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Abstract

We prove the local boundedness for solutions to a class of obstacle problems with
non-standard growth conditions. The novelty here is that we are able to establish the
local boundedness under a sharp bound on the gap between the growth exponents.
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1 Introduction

This paper deals with the local boundedness of the solutions u € W7 (£2) to varia-
tional obstacle problems of the type

min{/ F(x,z,Dz)dx : z € IC,/,(.Q)}. (1.1)
2

Here, £2 is a bounded open set of R”, n > 2, the function ¢ : 2 — [—o0, +00),
called obstacle, belongs to the Sobolev class W17 (£2) and

Ky (£2) := {zeuo—l—Wé’p(Q):zzt/fa.e. in £2} (1.2)
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is the class of admissible functions, where ug € W7 (£2) is a fixed boundary datum.
To avoid trivialities, in what follows, we shall assume that /Cy, (£2) is not empty. We
assume that the energy density F : 2 x R x R” — R is a Carathéodory function
such that

(s,&) — F(x,s, &) is convex, (1.3)
c1lEl? < F(x,s,8) < ca(1 +|s]” + 151, (1.4)

for almost all x € 2 andalls e R, &€ e R", where | < p <¢,0<yandci,cy; >0
are fixed constants. We recall that u € Ky (£2) is a solution to (1.1) if and only if
F(x,u, Du) € Llloc(‘Q) and the minimality condition

[ F(x,u, Du)dx < [ F(x, ¢, Dp)dx (1.5)
supp(u—¢) supp(u—¢)

is satisfied for all ¢ € ICy (£2).

The obstacle problem has been first considered in the works by Stampacchia [19],
related to the capacity of a set in potential theory, and Fichera [10], who solved the
so-called Signorini problem in elastostatics.

The study of the local boundedness for minimizers of integral functionals is a
classic topic in Partial Differential Equations and Calculus of Variations starting from
the classical result by De Giorgi [13] and often is the first step in the analysis of the
regularity properties of the solutions.

In the last years, there has been an intense research activity concerning the local
boundedness of minimizers of unconstrained problems, in case of energy densities
satisfying non-standard growth conditions. In [5, 6, 8], the authors established the
local boundedness of minimizers of integral functionals satisfying the anisotropic
growth conditions

1 Y& < F(x, €) < ea(l + [£]9).

i=1

In this case, local boundedness is proven under the condition ¢ < p*, where
1 n 1 p

5= Yo i and p* = %. Recently, in [7], the previous boundedness result
has been obtained also in the borderline case ¢ = p*. Moreover, the functionals,
there considered, allows the dependence on u. Other related boundedness results that
deserved to be quoted are [2, 9, 15, 16, 18].

The analogous study for solutions of obstacle problems under non-standard growth
has been exploited in [3], where the local boundedness has been established assuming
that np
q<p,= (1.6)

n—p

provided the obstacle is locally bounded. We also point out a particular case of p, g-
growth condition considered in the paper by Chlebicka and De Filippis [4]. There the
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authors proved the local boundedness for solutions to double-phase obstacle problems,
where the model functional is given by

F(w, 2) = / [I1Dw|? + a(x)|Dw|?]dx,
Q

for a non-negative function a € C% with o € (0, 1]. For this kind of problems, the
local boundedness of the solutions is proven assuming that the obstacle, beside the
boundedness, belongs to the Sobolev space WX with K (f) = t” 4+ a(x)t?, and
the exponents p, g, « satisfy the relations

4 -1+% and l<p<qg=<n (1.7)

p n
A restriction on the closeness between the growth exponents cannot be avoided,
since thanks to the well-known Marcellini’s counterexample [17], we know that if

n—1

>%=p271 l<p<n-—1,
minimizers of functionals with p, g-growth can be unbounded even in the uncon-
strained setting. In a very recent paper [14], Hirsch and Schiffner proved that the
sharp bound (1.8) is sufficient to the local boundedness for unconstrained minimizers.

