present study is not representative. Neither the sample size nor the selection 
of the sample (opportunity sample) allows for generalizable conclusions. However, 
for the examined sample, it can be summarized that the understanding of concept 
image develops differently over the different groups. While simple and prototypical 
forms are recognized with a high degree of reliability at an early stage, the identi"-
cation of non-prototypical "gures may not be achieved even by some adults. The 
results of this study underscore the necessity of providing ongoing learning oppor-
tunities in geometry to support a comprehensive and sustainable development of 
conceptual understanding, particularly concerning the concept image. Future 
research could focus on teaching experiments and intervention studies to identify 
which learning opportunities are most supportive. Studies that can be based on a 
representative sample could also be useful.
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Sandwiches: Problem Solving 
on Combinatorics in Early Mathematics 
Education

Jorryt van Bommel, Andreas Ebbelind, and Hanna Palmér

 Introduction

In research on early mathematics education, probably the most prevalent topic is 
children’s learning of numbers and counting. Numbers and counting are part of 
number sense but are also crucial in mathematical topics such as algebra, trigonom-
etry, and combinatorics. However, early mathematics education research seldom 
focuses on those mathematical topics. The data in this paper are from a Swedish 
educational design research study, based on work described by McKenney and 
Reeves (2012) which explored and developed a problem-solving and problem- 
posing approach in with 6-year-olds. In the study, different mathematical topics 
have been explored in different design cycles. In the design cycle presented in this 
paper, the students were to solve a combinatorics problem-solving task.

In Sweden, 6-year-olds are enrolled in preschool class, a year of schooling 
between preschool and school. The curriculum highlights the need for children to 
gain the ability to engage in problem-solving, with problem solving being consid-
ered both content and purpose. Combinatorics is not mentioned in the curriculum of 
the preschool class, but both international (English, 1991, 2005) and national 
(Palmér & van Bommel, 2018; van Bommel & Palmér, 2021) studies show that 
combinatorics is suitable as content in mathematics education for young students. 
The central question in combinatorics is: in how many different ways can something 
be done? Previous Swedish studies by Palmér and van Bommel showed that 
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6-year- olds could make sense of the topic and that a problem-solving approach 
helped students to understand the concept of permutations. Permutation is the term 
used to express the possible ways a set or number of items can be ordered or 
arranged. In these studies, students’ choice of representations when working on 
combinatorics (Palmér & van Bommel, 2018, 2024), digital tools (van Bommel & 
Palmér, 2021), and digital animations (Ebbelind et al., 2023) as part of the lessons 
have been explored.

Wathne and Carlsen (2022) focus on 8–9 years old students’ multimodal math-
ematical reasoning, including documentation, spoken dialogue and gestures, when 
solving a combinatorics problem about toppings of two types of bread. As a result 
of their study, they emphasized the need to pay “more attention to combinatorial 
problems in the mathematics teaching in the "rst years of schooling as this is a rich 
mathematical structure” (Wathne & Carlsen, 2022, p. 15). They point out the impor-
tance of further studies investigating the way the combinations are displayed and 
emphasize the importance of including younger students in the studies. This study 
contributes to this "eld of research, by responding to Wathne and Carlsen’s (2022) 
call. In this study, our research question was:

• In what way do the students depict combinations when  solving the problem- 
solving task on combinatorics?

 Combinatorics

Combinatorics is the "eld in mathematics that includes both permutations and com-
binations. These terms date far back in history. “Permutations” was used as long ago 
as 1000 BCE. Around 400 BCE. both terms were used regarding an attempt to "nd 
the number of different syllables possible in the Greek language (i.e. The !rst 
attempt on record to solve a dif!cult problem in permutations and combinations, 
Xenocrates of Chalcedon). Eventually, this resulted in a speci"c "eld in mathemat-
ics concerned with counting the number of ways it is possible to combine “things” 
(often referred to as objects or items). The counting can be done using the multipli-
cation principle, which means that if there are m possible outcomes for a "rst stage 
and n possible outcomes for a second stage, the total procedure can be carried out in 
m × n ways. In the task in this paper, the "rst stage would be a choice between two 
types of bread (m = 2), then the possible number of outcomes in the second stage 
would be three (three different topics, n = 3), resulting in 2 × 3 combinations. (Using 
m × n is however not how young children most often would calculate the number of 
combinations, see next section.)

In combinatorial tasks, it is important to distinguish between problem situations 
where the order of the items is relevant. An example where the order is relevant is 
the problem where three bears can be arranged on the sofa in six unique ways (van 
Bommel & Palmér, 2021). For the bears on the sofa, the task is to "nd the number 
of ways to arrange a set of objects (all three bears) in a speci"c order, known as 
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permutations. However, in other tasks such as the sandwich task used in Wathne and 
Carlsen’s (2022) study, the order is irrelevant. The task is to "nd the number of ways 
one can select a subset of objects (such as one slice of bread and one topping at a 
time) from a more extensive set, known as combinations. The approach and solution 
strategy in combinatorial problems are affected by such differences in combinato-
rial tasks. In this paper, we will focus on a type of combinatorial task where the 
order is not important, where repetition is allowed, and where the counting principle 
of combining is central.

