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Abstract Wave propagation in slender beams is addressed in the framework of nonlocal continuum mechanics.
The elastodynamic problem is formulated exploiting consistent methodologies of pure integral, mixture and
nonlocal strain gradient elasticity. Relevant wave solutions are analytically provided, with peculiar attention
to reflection and near field phenomena occurring in presence of boundaries. Notably, the solution field is
got as superimposition of incident, reflected, primary near field and secondary near field waves. The latter
contribution represents a further effect due to the size dependent mechanical behaviour. Limit responses for
vanishing nonlocal parameter are analytically evaluated, consistently showing a zero amplitude of the secondary
near field wave. Parametric analyses are carried out to show how length scale parameter, amplitude of incident
wave and geometric and elastic properties of the beam affect the amplitudes of reflected, primary near field and
secondary near field waves. The results obtained exploiting different nonlocal integral elasticity approaches
are compared and discussed.

Keywords Wave propagation - Nonlocal continuum mechanics - Stress-driven nonlocal model

1 Introduction

The growing attention towards small-scale systems and innovative materials ([1-6]) is encouraging the devel-
opment of advanced theories to address challenging problems such as: bending of nanostructures [7], free
vibration of nonlocal elastic beams [8], buckling of composite piezomagnetic micro- and nanobeams [9], size
dependent behaviour of thin laminated strain gradient nanoplates [10], analysis of Bishop nonlocal rods [11],
dynamics of nanobeams [12, 13], modelling of functionally graded nanoplates [14], free vibration of composite
nanostructures [15,16], bending analysis of functionally graded nanobeams [17], nonlocal problems in thin
wires [18,19]. Classical constitutive theories of local elastic continua have been recognized as inadequate in
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reproducing size-dependent mechanical behaviors. Conversely, atomistic approaches, while accounting for the
discrete nature of matter, pose computational challenges and issues. An efficient alternative to tackle complex
scale phenomena without resorting to time-consuming methods involves advanced continuum mechanics the-
ories without assuming local action. Notably, nonlocal field theories emerge as consistent tools to incorporate
scale effects by integrating length scale parameters into continuum structural problems.

Early contributions to nonlocal continuum mechanics were made by Rogula [20,21], Kroner [22],
Krumhansl [23] and Kunin [24]. Subsequently, Eringen [25,26] formulated an integral theory of elastic-
ity, in which the stress of a continuum results from a spatial convolution between the elastic strain field and
an appropriate averaging kernel. Despite its widespread use, Eringen’s model, also referred to as strain-driven
nonlocal theory, has been found inconsistent due to incompatibility between equilibrium requirements and the
constitutive integral law, as noted in [27]. To address these issues, a two-phase model has been introduced,
combining local and nonlocal responses via a mixture parameter. Initially proposed in [28,29], the two-phase
elasticity was later refined in [30,31], and effectively applied in [32-35]. The strain-driven two-phase theory
offers a means of restoring consistency of the Eringen’s pure integral theory, provided that the mixture parame-
ter is non-zero. An alternative model was then proposed in [36] combining Eringen’s nonlocal integral law with
the strain gradient elasticity to tackle nonlocal problems of wave propagation. In this framework, the governing
differential constitutive equation is of higher-order than the classical local one and thus non-standard constitu-
tive boundary conditions are required, as recently established in [37]. To further address challenges associated
with strain-driven theories, Romano and Barretta [38] proposed an integral elastic law, according to which the
nonlocal strain arises from a stress-driven spatial convolution. This approach eliminates incompatibilities with
equilibrium requirements, establishing well-posed continuum problems and providing a consistent nonlocal
methodology for capturing size effects due to long-range interactions [39—-47].

Wave propagation problems in nonlocal elastic continua have been increasingly garnering attention in
the scientific literature. In [48] thermo-mechanical vibration analysis of nanobeams is conducted, deriving
equations of motion using Hamilton’s principle within the framework of strain-driven nonlocal elasticity.
Wave propagation in nonlocal elastic media is investigated in [49], assessing dispersion relations analytically.
Dynamic analyses of functionally graded graphene platelets-reinforced nanoplates are performed in [50].
Propagation of longitudinal waves in carbon nanotubes is studied in [51]. Nonlocal Rayleigh waves are anal-
ysed in [52]. Dynamics of Reddy third-order nanobeams is investigated in [53]. Size-dependent vibrations of
nanobeams is analysed in [54] exploiting various higher-order beam theories and a two-phase local/nonlocal
strain- and stress-gradient theory. Wave propagation in periodic nano-waveguides is assessed in [55]. Analytical
solutions of peridynamic equations applied to elastic wave propagation are explored in [56]. Rayleigh waves
propagating in nonlocal isotropic elastic half-spaces are examined in [57]. Wave dispersion characteristic of
Rayleigh nanobeams resting on nano-foundations are studied in [58].

