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 A B S T R A C T

Understanding the role of elasticity in the stretching and relaxation processes of freestanding liquid films is 
a key step in the study of two-phase systems such as foams and emulsions. This work employs numerical 
simulations based on the finite element method to investigate the dynamics of viscoelastic films underoging 
biaxial extensional deformation followed by relaxation. Two constitutive equations (Oldroyd-B and Giesekus) 
are employed to capture the effects of elasticity, viscosity, and capillarity. A parametric study is performed 
to assess the effects of Weissenberg-number-variations on elastic energy accumulation and film thickness 
evolution. Distinct behaviors are found for the two rheological models: the relaxation of Oldroyd-B films is 
characterized by an increase in thickness at the center, referred to as ‘elastic leveling’; in contrast, Giesekus 
films exhibit a decrease in thickness that we define ‘elastic anti-leveling’. Our results highlight the critical role 
of viscoelastic effects in governing the transient behavior of freestanding films beyond classical capillary-driven 
flow.
. Introduction

Freestanding liquid films are liquid layers simultaneously exposed 
n both sides to different surrounding fluids, which can be either 
ases or other liquids [1,2]. Representative examples are foams, emul-
ions, polymeric films, and membranes [3–7]. The scientific interest in 
reestanding liquid films is due to several factors. First, film stability 
s critical for foams and emulsions, because it directly affects the 
tability of the overall macroscopic structure. Second, the absence of 
 supporting substrate eliminates substrate-induced effects, allowing 
he ideal study of phenomena such as glass transition and confinement 
ehavior in polymeric liquids. This also allows for the realization of 
ffectively infinite slip-length boundaries [8,9]. Furthermore, when 
uch films are perturbed, the relaxation dynamics toward equilibrium 
an provide insight into molecular-scale interfacial friction and glassy 
ynamics [10–12].
A study by Ilton et al. [13] investigated the relaxation behavior of a 

ewtonian polystyrene (PS) film with a stepped profile. In this context, 
he relaxation mechanism driven by surface tension and opposed by vis-
ous forces is called ‘capillary leveling flow’. By reconstructing the film 
hickness profiles using atomic force microscopy (AFM), the authors 
bserved that the extent of the intermediate region, 𝑤, namely, the 
ilm region connecting the central part with lower thickness with the 
eripheral part with higher thickness, evolves over time, 𝑡, according 
o the scaling law 𝑤 ∝ 𝑡1∕2. This experimentally observed behavior is 
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E-mail address: massimilianomaria.villone@unina.it (M.M. Villone).

consistent with theoretical predictions derived from the Navier–Stokes 
equations under the long-wave (lubrication) approximation [14,15]. 
Notably, the scaling law differs from that characterizing supported 
films, reading 𝑤 ∝ 𝑡1∕4 [16,17]. A more recent study by Ferraro 
et al. [18] investigated the behavior of Newtonian polydimethylsilox-
ane (PDMS) deposited in the hole of a motorized iris diaphragm (MID). 
The opening of the MID induces a biaxial extensional deformation 
of the liquid, resulting in the formation of a freestanding film with 
a sigmoidal thickness profile. The authors analyzed the relaxation 
dynamics of the film, which was, again, governed by capillary level-
ing flow. The film thickness evolution was monitored quantitatively 
using digital holography. The results showed that, during the leveling 
process, the scaling law identified by Ilton and co-authors holds true. 
In addition, finite-element-method (FEM) simulations were performed, 
showing good agreement with the experimental data.

Although some studies have addressed the role of elasticity in free-
standing films, particularly with respect to their stability [19,20], there 
remains the need to better understand how constitutive and operational 
parameters influence their deformation and relaxation dynamics. In-
deed, in such systems, in addition to the interplay between surface 
tension, which drives the flow, and viscous resistance, which goes 
against it, elastic energy storage introduces an additional mechanism 
that can significantly affect the evolution of the film.
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Fig. 1. (a) Geometry of an axisymmetric stepped film at the beginning of the stretching phase (𝑡 = 𝑡i), having inner radius 𝑅c, outer radius 𝑅i, thickness at the 
center ℎci and at the edge ℎi. The film is radially stretched at a constant strain rate 𝜀̇. (b) Geometry of the film at the end of the stretching phase/beginning of 
the leveling phase (𝑡 = 𝑡0), having outer radius 𝑅0, thickness at the center ℎc0 and thickness at the edge ℎ0.
Fig. 2. Initial geometry and mesh of the axisymmetric 2D computational 
domain.