 Combinatorics in Early Ages

A literature search on combinatorics in early mathematics (up to age 8) provides 
only a limited but relevant research base. English (1991, 2005) was one of the "rst 
to study young children and combinatorics, emphasizing that the biggest challenge 
for younger children when working with combinatorics was to systematically rep-
resent combinations. Young children’s work with combinatorics tends to be non- 
systematic or random, where the same permutation may appear as a solution several 
times without the students noticing. In her 1991 study, English identi"ed "ve strate-
gies that young children use when working with combinatorial tasks: i) random 
selection of objects—with duplicates, ii) trial and error with random item selec-
tion—with rejection of duplicates, iii) emerging pattern for the choice of objects—
with rejection of duplicates, iv) consistent and complete cyclical item selection—with 
rejection of duplicates and v) “odometer pattern” in item selection. Students who 
used the two "rst strategies had no system for how they tried out new permutations. 
Sometimes, they checked each new permutation by comparing it with the previous 
ones and thus detected duplicates. However, it was common for solutions based on 
these strategies to contain many duplicates. The emerging pattern (iii) for the choice 
of objects implies that the students started to work systematically by keeping one 
element constant and varying the others, but the system was not followed through-
out the solution process. When students used a consistent and complete strategy (iv) 
or an odometer pattern (v), they exhausted all possible permutations because other 
objects were held constant, so no duplicates occurred. English found that the 
younger children in her studies (4.5–6 years) used only the less effective strategies, 
while the older children (7–10 years) also used more systematic strategies. A similar 
result emerged in a study by Outhred (1996), where students in grades 1–4 were to 
combine ice cream scoops of different $avors. In that study, the frequency of correct 
solutions correlated with the degree of systematization in students’ documentation 
of permutations, where systematization was more common for older students. 
However, it is noted that it is most important that young students are encouraged to 
use strategies and representations they are acquainted with as a starting point (Maher 
& Yankelewitz, 2010; Wathne & Carlsen, 2022). Finding all possible combinations 
requires systematization. For three bears on a sofa this entails matching one seat 
with one bear and combining this "xed position with the remaining two bears and 
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their seating, then repeating the process by "xing another bear in the same seat. The 
elementary ideas of combinatorics “support children’s development of beginning 
probability ideas and problem-solving skills” (English, 2005, p. 122) and underpin 
other areas in mathematics such as counting (Lockwood, 2013).

Palmér and van Bommel have studied 6-year-olds working on a combinatorial 
task (three bears on a sofa). Their results of these studies indicated, for example, 
that students who chose to draw bears made fewer duplicates than students who, 
instead of bears, drew dots or lines in corresponding colors (Palmér & van Bommel, 
2018). This result appeared somewhat surprising because dots and lines are a more 
abstract form of representation than bears, which in studies of cardinality is often 
connected with students’ progress in abstract thinking (Hughes, 1986). A follow-up 
interview study (Palmér & van Bommel, 2024) showed that the connection between 
representations and systematization was even more complex, as some students 
expressed that they were not able to draw bears and therefore chose to draw lines or 
dots. This indicated that the students did not always choose the representation they 
wanted, which might affect the strategy they used and thus also the presence of 
duplicates in their solutions. To draw students’ attention to systematization, a digital 
application of the task was developed where the program made the students aware 
of duplicates. Students who explored this application before they worked on the task 
with paper and pencil were compared with a control group working only with paper 
and pencil. The results showed that the work with the application alerted the stu-
dents to duplicates when working with paper and pencil later, and their solutions 
contained signi"cantly fewer duplicates than the control group’s (van Bommel & 
Palmér, 2021). Based on the positive results, another digital element in the form of 
animations was also explored, which, in a similar way, had positive outcomes on 
students’ learning of combinatorics (Ebbelind et al., 2023).

 Method

This intervention was conducted in line with educational design research (Anderson 
& Shattuck, 2012; McKenney & Reeves, 2012) and thus aims to provide both prac-
tical and theoretical results of relevance for research and educational practices. In 
line with this approach, the study employs an iterative design in designing, imple-
menting, and evaluating education to develop theories and methods that improve 
teaching and research (Anderson & Shattuck, 2012). In addition to local design 
principles, connected to the speci"c mathematical content of the task in this study, 
global design principles were derived from previous phases of the study. The global 
design principles (DP1-DP4) have previously been described in van Bommel and 
Palmér (2016) and drew upon criteria used by Lesh and Zawojewski (2007) and 
Way (2003). The local design principles (DP5-DP6) are adjusted to the speci"c 
mathematical content used in this task.
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DP1 the task should not require being able to read or write
DP2  the mathematical idea in the task is understandable but not yet grasped by 

the children
DP3  the task should be possible to solve by using different strategies without 

limitations
DP4 the mathematical concepts introduced in the task have to be de"ned
DP5 the task should touch upon intuitive notions of combinatorics
DP6 the task should focus on combinations rather than permutations

The cyclic design of the study enabled us to consider experiences from previous 
cycles regarding the design of the task and the instruction given in class. The empir-
ical material presented in this paper is from one design cycle from this intervention, 
involving 155 students from eight classes from four schools. The "ve teachers who 
worked in these classes had completed a 3-year university course in preschool 
teacher education and thus had foundational knowledge in education and mathemat-
ics. Further, these teachers had participated in several of the previous design cycles 
and, hence, were familiar with the aim of the study and the problem-solving task on 
combinatorics. The students were familiar with problem solving, but had not worked 
with combinatorics problems previously. The students were divided into pairs, but 
depending on the class and students, the students worked individually, in pairs, or in 
groups of three. It was up to the teachers to decide if some students needed to work 
individually, and sometimes, the number of students did not allow for an even divide 
of students in pairs.

The study adheres to Swedish ethical guidelines for research, including the 
requirement that caregivers provide signed informed consent (Swedish Research 
Council, 2017). Only the problem-solving solutions documented by the students 
whose caregivers gave permission were collected–90 documented solutions in total 
(from individual students, pairs and groups).

 The Problem-Solving Task and the Generated Data

The teachers started the lesson by describing the task verbally (DP1), explaining 
that there were two types of bread (light, dark) and three kinds of toppings (cheese, 
salami, liver pate). They posed the question: How many different sandwiches can 
you make with two types of bread and three types of toppings? (DP2, DP5) Each 
slice of bread may only have one topping (DP4, DP6). Then, the students were 
given a paper illustrating the bread and the toppings (Fig. 1) (DP1).

Students documented their solutions on paper and were offered colored pens 
(DP3). The lesson ended with a whole-class discussion, during which the task and 
the different solutions were discussed (DP3). After this, the students’ documented 
solutions were gathered and given to the researchers. In addition, the teachers took 
notes after the students had "nished documenting their solutions. For instance, 
notes were taken for clari"cation if it was unclear what the drawing represented. 
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Fig. 1 Worksheet: two types of bread, three toppings

Notes were also taken regarding other relevant information, for instance, when stu-
dents argued for their solutions or if they expressed a plan for "nding the 
combinations.

 Framework for Analysis

Within combinatorics, different combinations need to be distinguished from each 
other in order to obtain the number of possible combinations. The combinations can 
be noted and represented in different ways, often in line with the different solution 
strategies used. Further, English (1991) pointed out that the level of systematization 
can differ. Thus, three aspects were focused on in the analysis: the number of com-
binations in the students’ drawings, the ways the combinations were depicted, and 
the level of systematization in the solution.

