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Abstract

This paper presents a trajectory generation algorithm for a three-dimensional (3D) biped robot that can adjust the
center of mass (CoM) according to the environment. We adopt a new abstract model that supports vertical motion and
rotation. Differing from traditional abstract models, the proposed full centroid dynamics inverted pendulum model
fully considers the robot’s movement and rotation. Unlike the zero moment point (ZMP), which only ensures the feet
do not flip over, we also propose a new additional stability criterion, named zero frictional moment point (ZFMP),
guaranteeing no yaw rotation while walking. Next, a nonlinear model predictive control is designed to generate the
CoM trajectory, torso rotational angle, and adaptive footholds to induce various biped gaits. A full-dynamics 3D
humanoid robot is simulated to test the proposed method while steering, walking underneath a low door, and walking
with disturbances.

Keywords: 3D biped robot, full centroid dynamics inverted pendulum, nonlinear model prediction control, zero
frictional moment point, variable CoM height.

1. Introduction

The control of a biped robot is challenging mainly due to its hard-to-stabilize dynamics. Compared to other
mobile systems, e.g., wheeled or tracked robots, biped locomotion involves another complexity: the hybrid nature of
stepping where the continuous model changes in each phase [1]. First, the fact that the biped robots can only have
unilateral constraints with the environment leads to difficulty in balancing them [2]. Moreover, associated timing and
the coordination control of redundant joints are other essential topics in controlling biped robots [3]. Beyond these,
the robustness of biped locomotion is far achieved [4], leading to the fact that most of the existing robot biped walking
is clunky and unnatural; thus, the main challenges are being human-like, energy-efficient, versatile, and of course,
agile as humans [5, 6]. However, simplified models are widely used for computational convenience [1], resulting in
unnatural center of mass (CoM) cycles. Lack of crucial dynamics of the biped robot, e.g., angular momentum, results
in poor walking robustness [7, 8]. Nowadays, biped robot locomotion is still far from the human level.

One of the earliest simplified models that roughly describes biped locomotion is the inverted pendulum (IP) [9]
with a fixed-length leg. In our previous works, we proposed a biped locomotion method with minimal energy [10],
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variable speed [11], and torso swing [12] to generate natural biped walkers inspired by IP. However, numerical inte-
gration is unavoidable. Based on IP, Kajita et al. proposed the linear inverted pendulum (LIP) [13]. With additional
zero moment point (ZMP) control [14], many position-controlled humanoid robots can walk stably through inverse
kinematics. Nevertheless, it should be noted that humanoid robots using LIP usually have to crouch their knees to
keep the CoM at a constant height [1, 2, 5]. The vertical condition of the robot can affect its balance ability and energy
efficiency, e.g., it is easier to balance when the CoM is lower, and improve walking robustness by briefly raising the
height of the CoM [15, 16].

There are various abstract models: Figure. 1 shows the prevailing simplified model nowadays. Apart from the
models developed from IP, there are other nonlinear multi-link pendulums such as 7-link model [17]. These models
are more accurate and allow for the vertical motion. Their distinguishing feature lies in the addition of links repre-
senting the limbs for geometric similarities, resulting in a higher number of degrees of freedom (DoFs) and increased
complexity in the models. Currently, these models primarily focus on the planar motion of robots. The previously
mentioned categories primarily explore energetic and geometric similarities. Another category, centered around the
spring loaded inverted pendulum (SLIP) [18], delves into additional aspects such as ground reaction force (GRF)
and elastic behaviors. The vertical motion is also allowed. To capture the characteristics of human walking more
accurately, a torso is incorporated into the SLIP [19], and a passive spring is introduced to the hip joint [20]. The
most distinctive feature of such models is the utilization of springs to simulate human muscles, enabling the storage
and release of energy. In this paper, however, the elastic behaviors and energy storage are not investigated. Another
class of models [21, 22, 23, 24], evolving from the IP, focuses on the primary characteristics of human walking,
such as the shifting of the CoM and the movement of the torso. The motion of the torso rotation is beneficial to
improving the stability and efficiency of walking [12]. More importantly, the rotation motion of the torso cannot be
neglected in the implementation of complex locomotion, such as bending underneath an obstacle and turning. Indeed,
the multi-link model may well describe the dynamics of biped locomotion. However, finding a periodic gait for such
a multidimensional model is complex and computationally expensive. For real-time biped control, simplified mod-
els are instrumental in producing locomotion [2]. However, for dealing with variable CoM height locomotion and
effective steering, a new reliable simplified model is suggested to abstractly determine the overall dynamics.

In this paper, we introduce a full 3D template model named full centroid dynamics inverted pendulum (FCDIP),
which can perform flexibility and adaptability while navigating a complex world. The model helps to produce more
natural motions in different scenarios, resembling human locomotion. FCDIP comprises two mass-less legs and a 3D
rotating flywheel that mainly captures torso translational and rotational motion, as shown in Fig. 1. The torso accounts
for most of the robot’s mass and inertia. Therefore, capturing the main characteristics of the torso can approximately
describe the dynamics of the biped robot [25]. Compared to LIPF [21] and VIP [23]/NIPF [24], FCDIP not only sup-
ports vertical motion but also specifically accommodates the yaw motion of the torso. This is in line with observations
regarding human walking, where the height of the pelvis changes with time and describes approximately an arc when
walking, to keep the mechanical energy of the torso, i.e., the sum of potential and kinetic energy, constant [26]. Some
results also showed that the variable CoM height could improve the robot’s walking ability, e.g., disturbance recovery
capacity [16]. Moreover, the yaw dynamics of the torso of the robot are also important, especially while steering or
running [27]. In FCDIP, the vertical and yaw dynamics are considered, therefore, it can generate more natural biped
locomotion and perform more tasks. In brief, the FCDIP is an advanced version developed from LIP and LIPF. More-
over, we aim to explain the stable conditions of yaw motion as ZMP does in a straight motion. A new criterion (or
constraint) named zero frictional moment point (ZFMP) is proposed for yaw motion stability. The ZFMP is defined as
the point where the vertical component of the moment of the GRF becomes zero. With ZMP and ZFMP constraints,
the nonlinear model predictive control (NMPC) automatically generates the biped locomotion trajectory, allowing the
robot to perform the tasks without falling. Usually, it is challenging to complete nonlinear optimization effectively,
but the closed-form formulation allows the gradient and the Hessian of the SQP to be calculated numerically in this
case. In comparison to NMPC implementations in other studies, such as those by Heerden [16], Ding et al. [24], and
Negri et al. [28], the inclusion of the FCDIP and ZFMP constraint within NMPC allows for the execution of additional
tasks for biped robots, such as stable steering.