In this work, we present a numerical investigation based on FEM 
simulations aimed at elucidating the effects of viscoelasticity on the 
stretching and relaxation dynamics of freestanding films. Specifically, 
the analysis is divided into two stages: an initial film formation phase 
induced by biaxial extensional deformation, followed by a relaxation 
phase characterized by leveling flow. The influence of different stretch-
ing velocities and rheological models, i.e., Oldroyd-B (OB) and Giesekus 
(GSK) constitutive equations [21], on the behavior of the film is system-
atically investigated.

2. Problem outline

The initial geometry of the system considered in our study, shown 
in Fig.  1a, takes inspiration from the work by Ilton et al. [13] and 
consists of a stepped circular liquid film with inner radius 𝑅c and outer 
radius 𝑅i. The central, thinner region of the film has initial thickness 
ℎci, whereas the outer, thicker region has thickness ℎi. During the first 
phase of the simulations, the film is radially stretched with constant 
strain rate 𝜀̇ (see Eq. (8)) until it reaches a final outer radius 𝑅0
(see Fig.  1b). At this point, it is allowed to relax under the combined 
action of surface tension, viscosity, and elasticity. The initial stepped 
geometry with sharp corners is almost instantaneously smoothed by 
surface tension, resulting in a sigmoidal film profile. Throughout this 
paper, the subscript ‘i’ identifies quantities evaluated at the beginning 
of the stretching phase, whereas the subscript ‘0’ refers to the end of 
the stretching phase/beginning of the relaxation phase.

Owing to the geometry of the film, axial symmetry around the 
vertical axis, 𝑧, can be assumed. In addition, under the hypothesis 
2 
of negligible gravitational effects, planar symmetry with respect to 
𝑧 = 0 can be also assumed. Hence, an axisymmetric two-dimensional 
computational domain is considered in the simulations, whose initial 
shape is reported in Fig.  2, along with the unstructured triangular 
computational discretization (mesh). Given isothermal, incompressible, 
and inertialess flow conditions, the film dynamics is governed by the 
continuity and momentum balance equations in the Stokes regime. 
To model the viscoelastic behavior of the film, both the Oldroyd-B 
(OB) and Giesekus (GSK) constitutive equations [21] are employed. 
In particular, the OB model describes viscoelastic fluids with constant 
shear viscosity, e.g., dilute polymer solutions, whereas the GSK model 
incorporates a nonlinear anisotropic drag term that allows prediction 
of shear thinning behavior and provides a more accurate description of 
polymer solution rheology.

In the formulation of the mathematical model, the following char-
acteristic scales are introduced. The final outer radius of the film, 
𝑅0, is chosen as the characteristic length, whereas the inverse of 
the (constant) strain rate applied during the stretching phase, 1∕𝜀̇, 
is chosen as the characteristic time. Consequently, the characteristic 
velocity is 𝑅0𝜀̇. Finally, the characteristic stress is 𝜂0𝜀̇, where 𝜂0 denotes 
the (zero-shear) viscosity of the fluid, corresponding to the sum of 
the ‘solvent’ and ‘polymer’ contributions, 𝜂s and 𝜂p. Based on such 
reference quantities, we can identify the expressions of the ‘constitutive’ 
dimensionless groups that characterize the dynamics of the system, 
namely, the Weissenberg number Wi = 𝜆𝜀̇ (𝜆 being the relaxation time 
of the liquid), which is the ratio of fluid and the flow characteristic 
times, the capillary number Ca = 𝜂0𝜀̇𝑅0∕𝛾 (𝛾 being the surface tension 
between the liquid and the surrounding air), which is the ratio of 
viscous and surface forces acting on the film, here falling in the range 
0.125 − 6.25, and the viscosity ratio 𝛽 = 𝜂s∕𝜂0, which is the ratio of the 
solvent to the (zero-shear) total viscosity of the liquid, equal to 0.4 in 
all the simulations whose results are presented in this paper. Additional 
‘geometric’ dimensionless parameters are the ratio of center to edge 
initial thickness, ℎci∕ℎi, the ratio of center to outer initial radius 𝑅c∕𝑅i, 
and the ratio of final to initial outer radius 𝑅0∕𝑅i (see Fig.  1). In this 
paper, the values of those parameters are fixed to ℎci∕ℎi = 0.8 (except 
in Appendix), 𝑅c∕𝑅i = 0.5, and 𝑅0∕𝑅i = 5.