We distinguished between solutions that showed all six combinations and those 
that did not. When not all combinations were found, we categorized the solutions 
with only two or three combinations if the students had argued that “there are no 
more slices of bread” or “there are no more toppings to put on the bread”. Through 
the teachers’ notes, we were also able to identify if there were duplicate combina-
tions in students’ "nal answers. Some students had duplicate combinations but 
noticed these and did not include them in their total count of combinations; these 
duplicates were then not considered as such in our analysis.

We applied an inductive approach to how the combinations were depicted. Each 
documentation was analyzed, and the ways of depicting the combinations were 
noted. This resulted in approximately 30 different descriptions, which we then 
grouped into the following overarching themes.
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Fig. 2 Lines depicting combinations

• Lines depicting combinations (example Fig. 2)
• Drawings depicting combinations
• Coding system depicting combinations (example Fig. 5)
• Mixture

As for the Drawings, two cases were distinguished: bread and topping side by side 
(example Fig. 3) and whole sandwich (example Fig. 4).

Thus, these themes were not predetermined but were based on the description of 
each solution. Some students used a mixture of the above themes, which were cat-
egorized separately as Mixture.

Finally, the level of systematization in the documentation was used, based on 
English (1991) for categorization of systematic (iv, v) and non-systematic strategies 
(i, ii, iii). For instance, the documented solutions in Figs. 2 and 4 were classi"ed as 
systematic, whereas the documentation in Fig. 3 was not. The teachers’ notes were 
important, they described the processes. The teachers did not guide the students’ 
solution process but took notes when the students had "nished working on the task.

 Results

Just over half of the documented solutions (57 out of 90, Table 1) showed all com-
binations. The way the combinations were depicted differed, but the majority used 
lines or drawings of whole sandwiches. Very few showed a coding system to distin-
guish between the different combinations within one picture. Apart from the exam-
ple in Fig. 5, one other documentation showed digits (using the digits 1 and 2) to 
represent the two different slices of bread; this was done together with drawing lines 
and whole sandwiches and was therefore categorized as a “mixture”.

Sandwiches: Problem Solving on Combinatorics in Early Mathematics Education



342

Fig. 3 Drawings depicting 
combinations: bread and 
topping side by side

Fig. 4 Drawings depicting combinations: whole sandwich

In 33 of the documented solutions, not all combinations were found (Table 1). In 
18 of these, the students argued that there were no more slices of bread (4) or no 
more toppings to use (14), resulting in four solutions with two combinations, and 14 
solutions with three combinations (Table 1). When arguing that there are no more 
pieces of bread, only two toppings were used. The argument that there were no more 
toppings resulted in drawing a third slice of bread (Fig. 6).
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Table 1 Depiction of combinations related to number of combinations found

Combinations depicted by

All combinations Not all combinations Total

Unique Duplicates

2: no 
more 
slices 
of 
bread

3: no 
more 
toppings

2–5

Unique Duplicates

Lines 13 1 2 8 2 26
Drawing Bread & topping 1 1 2

Whole sandwich 23 1 3 7 1 35
Coding system 1 1
Mixture 17 1 1 3 4 26
Total 54 3 4 14 14 1

9057 33

Fig. 5 Coding system depicting combinations

For the remaining 15 who did not show all combinations, the students were asked 
if there could be any more, but they did not "nd any.

Very few of the documented problem-solving solutions included duplicates as 
part of their "nal answer (three out of 90, Table 1). Some students drew duplicates, 
but when counting the total number of (different) combinations, these were detected, 
and the students adjusted their "nal answer.
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Fig. 6 An extra slice of bread is drawn to match the third topping

Fig. 7 Lines representing 
the number of 
combinations 
complemented with 
drawings of the bread

In 52 solutions lines were used to depict a combination; 26 only used lines, while 
the remaining 26 (categorized as a mixture) complemented the lines with drawings 
of bread and toppings, or drawings of whole sandwiches. This was done in different 
ways, with some students using the original pictures on the worksheet (Fig. 2) while 
others drew separate items for each combination (see Fig. 5). Figure 7 shows an 
example where the bread was drawn but not the toppings.

Regarding the systematization of the combinations, solutions in which lines were 
used to show what was being combined with what were often categorized as 
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Fig. 8 Non-systematic use of lines

systematic (22 of 26). Figure 3 shows an example of a solution where lines are used 
in a systematic way, whereas Fig. 8 shows a non-systematic use of lines.

Among the drawings, only half could be considered systematic. The same goes 
for the documented solutions where a mixture of depictions were used. Figure 7 
shows a systematic use of drawings and lines (mixture). Figure 9 shows an example 
where the students have used a mixture of drawing and lines in a non-systematic 
way as the salami is connected to three slices of bread.

The few duplicates appeared in solutions with non-systematic problem-solving 
strategies, such as trial and error (ii, English, 1991) or random selection of objects 
(i, English, 1991). However, far from all non-systematic strategies led to duplicates. 
Figures  9 and 10 shows examples of non-systematic, emerging strategies, (iii, 
English, 1991) with a duplicate (light bread with salami in both cases).

In some cases, the students’ detected duplicates themselves and crossed these out 
(Fig. 11) or marked these in other ways and did not count the duplicate combination 
in their "nal total.

Students who argued for two or three combinations could be considered to have 
a systematic strategy (28 documented solutions). However, with only two or three 
possible combinations, it is debatable whether this was in fact systematic. In Fig. 12, 
we can see such a solution, and the line positions indicate neither a non-systematic 
strategy nor a systematic problem-solving strategy.

The ones who found two to "ve solutions differed in systematization, with most 
applying a non-systematic strategy (10 out of 15) and the remaining "ve using 
emerging systematic strategies (iii, English, 1991), as can be seen in Fig. 9.
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Fig. 9 Lines and drawings used in a non-systematic way

Fig. 10 Non-systematic 
strategy with duplicate

 Discussion

Previous studies by English (1991, 2005) show that the biggest challenge for young 
children when working with combinatorics is to systematically represent combina-
tions. Conversely, in this study, maybe because there were only a few possible com-
binations, more than half of the documented solutions showed the use of a systematic 
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Fig. 11 Duplicates 
detected by the students 
and crossed out

Fig. 12 Solution with two 
combinations (Notes by 
teacher)

strategy to "nd and represent combinations, such as Figs. 2, 4, and 7. The results in 
this study indicate that young students are able to enact a systematic strategy and, 
maybe more importantly, that this systematic strategy, in most cases, leads to a 
result where they "nd all solutions.