The FCDIP is a six-dimensional model that allows 3D translation and rotation. However, a complicating factor
here is that the horizontal and vertical motion is coupled in ZMP dynamics, resulting in the dynamics being nonlinear.
In this paper, unlike other typical linear ZMP dynamics strategies [13, 30, 31, 32], we treat the ZMP constraint
as a quadratic constraint instead of the linear constraint for including the vertical CoM motion. Then, the related
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[9] [13] [17] [29]
name IP LIP 7−link model −

3D + + − +

torso − − + −

variable height + − + +

yaw − − − −

[2] [18] [19] [20]
name 3LP SLIP TSLIP FMCH
3D + − − −

torso + − + +

variable height − + + +

yaw − − − −

[21] [22] [23, 24] proposed-model
name LIPF VHIP VIP/NIPF FCDIP
3D + + + +

torso + − + +

variable height − + + +

yaw − − − +

Figure 1: Different abstract models introduced in the literature for walking. For models without swing dynamics, we treat the swing leg in a grey
colour. We point out some important features such as the 3D model, inclusion of the torso, variable CoM height and yaw motion. Note that, some
models are only in 2D while some are in 3D. Some linear models do not allow the vertical motion for dynamics decoupling, such as LIP. Many
of these models do not include the torso or do not allow for torso yaw, however, FCDIP can describe the roll, yaw and pitch motion of the robot.
Overall, FCDIP offers more DoFs that do not exist in other abstract models, particularly, it includes the yaw motion.
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optimization can be expressed in closed form as a nonlinear constrained quadratic program other than a quadratic
program. As a result, the CoM trajectory, torso angle, and footholds are formulated through the NMPC framework
with the sequential quadratic program (SQP) strategy. SQP is a well-known strategy in the aviation and vehicle
industry for solving nonlinear constraints issues, and some results for the humanoid robot have been detailed in
[28, 33].

Currently, most of the work in biped locomotion using ZMP does not deal with variable-height walking. Besides,
the yaw motion is independent of the ZMP, i.e., the ZMP cannot guarantee yaw stability. According to the ZMP
criterion [14], ZMP only guarantees that the feet cannot be rolled over, but it cannot affirm the presence of the yaw
rotation motion of the feet. To avoid the rotation and slipping of the support sole due to the insufficient friction moment
between the support foot sole and the floor, a few works have been discussed for yaw moment compensation [34,
35, 36, 37, 38, 39, 40, 41]. Among them, to suppress the yaw moment, the upper body motion, e.g., arms swing
motion [36, 38] and waist rotation motion [34, 35, 38, 39], is controlled for yaw compensation. However, it needs
extra operation for the precise motion of the waist and arm for yaw moment compensation. In [41], a bevel-geared
mechanical bioinspired robotic foot was presented to emulate the rotational motions of the human subtalar and oblique
midtarsal joints. From their proposed figures of the foot, so many DoFs result in an extremely complex structure. More
importantly, few of them have discussed the actual friction on the soles of the feet detailedly. Zhu et al. [42] explained
the real friction, including the vertical frictional moment in biped walking. The mechanism of slipping with rotation
was also introduced. Regrettably, the yaw stability criterion was not discussed. In [36], similar to [42], the nature of
the ZMP and yaw moment is explained. Moreover, a threshold is set for that if the angular momentum mostly exceeds
the predefined threshold, the residual motion of the links is triggered to slow down by the compensation. However,
the rule for setting the threshold was not specified. This threshold is, in a sense, a constraint. In this paper, the yaw
motion stability constraint is explained to address the limitations of ZMP.

With the above considerations in mind, the main contributions of this work are listed below.

• A new 3D biped abstract model is proposed. The proposed model allows six dimensional motion, including
three dimensional translation and three dimensional rotation. In particular, it accounts for vertical translation
and rotation which are often overlooked in other locomotion research [3, 19, 24].

• A new additional stability criterion, the ZFMP, is introduced. The ZFMP is proposed to guarantee stable natural
steering without foot yaw rotation.

The remainder of this paper is structured in the following manner. In Section 2, we introduce the dynamics of
FCDIP. Then, the nonlinear ZMP dynamics and ZFMP are explained. Section 3 presents the trajectory generation
method using NMPC to obtain stable locomotion. Moreover, the SQP is also explained. Some simulations, e.g.,
walking underneath the low door and steering, are reported in Section 5. Section 6 provides the discussion and
conclusion.

2. FCDIP dynamics

This section is devoted to simplifying the biped robot mathematical model and introducing the proposed FCDIP
model. Moreover, its stability criterion will be discussed.

2.1. Evaluation of the FCDIP

Traditionally, the biped robot can be approximated easily as an imaginary 3D LIP, which consists of the CoM and
a massless leg connecting the CoM and the supporting point. Later, this model is extended to LIPF with rotational in-
ertia. With the acceleration of the CoM and angular momentum stored in the flywheel, the ZMP location’s coordinates[
px, pz

]T
∈ R2 is given as [21]

px = cx −
cy

g
c̈x −

L̇z

mg
, (1)

pz = cz −
cy

g
c̈z +

L̇x

mg
, (2)
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where
[
cx, cz

]T
∈ R2 are the CoM’s coordinates in the horizontal plane, cy ∈ R represents the vertical height of the

CoM,
[
Lx, Lz

]T
∈ R2 denotes the angular momentum’s coordinates around the x - and z-axes, respectively, m > 0

is the mass, and g ≃ 9.81 m/s2 is the gravity acceleration. Herein, to deal with variable CoM’s height due to the
variable-height base, the friction force coordinates,

[
fx, fz

]T
∈ R2, and the ZMP location (see Fig. 2) can be expressed

as
fx = mẍ, fz = mz̈, (3)

px = cx −
cy − sy

c̈y + g
c̈x −

Jzθ̈z

m
(
g + c̈y

) , pz = cz −
cy − sy

c̈y + g
c̈z +

Jxθ̈x

m
(
g + c̈y

) , (4)

where sy ∈ R is the height of the support polygon,
[
Jx, Jz

]T
∈ R2 is inertia around the x - and z-axes, respectively, and[

θx, θz
]T
∈ R2 is the roll and pitch angles of the torso, respectively.

GRF
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y
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xCMP

x

xZMPxCoM

zL

Sy
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(a) Sagittal plane motion
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(b) Coronal plane motion

Figure 2: ZMP dynamics on the uneven terrain. If the configuration of the foot is rectangular, ZMP should be within the red line in each plane.

For stable walking without foot rotation, the ZMP should be inside the support polygon [14], which is determined
by the geometry of the supporting feet.

