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Abstract— Integrated sensing and communications (ISAC) has
emerged as a pivotal enabling technology for next-generation
wireless networks. Despite the distinct signal design require-
ments of sensing and communication (S&C) systems, shifting
the symbol-wise pulse shaping (SWiPS) framework from
communication-only systems to ISAC poses significant challenges
in signal design and processing This paper addresses these
challenges by examining the ambiguity function (AF) of the
SWiPS ISAC signal and introducing a novel pulse shaping design
for single-carrier ISAC transmission. We formulate optimization
problems to minimize the average integrated sidelobe level (ISL)
of the AF, as well as the weighted ISL (WISL) while satisfying
inter-symbol interference (ISI), out-of-band emission (OOBE),
and power constraints. Our contributions include establishing the
relationship between the AFs of both the random data symbols
and signaling pulses, analyzing the statistical characteristics of
the AF, and developing algorithmic frameworks for pulse shaping
optimization using successive convex approximation (SCA) and
alternating direction method of multipliers (ADMM) approaches.
Numerical results are provided to validate our theoretical analy-
sis, which demonstrate significant performance improvements in
the proposed SWiPS design compared to the root-raised cosine
(RRC) pulse shaping for conventional communication systems.
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I. INTRODUCTION

NTEGRATED sensing and communications (ISAC)

has emerged as a pivotal enabling technology for
next-generation wireless networks, such as 5G-advanced
and 6G [1]. This technology seeks for profound integration
between wireless sensing and communication (S&C) to
facilitate the co-design of both functionalities, thereby
enhancing hardware, spectral, and energy efficiency while
obtaining mutual performance gains [2], [3]. As a result,
ISAC is well-recognized as a promising technology for 6G
wireless networks, which is capable of supporting a variety
of emerging applications including intelligent transportation,
smart manufacturing, and environment monitoring [4].

To deploy ISAC in the next-generation wireless net-
works, a feasible low-cost solution is to directly utilize the
standardized communication waveform for sensing [5], [6],
[7]. Such communication-centric schemes typically exploit
physical layer reference signals (i.e., pilots) as sensing sig-
nals, including demodulation reference signal (DMRS), phase
tracking reference signal (PTRS), channel state information
reference signal (CSI-RS), and positioning reference signal
(PRS), among others [8]. These reference signals, however,
occupy only 10% of the time-frequency resources in a typical
communication frame structure, resulting in low range and
Doppler resolution [9]. Towards that end, one has to reuse the
remaining 90% of the resources occupied by communication
data payload for target sensing, thus improving the sensing
performance [10].

Nevertheless, S&C systems exhibit distinct signal design
pipelines and thus differ in their nature of optimality [11],
which impose challenges in reusing data payload signals for
sensing. To be more specific, communication systems typically
employ symbol-wise pulse shaping (SWiPS) at the transmitter,
and perform symbol-wise matched filtering at the receiver,
in the hope to eliminate the ISI and constrain the signal
bandwidth through precisely controlling the shape of each
individual symbol [12], [13]. In contrast to that, radar systems
do not need to remove the ISI as there is no information
symbol to be conveyed. Instead, they focus on optimizing
the overall ambiguity characteristics of the signal without
optimizing the shape of each fast-time sub-pulse [14], [15].
More importantly, communication data modulated over the
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traditional communication-only SWiPS signals are ran-
dom, where higher degree of randomness indicates greater
information-carrying capabilities [16]. Provably, such ran-
domness may degrade the radar sensing performance, since
conventional sensing signals are usually meticulously designed
deterministic signals with favorable ambiguity properties, (e.g.
linear frequency modulation signals) [17].

The above distinctions between S&C may be further
interpreted by a pair of tradeoffs: the deterministic-random
tradeoff (DRT) and the subspace tradeoff (ST) [18]. From
the perspective of DRT, the inherent randomness of com-
munication data introduces variability in the signal, leading
to fluctuations in sensing performance metrics such as the
ambiguity function (AF) [19], [20]. This variability may
reduce the ranging accuracy and probability of detecting
multiple targets, introduce ghost targets, and increase the
false alarm rate [19]. From the perspective of ST, con-
ventional SWiPS designs focus on communication-favorable
signal subspaces, neglecting sensing-related properties. Specif-
ically, traditional SWiPS requires certain discrete points of the
AF to be zero (corresponding to the Nyquist criterion) [21],
as will be demonstrated in later sections. On the contrary,
sensing tasks usually require maintaining a low sidelobe
level across a continuous delay-Doppler region of interest,
thus to guarantee effective target estimation and detection
performance [22].

In light of the above two types of tradeoff, achiev-
ing the optimal S&C performance neccesitates a thorough
re-evaluation of the constraints and objectives involved to
tailor to ISAC SWiPS signaling. A significant number of
works on ISAC signal design were motivated from discrete
models formulated by precoded/unprecoded communication
symbols [19], [23], [24]. This is valid for a communica-
tion system since its end-to-end input-output relation can
be naturally modeled as discrete. However, working on dis-
crete signal models may not fully characterize the sensing
performance, due to the fact that one may lose critical tar-
get information located in between communication symbols.
Therefore, it is essential to thoroughly analyze and optimize
the sensing performance by taking the pulse shaping design
into account. In the SWiPS regime, the symbol sequence is
convolved with a pulse-shaping filter, such that each symbol
is associated with a continuous signaling pulse adapting to
various requirements of the system [21]. Typical constraints
imposed on the SWiPS filters include the OOBE [25] and
ISI constraints, where the zero-ISI constraint corresponds to
the Nyquist criterion [26]. Despite their effect of ensuring
the communication performance, these constraints may not be
necessarily beneficial for the sensing functionality, especially
for implementing sensing using random data signals. This
motivates us to conceive an SWiPS filter by incorporating
ambiguity properties of the random ISAC signals in addition
to communication-oriented constraints. To that aim, two main
challenges must be addressed: 1) Modeling the AF within
the SWiPS framework to incorporate sensing-oriented objec-
tives into SWiPS signaling, accounting for the randomness
introduced by communication symbols. 2) Formulating and
solving the SWiPS design problem, which, upon modeling the
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ambiguity characteristics of the SWiPS random signal, aims
to reduce the sidelobe level of the AF while ensuring that the
communication constraints are met.

The aforementioned challenges complicate the analysis and
optimization under conventional sensing frameworks. Against
this background, in this paper, we examine the statistical
properties of the AF of the SWiPS signal and introduce a
novel SWiPS design for single-carrier ISAC that may enhance
the range-Doppler detection performance. We formulate opti-
mization problems for the ISAC SWiPS filter design, in an
effort to reduce the average integrated sidelobe level (ISL)
as well as the weighted ISL (WISL) while adhering to the
communication ISI, OOBE, and power constraints. For clarity,
our contributions are summarized as follows:

o« We establish the relationship between the AF of the
ISAC signal and that of the signaling pulse. Subsequently,
we investigate the statistical attributes of the AF for
SWiPS signals modulated with random i.i.d. communi-
cation symbols, where the expectation and variance of
the AF may be explicitly expressed in closed form.

o We define the ISL for evaluating the quality of the AF.
To accommodate the SWiPS design for broader ISAC sce-
narios where certain prior information of the environment
is available, we present an advanced sensing input-output
model concerned with channel scattering information, and
define the WISL as a more generic performance metric.

o We formulate the SWiPS design optimization problem
to minimize the WISL while satisfying the ISI, OOBE,
and power constraints, which is non-convex in general.
As a special case, we demonstrate that by restricting the
region of interest of the AF to the zero-Doppler slice
(thereby reducing the AF to the auto-correlation function
(ACF)), the SWiPS design problem may be reformulated
as a convex quadratic programming (QP).

o We develop an algorithmic framework utilizing the SCA
method to address the non-convex WISL minimization
problem, which transforms the problem into solvable con-
vex sub-problems with linearly approximated objective
functions. Additionally, to efficiently solve the convex
ACF WISL minimization problem, we devise an algo-
rithmic framework employing the alternating direction
method of multipliers (ADMM).