English (2005) found that the younger children in her studies (4.5–6 years) used 
less effective strategies, while the older children (7–10 years) used more systematic 
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strategies. The task in this study was previously used with 8–9-year-old students 
(Wathne & Carlsen, 2022). The 6-year-old students in our study showed a frequent 
use of systematic strategies. However, unlike Wathne and Carlsen (2022), we did 
not include the students’ use of gestures in the analysis. This means that we cannot 
know if these systematic strategies helped the students in understanding each oth-
er’s mathematical arguments in the same way that gestures helped the students in 
Wathne and Carlsen’s (2022) study. It is of interest to further investigate the interac-
tion between students and see how systematic strategies can help young students in 
understanding each other’s combinatorial arguments. Also, the results of this study 
need to be seen in the context of Swedish preschool class, where the teachers were 
quali"ed in both education and mathematics which may differ from other contexts. 
Further, even though combinatorics was a new mathematical content for the stu-
dents, problem solving was not, which may have positively in$uenced their work on 
the task.

Systematizing may also be connected to a student’s interpretation of a task. In 
previous studies by Palmér and van Bommel (2018), many students interpreted 
combinatorics as requiring every item to be changed in order for a combination to 
be considered unique. In this study, quite a few documented solutions (18 of 90) 
were connected to an explicit argumentation about using a slice of bread or a spe-
ci"c topping only once. It is interesting to note, however, that the argument for three 
combinations sometimes included drawings of an extra slice of bread, making their 
argumentation inconsistent (Fig. 6). In previous studies by Palmér and van Bommel 
(2018) and van Bommel and Palmér (2021), few students found all solutions, and 
duplicates were seldom noticed. The task provided in this study resulted in very few 
duplicates. In the end, only four solutions included duplicates as a combination 
(Fig. 10), and 57 out of 90 documented solutions showed all the possible combina-
tions. It might be that the different types of combinatorial tasks in$uenced this out-
come. Therefore, more research is needed about whether the order aspect in 
combinatorial tasks is crucial or not. Further, the task design might in$uence stu-
dents’ choice of strategy as pointed out in one of our previous studies (Palmér & van 
Bommel, 2024). A next version of the task will therefore include pictures of a whole 
bread, a whole salami and a whole cheese instead of single slices of bread, salami 
and cheese to see if this in$uences the students’ arguments ‘there is no more bread’ 
and ‘there is no more topping’.

Finally, we make a general comment relevant to problem-solving lessons. The 
students differed in how they worked on problem-solving tasks, and this study pro-
vides an example of the variety of strategies a teacher is likely to meet in a class-
room. This variety is a strength, as it enables the students to use different 
representations during classroom practice. However, it is still essential to develop 
students’ strategies which lead to enhanced understanding. Thus, it is important to 
promote the idea of systematic search and how to systematize the search for combi-
nations. We conclude, in line with English (2005), Maher and Yankelewitz (2010), 
and Wathne and Carlsen (2022), by saying that young students need to be able to use 
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and build upon their personal choice of representations when solving combinatorial 
problem-solving tasks and to make assumptions, think systematically, and experi-
ence the satisfaction of generalization within mathematics.
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 Introduction

In this paper, we investigate early childhood preservice teachers’ views on using 
digital technologies with young children when exploring mathematical ideas in 
Norway and Sweden. These two Nordic countries have similar historical under-
standings of early childhood education and care (ECEC) (see for example 
Einarsdottir et al., 2015). However, differences are appearing as a result of speci"c 
in#uences on these societies (Ringsmose, 2017). Traditionally, children attending 
ECEC in the Nordic countries are expected to learn through play, supported by 
teachers focusing on children’s interests. However, societal in#uences on learning 
and teaching in relationship to ECEC policy (see for example Fosse et al., 2018; 
Hildén et al., 2023) suggest that there may be differences in how the integration of 
digital technologies into children’s explorations of mathematics is viewed in the 
different countries. In a study of ECEC preservice teachers’ views of integrating 
digital technologies in eight countries, Madsen et al. (2023) found similarities and 
differences and recommended that further research should be undertaken to investi-
gate how speci"c educational situations might affect their understandings.

In regard to integrating digital technologies into mathematics learning experi-
ences, there has been much focus on the digital competency of teachers, including 
ECEC teachers, and how they develop the digital competency of the children with 
whom they work. In Nordic curricula, de"nitions of the term “digital competence” 
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are complex, as they often include skills, literacies and bildung (Erstad et al., 2021). 
Erstad et al. (2021) highlighted three different ways that digital competence has 
been de"ned and how it is expressed in curriculum documents. We have summarised 
these as:

 1. New literacy studies: The exploration of literacy within social contexts, both 
within and beyond formal educational settings, has shaped the direction of 
research on how children make meaning about digital technologies.

 2. Media cultures: “Another in#uential theoretical position goes back to the ‘cul-
tural studies’ tradition of how cultures and sub-cultures within our societies are 
formed and develop” (p. 78). This perspective has in#uenced research on how 
children make meaning and use digital technologies.

 3. Learning sciences: A perspective on how children learn. Erstad et  al. (2021) 
claim that there is a tension between “what research could document about the 
ways people learn and the ways schools and curricula were organised” (p. 79).

These three perspectives can be found in Nordic curricula, which often highlight the 
need for digital competency in children’s futures, relating it to societal issues while 
taking a critical approach to their integration (Godhe, 2019). The Swedish curricu-
lum (The Swedish National Agency of Education, 2018) states that children should 
have the opportunity to develop their digital skills and a critical and responsible 
attitude towards digital technology. ECEC teachers should also be “able to use digi-
tal tools in a way that stimulates development and learning” (The Swedish National 
Agency of Education, 2018, p. 16). Similarly, the Norwegian curriculum, known as 
the Framework Plan (Ministry of Education and Research, 2017), states, “the digital 
practices in kindergarten shall encourage the children, be creative and learn” (p. 44). 
It also directly references play in that teachers should “enable the children to 
explore, play, learn and create using digital forms of expression” (p. 45). This is in 
alignment with views about how young children’s learn, such as Amrar et al. (2024), 
who stated, “children’s cognitive structure will build upon the pretend play and 
mathematical explorations they initiated, as well as the re#exive interactions guided 
by the teacher” (p. 36).