In the present work, analytical solutions to wave propagation problems in nonlocal elastic beams are
established exploiting pure integral, two-phase local/nonlocal and nonlocal strain gradient constitutive models.
Special emphasis is placed on the study of reflection and near field phenomena in the presence of boundaries.
Indeed, when dealing with wave propagation in unbounded continua the only admissible solution consists in
harmonic waves propagating in opposite direction (i.e. long field waves) and since there are no boundaries, no
complications arise due to reflection phenomena. Wave motion in structures equipped with edge is investigated
in the present work. It is shown that the presence of the boundary generates a harmonic wave propagating
towards the boundary, a harmonic wave propagating from the boundary and waves vanishing far from the
boundary. These contributions can be thus physically interpreted as incident, reflected and near field waves,
respectively. It is shown that the presence of boundaries in nonlocal integral elastic beams generates a further
near field wave with respect to the local case, that is here referred to as secondary near field wave.

The plan is the following. Elastodynamics of nonlocal slender beams is first formulated adopting the
constitutive integral law based on the stress-driven spatial convolution as shown in Sect.2. In Sect.3, the
equivalent differential constitutive problem is then exploited to reverse the integral law and formulate the
relevant equation governing free flexural vibrations. In Sect. 4, closed form solutions are then established as
superimposition of incident, reflected, primary near field and secondary near field waves. Structural schemes
of clamped and simply supported semibounded beams are analysed and analytic expressions for the amplitudes
of reflected, primary and secondary near field waves are obtained as functions of the amplitude of the incident
wave, the length scale parameter and the elastic and geometric properties of the beam. Limiting solutions
for a vanishing nonlocal parameter are then assessed to show consistency of the adopted methodology. Wave
propagation problems are also addressed by exploiting alternative constitutive theories, that is the strain-driven
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two-phase model (see Sect.5) and the nonlocal strain gradient law (see Sect.6). The obtained solutions are
finally compared and commented upon.

2 Stress-driven nonlocal elastodynamics of beams

Let us consider a straight beam of length L := b — a (with a, b € R and b > a) whose kinematics is
modeled according to the linearised Bernoulli-Euler theory. Let us introduce a Cartesian coordinate system
with x coincident with the beam axis and y with the bending axis. The beam is characterized by a mass density
m and by a local elastic bending stiffness k¢ := I, i.e. the second moment of Euler-Young moduli field E
on beam cross-section. The transverse displacement is denoted by v(x, t). The geometric flexural curvature
field associated with v is defined by

X = U(Z) = Xel + Xnel (D

and it is sum of elastic x.; and nonelastic y,.; curvature field. It is worth noting that o stands for nth spatial
derivative along x . The equilibrated stress field is the bending interaction M (x, ) satisfying d’Alembert
dynamic equilibrium equation, i.e.

MP =qg—mi )

where symbol e denotes second order time derivative and g stands for intensity of a distributed transverse
loading. According to the stress-driven nonlocal model, the elastic curvature field x,; is got as spatial convo-
lution of the stress field and a proper averaging kernel ¢ : 9 — [0, +00) described by a characteristic length
L. € (0, 4+00),1id est

b
x(x, z>=f @(x — %, L) (cf M)(F, 1) d¥, 3)

being ¢y = kj?l the local elastic compliance. Following [26], adoption of the Helmholtz bi-exponential
function as an averaging kernel

1
px) = oL, &P < - %l) “)

allows inversion of the integral law Eq. (3) into an equivalent constitutive differential formulation which is
useful for both theoretical and computational purposes (see [38]). Such a problem is made of the following
constitutive second order differential equation