Numerical results validate the accuracy of the statistical
analysis of the AF. Additionally, these results demonstrate
that the proposed SWiPS design significantly reduces the
ranging sidelobe levels, as well as both the ISL and WISL,
compared to traditional RRC pulse shaping, while maintaining
the communication bit rate and desired signal properties.
The remainder of this paper is structured as follows.
Section II introduces the system model and performance
metrics for S&C. Section III analyzes the statistics of the
AF. Section IV presents a case study, introducing the ISL
and WISL minimization problems and analyzing the S&C
performance tradeoff for our benchmark, the RRC. Section V
presents the algorithms for solving the WISL minimization
problems. Simulation results are presented in Section VI, and
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conclusions are provided in Section VII. Lastly, proofs of the
propositions in the paper are given in Appendices A to C.

Notation: In this paper, A, a, and a denote a matrix, vector,
and scalar, respectively. We use R{-}, S{-}, E{-}, ||, || - Il
O O O 11, [, 1n, In, and Oy s to denote the
real part and imaginary of a complex number, expectation,
modulus of a complex number, Frobenius norm, transpose,
conjugate, Hermitian, ceil, round, identity vector of size N x 1,
identity matrix of size N x N, and zero matrix of size N x M
respectively.

II. SIGNAL MODEL AND PERFORMANCE METRICS
A. SWiPS ISAC Signal Model

Within the structure of SWiPS, the symbol at the n-th
position in a communication frame of length L, denoted as
Sn, undergoes modulation to create a symbol pulse s, (t) =
sng(t). Here, g(t) represents the impulse response of the pulse
shaping filter. Subsequently, the ISAC signal can be articulated
as the aggregate of the time-shifted symbol pulses as below

L—1 L-1
s(t) = an(t—nT) = ang(t—nT), (1)

n=0 n=0

where T is the symbol duration.

Before elaborating on the metrics of S&C, we establish the
following assumptions which are commonly made in practical
communication systems:

Assumption 1 (Circularly Symmetric Constellation): In
this paper, we focus on constellations that are considered
proper, or circularly symmetric, characterized by the condition
that the pseudo-correlation B {s,s,} = 0 for all n,m, and
that the constellation center is at the origin, resulting in
E{sn} =0 for all n.

Remark: This assumption holds for constellations where
the distribution in one quadrant can be rotated to match the
distribution in any other quadrant. This assumption is satisfied
by common types of constellations, including all the PSK and
QAM constellations except for BPSK and 8-QAM.

Assumption 2 (Independent Symbols): We assume that s,
and s, are independent when n does not equal to m, leading
to E{sps:,} =0,Yn # m.

Assumption 3 (Identical Constellation): We assume that all
symbols within a single frame share the same constellation,

whose energy is normalized to 1, implying that E {|sn\2} =

1, E {|3n|4} = g4, Yn, where pg > 1 is the kurtosis of the
constellation.

B. Sensing Metric: Ambiguity Function

On the sensing receiver side, assumed to be co-located with
the transmitter, let the signal §(¢) be reflected by an object:

5(t) = s(t — 7)e??™ £ n(t) (2)

where 7 = 2d/c, v = 2vfy/c, and n(t) is noise. Here,
d is the distance, c is the speed of light, v is the object’s
velocity relative to the transmitter, and fy is the carrier
frequency. To estimate the correct delay 7 and Doppler shift o,
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we maximize the correlation between the received signal and
the time-Doppler shifted version of the transmitted signal:

{7, 0} = argmax /5*(15)3(75 —7)el?™ ¢, 3)
{r.v}

Now, we define the ambiguity function (AF) of s(t) as:

x(t,v) = /S(t)s*(t — T)e_j%”tdt, 4

which represents the correlation between the signal s(¢) and
its time- and frequency-shifted version s(t — 7)e/2™*, For the
system to be robust against noise and interference from other
objects, the AF’s sidelobe levels must be sufficiently low.
Given that the frame signal consists of symbol pulses, the
AF of the frame signal can be expressed as the sum of the
cross AF between the time-shifted symbol pulses. Through
basic algebraic manipulation, it can be expressed as follows:

L—-1L-1

x(r,v) = Z Z Sn S nm (T, 1), (5)

n=0 m=0

where 1y, m (7, v) = e 2™ Ty (1 + (m — n)T, v) represents
the cross-ambiguity function between the n-th and m-th time-
shifted pulses, and ¥(7,v) = [ g(t)g*(t — 7)e~7?™'dt is the
AF of g(t).

The zero-Doppler slice of the AF, which is equivalent to
the ACF of s(t), may be expressed as

L-1L-1
x(7,0) = Z Z SnseG(T+ (m —n)T), (6)
n=0m=0
where G(7) = 9(7,0) is the ACF of g(t). Let U(f) repre-
sent the Fourier transform of g(t). The AF of g(t) may be
alternatively expressed in the frequency domain as

P(r,v) = / U(SU*(f — v)e*™ 7 df. (7

Accordingly, the Zero-Doppler Slice, namely, the ACF, may
be given by

G(r) = (r,0) = / w( )i df, ®)

where w(f) = |U(f)|? is the Energy Spectral Density (ESD)
of g(t). Eq. (8) simply suggests that the ACF is equivalent
to the inverse Fourier transform of the ESD, following the
Wiener—Khinchin theorem. This indicates that G(7) can be
represented as a linear function of w(f). Moreover, as seen
from (6), since x(7,0) is a linear combination of G(7) for
different 7, it becomes clear that x (7, 0) can also be expressed
linearly in terms of w(f). Consequently, this allows us to
formulate the pulse shaping design problem as a convex
programming when taking into account the ACF only, as will
be detailed in later sections.

C. Communicaion Metrics: OOBE and ISI

1) OOBE Constraint: The OOBE constraint aims to control
the energy leakage of s(t), which could be realized by
regulating the OOBE leakage of ¢(t). Therefore, we define
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the OOBE constraint such that the energy of g(t) outside the
desired bandwidth must be less than o, expressed as

coorr [ OOB/Qw(f)df+ /

B/2

where B refers to the bandwidth of the pulse. epp must be
kept minimal to prevent interference between adjacent bands.
In the extreme case, one may assign epp = 0, resulting in the
zero-leakage constraint C§OBE.