In regard to the learning area of mathematics in the Framework Plan, there is an 
emphasis on explorations to help children understand nature and society as well as 
stimulate their motivation for problem-solving (Ministry of Education and 
Research, 2017). The Swedish curriculum similarly states “preschool should give 
children the opportunity to use mathematics to investigate and describe their envi-
ronment and solve everyday problems” (The Swedish National Agency of 
Education, 2018, p. 10).

Nevertheless, the use of digital technologies in ECEC is debated in the wider 
society. According to Pesonen and Valkonen (2023), ECEC is often justi"ed by the 
need for future workers to have digital skills. They investigated Finnish ECEC 
staff’s views about using digital technology to consider how their professional 
experiences were changing (Pesonen & Valkonen, 2023). They found that the tra-
ditional child-centred approach to pedagogy was being replaced by the agenda 
embedded into digital apps or other tools (Pesonen & Valkonen, 2023). This 
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seemed to occur without ECEC staff being completely aware of how their views 
were changing. However, Pesonen and Valkonen (2023) found that some Finnish 
ECEC teachers remained critical about technology, questioning whether children 
really learnt from instructional games or whether the children simply tried to win 
the game, without making sense of the learning tasks. In Norway, Christiansen 
(2022) highlighted how in the broader society young children’s use of digital tech-
nologies is explicitly questioned. In Sweden Sandberg et al. (2024) raised con-
cerns about how screen time can affect children’s physical and psychological 
development. However, in Sweden, the concern that children spend a long time on 
digital technologies, especially in the home environment, has been challenged, 
with a recognition that there is a need to respect parents’ management of their 
children’s engagement with digital technologies, rather than criticising their 
choices.

These different societal expectations about the value of digital technologies are 
likely to have an impact on ECEC preservice teachers’ views about integrating digi-
tal technologies into their work with young children, particularly to do with math-
ematics (e.g. Vee, 2023). Although Vee (2023) suggested that working with children 
could affect preservice teachers’ understandings about the use of digital tools, there 
has been little research on this. It may also be the case that working in ECEC does 
not always provide preservice teachers with a more nuanced and extended view 
about how to integrate digital technologies into their work. For example, it may be 
that preservice teachers’ uncertainty about their professionalism could lead them to 
rely more on the “easy solutions” offered by commercial digital technologies 
(Pesonen & Valkonen, 2023). Nevertheless, investigating the impact of experiences 
in ECEC on preservice teachers’ understandings seems valuable. Given the limited 
time available for developing digital competencies in teacher education (Vee & 
Meaney, 2022), knowledge about the potential impact of practicum and different 
societal discussions about digital technologies on these views could inform the 
development of ECEC teacher education courses.

In this paper, we investigate preservice teachers’ views about how digital tech-
nologies would support children’s explorations with mathematical ideas, after they 
had participated in practicum. By asking preservice teachers in Sweden and Norway, 
it would be possible to see whether different societal discussions may have affected 
their views. The research question is: After completing practicum, do Swedish and 
Norwegian ECEC preservice teachers value the use of digital technologies for 
mathematical explorations in similar ways?

 Methodological Approach

The data were collected using an online survey from a sample of ECEC preser-
vice teachers in Norway and Sweden. Online surveys allow for data collection 
within a limited period of time (Braun et al., 2021) and so were useful for our 
study. After they had completed at least one practicum, 125 ECEC preservice 
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teachers from the three campuses of the Western Norway University of Applied 
Sciences and 135 preservice teachers at Malmö University in Sweden completed 
the survey. The Norwegian participants were in the "rst year of ECEC teacher 
education and participated in a compulsory mathematics education course. The 
Swedish preservice teachers were in their third, fourth or "fth semesters of their 
education and had completed a 10-week course in early years mathematics. The 
collection times re#ected when the mathematics education courses were com-
pleted in the teacher education programmes. We acknowledge that the extra 
coursework of the Swedish preservice teachers may have affected the results. 
However, given we were interested in the responses of preservice teachers who 
had completed a practicum and engaged in a mathematics education course, it 
was not possible to have them complete the surveys at the same point in their 
teacher education.

The survey questions were based on what had been highlighted as important 
issues in previous research on mathematical play, creativity and problem-solving 
(e.g. Christiansen & Meaney, 2020; Fosse et al., 2020), as well as the use of digital 
technologies from curriculum documents and societal debates about using digital 
technologies (e.g. Christiansen, 2022; Sandberg et al., 2024). The survey mostly 
consisted of statements requiring Likert scale responses. Preservice teachers 
responded to statements about using apps and robots to provide mathematical learn-
ing opportunities and play, using digital technologies to support children’s creativity 
and problem-solving, and whether children were too young to use digital technolo-
gies for learning mathematics and whether its use should be limited. For the Likert 
scale statements, the preservice teachers could choose between “disagree fully”, 
“disagree partly”, “undecided”, “agree partly”, and “agree fully” and “don’t know”. 
Two of the questions (questions 1 and 10) provided multiple choice responses. The 
"rst asked the preservice teachers to specify which kinds of digital technologies 
they had seen being used with mathematics during practicum. The second was about 
the pedagogical approaches they considered valuable when using digital technolo-
gies. There were also opportunities to write comments in relationship to the Likert 
scale statements, but only 19 preservice teachers from Swedish and 10 from 
Norwegian provided comments.

To determine whether the results show signi"cant differences between the 
Swedish and Norwegian responses, we used Fisher’s exact test. Fisher’s exact test 
is used to analyse association between two categorical variables in a contingency 
table and is useful when the sample size is small. We used Fisher’s exact test to test 
if the proportions of responses in each category were signi"cantly different from 
the null hypothesis, which was that there was no difference between Swedish and 
Norwegian preservice teachers’ responses. We considered that a difference between 
responses for Swedish and Norwegian ECEC preservice teachers was signi"cant if 
the P-value was less than 0.05. We compared Norwegian and Swedish preservice 
teachers’ answers in each category. If there was a signi"cant difference, then we 
tested to see if the difference remained when the two categories of agree (agree 
fully and agree partly) and disagree (disagree fully and disagree partly) were 
combined.
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 Results

There were very few signi"cant differences between the Swedish and Norwegian 
ECEC teachers’ responses, as indicated by the Fisher’s exact tests, in relationship to 
questions about the connections between mathematical learning opportunities and 
digital technologies and the general questions about digital technologies in ECEC.