2.2. ZFMP for yaw motion stability

The ZMP expression in (4) appears independent from the yaw motion. Consider the condition of the single support
phase: according to the definition of the ZMP [14], this is the point where the moment of the horizontal component
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Figure 3: GRF in 3D

of the GRF becomes zero, as shown in Fig. 3, then

px =

∫
S xρ(x, z)dS∫
S ρ(x, z)dS

, (5)

pz =

∫
S zρ(x, z)dS∫
S ρ(x, z)dS

, (6)

where ρ(x, z) is the pressure over the surface of the sole, S . In other words, the ZMP is equivalent to the center of
pressure (CoP), p =

[
px, py, pz

]T
∈ R3. Let τp =

[
τpx τpy τpz

]T
∈ R3 be the ground reaction moment around the

ZMP, where τpx = 0, τpz = 0, and the vertical component equal to

τpy =

∫
S
{(x − px)σz(x, z) − (z − pz)σx(x, z)} dS . (7)

In the previous section, we pointed out that the motion in the sagittal and coronal planes can determine the friction
forces and the ZMP location. In the translation direction, the resultant friction force must be inside the friction angle
to avoid the slide. Besides, the vertical moment generated by the friction cannot be an arbitrary value in practice as
the contact surface is geometrically bounded. That is, it must have a threshold. According to Newton’s law, the yaw
motion of the robot generates the vertical component of the ground reaction moment at the ZMP, and the force/moment
applied by the robot to the ground can be obtained by

f p = m(g − c̈), (8)

τp = −L̇c + m(c − p) × (g − c̈), (9)

where Lc =
[
Lx, Ly, Lz

]T
∈ R3 ∈ R3 denotes the angular momentum about the CoM, c =

[
cx, cy, cz

]T
∈ R3 is the full

CoM location, g =
[
0,−g, 0

]T
∈ R3 is the gravity vector, and the symbol × denotes the vector product. Herein, we

propose a new indication point, the ZFMP, which represents the point where the vertical moment becomes zero thus
complementing the standard ZMP criterion. Indeed, tribology, as a scientific discipline, has a long history of research.
However, it is not fully understood yet due to its complexity [43]. Here, thanks to the simplification of the robot in
FCDIP, the friction force is determined by the horizontal motion of the CoM. If the CoM lacks rotational moment, the
GRF should pass directly through the CoM, and ZFMP should be at the intersection of the GRF and the ground in the
horizontal plane. ZFMP starts to move when the CoM experiences a rotational moment. The maximum movement is
constrained by the support polygon formed by the foot and the ground, reaching the maximum yaw moment once it
moves to the edge of the foot. Thus, the ZFMP must be on the line expressed as

mc̈zx − mc̈xz + L̇y − mc̈zcx + mc̈xcz = 0. (10)
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Friction

yL

P

ZFMP

( , )sn spw l

( , )sp snw l

Figure 4: The friction force and moment are applied to the foot. The friction force must be within the scope between the two dashed arrows to
avoid foot yaw rotation. At any point on the blue dashed line, the friction moment is zero. However, only some of the points on the blue dashed
line are within the support polygon formed by the foot and the ground. To further determine the position of ZFMP, we take the two points farthest
from the vertical distance on both sides of the friction force at the ankle. Then, we connect these two points with a line, represented by the red
dotted line. The intersection of the blue dotted line and the red dotted line indicates the location of ZFMP. Note that, the upper and lower bound of
the support polygon’s length and width in this case is obtained by the two point.

Figure 4 illustrates how to determine ZFMP at the case of the components of friction in the x and y directions are
both positive or negative. Given the upper and lower bound of the support polygon’s length lsp, lsn ∈ R and width
wsp,wsn ∈ R, the diagonal line of the support polygon is

z − lsp

lsn − lsp
−

x − wsn

wsp − wsn
= 0. (11)

Here, we specify the ZFMP is the intersection of the two lines. Then, the ZFMP could be expressed as

x =
(

c̈z

c̈z − c̈xkd

) (
c̈x −

c̈x (cz − bd)
c̈z

−
L̇y

mc̈z

)
, (12)

where kd =
(
lsp − lsn

)/(
wsp − wsn

)
and bd = lsp − kdwsn.

The ZFMP must lie in the support polygon for stable walking without sliding. Hence, taking components of
friction in the x and y directions are both positive or negative as an example (Fig. 4), the yaw moment must satisfy the
constraint as follows

wsnmc̈x − lspmc̈z ≤ L̇y ≤ wspmc̈x − lsnmc̈z, (13)

3. Optimization based on NMPC

In this section, we formulate an NMPC problem to find stabilizing locomotion for the robot. The controller inputs
are the jerks of the six-dimensional motion of the CoM and footholds.

3.1. Definitions and common nomenclature
Assume the CoM motions to have piece-wise constant jerks ...

c w ∈ R and
...
θ w ∈ R over time intervals of constant

length T > 0. In this paper, the x − z plane is the horizontal plane and the y axes are the vertical direction. The letter
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w is used to succinctly represent the symbols x, y, or z in equations that apply to different axes. Hence, w ∈ {x, y, z},
and the corresponding dynamics of the CoM at discrete time tk = kT , with k ∈ Z, are

ĉw
k+1 = ĉw(tk+1) = Aĉw(tk) + B ...

c w (tk) ,

θ̂
w
k+1 = θ̂w(tk+1) = Aθ̂w(tk) + B

...
θ w (tk) ,

(14)

with

ĉw
k =

 cw (tk)
ċw (tk)
c̈w (tk)

 , θ̂
w
k =

 θw (tk)
θ̇w (tk)
θ̈w (tk)

 , (15)

and

A =

 1 T T 2/2
0 1 T
0 0 1

 , B =

 T 3/6
T 2/2
T

 . (16)

Let c̃w
k =

[
cw

k+1, · · · , c
w
k+Nh

]T
∈ RNh and θ̃

w
k =

[
θw

k+1, · · · , θ
w
k+Nh

]T
∈ RNh be the CoM translation and rotation

trajectories at either coordinate over Nh > 0 time intervals of the discretized system, respectively. Hence, the CoM
translation trajectory vector can be defined as χk =

[
c̃x

k ; c̃y
k; c̃z

k

]
∈ R3Nh . To ease the notation, we use the compact form

[a; b]T =
[
aT, bT

]T
, where a, b are to generic vectors, to stack vectors in column. Similarly, let ϑk =

[
θ̃

x
k ; θ̃

y
k; θ̃

z
k

]
∈ R3Nh

be the rotational angle vector. Assume there are M support phases, i.e., the left, right or double support of the robot’s
feet, involved in the Nh predicted time steps. Let f w

k =
[
f l−w
k+1 , · · · ; f l−w

k+M , f r−w
k+1 , · · · , f r−w

k+M

]T
∈ R2M where f l−w

k+i ∈ R and
f r−w
k+i ∈ R are the left and right foot locations at either coordinate during the i-th support phase which belongs to the

locomotion at the time k, respectively. As a result, the foot location vector can be defined as Fk =
[
f x

k ; f y
k; f z

k

]
∈ R6M

Finally, the input vector at time k, uk ∈ RNt , with Nt = 6Nh + 6M, is expressed as

uk =
[ ...
χ k;