Xel(x, ) = L xi7 (e, 1) = (e M)(x, 1), )
equipped with constitutive boundary conditions
M _ 1
Xe (@, 1) = ——xel(a, 1),

L
W ‘1 (6)
Xel (b7 t) = _L_XEI(b’ t)
c

3 Wave propagation analysis

Let us investigate free vibration of semibounded nonlocal beams (see Fig. 1(a)), with the axial abscissa x
assumed to be defined on the semibounded spatial domain [0, +o00) . By differentiating twice with respect to
x the constitutive differential Eq. (5) and assuming a uniform elastic compliance c ¢, the following equation
is obtained

2 4
XD 00— L2, 1) = MP(x, 1). 7
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Substituting the kinematic compatibility conditions Eq. (1), assuming x,.; = 0, and taking into account
the equilibrium Eq. (2), assuming g = 0, the following expression is got

v, 1) = L20Ox, 1) = —cpmiix, 1) (8)

which is the differential equation governing free flexural vibrations. By separating space variable and time,
ie. v(x, 1) =¥ (x)@(t), Eq. (8) becomes

o) _ Ly O -y

= ©))
¢ (1) crmy(x)

Defining k := (a)2 cr m)l/ - Jo (%)1/4, the previous equation can be rewritten as the following
system
$(1) +a? ¢ (1) =0, (10a)
Ly P +k ) = 0. (10b)
Solution to the harmonic motion Eq. (10a) is given by
¢(t) = Asin(wt) + Bcos(wt) (1)

where the constants A, B has to be evaluated by prescribing initial conditions.
On the other hand, Eq. (10b) is solved by

Ux) = aﬁf e~ VRix + e eVRix +a, oivVRx +aq; VR + any e VR3x + e e\/R73x7 (12)
where the constants ¢y, ¢z, a;, ar, ayf, arzlf € C. Notably, a;, a,, a,y, and aﬁf represent the amplitude of the

incident, reflected, primary and secondary near field wave, respectively. Moreover, the positive coefficients
Ry, Ry, R3 € RT, which depend on L. and k, are explicitly given by

1 +2cos(X(Lc, k))

Rl = )
3L2
Ry V3sin (X (L, k) +;:os (X(Le, k) — 17 13
312
 V3sin(X(Le, k) — cos (X (Lc, k) + 1
Ry = 312 ’
where
1 4 42
X(Le, k) = 3 e (—27 (Lek)* + \/(2 —27(Lch)*) —4+ 2) ) (14)

Imposing that the solution does not diverge as x — +o00, we get ¢ = ¢ = 0; therefore, Eq. (12) becomes

Y(x) = a,%f e VR +a, e iVRx +a; eiVR2x + any e VERx, (15)

Prescription of the constitutive boundary condition Eq. (6);
1
v =—v?0), (16)
c

and of standard essential and/or natural conditions leads to the analytic expressions for a,, a,r and arzlf as
functions of a;, L., and k, as shown in the following. The corresponding local case (see Fig. 1(b)) is obtained
in the limit for L. — 07. With this assumption, Eq. (10b) becomes

— @)+ yx) =0. (17)
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Fig. 1 Sketch of semibounded beams: a nonlocal case; b local case

Equation (17) is solved by (we use the tilde in order to distinguish it from the solution to Eq. (10b))
&(x):Zz,e*"kx—I—Ezieikx—}—&nfe*kx—}—é] AR (18)
where a;, ar, danf,¢1 € C are analogous to the corresponding constants defined above. Imposing again that
the solution does not diverge as x — +o0o we obtain ¢; = 0. Prescription of standard essential and/or natural

boundary conditions allows us to express the coefficients a,, d,s as functions of k and a;, as shown in the
following.

4 Case-studies
In this section, exemplar structural schemes of semibounded nonlocal elastic beams are analysed and relative

closed form solutions are provided. Parametric analyses are then performed to investigate influence of incident
wave amplitude a;, characteristic length L., and parameter k on coefficients a,, a,f, and a,%f representing the

amplitudes of reflected, primary near field and secondary near field waves, respectively.