2) ISI Constraint: Considering an additive white Gaussian
noise (AWGN) channel, the representation of the matched
filtered signal at the receiver side is given by

oo

w(f)df <eop, (9)

L-1

an (t —nT) + a(t),

y(t) = s(t) x g™ (=t) + n(

where 7(¢) refers to the noise part of the matched filter output.
After sampling at t = kT, k = 0,1,--- , L — 1, we have the
k-th received symbol as

Yk = he an

which represents the communication input-output relationship.
Hence, to keep the ISI within an acceptable range, the follow-
ing constraint must be met:

)T) + A(kT), (11)

I1S1
Ce

G(T)|? <erspyn=---,—2,—-1,1,2

1,2,

12)

Alternatively, to meet the Nyquist criterion and elimi-
nate ISI, the €757 should be zero. According to [27], this
time-domain Nyquist constraint is equivalent to

oo

b

m=—0oo

w(f+m/T) = cr, 13)
where cr is a constant. This is also known as the constant
folded spectrum criterion. Let us denote the roll-off factor of
the pulses as 8 € [0, 1], which links the symbol duration T
to the bandwidth B via BT = 1 + 3. Consequently, we have

o < 2 < L. With CYOPF satisfied, the Nyquist condition
can be recast as
1 B
w(f):CT7 O<fS7 PSR
G 1 1 B <T <2B
w(f)+w f*f =cr, m - 5_f_§~

(14)

Additionally, the pulses must adhere to the energy con-
straint. We assume the energy budget is F,, leading to the
following constraint:

cr . /|g(t)|2dt < E, or /w(f)df < E,.

Notice that the energy constraint imposed on w( f) may also be
implicitly guaranteed in C{%!, where there would be a linear
relationship between cr and Eg.

For simplicity, in the following section, we use the notation
S, to refer to the set of g(t) that meets the constraints CO9BE,
CIST and CF. Similarly, we define S, as the set of w(f) that

15)
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fulfills the constraints CYOBE, CLST and C¥. We highlight
here that the set S, is non-convex in terms of g(t), whereas
S, is a linear convex set with respect to w(f).

III. STATISTICS OF THE AMBIGUITY FUNCTION
A. Two Parts of the AF

To derive the statistical properties of the AF, we first split
x(7,v) to two parts by

L—-1 L-1

Z\sn| U (T, V) —|—Z ans Unm (T,V) .

n=0 m=0,
m#£n

Xs(T,v)
Xe(T3v)

(16)

Xs(7,v) describes the part contributed by the self-ambiguity
of the symbols, while x.(7,v) describes the part contributed
by the cross-ambiguity between different symbols. By doing
so, one may arrive at the following propositions:

Proposition 1: The expectations of xs(7,v) and x.(T,v)
have the following properties:

L—1
E{xs(r,v)} =Y > y(rv), (A7)
n=0
E{x.(r,v)} =0, (18)
E {xs(m,v)xz(m,v)} =0, (19)

Proof: See Appendix A. [ ]
Proposition 2: The variances of xs(7,v) and x.(T,v) can
be expressed as

D {xs(7, )} = L(pa = D)]to(7, v)[%, (20)

D{x.(r,v)} = >, (L= +nT,v)P @D
|n|<L,n#0

D{x(m,v)} =D {xs(m,v)} + D{xc(7, )} . (22)

Proof: See Appendix B. [ ]

We may now present the expectation and variance of the AF
in the below subsections.

B. Expectation of the Ambiguity Function
According to (16) and (18), the expectation of the x(r,v)
can be written as
L—1

E{x(r,v)} = E{xs(7,v)} = ¥(r,v) Z 2T

n=0

(23)

C. Variance of the Ambiguity Function

According to Proposition 2, we may express the variance
of the AF x(7,v) as

D{x(r,v)} = > anl(r+nT,v)]?,

|n|<L

(24)

where &, = L(ug — 1) when n = 0, and L — |n| otherwise.
With the expectation and the variance of x(7,v) at hand, it is
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viable to compute the expectation of the squared AF (SAF) in
the form of

E{Ix(r,v)]} = D{x(r,0)} + [E{x(r,v)}|?

=Y @)+ ) 29
In|<L
where
o J2mmyT _
an (V) g — 1) 72306 , n=20,
—|n|, n#0,|n| < L.
(26)

Without the loss of generality, in this paper, we constrain the
energy of the pulse E, to be 1, and assume that the ISI is
sufficiently small, Wthh implies that [)(7 + nT, v)|* is small
enough for non-zero n. Consequently, the squared energy of
5(t), namely, E {|x(0,0)|*}, may be approximated by

E {[x(0,0)]} ~ ap(0) = L(pa — 1) + L.

This term is employed to normalize the AF in the later sections
and the validity of the approximation is demonstrated by our
numerical results in Figure 2. It is important to mention that
the term L(pg — 1) has a negligible impact on ag(n)/ao(0)
because L(uq—1), with py typically ranging between 1 and 2,
is significantly smaller than L2. This suggests that the format
of constellation exerts minimal influence on the normalized
SAF.

27

IV. CASE STUDY
A. ISL Minimization

Given the randomness of the transmitted symbol sequence,
it would be more appropriate to consider the expectation of
ISL of x(r,v) rather than the ISL of a single instance of
the symbol sequence. By leveraging the results in preceding
sections, the expectation of the ISL may be given as

EISL{g(t)}E{//@X(T,I/)2d7’dy}
://E{\X(T,y)\Q}drdV

Z //an )¢(r 4+ nT,v)|*drdy, (28)

|n|<L

where © represents the delay-Doppler region of interest. The
pulse shaping filter should thus be designed by solving the
following problem

Igl(ltlgl Lrseigt)} st g(t) € S, (29)

B. WISL Minimization in the Presence of Ground Clutter

In typical situations, the received sensing signal is reflected
not only from the targets but also from interfering environ-
mental objects, e.g., clutter reflected from the ground, which
is range-spread in general. To reduce the clutter interference,
one may exploit certain prior information about the statistics
of the scattering environment in the pulse shaping design.
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To that end, a more comprehensive sensing signal model that
incorporates environmental information is presented below.

A range- and Doppler-spread channel responds to the signal
s(t) by returning the continuous superposition:

0= [ou

where «(\, 1) is a zero-mean random field—typically mod-
eled as complex Gaussian—encapsulating the scattering
properties of the environment and the targets.

Suppose o (A1, Mg, i1, pr2) = Ela(Ar, pr)a* (g, p2)] rep-
resents the statistical scattering information (SI) of the
environment, following the Wide-Sense Stationary Uncorre-
lated Scattering (WSSUS) model [28], which implies:

(A1, Ao, pin, p2) = (A1, 1)d( A1 — A2)d(pa

This may be regarded as a measure of the amount of inter-
ference from a cell at a range-Doppler distance (A, 1) from
the reference range-Doppler cell (identified by the pair (0,0)),
which is typically not considered to be highly dynamic.
Consider a highway situation; even though cars are moving
and distances and speeds continually fluctuate, the typical
separation (indicating delay) between vehicles is usually about
50 meters. Moreover, the speed variation (comparable to
Doppler frequency) is generally expected to be between 5 and
10 meters per second. Rather than depending on immediate SI,
optimization is achieved through statistical SI. This method is
more practical in real-world scenarios since continually adjust-
ing the filter coefficient in response to changes in instantaneous
SI is generally unfeasible.

Let us consider the output signal when z(¢) is matched
filtered through s*(t — 7)e 72" yielding

— Nl a\dp, (30)

— ). (31)

X(t,v) = /*th) —I2Tb e (t) dt

// M\ p)x (T = X\ v —p)didp.