...
ϑ k; Fk

]
=

[ ...c x
k ;

...c y
k;

...c z
k;

...
θ

x
k ;

...
θ

y
k;

...
θ

z
k; f x

k ; f y
k; f z

k

]
. (17)

Besides, let Sw
f ∈ R2M×Nt , Sw

θ ∈ RNh×Nt , Sw
j ∈ RNh×Nt , and Si ∈ R1×Nh be the selection matrices to extract the foot

location and CoM jerk from the input vector

f w
k = Sw

f uk, (18)
...
θ

w
k = Sw

θ uk, (19)
...c w

k = Sw
j uk, (20)

...
c w

k+i = Si
...
C w

k . (21)

Using (14) recursively, the position, velocity and acceleration of the CoM at time k + i can be expressed as

cw
k+i = Si Pps ĉw

k + Si PpuSw
j uk,

ċw
k+i = Si Pvs ĉw

k + Si PvuSw
j uk,

c̈w
k+i = Si Pas ĉw

k + Si PauSw
j uk.

(22)

Similarly, the conditions of the rotational angle are given as

θw
k+i = Si Ppsθ̂

w
k + Si PpuSw

θ uk,

θ̇w
k+i = Si Pvsθ̂

w
k + Si PvuSw

θ uk,

θ̈w
k+i = Si Pasθ̂

w
k + Si PauSw

θ uk.

(23)

The matrices Pps, Pvs and Pav ∈ RNh×3 and Ppu, Pvu and Pau ∈ RNh×Nh introduced here are determined directly from
the recursive application of the CoM dynamics. The detailed expression of these matrices are shown in the Appendix
A.
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3.2. Optimization objective formulation

To obtain a smooth trajectory with low energy consumption, the jerks χ̈k and ϑ̈k need to be minimized for stable
walking over a prediction time horizon of NhT with the tacking of the reference positions and angles given by χre f

k =

[c̄x
k ; c̄y

k; c̄z
k] and ϑre f

k = [θ̄x
k ; θ̄y

k; θ̄z
k], respectively. Besides, to minimize the errors between the desired and actual foot

locations as well as between the velocity of the CoM, the following cost function is designed

min
uk

αp

2

∥∥∥∥χk − χ
re f
k

∥∥∥∥2
+
αv

2

∥∥∥χ̇k

∥∥∥2
+
α j

2

∥∥∥ ...
χ k

∥∥∥2
+
βp

2

∥∥∥∥ϑk − ϑ
re f
k

∥∥∥∥2

+
βv

2

∥∥∥ϑ̇k

∥∥∥2
+
β j

2

∥∥∥ ...
ϑ k

∥∥∥2
+
γ

2

∥∥∥∥Fk − Fre f
k

∥∥∥∥2
.

(24)

This optimization formulation with some constraints, namely, the quadratically constrained quadratic programming
(QCQP), can be expressed canonically as[16, 30, 31]

min
uk

ψ (uk) = uT
k Quk + qT

k uk

s.t.
hi (uk) ≤ 0,

hnl,i (uk) = uT
k Piuk + pT

i uk + σi,

hl,i (uk) = vT
i uk + ρi, 1 ≤ i ≤ Nk,

(25)

where hi (uk) represents an inequality constraint later detailed, hnl,i (uk) and hl,i (uk) are the nonlinear and linear con-
straints, respectively; Pi ∈ RNt×Nt , pi ∈ RNt and σi ∈ R are parameters specifying the nonlinear constraints; similarly,
vi ∈ RNt and ρi ∈ R are parameters specifying the linear constraints; αp, αv, α j > 0 and βp, βv, β j > 0 are the position
tracking, velocity, and jerk penalty terms of the CoM translation and rotation motion, respectively; γ > 0 is the foot-
tracking penalty term. These penalties are positive so that the Hessian matrix Q ∈ RNt×Nt is positive-definite, and Q
can be formulated in the following quadratic form

Q = blkdiag
(
ψx,ψy,ψz,φx,φy,φz,ϕx,ϕy,ϕz

)
,

ψw =
α j

2
INh×Nh +

αv

2
PT

vu Pvu +
αp

2
PT

pu Ppu,

φw =
β j

2
INh×Nh +

βv

2
PT

vu Pvu +
βp

2
PT

pu Ppu,

ϕw =
γ

2
I2M×2M ,

(26)

where blkdiag (x) construct a block diagonal matrix. The vector qk ∈ RNt in (25) is expressed as

qk =



αpx PT
pu Pps ĉx

k + αvx PT
vu Pvs ĉx

k − αpx PT
pu c̄x

k
αpy PT

pu Pps ĉy
k + αvy PT

vu Pvs ĉy
k − αpy PT

pu c̄y
k

αpz PT
pu Pps ĉz

k + αvx PT
vu Pvs ĉz

k − αpz PT
pu c̄z

k
βpx PT

pu Ppsθ̂
x
k + βvx PT

vu Pvsθ̂
x
k − βpx PT

puθ̄
x
k

βpy PT
pu Ppsθ̂

y
k + βvy PT

vu Pvsθ̂
y
k − βpy PT

puθ̄
y
k

βpz PT
pu Ppsθ̂

z
k + βvx PT

vu Pvsθ̂
z
k − βpz PT

puθ̄
z
k

−γx f̄ x
k

−γy f̄ y
k

−γz f̄ z
k


. (27)

The detailed processes of derivation to obtain Q and qk are shown in Appendix B.
The reference footholds

[
f̄ x

k ; f̄ y
k, f̄ z

k

]
according to environmental conditions needs to be supplied in advance. Simi-

larly, the user should also supply the reference height of the CoM and the rotational angle of the torso. To simplify the
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calculation, the CoM reference position is associated with the central position of the supporting foot of each period,
i.e., the foothold of each period

c̄w
k =

[
c̄w

k+1, . . . , c̄
w
k+Nh

]T
= USw

f cuk, (28)

where U ∈ RNh×2M is a selection matrix mapping the left and right footholds at the different phases into the support
polygon centers over the prediction horizon of length NhT . Here, we take the prediction time, which just successively
includes the single support of the left foot, the double support, and the single support of the right foot, as an example.
The U can be expressed as

U =



11×msp 01×ndp 01×msp

01×msp 0.51×ndp 01×msp

01×msp 01×ndp 01×msp

01×msp 01×ndp 01×msp

01×msp 0.51×ndp 01×msp

01×msp 01×ndp 11×msp



T

, (29)

where 11×msp and 0.51×ndp are a 1 × m row vector filled with ones and a 1 × n vector row filled with 0.5, respectively;
while msp and ndp are determined by the single and double support duration, tsp and tdp, as

tsp = mspT,

tdp = ndpT.
(30)

3.3. Feasibility constraints

To ensure the feasibility of the generated gait, the feasibility constraints, that is, ZMP and ZFMP stability con-
straints, foothold range limitations and hip torque limitations need to be considered.