The aim of this paper is to prove that (1.8) is sufficient also to establish the local
boundedness of solutions to the obstacle problem. Here, we improve the previous local
boundedness result for obstacle problems contained in [3] in different directions: We
admit the dependence of the integrand F not only on x and Du, but on u too; the bound
(1.8) is less restrictive than (1.6) and it is essentially sharp for local boundedness,
since, in view of a counterexample by Franchi, Serapioni and Serra Cassano [11], the
conclusion of Theorem 1.1 is false if condition (1.8) is replaced by

1 1 1

P q n—1

+ ¢

for any ¢ > 0, already for unconstrained minimizers. Furthermore, our result shows

that solutions to double-phase obstacle problems are locally bounded under weaker

assumptions on the data with respect to the one considered in [4] (see Remark 4.1).
More precisely, we are to going to prove the following

Theorem 1.1 Let u € WLP(§2) be a solution to (1.1) under assumptions (1.3) and
(1.4), for exponents 1 < p < q, 0 < y verifying

1 1
p n—1

=

(1.8)

Q| =

and

np_ i p <
ypp=rr | AR E)
any finite exponent in (g, 00) ifp >n
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Ifyr € L} (82), thenu € Ly ($2) and the following estimate

loc

sup [u| = C(sup [¥/] + llullwir(pg,))"

BR()/Z BRO
holds for every ball Bg, € $2, form := n(n, p, q) and with C := C(n, p, q, Ro).

Observe that, due to the local nature of our regularity results, we are not requiring
further properties on the boundary datum ug in (1.2).

The proof of Theorem 1.1 is achieved following the strategy first proposed in
[3], i.e., using the well-known De Giorgi method that consists in deriving a suitable
Caccioppoli inequality on the superlevel sets of the solution to (1.1). In order to do
so, one has to use test functions obtained truncating the solution. Here, the difficulties
come from the set of admissible test functions that must belong to the admissible class
ICy (£2) and this is where the local boundedness of the obstacle ¥ comes into play. We
also remark that the crucial tool in order to achieve the result under the sharp bound
on the gap between the exponents is the Sobolev inequality on the spheres as done in
[1, 14].

The paper is organized as follows: In Sect. 2, we introduce some notations and
collect some results that will be needed in the sequel; in Sect. 3, we derive a Caccioppoli
inequality for the minimizer of (1.1); Sect. 4 is devoted to the proof of Theorem 1.1.

2 Notations and Preliminary Results

In this paper, we will denote by C or ¢ a general positive constant that may vary
from line to line. Relevant dependencies on parameters will be highlighted using
parentheses. With the symbol B, (x), we will denote the ball with center x and radius
r. We shall omit the dependence on the center and on the radius when they are clear
from the context. Moreover, we shall denote by S, = {x € R" : |x| = r} the sphere
of radius r on R".

The following is a well-known iteration lemma (see [13, Lemma 6.1] for the proof).

Lemma 2.1 Let ® : [p, R] — R be a bounded non-negative function. Assume that
forall p <t <s <R, itholds

B C

D) <OD(s) + A+ TR r—y

where 6 € (0, 1), A, B, C > 0and y > 0 are constants. Then, there exists a constant
¢ = c(8,y) such that

<I>()<C(A—|— B _,_¢ )
P = R-—p2 " (R—py)

A key ingredient in the proof of Theorem 1.1 is the following lemma, that can be
found in [14, Lemma 2.1].
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Lemma2.2 Letn >2. Forany0) < p <o <00,V € LI(B(,) and s > 1, we set
I(p,o,v) = inf{f [v||Dnlfdx : n € Cé(Ba), n>0,n=1in Bp}.

Then, for every § € (0, 1]

o 8 1
I(p,o,v) < (0 — p)sHé(/ (/ |v|dH"1> dr)a.
P Sr

Next Lemma, whose proof can be found in [13, Lemma 7.1], allows us to iterate the
Caccioppoli type estimate and it is crucial to establish the local boundedness result.

Lemma 2.3 Let o > 0 and let (J;) be a sequence of real positive numbers, such that

Jip1 < AN,
1
with A > Oand » > 1. If Jo < A=w )", then

Ji<A"%Jy and lim J; =O0.

i—+400

We conclude this subsection recalling the Sobolev inequality on spheres (see, e.g.,
[12, Chapter 16]).

Lemma2.4 Let v € Wh(Sy, dH" ") with m € [1,n — 1). Then, there exists ¢ =
c(n, m) such that

e
( |v|m*dHn1)’” SC(/ (|Dv|m+|l}|m)dHnl> ,
N S1

3=

3 Caccioppoli Inequality
Ifu e WhP(£2),k € Rand Bg C £2 is a ball, we set
Arr ={x € B 1 u(x) > k}.

The main result of this section is the following Caccioppoli inequality.

Theorem 3.1 Let u € WhP(82) be a solution to (1.1) under assumptions (1.3) and
(1.4), for exponents 1 < p < q verifying (1.8) and 0 < y. Assume that ¥ € L} ().
Then, the following inequality
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/ ID(u — k)4|Pdx
By
9 =) y

= ®R_pp 1t = K115 g 1 ARRIT 577" + CKY | A ] 3.

holds for all balls B, C Bg C Br, € £2 and for every k > max{supBRO v, 1}, where

1 (1 1
— :=min{ — + J1t, (3.2)
G g n—1

nw _q—1+ andwzthC := C(n, q, Ro).