Given the aforementioned definitions, the mass and momentum 
balance equations on the film in the dimensionless form read
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Fig. 3. Dynamics of the normalized thickness at the center of OB (a) and GSK (b) films during stretching at different values of Wi (see legend). Log scale is 
adopted on the horizontal axes.
 

𝛁 ⋅ 𝒖 = 0, (1)

− 𝛁𝑝 + 𝛽∇2𝒖 + 𝛁 ⋅ 𝝉 = 𝟎, (2)

respectively, where 𝒖 is the liquid velocity, 𝑝 is the pressure, and 𝝉 is the 
viscoelastic extra-stress tensor, for which the OB and GSK constitutive 
equations in the dimensionless form read 

Wi
𝛁
𝝉 + 𝝉 = 2(1 − 𝛽)𝑫, (3)

Wi
𝛁
𝝉 + 𝛼Wi

1 − 𝛽
𝝉2 + 𝝉 = 2(1 − 𝛽)𝑫, (4)

where 𝑫 = (𝛁𝒖 + 𝛁𝒖T)∕2 is the rate-of-deformation tensor and 𝛼 is 
the mobility parameter of the GSK model, modulating shear thinning 
and strain hardening, which is equal to 0.2 wherever the GSK fluid is 
considered in this work. It is straightforward to see that, when 𝛼 = 0, 
the GSK constitutive equation degenerates into the OB one.

On 𝛤1 and 𝛤4 (see Fig.  2), the dimensionless boundary conditions 
are

𝒖 ⋅ 𝒏 = 0,

(𝑰 − 𝒏𝒏) ⋅ (𝑻 ⋅ 𝒏) = 𝟎, (5)

where 𝒏 is the outwardly directed unit vector normal to the boundary, 
𝑰 is the identity tensor, and 𝑻  is the total stress tensor in the fluid 
(the sum of the Newtonian and viscoelastic contributions). On the free 
surface 𝛤3, the non-dimensional Young–Laplace condition is applied, 
reading 
Ca𝑻 ⋅ 𝒏 = −𝒏 ⋅ 𝛁𝒏. (6)

Finally, on 𝛤2, the condition of zero tangential stress, i.e., axial slip, 
(𝑰 − 𝒏𝒏) ⋅ (𝑻 ⋅ 𝒏) = 𝟎 (7)

holds true during both the stretching and the relaxation phases, whereas
the normal velocity is 
𝒖 ⋅ 𝒏 = 𝜀̇𝑟 (8)

during the stretching phase and 
𝒖 ⋅ 𝒏 = 0 (9)

during the relaxation phase.
As regards the initial conditions, we assume that, at 𝑡 = 0, the film 

is stress-free.

3. Numerical method

The equations presented in the previous section are solved through 
the finite element method (FEM) with an arbitrary Lagrangian Eulerian 
3 
(ALE) formulation, where second-order interpolation is employed for 
velocity and first-order interpolation is employed for pressure and 
stress. The numerical code makes use of stabilization techniques widely 
described in the literature, such as streamline upwind Petrov–Galerkin 
(SUPG) and log-conformation. Such approach has been already used to 
study the retraction of thin viscoelastic films with a hole inside [22–24]. 
All the details on the finite-elemet algorithm employed to track the film 
surface are given in Villone et al. [25].

The 2D axisymmetric computational domain is discretized by means 
of an unstructured mesh made of triangular elements, as shown in Fig. 
2. During the simulations, as the liquid film is stretched radially, the 
elements of the mesh progressively deform, thus, every time the mesh 
quality, in terms of the shape of the ‘worst’ element in the domain, 
goes below a threshold, a remeshing is performed and the solution is 
projected from the old mesh to the new one [26,27].

Before running simulations, convergence tests have been performed, 
i.e., mesh resolution and time step for the numerical solution of the 
equations presented above have been chosen such that invariance of 
the results upon further refinements is ensured. For the simulations 
presented in this paper, we have found that meshes with an initial 
number of triangles of about 5500 and time steps in the order of 
5 × 10−4∕𝜀̇ are adequate. Second-order time integration is used.