3.3.1. ZMP constraints with variable CoM height
According to the ZMP criterion [14], the ZMP needs to be inside the support polygon to guarantee that the biped

robot’s locomotion is physically reliable. Here, we take the ZMP in the x-direction as an example

cx
k+i + lsn ≤ px

k+i ≤ cx
k+i + lsp. (31)

Here, we just consider the upper bound of the ZMP constraint while multiplying (c̈k+i + g) and substitute (3) into (41).
Then, we obtain the following quadratic constraint

cx
k+ic̈

y
k+i + cx

k+ig − cy
k+ic̈

x
k+i + s̄y

k+ic̈
x
k+i −

Jz

m
θ̈z

k+i − s̄x
k+ic̈

y
k+i − lspc̈y

k+i − s̄x
k+ig − lspg ≤ 0. (32)

The lower bound of the ZMP can be considered similarly: substituting (18) into (32) and collecting the terms and
kneading them into a neat frame, the ZMP constraints in (25) can be expressed as

ηi,x =
(
Sx

j

)T
PT

puST
i Si PauSy

j −
(
Sy

j

)T
PT

puST
i Si PauSx

j +
(
Sx

j

)T
PT

auST
i SiUSy

f −
(
Sy

j

)T
PT

auST
i SiUSx

f ,

pT
i,x = −lspSi PauSy

j + gPpuSx
j −

Jz

m
Si PpuSz

θ + gSiUSx
f +

(
ĉx

k

)T
PT

psS
T
i Si PauSy

j

+
(
ĉy

k

)T
PT

asS
T
i Si PpuSx

j −
(
ĉx

k

)T
PT

psS
T
i Si PauSx

j −
(
ĉx

k

)T
PT

asS
T
i Si PpuSy

j

+
(
ĉx

k

)T
PT

asS
T
i SiUSy

f −
(
ĉy

k

)T
PT

asS
T
i SiUSx

f ,

σi,x = gSi Pps ĉx
k −

Jz

m
Si Pasθ̂

z
k − lspSi Pas ĉy

k − lspg + ĉx
k PT

psS
T
i Si Pas ĉy

k − ĉx
k PT

asS
T
i Si Pps ĉy

k.

(33)

These equations should be computed in parallel at each time step. To obtain the gradient or Hessian of the quadratic
constraint form, i.e., uT

k Pi,xuk + pT
i,x + σi,x, it is necessary to find the symmetric matrix Pi,x. However, ηi,x determined
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in (33) is not symmetric. Since any square matrix can be decomposed in the sum between a symmetric and a skew-
symmetric matrix, the symmetric matrix Pi,x can be obtained by the following operation

Pi,x =
1
2

(
ηi,x + η

T
i+x

)
, i = 1, . . . ,Nh. (34)

As a result, the upper bound of ZMP in the x-direction is added, the lower bound can be obtained by replacing lsp with
lsn and multiplied by −1.

This process can be repeated to establish the ZMP constraints in the y-direction.

3.3.2. ZFMP for no-yaw rotation sliding
In Sec.2, we have discussed the limitation of ZMP in biped locomotion stability since it only indicates two-

dimensional information of the GRF, while the dynamics of the CoM are six dimensions. Thus, we add the ZFMP
criterion to ensure no slips occur during the walk. Similarly, taking the situation in Fig. 4 as an example, we also
consider the upper bound of the ZFMP constraint while squaring (13), then we obtain the constraint as follows

Jy
k+iθ̈

y
k+i − wspmc̈x

k+i + lsnmc̈z
k+i ≤ 0. (35)

Here, we only take the upper and lower bounds in the single support phase as a simplification. Substituting (18) to
(35), the ZFMP constraints in (25) can be expressed as

vT
i = JySi PauSy

θ − wspmSi PauSx
j + lsnmSi PauSz

j,

ρi = JySi Pasθ̂
y
k − wspmSi Pas ĉx

k + lsnmSi Pas ĉz
k.

(36)

3.3.3. Constraints on the foot location
The actual foot landing point changes according to the current state, which is constrained by leg length, joint

angular velocity, self-collision, etc.. Thus, it needs to be constrained for physical realizability.
Let us assume, without loss of generality, that the left foot is the starting support foot in the prediction horizon,

followed by the double support phase and, finally, the right support one, respectively. Then, the following constraints
need to be implemented

flc(1) = flc(2), flc(2) = flc(3), frc(2) = frc(3). (37)

Note that the foot location in the current support phase no longer participates in optimizing

flc(1) = f ∗lc, frc(1) = f ∗rc, (38)

where f ∗lc and f ∗rc are the initial location of the left and right foot at the current support phase.
Next, due to the limitation of robot structure size and actuator ability, the walking parameters such as step length

and step width should be limited. Here, taking the foot location in the x-direction as an example, we can get the
constraint as follows

f min
x ≤ flx(i) − frx(i) ≤ f max

x , i = {1, . . . ,M}, (39)

where f min
x and f max

x are the lower and upper boundaries of the step size constraint.

3.3.4. Other constraints
1) CoM height constraint: to avoid overstretching of the leg, the CoM height should be constrained within a

reliable range. Similar to the ZFMP constraint, a linear constraint is applied as follows

ymin ≤ Si PpuSy
juk + Si Pps ĉy

k ≤ ymax, i ∈ {1, . . . ,Nh} , (40)

where ymin and ymax are the minimum and maximum CoM values, respectively.
2) Torso rotation angle and torque constraint: the rotation range of the torso is limited by the structure size and

driving ability. Taking the rotation of the torso around the x axis (the change of roll joint) as an example, the following
constraints are used

θx
min ≤ Si PpuSx

θuk + Si Ppsθ̂
x
k ≤ θ

x
max, i ∈ {1, . . . ,Nh} , (41)

τx
min ≤ Jx

(
Si PauSx

θuk + Si Pasθ̂
x
k

)
≤ τx

min, i ∈ {1, . . . ,Nh} , (42)

where θx
min and θx

max are minimum and maximum values of roll angle, respectively, τx
min and τx

max are the minimum and
maximum torques of the roll joint, respectively.
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yc

min

yc min

yc

Figure 5: Changes in the height of CoM during walking. The height of the robot’s CoM reaches the maximum in the single support phase and the
minimum in the double support phase.