Proof Let us fix Bg,(xp) € £2. Let % <p<s<t=R<Rpandletn e C(B;)
be a cutoff function such that 0 < n < 1,n = 1 in By, |Dn| < L By virtue of
the assumption ¢ € L% (£2), we may fix k > max{supBR ¥, 1} and define uy =
(4 — k)4 = max{u —k, 0}. Note that, ¢ = u —n°uy, witho > ¢, belongs to ICy, (£2).
Indeed,

(3.3)

_ u=>y ifu<k
e =0-nYu—-k+k>k>y ifu>k’

By the minimality of # and the convexity assumption (1.3), we get
/ F(x,u, Du)dx < / F(x,u+ ¢, Du+ Dg)dx
Ak.s At
o o o o Dn
= Flx,Q=n)u+nk, 1 —n°)Du —on® —(u — k) |dx
Akt n

< / |:(1 —n°)F(x,u, Du) + n”F(x,k, —U@(u - k))]dx
Ak,r n

Taking into account that » = 1 on By, 0 > ¢,t < R and the growth assumption (1.4),
we obtain

/ F(x,u, Du)dx
Ak,s
<[ a-rFeuwbodre [ <1+kV+ (DT, —k)‘I)
Ak, \Ak.s Ak[ 77

< f F(x,u,Du)dx—i—CkyIAk,RI—i—C/ |Dn|? (u — k)?dx. 3.4
Akt \Ak,s

Akt

Exploiting Lemma 2.4 after the use of Holder’s inequality in case ¢ € (1, %), we

infer X |
(/ Ivlqu"_1>q <c(n, q)( (|Dv|* + Ivl"*)dH"_l)q*, (3.5)
S1 Si
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for every v € Wl"f*(Sl, dH" 1), where g« > 11is given by

1 1 1
— :=min{ — + ,1e.
G g n-—1

We set
AGs, 1) :=={neCC(B;):n=1inB;, 0<n<1}.

Combining (3.5) applied to v(y) = uZ (xo + ry) with r € (s, t) and Lemma 2.2 with
= '{1—*, we get

inf |Dn|9uldx
A0 Jp, k

qx q

t % 9 %
<@ —s)—“f—”q‘i)(/ r“’—“"q(/ uZ(xo—i—ry)dH”_l(y)) ! dr>q
K M

14 N
<cng)t—5)“ ﬁ"*)(/ r@ G Dug (xo + ry)
s M
q

+u? (xo + ry)dH" ! (y)dr) "

a4 v 1,1 g
=c(n, q)(t —s5) ”q*></ Dt ¢,>/ (IDug (xo + )|
s Sy
q

o
+ r " ul (xo + y))dH"l(y)dr) )
Using the fact that % <s <t < Ry, we deduce

inf |Dn|9uddx
) /B, K

q t i*

SC(n,q,Ro)(t—S)_(q_l+‘17)( / f <\Duk<xo+y>|q*+ui*(xo+y>)dH'H(y>dr)q .
s Sy

3.6)

Now, notice that inequality (1.8) implies g, < p. Thus, using Holder’s inequality
in estimate (3.6), we obtain
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. C(n.q, Ro)

inf Dn|7uldx <—

.A(S,t) B,l 77| k — (f ” k”qu*(B,\B)
C(Vl,q,Ro) (-1

<W” k”Wlp(B \B)lAk,[| I
C(I’l q, Ro) (L-1y
_ A g|Tas "7, 3.7
T I 5 gy A (3.7)

where we denote u =g — 1 + L 7
Since estimate (3.4) holds for every n € A(s, t), by (3.7), we get

/ F(x,u, Du)dx
Ak s

< / F(x,u, Du)dx + CkY | Ay Rr|
Ak, \Ak.s

C(n,q, Ro)

1 _1
oy Ml 4RI

Adding the integral f Aps F(x,u, Du)dx to both sides of the previous estimate, by
Lemma 2.1 we get ‘

/ F(x,u, Du)dx
Arp

1 _1
sC(n,q,Ro>{kV|Ak,R|+ Ntk | Ak 15 ,»}, (3.8)

_
(R —p)*

Eventually, inequality (3.8) and the growth condition at (1.4) yield

/ |D(u — k)4 |Pdx

By

11
<C(n,q, RO){ky|Ak,R| + ”uk”t‘l;‘/l,p(BR)'Ak,Rﬂ(q* ")},

1
(R — p)¥

i.e., the conclusion. O

4 Proof of the Main Result

Before giving the proof of Theorem 1.1, we need to introduce some notations.
For a fixed ball Bg, € £2, define two sequences by setting