4. Results

Fig.  3 shows the dynamics of the thickness at the center of OB (a) 
and GSK (b) films, normalized to the initial value, during the stretching 
phase at different values of Wi, as reported in the legend. On the 
horizontal axes, the time is made dimensionless through division by 
the duration of the film stretching phase, 𝑡0. For both fluids, and for 
Wi in between 0.5 and 5.0, the same qualitative behavior is observed, 
namely, a monotonic decrease of the thickness at the center of the 
film due to the applied biaxial extensional deformation. Specifically, 
for 𝑡∕𝑡0 ≳ 0.01, the larger Wi the faster the thinning at film center. 
On the other hand, at Wi = 0.1, ℎc∕ℎci first increases until attaining 
a maximum, then it starts to decrease. This behavior is ascribed to 
the fact that, at such low Wi-value, the capillary leveling due to the 
‘stepped’ profile of the film is initially more effective in making the 
thickness at the center increase by draining liquid from the peripheral 
zone, then, at longer time, biaxial stretching makes the film thickness 
decrease as in the cases at larger Wi. The results of additional simu-
lations at two different values of ℎci∕ℎi are included in Appendix to 
further elucidate the influence of capillary leveling occurring during 
film stretching. It is also worth remarking that the values of the 
Weissenberg number considered in this paper are of the same order of 
magnitude as those experimentally attained in previous works dealing 
with similar problems, like, for example, the inflation of viscoelastic 
bubbles [23].
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Fig. 4. (a) Normalized thickness at the center of the film at the end of the stretching phase as a function of Wi for OB (dark blue) and GSK (light blue) fluids. 
(b) Time evolution of the normalized extensional viscosity at the center of OB (symbols) and GSK (lines) films during stretching at different values of Wi (see 
legend).
Although the stretching dynamics of OB and GSK films appears 
qualitatively similar whatever Wi (see Fig.  3), the comparison of the 
thickness at the center of the film at the end of the stretching phase 
as a function of Wi shown in Fig.  4a reveals quantitative differences 
between the two fluids. Specifically, for all Wi-values except 0.1, the 
GSK film exhibits a lower final thickness compared to the OB one. This 
behavior can be attributed to the different rheological responses of the 
two fluids. Fig.  4b shows the time evolution of the normalized exten-
sional viscosity at the center of OB and GSK films during stretching 
at Wi = 0.1, 1.0, and 5.0, as reported in the legend. The extensional 
viscosity at the film center is defined as 𝜂el(𝑡) = |𝑇rr(𝑡) − 𝑇zz(𝑡)|∕𝜀̇c(𝑡), 
with 𝜀̇c(𝑡) = (−1∕ℎc(𝑡))𝑑ℎc(𝑡)∕𝑑𝑡, and it is normalized by the zero-shear 
polymer viscosity, 𝜂p0. At Wi = 0.1, the extensional viscosity of both 
fluids monotonically increases to a plateau and the data corresponding 
to the two models perfectly overlap. This can be attributed to the fact 
that, at such low value of the Weissenberg number, the elastic effects 
are modest, making the difference between the two cases negligible. At 
larger Wi-values, however, significant deviations appear: in particular, 
in the second part of the film stretching phase, the OB model predicts 
an increasingly higher extensional viscosity than the GSK model. This 
discrepancy arises from the intrinsic differences between the consti-
tutive equations. On the one hand, the OB model arises from the 
linear elastic dumbbell theory, which allows for unbounded polymer 
chain extension. As a result, the extensional viscosity diverges when 
Wi exceeds the critical value of 0.5. In contrast, the GSK model incor-
porates an anisotropic drag term, parameterized by 𝛼, which accounts 
for the constraints imposed to each polymer chain by the surrounding 
ones, thus limiting chain extensibility. Consequently, no divergence 
of the viscosity is predicted, as the latter tends to a high-Wi plateau 
value, whose magnitude is inversely proportional to 𝛼. When 𝛼 = 0, 
the GSK model degenerates into the OB model, recovering divergence 
Wi ≥ 0.5. Since we perform simulations where OB films are stretched 
at Wi-values above 0.5, it is important to clarify that the onset of 
viscosity divergence occurs on time scales longer than the stretching 
times considered here. Hence, as shown in Fig.  4b, the viscosity of OB 
films remains finite within the stretching time window at every Wi.