To understand, whether practicum may have in#uenced the preservice teachers’ 
views, we began by identifying which digital technologies were seen being used in 
mathematical work with children. The results are presented in Fig.  1. Figure  1 
shows that almost 60% of Norwegian preservice teachers and more than 35% of 
Swedish preservice teachers had not seen any digital technologies being used in 
ECEC to support mathematical learning. The Fisher’s exact test shows that some 
differences were signi"cant, with a higher percentage of Swedish preservice teach-
ers having seen tablets and digital games being used. There is no information about 
how the tablets were being used, but perhaps digital games may have been seen as 
a common way to support children to engage with mathematics. However, the dif-
ferences in percentages between tablets and digital games, especially for Swedish 
preservice teachers suggest that perhaps they mostly saw tablets being used in other 
ways, than children engaging in digital games on them. In a study by Demeshkant 
et al. (2023) in which they surveyed ECEC preservice teachers in eight countries, 
the term digital games was not used, but instead pedagogical apps. It may be that the 
preservice teachers in our study considered digital apps to be for entertainment and 
not for developing mathematical understandings. The preservice teachers also had 
the possibility to describe other digital technologies that they had seen being used. 
Very few responded, except a small number who noted the use of robots.

The results from Fig. 1 indicate that the majority of Norwegian preservice teachers 
and over a third of the Swedish preservice teachers were likely to respond to the other 
Likert scale statements without having seen digital tools being used to support chil-
dren’s mathematical understandings, in ECEC. Thus, their opinions could be based on 
expectations in the society, including the curriculum (Madsen et al., 2023). In our data, 
the responses suggest a generally positive valuing of digital technologies for mathemat-
ics learning, although with some concerns appearing in regard to the general questions.

Figures 2 and 3 indicate that both Swedish and Norwegian preservice teachers 
were mostly positive about using digital technologies. Fisher’s exact test showed no 

0%
10%
20%
30%
40%
50%
60%
70%

none computer tablet phone digital games
Norway Sweden

Fig. 1 Responses to the question “What kind of digital technologies have you seen being used 
with children in ECEC with focus on mathematics?”
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Fig. 3 Responses to the statement, “It is fun to teach children mathematics by using digital 
technologies”
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Fig. 2 Responses to the statement “Digital technologies can be used to promote mathematics 
learning”

signi"cant difference between the two groups, suggesting that different societal 
debates may not be particularly in#uential. Figure  2 showed that the preservice 
teachers viewed digital technologies as positively contributing to mathematics 
learning while Fig. 3 suggests that the preservice teachers expected it to be fun, to 
teach mathematics through using digital technologies.

Similar positive views were found in the responses to questions which focused 
on the preservice teachers’ expectations about using speci"c digital technologies, 
those of apps and robots, to provide mathematical learning opportunities and play to 
children. The results from these questions are shown in Figs. 4, 5 and 6.

Figure 4 compares the preservice teachers’ responses to the use of apps and of 
robots for supporting children’s learning of mathematics. There was a signi"cant 
difference according to Fisher’s exact test between the responses of Norwegian pre-
service teachers and Swedish preservice teachers who “did not know” if robots 
could provide learning opportunities. These results align with Demeshkant et al.’s 
(2023) general results which indicated that Norwegian preservice teachers were less 
positive in their future work in ECEC about using toys and other coding devices, 
which we take to mean robots, than they were about using tablets, which they 
labelled as iPads in their survey. Almost 80% of Swedish preservice teachers agreed 
partly or fully with the statement that robots could provide mathematical learning 
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Fig. 4 Responses to the statements “Apps/robots provide opportunities for mathematical learning”
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Fig. 5 Responses to the statements “Apps provide opportunities for mathematical learning/play”
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Fig. 6 Responses to the statements “Robots provide opportunities for mathematical learning/play”
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opportunities. This was not statistically different to the Norwegian preservice teach-
ers’ results, even though most preservice teachers in both groups had not seen robots 
being used on practicum.

When considering if apps were useful for mathematics learning and for chil-
dren’s play (Fig. 5), both sets of preservice teachers were generally positive, with no 
signi"cant differences between the Norwegian and Swedish preservice teachers’ 
responses. Although some ECEC teachers in the study of Pesonen and Valkonen 
(2023) highlighted concerns about how apps support the meaningfulness of learn-
ing, most of the Norwegian and Swedish preservice teachers did not seem to share 
those concerns when responding to these statements.

Nevertheless, the results suggest that fewer preservice teachers valued how apps 
could contribute to children’s play than for supporting mathematical learning oppor-
tunities. If apps are not considered to contribute to play, including mathematical 
play, it is perhaps not surprising that fewer preservice teachers saw digital games as 
providing mathematical learning opportunities than when using tablets (Fig. 1).

In regard to ECEC mathematics teacher education, it may be that research, such 
as that of Christiansen (2022), needs to be shared with preservice teachers to pro-
vide examples of how digital games can support children to pose and solve their 
own problems, with mathematical understandings. Otherwise, it may be that preser-
vice teachers will continue to consider digital technologies as not being compatible 
with children’s play, including their mathematical play.

There was a signi"cant difference between the Norwegian and Swedish preser-
vice teachers’ responses when considering whether robots could provide opportuni-
ties for mathematical learning and for play (Fig.  6). Both groups of preservice 
teachers were generally positive about robots being used for mathematical learning 
and for play. When the proportion of responses to partly agree results are combined 
with fully agreed, the Swedish and Norwegian preservice teachers were similarly 
positive about using robots, although a higher percentage of Swedish teachers fully 
agreed compared to the Norwegian preservice teachers. This was particularly the 
case in relationship to the statement about the value of robots to children’s play. 
These results may be related to societal discussions about children’s use of screen 
time (Sandberg et al., 2024) with robots being considered digital technologies which 
do not raise the same concerns. However, this explanation does not explain the dif-
ferences between preservice teachers’ views about whether apps and robots provide 
mathematics learning, where there is little difference between Figs. 5 and 6.