Proposition 3: The mean square value of X (0,0), under
the WSSUS assumption, is

= [ [ o mElxOp)

Proof: See Appendix C. [ ]
Suppose that we are detecting point-like targets in the presence
of the clutter. The channel scattering function, under these cir-
cumstances, takes the form o (A, 1) = ord(A)d(p) + (A, ),
where o.(A, 1) represents the scattering function of diffuse
clutter. Consequently, we have:

(32)

E[|X(0,0)| 2ldhdp.  (33)

E[|X(0,0)[*] = o7E[|x(0,0)*]
+//@mmmmmmmww.@@

In this representation, the component of the signal reflected
from the target corresponds to the first term, while the segment
pertaining to undesired reflection interference is associated
with the second term. The second term can be interpreted
as a WISL, where o.(\, ;) quantifies the interference from
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an object deviating by (A, 1) in the range-Doppler space. For
brevity, we use the notation:

Lwisr{g(t)} = //JC(T, WE[|x(r, v)[2] dr dv
= Z /‘/Gan(V)Uc(T,l/)hﬁ(T-i-nT’V)QdeZ/. (35)

|n|<L

It is evident that Lrsp{g(t)} is a special case of
Lwisc{g(t)}, where o.(r,v) = 1 for all (r,v) € ® and
o.(7,v) = 0 elsewhere.

In such a case, the pulse shaping filter should be conceived
through solving the following problem:

I;’EI)I Lwrsr{g(t)} s.t. g(t) € Sg. (36)
In the case that the environmental scattering information is not
available, a prudent choice is to set o.(7,~) = 1 in the region
of interest, which reduces to the ISL minimization problem.

Remark: In the general scenario with targets exhibit-
ing range/Doppler spreading, the simplification o(\, u) =
ord(A)d(p) + oc(A, 1) may not be valid. Instead, a more
comprehensive model o(A\,u) = or(Au) + oc(A p) is
required, where o (A, ) represents the range-Doppler scatter-
ing function of the target of interest. This necessitates solving
the optimization problem:

Lwrsr{g(t)}

min s.it.g(t) € Sy,
o0 [ oz n)Elx(r,v)[2] dr dv (t) €S,
which presents significant complexity. Nevertheless,

we believe this approach could be addressed to some
extent, and it may be a direction for future research.

C. ISL/WISL Minimization: The ACF Case

As discussed in Section II-C, if we define ¢(t) as a
band-limited pulse—thereby ensuring zero OOBE energy
leakage—the Nyquist criterion for zero ISI may be expressed
as a linear constraint in terms of w(f). By focusing only
on the zero-Doppler slice, the WISL, which is the sum of
squares of x(7,0) in this context, can be represented as a
linear function of w(f). Recall that in (8) we show that (7, 0)
is the linear transform of |U(f)|?, rendering |¢(7,0)|? as
a convex quadratic form of w(f). Then L;sr{g(¢t)} and
Lwrsr{g(t)}, which are the weighted integral of |1 (,0)|?,
are convex quadratic forms of w(f) as well. Accordingly, the
SWiPS WISL optimization problem under Nyquist criterion
and zero OOBE constraint can be formulated as a convex QP
problem with linear constraints. This formulation allows for
the development of efficient algorithms to solve the problem.
Furthermore, as will be demonstrated in Section VI, the
improvement in WISL for the Doppler slice under the SWiPS
scenario is marginal. Therefore, optimizing WISL for the ACF
may be a more practical option.

Following the above discussion, we can rewrite the WISL
optimization for the ACF subject to the Nyquist criterion and
zero OOBE constraint as

mlfI} fWISL{w(f)} s.t. w(f) S Sw,

w(

(37)
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Fig. 1. Plot of G(7) with different 3.

Apparently, (37) is a convex QP problem with linear con-
straints. In the later sections, we refer to this problem as the
Nyquist-ACF-QP problem.

D. S&C Performance Tradeoff of SWiPS

In this subsection, we examine the S&C tradeoff by ana-
lyzing the ACF of the ISAC signal, under the condition that
L is adequately substantial, and the ISI is small enough to be
disregarded.

1) Asymptotic Behavior of x(7,0): Let us first investigate
the asymptotic behavior of x(7,0) when L — oo.

- E{x(r.0)P} . E{x(r,0)} _ 2
SRR T T a7
. L —|n| 2
+ lim 5 [(7 +nT,0)|
= [¢(r, 0)]? (38)

This implies that when L is sufficiently large, the normalized
mean square of the ACF of the SWiPS ISAC signal would
approach (7, 0), namely, the ACF of the pulse itself. There-
fore, instead of considering x(7,0) directly, one may also
analyze (7, 0) in the case of a large L. A particular family
of pulses that is extensively utilized and meets the Nyquist
criterion is the RRC pulse, whose ESD is given as

Urre()I°
T, 0§|f|§12%,
T[l—i—cos 71-(|f| 1_ﬁ>>],
1-7 1+
7<|f|§77
1+
0, |f|>7-

2) Sidelobe Level and Symbol Rate of RRC: The plot of the
ACF of the RRC pulses with different 3 is shown in Figure 1,
which may be viewed as an approximation of the ACF of the
random ISAC signal shaped by the RRC pulse for large L.
Obviously, as 3 increases, the sidelobe level decreases. The

Authorized licensed use limited to: Universita degli Studi di Napoli Federico |l. Downloaded on December 30,2025 at 17:37:19 UTC from IEEE Xplore. Restrictions apply.



2838

bandwidth of the RRC is given by B = (8 + 1)/T. Thus the
symbol rate per Hz can be expressed as

L1
~TB pB+1°

Clearly, with an increase in (3, there is a corresponding
decrease in RRg, and concurrently, as previously stated, the
sidelobe level also decreases. This demonstrates the tradeoff
between S&C performance, suggesting that adjusting 3 may
control the S&C tradeoff.

Ry (40)

V. PULSE SHAPING OPTIMIZATION AND ALGORITHMS

It is noteworthy that problems (29), (36), and (37) are
continuous functional optimization problems, which could be
highly computationally expensive to solve. In this section,
we reformulate the optimization problems into discrete ver-
sions, and develop tailored algorithms to solve them.

A. WISL Minimization: General Formulation

1) Discretization of the Pulse: Let g, = g(kTs) be a sam-
pled sequence of g(t) of length L, with sampling frequency
established as f, which can be stacked into a vector g € R%s.
Accordingly, its frequency spectrum may be discretized as
U, = U(k/LyTs) and the u = {Uo, Uy, -+ ,Ur,—1} can be
retrieved by calculating the discrete Fourier transform (DFT)
of g, namely, u = Fg, where F represents the DFT matrix.