When inertial effects are negligible, the leveling dynamics of New-
tonian films is exclusively governed by the interplay between surface 
tension and viscous dissipation. On the other hand, when viscoelastic 
fluids are considered, an additional contribution comes from the elastic 
energy stored by the material during the stretching phase, which can 
significantly affect the film relaxation behavior and must be considered 
in the analysis. The amount of elastic energy stored by a viscoelastic 
fluid strongly depends on its deformation history. A way of quantifying 
it is by computing the trace of the conformation tensor 𝒄 = (𝜆∕𝜂p)𝝉 +
𝑰 [21].

Fig.  5 presents the maps of the trace of the conformation tensor, 
tr(𝒄), in the film cross section at the end of the stretching phase for OB 
4 
(a) and GSK (b) films at Wi = 0.1, 1.0 and 5.0 (from top to bottom). 
For both the fluids, the higher Wi the higher tr(𝒄), especially at the 
center of the film, indicating larger elastic energy accumulation due 
to faster deformation (compared to the fluid relaxation time). At Wi 
= 0.1, tr(𝒄) tends to tr(𝑰) = 3 throughout the whole film cross section 
for both the OB and GSK constitutive equations. In other words, when 
the deformation is slow compared to the fluid relaxation time, the 
film relaxes the elastic stress during the stretching phase, thus there 
is no elastic energy accumulated at the end of the latter. At larger 
Wi-values (see second and third row in Fig.  5), a film made of OB 
fluid exhibits much more stored elastic energy than one made of GSK 
fluid. This might appear counterintuitive if one looks at the factor 
1∕𝜂p multiplying 𝝉 in the definition of 𝒄, as the extensional viscosity 
of OB films is larger than that of GSK films (see Fig.  4b), but the 
inspection of the viscoelastic stress maps at the end of the stretching 
phase reveals that OB films have a higher stress level than GSK films, 
which compensates for viscosity increase, thus resulting in a larger 
amount of stored elastic energy (tr(𝒄)). As an illustrative example, Fig. 
6 displays the maps of the normalized elastic normal stress difference, 
|𝜏rr − 𝜏zz|∕(𝜂0𝜀̇), in the film cross section at the end of the stretching 
phase for OB and GSK films at Wi = 5.0.

As discussed above, film stretching at different values of Wi yields 
different elastic energy storage in the material. This significantly affects 
the subsequent relaxation dynamics. Fig.  7 presents the evolution of the 
normalized thickness at the center of OB (a) and GSK (b) films during 
relaxation after stretching at different values of Wi, as reported in the 
legend. It is worth specifying that the film thickness is normalized by 
the value it will attain upon complete leveling, ℎc∞, namely, the height 
of a cylinder with a radius equal to that attained by the film at the end 
of the stretching phase, 𝑅0, and containing the same fluid volume as the 
deformed film. Instead, the time is made dimensionless by subtracting 
the duration of the stretching phase, 𝑡0, and dividing by the viscoelastic 
fluid relaxation time, 𝜆.

For an OB fluid, the curves in Fig.  7a indicate that the larger 
Wi the ‘further’ the film central thickness starts from its asymptotic 
final value, i.e., the more the film has thinned in its central part 
during the stretching phase. On the other hand, the larger Wi the 
stronger the short-time thickness increase (except the case at Wi = 0.1, 
represented by the blue curve, where the normalized thickness already 
starts very close to 1 and almost does not change in the considered 
time window). This reflects the increasing amount of elastic energy 
stored at increasing Wi, resulting in a more prompt elastic recovery 
from the deformation imposed during the stretching phase. The elastic 
nature of such phenomenon is confirmed by the fact that it occurs over 
a time span of the same order of magnitude as the fluid relaxation 
time. Interestingly, after such time, all the curves at Wi from 0.5 to 5.0 
reach the plateau value ℎc∕ℎc∞ ≃ 0.7, indicating the end of elasticity-
driven leveling. Of course, capillary forces will drive the film to the 
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Fig. 5. Color maps of the trace of the conformation tensor, tr(𝒄), in the film cross section at the end of the stretching phase for OB (a) and GSK (b) films at Wi 
= 0.1, 1.0 and 5.0 (from top to bottom).
Fig. 6. Color maps of the normalized elastic normal stress difference, 
|𝜏rr − 𝜏zz|∕(𝜂0𝜀̇), in the film cross section at the end of the stretching phase 
for OB and GSK films at Wi = 5.0.

final equilibrium configuration having ℎc∕ℎc∞ = 1, but, given the time 
step ensuring the convergence of the simulations (equal to 5 × 10−4∕𝜀̇, 
as reported in Section 3), the computational time needed to see the 
film reach such configuration would have be unbearable (moreover, 
the investigation of capillary leveling is not the focus of this work). 
Instead, at Wi = 0.1, the stretching phase is so slow that no elastic 
energy is stored in the film at its end (see Fig.  5) and, consequently, 
the film does not exhibit any elastic recovery. In addition, the greatest 
part of capillary leveling occurs during the stretching phase itself, as 
indicated by the fact that, at (𝑡− 𝑡0)∕𝜆 = 0, ℎc∕ℎc∞ is already very close 
to 1.