3.4. Optimization for walk

3.4.1. SQP for linearization of QCQP
Once the QCQP in (25) is generated, it can be transformed to a SQP. The SQP we used here is quite simple. The

SQP linearizes the QCQP around the initial iteration point [44]

min
δ

1
2
δT
∇2

uk
(ψ (uk)) δ +

(
∇ukψ (uk)

)T δ

s.t(
∇uk hi (uk)

)T δ + hi (uk) ≤ 0,
i ∈ {1, . . . ,Nh} .

(43)

As a result, we can obtain a QP, and it can be solved easily via QP solver.

3.4.2. Optimal CoM height for walk
We note that the CoM height seems to be held on a constant value with the optimization of (25) since the opti-

mization always tries to minimize the jerks. It was found through experiments that the trajectory of the centroid height
of human walking was approximately a sine function [45, 46]. The height of the CoM reaches the highest point in the
single support phase and decreases to the minimum value in the double support phase. For simplification, we only set
the reference CoM height in the single and double support phases, c̄max

y and c̄min
y , to constant values by trial and error,

as shown in Fig. 5.
Figure 6 shows the detailed block diagram of our proposed method. Inputs to the planner are the actual and

reference CoM height, torso rotation angles and footholds. As a result, the proposed framework can find a reliable
solution for the robot to perform some given tasks. With the optimized CoM trajectory, torso rotational angle and
footholds, a singularity-tolerant inverse kinematics solver [47] is used to compute the joint trajectories.

4. Simulations

In this section, different scenarios are produced to evaluate the proposed NMPC applied to the FCDIP. All the
simulations are finished in Matlab/Simcape.

4.1. Modeling reality

The humanoid robot is developed and currently under construction in the Bionic Robotics Laboratory at SEU,
supported by the National Natural Science Foundation of China. The robot’s height is about 1.34 m (not including
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Figure 6: Planner block diagram. The blocks in the shaded area in the center of the figure applies to NMPC which consists of the abstract model,
FCDIP, and the SQP. After inputting the reference CoM height, rotational angles and foothold, the QCQP can be obtained with the discretization of
centroid dynamics. Next, the SQP approach linearizes the QCQP such that it would be a QP, the solution of QP, δ, is then used to update the input,
uk , via uk = uk + δ. Then, the footholds, CoM positions and rotational angles are updated via (22) and (23) with a timestep. Finally, the whole
procedure is repeated to generate the future trajectory.
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Table 1: Physical parameters of the robot.

Limb Mass /kg Inertia (simplification) /kg.m2 Size/m
Foot 0.214 [65.054 0 0;0 793.176 0;0 0 730.63] × 10−6 Length:0.22 Width:0.16 Height: 0.051

Shank 1.385 [13906.193 0 0;0 1797.345 0;0 0 13374.942] × 10−6 0.282
Thigh 3.305 [30502.901 0 0 ; 0 5065.5470 ; 0 0 27530.223] × 10−6 0.35
Pelvis 9.912 [30517.03 0 0 ; 0 48884.036 0 ; 0 0 6285.625] × 10−6 0.333
Waist 5.019 [45714.741 0 0 ; 0 7616.767 0 ; 0 0 46090.578] × 10−6 0.133
Torso 8.907 [52532.919 0 0;0 21641.936 0;0 0 40705.475] × 10−6 0.391

Scapula 0.312 [2378.86 0 0;0 2457.132 0;0 0 181.043] × 10−6 0.447
Arm 3.447 [165613.583 0 0;0 7700.712 0;0 0 160759.296] × 10−6 0.605

the head), and its mass is about 40 kg. It is designed to have a full-sized body with 23 deg. Herein, we will fix some
joints appropriately as needed. Table 1 provides the physical parameters which are derived from SolidWorks. In the
simulation, the robot joints are position-servo-controlled to track the trajectories generated by the NMPC and inverse
kinematics algorithm. The sampling time of the simulation is 0.0001s. The CoM is assumed to be set at the waist of
the robot. Besides, the walking surface is modelled as a nonlinear spring-damper system [48].

4.2. Case.1 Steering from the straight walking
To test the the effects of the proposed ZFMP, in the first set of experiments, the robot steers from straight walking.

Firstly, the robot begins to walk from standing still. The robot performs 10◦ turning in each step while steering. The
reference walking period and stride length are 0.5 s (20% for the double support phase) and 0.25 m, respectively. The
torso is expected to keep upright for stabilization; thus, the reference torso rotation angles are all set to zero. Besides,
the motion of the arm is described by a sinusoidal timing law characterised by the same frequency of the gait. This
choice has been made based on trials carried out to counteract the swing dynamics of the leg. The modulation is
visible in Video 1.
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Figure 7: The motion of the robot steers from straight walking.

The results are shown in Figs. 7-9. Figure 7(a) shows that the height of the CoM fluctuates around the desired
value. Besides, the robot can quickly reach the desired average speed, as shown in Fig. 7 (b). Figure 7 (c) records
the position of the robot’s foothold and the trajectory of its CoM. Empirically, it has been found that the path of a
human’s CoM while walking resembles a parabola [49]. The result also shows that the CoM moves back and forth
like a parabola between the left and right feet. In Fig. 8, the measured GRFs indicate there are larger landing impacts
during steering, which may be the reason that the ZFMP is sometimes not inside the support polygon (see Fig. 9).
The ZFMP is only outside the theoretical bounds for a few moments, not an extended period; therefore, there is no
significant rotational slippage on the feet. Here, it should be noted that the upper and lower boundaries of the ZFMP
are determined only by the geometry of the support polygon in the single support phase.
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Figure 8: GRFs during walking (top: left foot, bottom: right foot).
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Figure 9: ZFMP during the walking.

To further reflect the necessity of our ZFMP in steering, we input an extreme reference trajectory, turning 90◦ in a
single step. Next, the robot is tested with and without the ZFMP constraints. As shown in Fig. 10, due to the ZFMP
constraints, the robot cannot execute a 90-degree turn in a single step. During a steering, a significant yaw moment
is eliminated to prevent the ZFMP from moving outside the support polygon. Therefore, the robot must navigate a
90-degree turn by executing several small-angle turns.(see Fig. 10(a)). Conversely, not enforcing the ZFMP constraint
may cause instability and even falling, as shown in Figs 10 and 11. Figure 10(c) shows that the hip yaw torque is
limited between about −20 Nm and 20 Nm with ZFMP constraint while the hip yaw torque is much higher without
ZFMP constraint. In Fig. 10(a), the dotted line is the foot location after its rotation. Figure 11 shows the time instant
when rotation and sliding occur. The results indicate the importance of the ZFMP constraint during sharp turning.
Note that, if the dynamics of yaw motion and ZFMP are not considered, FCDIP degenerates into something similar to
VIP[23] and NIPF[24]. Thus, the steering test with or without ZFMP can also be seen as a contrast between FCDIP
and VIP as well as NIPF. The results indicate that considering yaw dynamics and ZFMP is what makes FCDIP an
advanced version of VIP and NIPF.