2) Discretization of the AF: Let v, , = Y (uTs,v/KTs)
be the discretized version of the AF. We may express 9, ,, by
replacing the integral with summation, yielding

wu,'u = gHJu,vg7 (4])
where J,, , = J,D,,
0...01 ... 0
N——
u Zeros
J,=10...00 42)
: o1
0...00 ... 0
is the time-shifting matrix, and
1 0 0
0 ej27rv/K 0
D, = (43)
: 0 . 0
0 e 0 ef2mv(K-1)/K

is the frequency-shifting matrix.
3) Discretization of the ISI and Bandwidth Constraints:

Let Ny = Tl , Ng = [%] which denote the num-
ber of time-domain samples for each symbol duration and
frequency-domain samples for the positive bandwidth of the
spectrum, respectively. Then the ISI constraint may be dis-

cretized as

XnNT7OSEISI7n:"'7_2a_1,1727"'7 (44)
or in terms of g as
gHJnNT,OgSEISI7n: 7_2a_17172a"' . (45)
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Similarly, the OOBE constraint can be discretized as

K—Np—1
> |k’ <cos. (46)
k=Np+1
or in terms of g as
g FYEFg < cop, (47)

where E is a truncation matrix that selects the high frequency
components, given by

Onp+1,Np+1  Onpt1,K—2Np—1  OnpinNg
E= |0x_ong—1,Npg+1 Ix—2nvg—1 Ox—_ang—1,Ng
ONB7NB+1 ONp,K—2Np—1 ONBJVB

(48)

4) Discretization of the WISL: Define o, , = o, (v/LyTs),
then the WISL can be discretized as

Z Uz,v|Xu7v|2

{u,v}e®

2
= Z Z an7vaz7v|wu+nNT7v| )
{u,v}€O |n|<L
5) General ISL/WISL Minimization Problem: With the
above discretized variables, objectives and constraints at hand,
we may now formulate the general WISL minimization prob-
lem as

Lwiscig}=E

(49)

mgin Lwrsr{g}

s.t. gHJnNT7Og S EISI, T = """ a_27_1a1a27"' )

g 'FPEFg < eop, ||g||2 =k, (50)

By assigning o7, ,, = 1 within the region of interest in (50),
the general ISL minimization problem is derived. The general
ISL/WISL minimization problem is non-convex in general.
In the sequel, we will show that for the special case of
minimizing the ISL/WISL of the ACF, one may formulate (50)
into an elegant convex QP. Moreover, by solving this problem,
one may adjust § and €rg7 to control the tradeoff between
S&C.

B. The ACF Case Under Nyquist Constraints

Before solving the general problems, we first investigate the
ISL/WISL minimization problem for the ACF case.

1) Discretization of the ESD: Let us denote the non-zero
part (band-limited part) of |U(f)|? by a vector w € RVe+1,
The whole sampled ESD can be constructed by

w
w =

0r,—2Np-1,1 = Buw, (51

flip(w[2: Np +1])
where B is the matrix representing the linear transform w —
w. Therefore the sampled ACF sequence of g(¢) can be

represented by the IDFT of the sampled ESD, which gives
us

¢ =FI% =FIBw, (52)
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where 1) is the discretized ACF, which is a circularly symmet-
ric vector. The first half of ) is utilized for computing WISL
in subsequent sections, and the ¢-th element of 1) within the
first half part is defined as ;.

Remark: Theoretically, this discretization implies cyclic
rather than linear convolution when computing the ACF, which
simplifies the optimization design by performing IDFT over
the ESD. Given the fact that the linear convolution may be
well approximated by its cyclic counterpart when the discrete
pulse is sufficiently long, we adopt the cyclic convolution
formulation of the ACF, and validate the performance of the
designed pulse through the linear convolution. All numerical
experiments show significant performance improvements with
this substitution.

2) Discretization of the Nyquist Constraint: Recall that (3 is
the roll-off factor of the pulse, such that BT = (14 (3). It holds
that Ng = (1 + §8)L,/(2Nr). Then the Nyquist condition
given in (14) can be recast as

1-p
w=Np,0<n< |—ENg|,
on = N0 = [Hﬁ B}
n N | 20N 1 << Ny, 53)
Wn w[ilig}_n* T, 1+5 B SN B-

Note that (53) already includes the energy constraint in an
implicit manner, i.e., the summation of all w,, is now a fixed
constant. Moreover, by noting the fact that these constraints
are linear, they can be written in the form of

Aw = Nrl. (54)
3) Discretization of the WISL: For the zero-Doppler slice,

Lwisr{g} can be simplified as EWISL{w}, which is a
convex quadratic form of w.

Lwisi{w} ~E { > dulxuo 2}
uEO
- Z Z an,005|wu+nNT,0|2

u€® |n|<L
= Z Z a?L,OUZwTTu-&-nNTw = WTQ“‘)
u€® |n|<L
(55)
where
H HpH Lg
B"Fe,e, F"'B, u < |—=|,
T, = 0 - Lg (56)
" -9
) 2 )
and Q can be expressed as
Q=Y > 00 Turnns, (57)

u€® |n|<L

which is a semidefinite matrix, and e, is a selection vector
with its u-th element being set to one while all other elements
are zero.
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4) The Nyquist-ACF-QP Problem: Based on the above
framework, we may represent the WISL optimization problem
for the ACF as

min w' Qw s.t.Aw = Nyl, w > 0, (58)
w

which is a linearly constrained convex QP problem and may be
very efficiently solved. Within this formulation, we can adjust
(3 to control the tradeoff between S&C.

C. Optimization Algorithms

In this subsection, we develop efficient algorithms to solve
the non-convex generic problem (50) and its ACF case (58).

1) SCA for General WISL Minimization: Since the general
WISL objective function cannot be reformulated as a convex
function of neither g or w, we will have to cope with the non-
convexity directly. The first challenge of the general WISL
minimization is that the time-domain ISI constraint is non-
convex. To deal with that, we eliminate the ISI constraint by
introduce a penalty term of ISI in the objective function, with

a penalty factor p, yielding

|n|<L,n#0
st. g FAEFg < cop, |g|* = E,.

quin flg)=Lwrisr{g}+p gHJnNT,Og

(59)

The objective function f(g) is a non-convex quadratic
function of g. To proceed, we develop a Sequential Convex
Approximation (SCA) algorithm to solve (59), where we
approximate the objective function by its first-order Taylor
expansion near a given point gy as

f(@) ~ filgigr) = f(gr) + VI(gr) (8—8k),  (60)
where
Vi) = D> D> an(v)oq, Viuranso(gr)
{u,v}€O |n|<L
+p Y V(g 1)

|n|<L,n#0

Here V1), ., (g ), which represents the gradient of [¢),, ,|> with
respect to gy, is calculated by

qu[;u,v (gk)
=2{(e 9% ) 2+ (2l (OF.) "ee) (OF,) e

+ (el I3 ) I3 e+ (2] (03.) &) O5.) e}

e

where Jf’v =R{Jy, .} and Jiv =S {Juv}

Next, we relax the constraint ||g||> = E, to the convex form
lgl* < E,. At the k+ 1-th iteration, the SCA algorithm seeks
to solve the following convex sub-problem:

min V§ (gr)'g
st.g' F'EFg <cop, |g|? < Ey, 1'g>n.  (63)

The constraint 1Tg > n, where 1 is a small positive value,
ensures that the solution does not consist entirely of zeros.
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Algorithm 1 SCA Algorithm for Solving (50)

Algorithm 2 ADMM Algorithm for Solving (58)

Require: L,, Nt, 3, 0B, £y, {wa}, the execution thresh-
old € and the maximum iteration number 7,,,.
Ensure: g*
1: Initialize g using the RRC pulse with roll-off factor 3,
k=0.
2: repeat
3:  Calculate the V f(g) by equation (61) and (62).
4:  Solve problem (63) to obtain g*.
5 Update the solution by (64), where ¢ is determined by
using the exact line search.

k=k+1.
7: until ||gr — gr—1]] < € 0r i = ipax.
8 g" =gk

Suppose that a solution gj, has been acquired at the k-th
iteration. By solving problem (63) in the (k + 1)-th iteration,
an optimal solution g* that minimizes f;(g;gy) is obtained.
When g* is in close proximity to g and the SCA holds,
it follows that f(g*) < fi(g*;gr) < fi(gk;gr) = f(8k)-
Although g* may not be adjacent to gy, the difference g* — gy,
provides a descent direction for optimizing f(g). By iteratively
taking small steps along the direction of g* — gy, it is possible
to progressively obtain better solutions that minimize f(g).