The curves in Fig.  7b indicate that, also for a GSK fluid, the larger 
Wi the ‘further’ the film central thickness starts from its asymptotic final 
value. However, the relaxation dynamics of GSK films exhibits relevant 
differences compared to that of OB ones, except the case at Wi = 0.1, 
where the very same behavior is observed. For Wi from 0.5 to 5.0, the 
film central thickness remains almost constant for about 0.1 time units 
(a slight increase is seen at Wi = 5.0), then it decreases until reaching 
a minimum and starting to increase again. Such thickness reduction 
becomes more pronounced as Wi increases. Therefore, unlike OB films, 
which undergo elastic leveling after the end of the stretching phase, 
GSK films display elastic ‘anti-leveling’.

To assess whether this phenomenon is due to capillary forces, we 
estimate the capillary leveling characteristic time as 𝑡lev,c = 𝜂𝑅2

0∕(𝛾𝛥ℎ0), 
where 𝛥ℎ0 = ℎ0 − ℎc0 is the difference between the thickness at the 
edge and at the center of the film at the end of the stretching phase. 
The evaluation of this quantity in the case characterized by the largest 
5 
𝛥ℎ0-value, i.e., at Wi 5.0, yields 𝑡lev,c ≃ 400𝜆, indicating that capillary-
driven leveling occurs on a time scale about two orders of magnitude 
larger than elastic effects, which are, then, responsible for anti-leveling.

Indeed, the latter stems from the evolution of the distribution of the 
elastic energy within the film during relaxation. The top row of Fig. 
8 presents the contour plots of the conformation tensor trace for OB 
(a) and GSK (b) films during the first 3 time units of the relaxation 
phase after stretching at Wi = 5.0. On the vertical axis, the radial 
coordinate is normalized to the film radius at the end of the stretching 
phase, 𝑅0. It is worth remarking that, in this representation, the film 
is pseudo-monodimensional, since, given 𝑟, tr(𝒄) does not change in 
the axial direction. It is evident that the OB film retains a significantly 
higher amount of elastic energy in the central region (low 𝑟∕𝑅0) during 
the initial part of relaxation (𝑡 ≲ 0.1). Furthermore, the elastic energy 
accumulated in the central part persists over a longer time compared 
to the GSK film, which dissipates it more rapidly. Therefore, the central 
region of the OB film has a strong elastic reaction to the deformation 
imposed during the stretching phase (which has made it thin), thus 
the thickness at the center of the film significantly increases during 
the first part of the relaxation phase. As a consequence, the central 
zone of the film drains fluid from the peripheral one, making the 
thickness at the film edge decrease (of course, thickness variations at 
large radial distance from the symmetry axis are much slighter that at 
the center due to mass conservation). The snapshots in Fig.  8c, taken 
at four time-values during the relaxation phase, show how the cen-
tral thickness consistently increases, while the edge thickness slightly 
decreases, during elastic energy dissipation. In contrast, the central 
region of the GSK film has a little elastic reaction to the deformation 
imposed during the stretching phase, making the thickness at the center 
slightly increase during the earliest part of the relaxation phase, until 
attaining a maximum at (𝑡−𝑡0)∕𝜆 ≃ 0.08. Afterwards, the residual elastic 
energy accumulated at the center of the film is no longer sufficient to 
‘drive’ the central thickness increase; on the contrary, since also the 
periphery of the film has been compressed during film stretching and 
contains residual elastic energy, the situation turns upside down, with 
the thickness at the film edge starting to increase due to elastic reaction, 
thus draining fluid from the film center, which causes a net decrease 
in central thickness, the hallmark of the aforementioned anti-leveling 
behavior. The snapshots in Fig.  8d further elucidate such scenario.
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Fig. 7. Dynamics of the normalized thickness at the center of OB (a) and GSK (b) films during relaxation after stretching at different values of Wi (see legend). 
Log scale is adopted on the horizontal axes.