4.3. Case.2 Walking underneath a low door
Walking with variable CoM height enhances the robot’s flexibility and enables it to perform a wider range of

tasks.The second experiment considers the robot crossing underneath a door whose top frame is low. Here, we
assume the location and height of the door are known relative to that of the robot; therefore, the reference footholds
and postures are also given in advance. The robot lowers its CoM by about 0.1 m and bends its torso forward by 60◦

while crossing the low door. After passing the door, the robot returns to its original CoM height and upper posture.
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Figure 12 shows the snapshots of the experimental results. The humanoid robot can successfully pass a low door.
as shown in Figs. 13-15. We observe that the robot can track the desired optimized trajectory well with an average
speed of 0.5 m/s. Figures 13 (c, d) show that the robot bends its torso to pass the door between 4 s and 6 s. Figure 13 (d)
also exhibits the orientation of the torso while the robot walks upright, which is probably influenced by the dynamics
of walking, e.g., the swing and landing of the legs. The phenomenon is supported by the GRF as shown in Fig. 14.
The support force increases rapidly when the foot lands on the ground. Ideally, the sum of support forces should be
roughly the same as the gravitation force; however, they differ due to the swing dynamics. Figure. 15 shows the feet’s
positions and ZMP trajectory. The ZMP trajectory always stays close to the feet positions and generally inside the
support polygon. Sometimes the ZMP reaches the edge of the support polygon due to landing impact.

Walking with the variable CoM height also has another merit. Figure. 16 illustrates the integral of the joint torque
required when the robot takes one step with constant and variable CoM height at different walking speeds. We refer to
the integral of the required joint torque as the sthenic criterion. In this case, the walking period is 0.5 s. Furthermore,
the CoM height is set to 0.76 m while walking without CoM height changes, and the highest and lowest CoM heights
for variable-height walking are 0.81 m and 0.75 m, respectively. The sthenic criterion C of the robot each joint is
obtained as1

C =
∫ T

0
τ2dt, (44)

where T are the action duration of the joints, respectively. τis the joint torque. Figure. 16 shows that it is evident that
the sthenic criterion of walking with variable CoM height is less than that of walking with constant CoM height. The
robot can reduce about 20% energy consumption per meter with variable CoM height. Besides, we can also observe
that the difference in the total energy consumption between the two situations is similar to that in the knee. In other
words, the knee is the critical joint that accounts for this phenomenon. The knee needs more power to support the
upper body if the robot stretches its legs, which is understandable. Thus, our proposed method copes with tasks in
complex environments and generates a more natural gait.

Moreover, the robot could perform more tasks if the DoF of the CoM height is free. Figure. 17 shows the robot’s
locomotion going upstairs using our proposed method. In this case, the height and length of the stairs are 0.2 m and
0.25 m, respectively.

4.4. Case.3 Push recovery during walking

In this case, the robustness of our proposed method is tested by suddenly applying horizontal external forces those
at the torso (1.2m) during walking. In [24] and [50], push recovery via reactive step strategy and angular momentum
strategy (also called hip strategy) was analyzed. Similarly, in this section, benefiting from FCDIP supporting six-
dimensional motion, the rotation of the torso and stride adjustment could be utilized for maintaining balance. As a
comparison, we also tested the robustness of LIP and VHIP. We conduct repeated tests with push magnitudes of 150N
and 250N, each lasting 0.1s. The push recovery results under different external forces are demonstrated in Fig. 18 and
Fig. 19.

As depicted in Fig. 18, whether utilizing LIP, VHIP, or FCDIP, the robot could preserve balance amid external
interference by adjusting the landing foothold. The distinction lies in the fact that, with FCDIP, the robot exhibits a
shorter reaction step length due to the active bending of the torso (see Figs. 19 (a) and (b)). Actively adjusting the
angular momentum of the robot can enhance the robot’s anti-interference ability [24, 51]. In this scenario, to enlarge
the stride length for maintaining balance under the forward push, the robot needs to slightly adjust its height to attain
a reachable foothold as shown in Figs. 19 (c) and (d). For LIP, it cannot change its height, thus, it should always bend
its knees for the event of needing to take a large stride. As mentioned earlier, walking with constantly bent knees
is not only unnatural but also more energy-consuming. As depicted in Fig. 19 (d), the minimum CoM height with
FCDIP is the lowest among the three strategies as a result of stooping. FCDIP supports the rotating motion of the
torso, and the bending motion results in reducing the robot’s CoM height. It is also interesting to notice that there is no
significant difference in the ability to resist external interference between LIP and VHIP as shown in Table. 2. Even

1In this study, we do not choose the cost of transport or mechanical work as an evaluation criterion for joints. Instead, the time integral of the
joint torques is chose to evaluate the energy consumption. This is because the torque output is connected to the current, which is directly associated
with the actual electric power consumption.
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Table 2: Robot’s ability to maintaining balance from the forward pushes with different action duration.

Model LIP VHIP FCDIP
0.1s 305N 315N 340N
0.2s 210N 205N 235N
0.3s 160N 145N 180N

with a prolonged duration of external force application, the anti-external force capability of using VHIP weakens.
When using LIP, the CoM is lower, resulting in minimized heavy and external moments. Moreover, whether VHIP
or FCDIP is employed, the knee joint approaches singularity, i.e., the straight leg, resulting in strong vertical bearing
capacity and poor horizontal support capacity [52]. The strong vertical bearing capacity is also consistent with the
low energy consumption of our straight-leg walking.

5. Discussion and conclusion

This work demonstrates how to generate biped locomotion for humanoid robots walking in complicated environ-
ments. The complex mechanism and nonlinear dynamics of the robot brought many problems. Motivated to solve
these practical issues, we introduced a new 3D simplified model with more DoFs. Compared to other simplified mod-
els, the proposed model considered vertical and yaw dynamics. The variable CoM height affected the ZMP dynamics,
thus, trajectory planning using ZMP was a classical nonlinear problem. This issue was skillfully expressed as a QCQP
in closed form. Thanks to the SQP, this closed-form formulation could find the gradients and Hessian of the QCQP
numerically to solve the QCQP. Besides, we also introduced a new stability criterion named ZFMP for robot steer-
ing. Using only the ZMP information, one cannot determine whether the sole is slipping on the ground surface as the
ZMP represents two-dimensional information about the GRF. Determining the transition of contact states requires six-
dimensional information about the force/moment. Here, we considered adopting the full-dimensional force/moment
corresponding to FCDIP. The ZFMP is similar to the ZMP and should be within the support polygon to ensure a
stable turn. To the best of our knowledge, no similar criteria have been proposed to evaluate the stability of turning.
To demonstrate the efficiency of our proposed method, we simulate various aperiodic locomotion scenarios, including
walking underneath a low door, steering, and recovering from a push. These results showed that the proposed method
can automatically generate the CoM trajectory, torso rotational angle and foot placement positions for robot walking
in complex environments. In addition, we also noticed that walking with variable CoM height can slightly reduce the
energy consumption for walking.