With a properly chosen step size ¢ € [0, 1], one may get the
(k 4 1)-th iteration point as

gr1 =8r +t(g" —gr) =(1—t)gr +tg*. (64

Since gr,g* € Q by the definition of convexity, we have
gr+1 € Q, which is a feasible solution to problem (50).

We are now ready to formally present the SCA approach to
solve the problem (50) in Algorithm 1.

2) ADMM for ACF Case of WISL Minimization: While
problem (58) can be solved by the off-the-shelf numerical
tools, e.g., CVX toolbox, we present a customized algorithm
utilizing the ADMM to accelerate the problem-solving proce-
dure. Numerical results indicate that this algorithm converges
rapidly, typically achieving convergence in just a single itera-
tion.

To proceed with the ADMM framework, We first introduce
an auxiliary variable, and devise the following augmented
Lagrangian problem with a penalty term o > 0:

min w' Qw + g lw — ]
st. Aw=Nrl, 06 >0, w=20. (65)
The augmented Lagrangian fuction can be written as

L(w,0,)) =w Qu+ g lw— 0> + AT (w —8) (66)

The iteration format of the ADMM for (58) at (k + 1)-th
iteration can be written as

w1 = argmin L(w, O, A;) s.t. Aw = Nrl, (67)
w

011 = argmin L(wg11,60, A) s.t. 0 >0, (68)
0

Akt1 = 0(Wrt1 — Ok y1) (69)

Require: L,, Nr, (3, {o{}, the execution threshold e and the
maximum iteration number %,,x.
Ensure: w*
1: Initialize wq using the ESD of the RRC pulse with roll-off
factor 3, k = 0.

2: Calculate Q and A.

3: repeat

4:  Update wy, O, and Ag by (71), (73), and (69).
5: k=k+1.

6: until ||wy — wp_1]| < € 0r i = ipax.

7 W= wy

Problem (67) is equivalent to
W1 = argmin w! (Q + gI) w + (00y + )\k)T w
s.t. Aw = Nrl (70

According to the Karush-Kuhn-Tucker (KKT) conditions, the
solution to this problem can be found by solving the following
linear equation:

2Q + ol AT [wit1] _ [—00k — Ak an
A 0 A Nr1
Moreover, problem (68) is equivalent to
1
0y, = argmin ||0 — (wk_H + Q)\k> st.0>0, (72)
6
which yields the following solution:
1 +
Ori1 = (wk+1 + Q>\k> ; (73)

where (-)T denotes the procedure of converting the negative
components in the vector to zero. Based on the discussion
above, the ADMM procedure for solving problem prob-
lem (58) is summarized in Algorithm 2.

Complexity of SCA and ADMM Methods: Let Lo represent
the number of elements in the region of interest ©.

e For SCA: The complexity of calculating Vi, ., (gx) is
O(Lg). As a result, the total complexity of computing
Vf(gk)is O(LeLL,). Solving the optimization problem
using a primal-dual interior-point method typically has a
complexity of O(L}°), giving the SCA method a final
per-iteration complexity of O(LgLL, + Lg"r’).

e For ADMM: The complexity of solving the linear
equation in ADMM is O(N3,), while the second and third
steps each have a complexity of O(Np). Therefore, the
overall per-iteration complexity of the ADMM algorithm
is O(N3).

Remark: 1t’s important to highlight that computational com-
plexity is generally not a critical concern in pulse shaping
design. Pulses are usually pre-designed and stored in a table
for various scenarios, so solving the optimization problem
to find the optimal pulse is not necessary for each symbol
sequence transmission.
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(a) Normalized SACF of the RRC and the optimized pulse by solving general ISL minimization problem. The roll-off factor 5 = 0.3. The region

of interest is set as (8m,32m) on the range domain. The grey dashed vertical lines indicate the ISI point where the SACF values are restricted to be minimal.
(b) Normalized SACF of the RRC and the optimized pulse by solving general ISL minimization problem similar to the Figure 2a. The roll-off factor 3 = 0.6.
(c) Normalized SAF in the Doppler slice of the RRC and the optimized pulse by solving general ISL minimization problem. The roll-off factor 3 = 0.3. The

region of interest is set as (0.1,0.5) on the normalized Doppler domain.
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Fig. 3. Normalized ISL versus iterations for the general ISL minimization
problem solved by the SCA algorithm and the Nyquist-ACF-QP problem
solved by the ADMM algorithm, with (3 set to 0.3 and 0.6.

VI. NUMERICAL RESULTS

In this section, numerical results are presented to confirm
the effectiveness of the proposed pulse shaping design. The
SI configuration in the numerical simulation is considered to
be range-spread and not Doppler-spread, which is consistent
with the practical ISAC scenarios. The frame length L is
set as 256. The sampling frequency fs; (for pulse design) is
established at 320 MHz. Therefore, for 3 = 0, the bandwidth
of the signal is 20 MHz, whereas for § = 1, the bandwidth
increases to 40 MHz. The pulse length L, is set as 256 and the
number of the samples per symbol N7 is set as 16. The chosen
constellation format is 16-QAM, with a ug4 = 1.32. In the
following experiments, the value of the SAF are normalized by
a(0). While other constellation types are feasible, the small
value of L(pus —1) compared to L? in a(0) suggests that the
impact of different constellations is negligible.

Legends in this section: In the legends of the Figures 2a,
2b and 2c, “Theory” denotes that the SACF is derived from
theoretical analysis, whereas “Simulation” indicates that the
values are obtained by numerically averaging the SACF from
1000 frame signal realizations. In the legends of the Figures 3,
4a and 4b, “SCA” signifies that the result is obtained by

solving the general ISL/WISL minimization problem, while
“QP” denotes that the result is obtained by solving the
Nyquist-ACF-QP problem. In the legends of Figures Sa, 5b,
and 5c, “ISL” indicates that the results are derived under
the assumption that the SI is unavailable and o.(7,v) is
set to 1 within the region of interest, whereas “WISL” sig-
nifies that the results are obtained with the knowledge of
oe(T,v).

Figure 2a and 2b present the normalized squared ACF
(SACF) for both the RRC pulse and the optimized pulse
obtained by solving the general ISL minimization problem for
0 = 0.3 and B = 0.6 respectively. The region of interest is set
as (8m, 32m) over the range domain. The SACF results are
computed using theoretical values derived in (25), as well as
by the numerical average of 1000 randomly generated symbol
sequences. The comparison indicates that the theoretical SACF
closely match their numerical counterparts. Notably, the SACF
of ISAC signals with optimized pulse shaping exhibits an
approximately 6 dB reduction in the first sidelobe compared to
those shaped by the RRC pulse. The SACF plot in Figure 2b
exhibits similar trends to Figure 2a. Furthermore, Figure 2b
demonstrates that the second and third sidelobe levels of the
optimized SWiPS signal when 3 = 0.6 are lower than those
of B = 0.3. Similarly, the second and third sidelobe levels
of the RRC pulse-shaped signal when 3 = 0.6 are also
lower than those when 3 = 0.3. This improvement in sensing
performance, as will be explained later, results from a trade-off
in the communication bit rate.