Fig. 8. Top row: contour plots of the conformation tensor trace, tr(𝒄), along the normalized radial direction, 𝑟∕𝑅0, for OB (a) and GSK (b) films during the first 
3 time units of the relaxation phase after stretching at Wi = 5.0. Log scale is adopted on the horizontal axes. Bottom row: color maps of tr(𝒄) in the central and 
peripheral parts of the film cross section for OB (c) and GSK (d) fluids at (𝑡 − 𝑡0)∕𝜆 = 0, 0.08, 0.8, and 2.0 during the relaxation phase.
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Fig. A.9. Dynamics of the normalized thickness at the center of OB films during stretching at different values of Wi (see legend) and ℎci∕ℎi = 0.5 (a) and 0.33 
(b). Log scale is adopted on the horizontal axes.
5. Conclusions

In this study, we investigate the biaxial stretching and subsequent 
relaxation of circular viscoelastic freestanding liquid films using finite-
element numerical simulations. We perform a parametric analysis by 
systematically varying the Weissenberg number (Wi) during the stretch-
ing phase to elucidate the relative contributions of elasticity, surface 
tension, and strain-dependent viscosity to the film dynamics. To char-
acterize the fluid viscoelastic behavior, we employ two rheological 
models, namely, the Oldroyd-B (OB) and Giesekus (GSK) constitutive 
equations.

Starting from an axisymmetric stepped geometry, we observe that, 
at low Wi, film leveling occurs concurrently with stretching due to 
the dominance of capillary effects over elastic behavior. Conversely, at 
higher Wi, the film primarily undergoes thinning during the stretching 
phase, whereas leveling occurs during the relaxation phase. During the 
stretching stage, a similar evolution of the thickness at the center of 
the film is observed for OB and GSK constitutive equations. However, 
quantitative discrepancies arise, with the OB films showing larger 
thickness than GSK films at the end of the stretching phase. This can 
be attributed to the larger extensional viscosity experienced at the film 
center by the OB fluid, which resists film thinning more effectively than 
the GSK fluid.

Furthermore, we observe that, given the Wi-value characterizing the 
stretching phase, OB films store consistently more elastic energy than 
GSK films, quantified through the trace of the conformation tensor. 
This significantly influences the film relaxation dynamics. OB films 
show an increase in the central thickness, whose extent becomes more 
relevant at increasing Wi, indicating a strain recovery process driven 
by elasticity, referred to as ‘elastic leveling’. On the contrary, GSK 
films display a reduction in central thickness, whose extent becomes 
more relevant at increasing Wi. We call this ‘elastic anti-leveling’. 
Such contrasting behavior depends on the evolution of the spatial 
distribution of elastic energy within the film during relaxation. Indeed, 
in OB films, the central region retains a high level of elastic energy, 
promoting relaxation toward the undeformed state and draining fluid 
‘inward’ from the peripheral region; on the other hand, in GSK films, 
the elastic energy in the central region is lower and the outer, thicker 
region dominates the elastic response, draining fluid from the central 
region and making it thin.

Our results highlight the critical role of viscoelasticity in governing 
the stretching and relaxation dynamics of freestanding liquid films, elu-
cidating, in particular, the role of fluid rheology, which can determine 
even opposite effects in film relaxation dynamics.
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Appendix. Film stretching at different aspect ratio

Fig.  A.9 illustrates how the normalized thickness at the center of an 
OB film evolves at different values of Wi, as reported in the legend, 
and of the height of the ‘step’ between the central and peripheral 
regions, namely, ℎci∕ℎi = 0.5 (panel a) and 0.33 (b). The curves suggest 
that increasing the initial height of the step enhances the capillary 
driving force, thus promoting more pronounced leveling during the film 
stretching phase [28]. Notably, unlike the case at ℎci∕ℎi = 0.8 shown 
in the main text, a surface-tension-driven temporary increase in film 
central thickness during film stretching is observed even at Wi = 0.5 
when ℎci∕ℎi is decreased to 0.5 and 0.33. In particular, the lower ℎci∕ℎi
the more relevant such phenomenon. Further results for films made 
of GSK fluid are not shown because the qualitative behavior does not 
differ significantly from that of the OB films under the same conditions.

Data availability

Data will be made available on request.
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