Although the proposed method can handle various walking environments and tasks, it still lacks of some natural
locomotion behaviors, e.g., heel-strike and toe-off motion. Therefore, our future work will continue to investigate
more natural biped walking.
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Appendix A.

The coefficient matrices Pps, Ppu, Pvs, Pvu, Pas and Pau can be calculated by iteration of (16). Here, we take Pps

and Ppu as examples
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Pps =
[

cp A, cp A2, · · · , cp ANh
]T
=


1 T T 2/2
1 2T 2T 2

...
...

...
1 NhT N2

h T 2/2

 , (A.1)

Ppu =


cpB 0 · · · 0

cpA1B cpB · · · 0
...

...
. . . 0

cp ANh−1B cp ANh−2B · · · cpB


=


T 3/6 0 · · · 0

7T 3/6 T 3/6 · · · 0
...

...
. . . 0(

3N2
h − 3Nh + 1

)
T 3/6

(
3 (Nh − 1)2 − 3 (Nh − 1) + 1

)
T 3/6 · · · T 3/6

 ,
(A.2)

where cp =
[

1 0 0
]

represent the selection matrix to extract the position component from the centroid con-

dition vector. Similarly, the Pvs, Pvu, Pas and Pau can be obtained by replacing cp with cv =
[

0 1 0
]

and

ca =
[

0 0 1
]
, respectively.

Pvs =


0 1 T
0 1 2T
...

...
...

0 1 NT

 , (A.3)

Pvu =


T 2/2 0 · · · 0

3T 2/2 T 2/2 · · · 0
...

...
. . . 0

(2N − 1)T 2/2 (2(N − 1) − 1)T 2/2 · · · T 2/2

 , (A.4)

Pas =


0 0 1
...

...
...

0 0 1

 , (A.5)

Pau =


T 0 0
...

. . . 0
T . . . T

 . (A.6)

Appendix B.

Here, we consider the optimization problem in x-direction as an example. Substituting (18)-(23) into equation
(24) and eliminating the selection matrix S i, we obtain

min
uk

αp

2

(
Pps ĉx

k + PpuSx
juk − c̄x

k

)T (
Pps ĉx

k + PpuSx
juk − c̄x

k

)
+
αv

2

(
Pvs ĉx

k + PvuSx
juk

)T (
Pvs ĉx

k + PvuSx
juk

)
+
α j

2

(
Sx

juk

)T
Sx

juk +
βp

2

(
Ppsθ̂

x
k + PpuSx

θuk − θ
x
k

)T (
Ppsθ̂

x
k + PpuSx

θuk − θ
x
k

)
+
βv

2

(
Pvsθ̂

x
k + PvuSx

θuk

)T (
Pvsθ̂

x
k + PvuSx

θuk

)
+
β j

2
(
Sx
θuk

)T Sx
θuk +

γ

2

(
Sx

f uk − f̄ x
k

)T (
Sx

f uk − f̄ x
k

)
.

(B.1)
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Next, we take the position states, i.e., the first three terms of (B.1), as an example and expand them

αp

2

((
ĉx

k

)T
PT

ps Pps ĉx
k +

(
ĉx

k

)T
PT

ps PpuSx
juk −

(
ĉx

k

)T
PT

pscx
k + uT

k

(
Sx

j

)T
PT

pu Pps ĉx
k + uT

k

(
Sx

j

)T
PT

pu PpuSx
juk

)
+
αp

2

(
−uT

k

(
Sx

j
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pucx
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k
)T Pps ĉx
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(
cx

k
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αv

2

((
ĉx
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vs Pvs ĉx
k +

(
ĉx
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PT

vs PvuSx
juk + uT

k

(
Sx

j
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vu Pvs ĉx
k + uT
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(
Sx

j

)T
PT

vu PvuSx
juk

)
+
α j

2
uT

k

(
Sx

j

)T
Sx
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(B.2)

Here, these terms
(
ĉx

k

)T
PT

ps Pps ĉx
k ,−

(
ĉx

k

)T
PT

ps x̄x
k , −

(
c̄x

k

)T
Pps ĉx

k ,
(
c̄x

k

)T
c̄x

k , and
(
ĉx

k

)T
PT

vs Pvs ĉx
k are constants. Therefore,

they are not involved in the optimization process and can be removed. Then (B.2) becomes
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(B.3)

Note that,
(
ĉx

k
)T PT

ps PpuSx
juk and uT

k

(
Sx

j

)T
PT

pu Pps ĉx
k are the same terms. Similarly, −uT
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(B.4)

Finally, let’s tidy up the (B.4) and transform it into

uT
k


α j

2 INh×Nh +
αv
2 PT

vu Pvu +
αp

2 PT
pu Ppu 0 · · · 0

0 □ 0 0
...

...
. . .

...
0 0 0 □

 uk +


αp PT

pu Pps ĉx
k + αv PT

vu Pvs ĉx
k − αp PT

puc̄x
k

□
...
□


T

uk, (B.5)

where Q =


α j

2 INh×Nh +
αv
2 PT

vu Pvu +
αp

2 PT
pu Ppu 0 · · · 0

0 □ 0 0
...

...
. . .

...
0 0 0 □

 and qk =


αp PT

pu Pps ĉx
k + αv PT

vu Pvs ĉx
k − αp PT

puc̄x
k

□
...
□

.
The terms represented by the remaining squares in (B.5), namely, the optimization matrices or vectors of the position
states in the y-direction, the z-direction, the rotation of the CoM, and the footholds can be obtained in a similar manner.
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Figure 11: The moment the rotation and sliding occur.

Figure 12: The snapshots of the robot passing a low door.
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Figure 13: The motion of passing a low door
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Figure 14: GRFs during walking while passing a low door.
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Figure 15: The actual feet and ZMP trajectories while passing a low door.
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Figure 16: The one-step energy consumption of the robot with different walking speed.

Figure 17: The snapshots of the robot going upstairs.
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Figure 18: Reaction step of robot under the forward pushes. In each row, the first two columns represent trajectories of feet and CoM in the
presence of external forces of 150N and 250N, respectively. The last column denotes a snapshot of the robot’s reactive motion under the push with
the magnitude of 250N.
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(a) Inclination angle of torso under push with the magnitude of 150N.
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(b) Inclination angle of torso under push with the magnitude of 250N.
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(c) CoM height under push with the magnitude of 150N.
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(d) CoM height under push with the magnitude of 250N.

Figure 19: The results of push recovery.
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