In Fig.  6, a large proportion of preservice teachers responded that they were 
undecided or did not know about the usefulness of robots. A higher percentage of 
Norwegian preservice teachers than Swedish preservice teachers admitted that they 
“did not know” if robots could provide opportunities for mathematics and for play. 
As well, a higher percentage of Norwegian preservice teachers were undecided 
about whether robots could provide opportunities for mathematics and for play. 
However, a smaller percentage of Norwegian preservice teachers were undecided 
about play than they were about mathematics learning, than Swedish preservice 
teachers, although the difference was not signi"cant. This could be because few 
preservice teachers noted that they had seen robots in ECEC.

M. K. Vee et al.



359

The generally positive responses about using digital technologies in ECEC sug-
gests that most preservice teachers aligned themselves with the curricular docu-
ments. This can be seen in a comment about using digital technologies in ECEC 
from a Swedish preservice teacher, PT 137, who wrote in the comment section:

What does the Swedish preschool curriculum say about digital technologies? How do we 
interpret this in connection with the new recommendations? […] Then it is my responsibil-
ity as a future preschool teacher to see how digital technology is used for educational 
purposes.

In this statement, it can be seen that the curriculum is a driving force, but there is 
uncertainty about how to achieve it, with this preservice teachers taking this respon-
sibility on as their own. For some preservice teachers, robots, like other digital tech-
nologies did not need to be used in ECEC as there were many other ways for 
children to engage in mathematics. Another Swedish preservice teacher, PT 
126, stated:

There are probably teachers who are passionate about mathematics, and then they can prob-
ably work well with beebots [a kind of robot], too, but there is so much you can do with 
maths that is not digital, so I don’t see the need for that. Beebots have become just another 
learning goal that most teachers have poor knowledge of; it just takes a lot of time that we 
could have for something better.

Therefore, if uncertainties such as those expressed by these two preservice teachers 
are to be overcome, teacher education programmes need to provide opportunities to 
show how digital technologies can be used in ways that match their interpretations 
of the curriculum as well as their philosophies about what should happen in 
ECEC. Thus, although most preservice teachers expressed general agreement with 
using digital technologies for learning mathematics there remained some concerns, 
as there were with some Finnish ECEC teachers (Pesonen & Valkonen, 2023).

As well as generally being positive about how robots could contribute to play, the 
majority of both Swedish and Norwegian preservice teachers responded positively 
to statements about children having opportunities to be creative and use problem 
solving when using digital technologies (Fig. 7). However, the Swedish preservice 
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Fig. 7 Responses to the statements “Digital technologies support children’s creativity/problem 
solving”
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Fig. 8 Responses to the statement “Children were too young to use digital technologies for learn-
ing mathematics”
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Fig. 9 Responses to the statement “Digital technologies should not be used too often for the learn-
ing of mathematics”

teachers were more positive than the Norwegian preservice teachers. The Fisher’s 
exact test shows a signi"cant difference to the category “Agree partly”. The P–value 
for problem solving the P = 0.0019, and for creativity P = 0.0414, with a higher 
proportion of Swedish preservice teachers agreeing to this statement than Norwegian 
preservice teachers.

Although the previous results highlighted that the preservice teachers were gen-
erally positive about the use of digital technologies, the results in Figs. 8 and 9, 
show that both groups had concerns, particularly the Norwegian preservice teachers.

In Fig. 8, there is no clear trend about whether the preservice teachers agreed or 
disagree with the statement about children using digital technologies in ECEC to 
learn mathematics. However, the difference between the proportion of responses 
from the Swedish and Norwegian preservice teachers for the category “disagree 
fully” was signi"cant, according to Fisher’s exact test. However, when the responses 
of “disagree fully” were combined with those of “disagree partly” and compared 
between the two groups of preservice teachers, the difference was no longer signi"-
cant. The uncertainties shown in the responses in Fig. 8 to this statement suggest 
that both groups of preservice teachers remained sceptical.

Similar lack of clarity appeared in preservice teachers’ responses to the statement, 
“using digital technologies should be limited and not used too often for mathematics 
learning” (Fig. 9), with most of the responses agreeing partly or fully. Although the 
survey question does not make clear how much is “too often”, perhaps the preservice 
teachers reconciled their understandings that digital technologies should be used, by 
restricting how much they were to be used. Given that many preservice teachers did 
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ECEC teachers explain questions found in the digital
technologies (eg in an app, or Bee-bot Robot)

ECEC teachers explain what the children should do with the
digital technology

ECEC teachers talk with the children about mathematics in
the digital technology

ECEC teachers do not say much and wait until the children
ask questions

ECEC teachers let the children use the digital technology
without guidance

ECEC teachers observe the children's use of digital
technologies and then talk with the children about relevant

mathematical concepts

ECEC teachers study the app or a digital technologies and
plan an activity to focus instruction on a chosen math

concept

Sweden Norway

Fig. 10 Responses to the question “How would you describe what ECEC teachers should do when 
using digital technologies to work with mathematical concepts?”

not see them being used, while on practicum, these results suggest that limiting the 
use of digital tools would both ful"ll curricular requirements while also matching 
how they should engage children with mathematics in ECEC.

The survey also included a question about what the preservice teachers consid-
ered to be their role when children use digital technologies to engage with mathe-
matics (Fig. 10). They could choose a maximum of four options from a range of 
multiple choices. Both the Swedish and Norwegian preservice teachers most often 
choose options about the role of the ECEC teacher being to talk with the children 
about mathematics when using digital technologies (options 2 and 5). Many of the 
preservice teachers also chose option 1 about planning activities with digital tech-
nologies, suggesting they saw it as having an active role in engaging children, which 
is somewhat different from what has been found in previous research. In research by 
Vee and Meaney (2022) in Norway, the preservice teachers, who had not yet been 
on practicum, considered that their main role was to explain aspects of the digital 
games that children would not be able to understand themselves, while their role in 
actively developing children’s mathematical understanding was not apparent. Yet, in 
the survey results, the option of explaining aspects of digital technologies that the 
children did not understand was the fourth most popular choice among Norwegian 
and the third most popular choice among Swedish preservice teachers. It may be 
that experiences on practicum provided the preservice teachers with a better under-
standing about how to interact with children, rather than passively watch children’s 
engagement with digital tool.
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Some of the comments to the Likert statements provided insights into why the 
preservice teachers might not be consistent in how they responded to the statements. 
It was very common that the comments provided insights into the role that the pre-
service teachers should have in ECEC and what they imagined children should be 
doing. In the 10 responses from Norwegian preservice teachers to the question 
about digital technologies in ECEC, of the "ve written by preservice teachers who 
had not seen digital technologies in ECEC, three gave negative responses about the 
use of digital technologies in ECEC. For example, PT 21 wrote:

There are so many other options for promoting learning and play in ECEC. Children are 
also most likely to be exposed to digital technologies at home.