_ Ro 1
Pi-=7 1+§ ,
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1
k[ = 2d<1 — F),

where d > max{supp %o Y, 1} will be determined later. Note that,

Ro Ry
?SPiSRO» Pi\?

and

d<ki<2d, ki /2d.
The use of estimate (3.1) on the concentric balls B, ., C B, translates into

| D(u — ki+l)+||€p(3p[+l)

) ¥
< ———— = kg2 [Akiy 07077 + ChL 1Ak s
(i — pir1)* ' Whr(By,) " hitlP i+ 1.0

“.1)

forevery i € N.
Moreover, define the sequence (J;) setting

Jio= = k) -

We begin proving an inequality that will be crucial for the proof of Theorem 1.1.

Lemma4.l Let u € WYLP(2) be a solution to (1.1) under assumptions (1.3) and
(1.4), for exponents 1 < p < g, 0 < y verifying (1.8), (1.9), respectively. Then, there
exists a constant C > 0 such that for everyi € N

c .
Jit1 < d—gk’ Jire

1 1 1
for some ). > 1 and a > 0, where — 1= max| ——, T o .
df dpPn—p 49— )P drn—v

Proof We observe that k;1 — k; < u — k; on Ay
inequality, we get

|Aki+1’0i| 5/
Ak,

..1.p: for every i € N. By Sobolev

. w— ki) |7
( u_kl, )pndx - ”( l)+||L]7n(Bpi)

v \Kir1 = ki (ki1 — ki)Pn
P
]. P
(kip1 — ki)Pn

where p’ was introduced in (1.9).
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Furthermore, we have

I = ki)l s,

= (u — ki dx —i—/ |D(u — kit1)+]"dx

By, By,

_ / (4 — kisn)Pdx + / DG — ki) [Pdx
Ak1+1 pi Ak1+1 Pi

< / (u — k;)Pdx +/ |D(u — k;)|Pdx = J;. (4.3)
Akipi Aki o

Inserting estimates (4.2) and (4.3) in (4.1), we obtain

41+ (L1 pn
p c Jip( i ( )) kl+1J
ID(u — ki+1)+”[_p(3 ) = m L1y o« P
Pit1 (pi — pit1) (ki1 — k)1 @ p)Pn (ki1 — ki) Pn
“4.4)

By using Holder’s and Sobolev inequalities and estimate (4.2), it follows

l’n

P
— iy — k)4 =0 J—
1w = ki) 1ps,,,, < 00— kD175 Akl 77 < C s
4.5)
Summing (4.4) and (4.5), we obtain
ﬁ 1+ G I’n
;" 1 U pleniG=y) K"
J[+1 < C *_ + 1 1y % + ’
(ki+1 —ki)p” p (/01 —,0i+1)“ (ki+1 7ki)q(q**7;)pn (kl+1 _kl)pn
4.6)

for a constant C := C(n, p, q, Rp).
Recalling the definition of k;, p; and using the fact that k; < 2d, we can write
inequality (4.6) as follows

Jit1
I’n

JP
(i+2)(py;—p)
C[dp 24 Pn—P) o R + =y i
n 0 dq G ppn n

Pn A 1 ﬁ
21,7 +J”( G ))-}—J”) 4.7)

IA

5+ (n+a (= 5)p7) Ji%(””n(*“)) S+ 11*]

Ry d?
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where

1 1 1 1
— = max - = ,
d? dri=P’ jaGe=pps" dPiTY
f‘=nm4f*—plt+q<l~—l)p*p1
n ’ q* p n’ n

Notice that by the definition of J; and d, we easily derive

Ji < I(u — SUPK”)—&-”WW(B o) Vi e N.
Bgr

* 1 1
o ::min{—",z(l+p:§(———))}> 1 4.8)
p p qx p

Setting

and

estimate (4.7) can be written as

C .
T B — T
Zl (1 + ”(M - ;up Ip)"’_”Wl p(BR )) Jia - d_gzl Jig'

R“de

Now, we are in position to give the proof of our main result.

Proof of Theorem 1.1 Notice that u >  and ¥ € Ly, ($2) imply that u is bounded
from below. Hence, we only need to show that u is bounded from above.