The grey dashed vertical lines in Figures 2a and 2b indicate
the ISI points where the SACF values are constrained to be
minimal. It is evident that the SACF values of the optimized
pulse at the first ISI point G(T) and the second point G(2T)
are slightly higher than those of the RRC pulse. This is
because the ISI was not strictly constrained to be lower
than that of the discrete RRC pulse. This slight compromise
in IST results in a gain in sidelobe levels compared to the
optimized pulse obtained by solving the Nyquist-ACF-QP
problem where ISI is strictly limited to meet the Nyquist
criterion.

Remark: It should be noted that the continuous RRC pulse
of infinite length theoretically has zero ISI. However, the ISI
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(a) The plot of the RRC pulse and the optimized pulse obtained by solving the general ISL minimization problem and the Nyquist-ACF-QP problem

for 8 = 0.3. (b) Normalized ISL versus bit rate for different 3. The region of interest in the delay domain of the ISL is set as (8m, 32m). (c) The ESD of
the RRC pulse and the optimized pulse obtained by the Nyquist-ACF-QP problem for different S.

values in Figures 2a and 2b are not completely zero because
we are considering a discrete RRC pulse of finite length.

Figure 2c illustrates the squared zero-delay slice of the AF
for the ISAC signal shaped by both the RRC pulse and the
optimized pulse, which are attained by solving the general
ISL minimization problem for § = 0.3 when the region
of interest is set as (0.1,0.5) on the normalized Doppler
domain. While Figures 2a and 2b demonstrate the feasibility
of optimizing the ranging sidelobe levels, Figure 2c reveals
that the performance gain on the Doppler slice is marginal.
We conclude that the limited improvement in Doppler ISL
performance is attributable to the inherent characteristics of
single-carrier SWiPS. The reason is that SWiPS modulate
symbols in the time domain. This results in signals with a
flat power spectrum in the time domain, causing the Doppler
component of the AF to closely resemble a d-function, thereby
leaving no room for optimization in the Doppler domain.
Significant enhancement in joint range-Doppler ISL may be
possible in other signaling formats, e.g., OFDM, which could
be addressed in future research. For additional details on this
matter, please refer to [29].

Based on our analysis of Figure 2, it can be observed that
optimizing the Doppler slices of the AF results in very limited
performance improvement due to the nature of a single-carrier
system. Therefore, in subsequent experiments, we will focus
solely on optimizing the ISL/WISL of the ACF.

Figure 3 demonstrates the normalized ISL values as a
function of iterations for both the general ISL minimization
problem, solved by the SCA algorithm, and the Nyquist-ACF-
QP problem, solved by the ADMM algorithm, with § values
of 0.3 and 0.6. It is evident that the final normalized ISL
achieved by solving the general ISL minimization problem is
lower than that of the Nyquist-ACF-QP problem. As discussed
earlier, this improvement is due to a slight trade-off in terms of
the ISI. Additionally, it is noticeable that the ADMM algorithm
converges in just a single iteration, whereas the SCA algorithm
requires approximately 6 to 8 iterations to converge.

Figure 4a displays the RRC pulse and the optimized pulse
obtained by solving the general ISL minimization problem and
the Nyquist-ACF-QP problem for g = 0.3. It is evident that
the pulse derived from the general ISL minimization problem
closely aligns with that obtained from the Nyquist-ACF-QP

problem. Additionally, the decay rate of the optimized pulse
is slower than that of the RRC pulse.

Figure 4b illustrates the tradeoff between ISL and bit rate
by adjusting 5. As ( increases, the ISL is also on the rise,
as depicted in the figure. At 8 = 0, the maximum bit rate is
achieved with the sinc pulse, which is the only pulse meeting
the Nyquist criterion, resulting in no improvement in the S&C
tradeoff even when shaped by the optimized pulse obtained
from solving the Nyquist-ACF-QP problem. It is observed that
the smaller the [3, the greater the ISL gain between solving
the general ISL minimization problem and the Nyquist-ACF-
QP problem. This is because with smaller 3, the bandwidth
constraint becomes tighter, leading to fewer solutions that
satisfy the Nyquist criterion. However, the general ISL relaxes
the Nyquist criterion to an e-ISI constraint, creating more
feasible solutions when ( is smaller. We observe in the
numerical results that the e;g; remains stable regardless of
the chosen penalty factor p within the range of 0.1 to 100 for
the general ISL optimization. For instance, with 5 = 0.3, €751
stays at 8 x 1073, and for all 3, e;g; stays under 1.1 x 10~2.

Remark: The bit rate is calculated as 4/(T'B) =4/(6+ 1)
bps/Hz, where the factor of 4 arises from the 16-QAM
modulation, with each symbol carrying 4 bits. Please note
that the bit rate does not equal to the capacity. For pulses
obtained by solving the general WISL minimization problem,
where the ISI is small but not necessarily zero, the capacity
may be slightly lower than that achieved by the Nyquist-
ACF-QP problem. This exemplifies the tradeoff between S&C
performance. While it is challenging to compute the capacity
for QPSK, we can determine the capacity for Gaussian symbol
sequences by C' = log, det (I, + 3SRGTG) where [G];; =
G((i — j)T). At an SNR of 5 dB, the derived capacity C is
approximately 4.534254 for the general ISL optimization with
Gaussian symbol transmission, compared to 4.534248 for a
zero-ISI pulse. Though it is not immediately apparent from
Gaussian symbol sequences, we anticipate a greater capacity
difference when transmitting QPSK sequences.

Figure 4c displays the ESD of the RRC pulse and the
optimized pulse obtained by solving the Nyquist-ACF-QP
problem for various values of 3. As ( increases, the bandwidth
restriction for the problem is relaxed. It is evident that the opti-
mal pulse for larger 3 does not concentrate most of its energy
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(a) The plot of the RRC pulse and the optimized pulse obtained by solving the Nyquist-ACF-QP problem for 5 = 0.3. o<(7) = 7. (b) Normalized

SACF of the RRC and the optimized pulse by solving the Nyquist-ACF-QP problem for 5 = 0.3. The region of interest is set as (8m,16m) on the range
domain. (c) Normalized WISL versus the bit rate of the RRC and the optimized pulse by solving the Nyquist-ACF-QP problem by varying 3. The region of

interest is set as (8m,16m) on the range domain.
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Fig. 6. Range-Doppler map of (a) the RRC pulse, (b) the optimized pulse, and (c) the symbol sequence. The red circle in (a) and (b) highlights the area
where improvements have been made. In (c), the computation of the Range-Doppler map utilizes only the symbol sampling points, with the sampling duration

equal to the symbol duration.

in the low-frequency range. This observation is consistent with
the findings in [30], which demonstrated that when the noise is
negligible (i.e., in the high signal-to-noise ratio (SNR) regime),
the optimal sensing pulse tends to allocate more of its energy
to the high-frequency components.

In Figures 5a, 5b and 5c, the function o.(7) for WISL
minimization where the SI is available is set to decay expo-
nentially with respect to 7, specifically, o.(7) = €?7, where
v is the decay factor. Figure 5a displays the RRC pulse and
the optimized pulse obtained by solving the pulse optimization
problem for 3 = 0.3 with and without SI. It can be observed
that the pulse optimized for WISL differs significantly from
the pulse optimized for ISL.