When the preservice teachers did not consider digital technologies should be used 
in ECEC, they often mentioned that children could gain these experiences at home, 
when they got to school or in their future work life. This can be seen in a re#ection 
from a Swedish preservice teacher, PT 75, who wrote:

Digital technologies can be an aid, but we don’t have to teach the children in ECEC. They 
have a lifetime to learn how a computer/tablet works. Our jobs are to give the children the 
opportunity to creativity, knowledge, language, thinking, patience, turn order, etc. As teach-
ers, we can work without digital technologies.

The preservice teachers’ comments also suggested that digital technologies should 
be used in a limited way to achieve a speci"c purpose, indicating that they did not 
think it had a main role in ECEC. For example, a Norwegian preservice teacher, 
PT 5 wrote, “Digital tools should be used, but one must consider whether it is 
always the best tool or whether something more concrete is more bene"cial (e.g. 
writing with pencil and paper)”. Another Norwegian preservice teacher, PT 
8 wrote:

There are many ways to use and learn mathematics in ECEC that do not include digital 
technologies. In contrast, digital technologies are a large part of today’s society and have 
many good tools that can be used concretely against the areas you want to work towards.

These comments are in alignment with the three digital competencies identi"ed by 
Erstad et al. (2021) in that they consider both the role of digital technologies in pres-
ent and future societies, how children are expected to learn and how children make 
sense of digital technologies as part of their learning when compared to other pos-
sibilities. At least for these preservice teachers and potentially others, they did have 
appropriate professional digital competencies, which could be further developed in 
teacher education courses. This would help to contribute to preservice teachers 
making appropriate decisions about what digital technologies could be used in what 
circumstances to support children’s engagement with mathematical ideas.

In many of the comments, the use of digital technologies was often contrasted 
with expectations about what should happen in ECEC. One of the Norwegian pre-
service teachers (PT 7) who was not in favour of using digital technologies in 
ECEC wrote:

I think it is very early to start with screens and that it encourages inactivity. Rather, I think 
there should be a greater focus on physical activity and social learning up to school age.
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The concerns about screen time in relationship to physical activity and socialising 
is very present in Norwegian societal discussions and were often drawn upon when 
critiquing the use of digital technologies. In comments such as this, the comparison 
seemed to be implicitly based on the understanding that play and learning in ECEC 
were the primary aims for children, but which did not require digital technologies to 
be achieved. For example, Norwegian preservice teacher PT 32 wrote, “can be 
included to a certain extent but should be limited with more focus on learning 
through physical activity and play than is unfortunately seen in some 
kindergartens”.

The preservice teachers also suggested that digital technologies should be used 
with a speci"c purpose. For example, Swedish preservice teacher PT 114 wrote:

[digital technology] should be used with a clear purpose. Is it possible to do something 
similar without digital technology? How does digital technology foster teaching? Always 
think through why we choose, e.g., an iPad or something similar.

Another Swedish preservice teacher (PT 17) wrote, “I believe it should be used if 
there is a purpose. The ECEC teacher needs to be incredibly well prepared and 
know what they are talking about”. In the comments about the usefulness of digital 
technologies in ECEC, many Swedish preservice teachers suggested there was a 
need for skills in using digital technologies in pedagogical practices. One of them, 
PT 13, wrote, “teachers should gain increased competence when it comes to being 
able to use digital technologies so that they can feel safe using it in teaching”. 
Comments such as these reinforce the need for teacher education to build on the 
digital competency skills that preservice teachers already show by providing spe-
ci"c examples about how digital technologies can support children’s engagement 
with mathematics, through play and creativity, which would "t more closely with 
what they consider to be the purpose of ECEC.

 Conclusion

In this study, we investigated how Norwegian and Swedish ECEC preservice teach-
ers responded to a set of survey questions about the use of digital technologies for 
supporting young children’s engagement with mathematics. Although differences 
were noted in societal discussions about the use of digital technologies in the two 
countries, including in the curricula (Ministry of Education and Research, 2017; 
The Swedish National Agency of Education, 2018), on the whole there were few 
differences in the responses between the two groups. The Swedish and Norwegian 
preservice teachers had similar views about learning mathematics when using digi-
tal technologies in ECEC (Figs. 2 and 3). They also seem to be in agreement about 
how apps and robots could provide opportunities for mathematics and play (Figs. 5 
and 6). However, other statements about reducing opportunities for young children 
to engage with digital technologies (Figs. 8 and 9) showed less certainty about how 
often children should use them to learn mathematics in ECEC.
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Many of the comments that the preservice teachers added to the survey re#ected 
their concerns about using digital technologies in ECEC, not just with mathematics 
but more generally. Although some preservice teachers noted a lack of digital com-
petency and, therefore, the pedagogical knowledge needed to integrate them suc-
cessful, many expressed comments which seemed to show awareness of the 
complexity of using digital technologies in ECEC to support children’s engagement 
with mathematics. These could be related to the de"nitions of digital competency 
summarised by Erstad et  al. (2021) and, thus, could provide a basis for further 
teacher education courses.

Given that many preservice teachers were not seeing digital tools being used in 
ECEC, there is a need for teacher education to provide examples of how these tools 
could be used to support mathematics learning through play and creativity. Such 
examples could counteract some of the societal views that using digital technologies 
is connected to excessive screen time and a lack of physical activity and socialising. 
Although the preservice teachers in both countries showed awareness of curricular 
requirements, they seemed to need explicit support in their teacher education 
courses about how to implement those curricular requirements.

Further research is also needed about what might contribute to the similarities 
found in the responses of the two groups of preservice teachers, given that there are 
different societal debates about the use of digital technologies in Sweden and 
Norway. In may be that follow-up interviews with preservice teachers after they 
have been on practicum could provide further insights.
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