In order to show that the minimizer u is bounded in the ball Bg, />, we prove that
the sequence (J;) satisfies the assumptions of Lemma 2.3. Indeed, Lemma 2.3 yields

lim J; = 0. (4.9)

i——+00
On the other hand, we have

lim J; = [|(u = 2d)+ |},

i——+00

Wl.p(BRO/z)‘ (410)

Thus, (4.9) and (4.10) allow us to conclude that

sup u < 2d.

Bry/2
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Denote

1 1
= — — —.
qx p

If y < pfande > 0, by Lemma 4.1, the sequence (J;) satisfies assumptions of
Lemma 2.3 with

C
A=—, A=2" and o =0 — 1,
d@

where o was defined in (4.8).
We also have that

D A T ~1 1 pg
Jo<AT@)l «2 with d > CoArad ||ul
Therefore, (4.9) holds.

If y < pji and ¢ = 0, Lemma 4.1 implies that the sequence (J;) satisfies Lemma
2.3 with

A=C, »=2" and a =0 — 1.

Therefore, by Lemma 2.3, we have that (4.9) holds if

1
Jo< A"wr"a, @.11)

By definition, Jo = ||(u — d)+||€V1vP(BR ) We choose d > 0 large enough so that
0

(4.11) holds; this is possible since u € Wl'p(BRO) and
_ _ p p
I =1 = )il o) S 18, ) — O a5 d = +oo,

With this choice of d, we get (4.9).
Eventually, the case y = p;i and ¢ > 0 can be treated as the previous one.

Remark 4.1 Let us consider functionals F satisfying the double-side bound
VH(x,z) < F(x,s,z2) < LH(x,z2), 4.12)
for constants 0 < v < L, where
H(x,z2) :=|zI" + a(x)|z], (4.13)
with 1 < p < g and 0 < a(x) € L°(£2). Then, under the closeness condition (1.8)
on the exponents p, g, solutions to (1.1) with F verifying (4.12) are locally bounded

provided the obstacle is locally bounded. The arguments are essentially the same of
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Theorem 1.1. Indeed, an analogous version of Theorem 3.1 and Lemma 4.1 can be
proved similarly with exponent y = 0.

Let u € WP (£2) be a solution to (1.1) with energy density satisfying the growth
condition (4.12). Using the same notation introduced in the proof of Theorem 3.1, we
have

/ F(x,u, Du)dx < / F(x,u+ ¢, Du+ Dgp)dx
Ag.s At

<L H(x, Du+ Dg)dx
Akt

Dn
=L/ H(x,(l —n”)Du—an“—(u—k))dx. 4.14)
Ak,t n

By the very definition of H (x, z), we have that for a.e. x € §2 and every z1, 7, € R”
H(x,z1+22) <29(H(x,z1) + H(x, 22)). (4.15)

Using (4.15), the fact that » < 1 and the boundedness of function a, we estimate
inequality (4.14) as follows

/ F(x,u, Du)dx
Ak,x

=C(g, L) H(x, (1 —n%)Du)dx
Ak,t

D
+Cq. L) H(x, —on® —k)>dx
Ak.t n

=C(q. L) (1 —n%)PH(x, Du)dx
Ak,t

+C(q. L, IIalloo)/ (L +[Dnl?(u — k)?)dx.
Akt

Taking into account that » = 1 on By, the growth assumption (4.12) and t < R, we
obtain

H(x, Du)dx < C/ F(x,u, Du)dx

Ak, Ak,s

§C/ H(x,Du)dx—l—ClAk,RI-f-C/ |Dn|?(u — k)¥dx.
Ak.t\Ak.s A

kit

Recalling the definition of H (x, Du), the previous estimate yields the Caccioppoli
inequality (3.1) with y = 0.

It is worth noting that the local boundedness of the solutions to double-phase obsta-
cle problems with integrand F satisfying (4.12) is proven under weaker assumptions
on the data with respect to the one assumed in [4]. Indeed, the gap (1.8) is better than
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(1.7), we do not require any regularity on the function a(x) and the obstacle is only
assumed to be bounded.

5 Conclusions

The main result of this paper states that solutions to a class of obstacle problems,
satisfying p, g-growth conditions under the sharp relation

1

1
>
~p n-—1

Q| =

are locally bounded.

Let us briefly describe the contents of the paper. After recalling some notation and
preliminary results in Sect. 2, we focus on deriving the intermediate steps that will
put us in the position to prove our main result. In particular, in Sect. 3, we show that
the solution to the obstacle problem satisfies a suitable Caccioppoli inequality (see
Theorem 3.1). In Sect. 4, we give the proof of Lemma 4.1 that allows us to iterate the
Caccioppoli type estimate, so that we are eventually able to prove Theorem 1.1.
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