Figure 5b demonstrates the normalized SACF for the RRC
pulse and the optimized pulse obtained by solving the pulse
optimization problem for § = 0.3 with and without SI.
Compared to the pulse obtained without SI, the sidelobe
levels of the pulse obtained with the statistical information of
o.(T) are significantly higher. However, upon closer inspection
around the mainlobe, it is evident that the SACF value near
the mainlobe is minimized. This is because the weight o.(7)
near the mainlobe is much higher than in regions far from
the mainlobe. Consequently, the optimal solution to the WISL
minimization problem trades sidelobe levels for a lower SACF
value around the mainlobe to maintain a low WISL. This
suggests that the optimal pulse patterns with and without SI

considerably differ from each other. Figures 5c displays the
normalized WISL versus the bit rate for the RRC pulse and
the optimized pulse obtained by solving the pulse optimization
problem for different 3 with and without SI. Even without SI,
the Nyquist-ACF-QP problem effectively reduces the WISL.
However, a performance gap remains between the cases with
and without SI, underscoring the importance of considering
SI. Analogous to Figure 4b, a difference in sensing perfor-
mance emerged between the pulse generated by solving the
Nyquist-ACF-QP problem and the one from the general WISL
minimization solution, attributed to a minor ISI tradeoff.

Figure 6 presents the Range-Doppler maps measured by
ISAC signals with RRC pulse, the optimized pulse, and
the symbol sequence without pulse shaping, as depicted in
Figures 6a, 6b, and 6c, respectively. The experimental setup
includes three targets positioned at 22m, 32m, and 63m,
with reflection coefficients of 1, 0.8, and 0.5, respectively.
As illustrated in Figure 6a, the peak corresponding to the
second target is obscured by the peak of the first target
when shaped by the RRC pulse. In contrast, this occlusion
is absent in Figure 6b, demonstrating the superior resolution
of the optimized pulse. Furthermore, Figure 6¢ underscores
the critical importance of pulse shaping, as the resolution of
the Range-Doppler map is significantly reduced when only the
symbol sequence is considered, resulting in the failure of the
target detection.
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Fig. 7. Range RMSE versus SNR for the RRC and the optimized pulse

obtained by solving the Nyquist-ACF-QP problem without SI and with
B = 0.3, compared to using only the symbol sequence without considering
pulse shaping.

Figure 7 illustrates the range Root Mean Square Error
(RMSE) as a function of Signal-to-Noise Ratio (SNR) for
the ISAC signal shaped by the RRC pulse and the optimized
pulse, where the latter is attained by solving the Nyquist-ACF-
QP problem without SI for § = 0.3. The ranging results are
compared to a scenario utilizing solely the symbol sequence
without considering pulse shaping. The experiment considers
two targets located within the range intervals [18m, 27m]
and [32m, 41m], with reflection coefficients set at 1 and 0.8,
respectively. The results demonstrate that relying exclusively
on the sampled symbol sequence for range localization results
in imprecise range estimation due to insufficient resolution
and the off-grid nature of the target ranges. Additionally,
Figure 7 indicates that the optimized pulse achieves superior
ranging accuracy when targets are in close proximity. This
is particularly evident when the distance between the targets
falls within the first sidelobe region of the pulse, where the
SACF values of the optimized pulses are significantly lower
than those of the RRC pulses.

VII. CONCLUSION

In this paper, we introduce a novel SWiPS design for
single-carrier ISAC system, addressing the challenges of inte-
grating sensing-oriented performance metrics into the SWiPS
framework. We established the relationship between the AF
of the frame signal and that of the pulse, and analyzed the
statistical properties of the AF. We formulated the ISL and
WISL to evaluate the ambiguity characteristics and presented
an advanced sensing input-output model that incorporates
SI, providing a more comprehensive performance indicator.
To optimize the SWiPS design, we developed algorithms
utilizing the SCA and ADMM to solve the ISL/WISL
minimization problem. Our numerical results validated the the-
oretical analysis, and demonstrated that the proposed SWiPS
design significantly reduces ranging ISL/WISL, compared to
traditional RRC pulse shaping, while maintaining commu-
nication bit rate and desired signal properties. Our future
work may involve extending the concept of SWiPS design
to multi-carrier systems, which has the potential to improve
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both range and Doppler ambiguity characteristics, as opposed
to the marginal improvements observed in the Doppler domain
in this paper. Moreover, our analysis assumes that the symbols
in the sequence are i.i.d. However, employing techniques such
as channel coding results in symbols within the entire frame
not being i.i.d. Extending the proposed method to scenarios
where symbols are dependent merits future investigation.
Furthermore, the influence of various clutter models on the
optimization of pulse shaping can be examined, and it is
possible to tailor optimal pulses for specific scenarios.

APPENDIX A
PROOF OF PROPOSITION 1

Recall that in Assumption 2 we have E {s,,s%,} = 0 for all
instances where n # m and that in Assumption 3 we have
E {|sn\2} = 1,Vn, thus we have

L-1

b(r,w) Y e (78)

n=0

L-1
E{xs(r,v)} = Z Vo (T, V) =

L-1 L-1
E{xc(r,v)} =E Z Z Sn S Wn.m (T, 1)
n=0 m=0m#n

L-1 L-1

23

n=0 m=0,m#n

E{sns;,} nm(m,v) =0.
(79)

Recall that in Assumption 1 we have E {s,,} = 0,Vn. Thus
for any tuple (n',n,m) where n # m, we have that

E{\sn/|2s;§sm}
E |5n|2s;’;}E{sm}:0,
E |sm|2sm}IE{sn}*:07

E{lsw P} Efsn} E{sm} =0, ' #mn’ £n.
(80)

n' =n #m,

n' =m #n,

Then according to (74), shown at the top of the next page, we
have E {x;s(7,v)x%(m,v)} = 0.

APPENDIX B
PROOF OF PROPOSITION 2

By the independence between different symbols, we have

]E{|sn|2 |sm|2} :E{|sn|2}E{|sm|2} —1,Yn # m.
81)

Given (75), shown at the top of the next page, and the
condition E {\sn|4} = pa,Vn, we conclude that (20) holds.

Recall that in Assumption 1 we have E { 5%} = 0,Vn. Thus
for any tuple (n,m,n’,m’) where n # m,n’ # m, we have

E{s} smsy Sm'}

|

]E{|sn|2}E{\sm|2}:1, n=n',m=m'n#m,
E{si}E{sn} =0, n=m',m=n',n#m,
(82)
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Then according to (76), shown at the top of the page, APPENDIX C
and the fact that [¢y, ., (T, VP = [(r + (m—n)T,v), PROOF OF PROPOSITION 3
we have The conditional (given the symbols) mean square value of
L-1  L-1 ) X(r,v), under the WSSUS assumption, is writen as (77),
D{x.(r,v)} = Z Z (7 + (m —n)T,v)| shown at the top of the page, whose value at (0,0) is:

- E [|X(0,0)|*s0:1—1] = a(\, =\, —p)|2dXdp.
Z ) (6 — T+ [ T2 ). 10,0 s0] = [ [ o mlx(-A ) -

(83) By using the fact that |x(—X\, —p)| = |x(A, p)| and averaging

Thus we conclude that (21) holds. The variance of the AF can  °Ver the symbols, we thus obtain

be expressed as
E[|X(0,0)| oA wE [\, )] drdu. (86)
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