4.1 Clamped end

First, let us analyse the local case. Equation (18) must be equipped with the essential boundary condition
¥ (0) = 0, which gives

an = —(a; +a), (19)
so that Eq. (18) can be rewritten as follows
V) =are  * 4G e 5 — (@ + ay) e K. (20)

The second essential boundary condition (" (0) = 0 provides the following relation between @, and &,
namely

a; = —ia;, (21)
which implies

anp=a; (i—1). (22)
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Let us now consider the solution to the nonlocal case given by Eq. (15). Prescription of essential boundary
conditions ¥ (0) =0, vM(0) =0 together with constitutive boundary condition Eq. (16) leads to

:ai(\/R_1+i\/R_2)(\/R_2—i\/R_3)(1+LC(\/R_1_i\/R_2+\/R—3))

= R =i VR (VFa + VR (L + L (VR - iR - V) 23
Y 2aiv/Ry (Lev/Ri + 1) (VRI + iv/R2) 23b)

" (VR — VR) (VR +iVEs) (1 + Lo (VR + VR + VES))

5 2a; (Lev/R3 + 1) (R2 — in/Ry/R3) @30

= (R~ i) (VR — V) (1 Le (VR 11T 4 V)

It is worth noting that the amplitudes a,, a,y and arzlf depend linearly on a;. Therefore, a; can be isolated
by introducing the following functions '

=W - s oy
ay = a—i, anf = a—i, app = — > (24)

which solely depend on L. and k. A graphical representation of these functions is provided in Fig.2. In
particular, we observe that the curve defined by L, = L™, where

Lcrit o ﬁ
c 33/4k°

(25)

is a curve of singular points for a,, a,r, and Ezrzlf. Both the real and imaginary part of a, are monotonically
increasing functions of L. and k. As for a,, its real part is a monotonically decreasing function of L. and
k, whereas its imaginary part is again monotonically increasing w.r.t. L. and k; in both cases, a, s encoun-
ters a vertical asymptote in correspondence of Lgri‘. The same applies to &,zlf with the monotonicity of the
real/imaginary parts being reversed. When L. — 07, i.e. in the limit leading us to the local model represented
by the fourth order Eq. (17), we consistently have aﬁf — 0,a, — a, asinEq. (21), a,r — auy asin Eq. (22),

and ¥ (x) — ¥ (x) as in Eq. (20).

4.2 Pinned end

Considering Eq.(18) equipped with essential boundary condition V() = 0 provides (19) while natural
boundary condition v@0)=0 implies —2k? (@; + a,) = 0, which leads to

ar = —dj (26)
and consequently from Eq. (19)
any = 0. 27

Now, let us consider the stress-driven nonlocal methodology, according to which eigenfunctions are given
by Eq. (15). Prescription of the essential boundary condition ¥ (0) = 0 and the natural boundary condition
v (0) — Lg v®0)=0 together with the constitutive boundary condition in Eq. (16) leads to

2 L.R;

ar =ai ((Ra + Ro) (LeR, P4 Ry = Rs) (L2(Ry = Ry +1) +

3/2

+(Ry — R3) (L2(Ry + R3) — 1) (—iLL.R‘z + LRV + Ry + R3)) ((Ry + R3)-

3/2 3/2
: (—LCRI/ +LRP— R+ R3) (L2(Ry — R3) + 1) — (Ry — R3) (L2(R, + R3) — 1) -
-1
(LR 4 LR + R+ R)) (28a)

ang = a; (28 (VR +iy/Rs) (1 = L2(R1 = R) ) (VR = VB ) (VR = iV/Ra)
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Fig. 2 Representation of real (left column) and imaginary (right column) parts of the functions a, (panels (a), (b)), @,y (panels
(¢), (d)), and &5f (panels (e), (f)) given in Eqs. (23)—(24) for the stress-driven model w.r.t. L. and & in the case of a clamped
semibounded beam
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(LRt (VR (Ley/Rs +1) +iLeRo — i (LeRs + VR3)) + VR1 (Lev/Ra— i)

. (LC\/RTJr 1) (JE+ i\/R>2> +VR:/Rs (1 + iLC\/R>2> (LC\/EJr 1)))71 , (28b)
a2y = ai (28 (~VRa + iV (L2(Rs — Rs) + 1)) (VR — iv/Ra) (VR —V/Rs)-

(LeRr (=iVRo (Lev/Rs +1) + LeRo = LeRy = VRS ) +VRT (Lev/R2 =)

(Lev/Bs 1) (VR = iVRs) + VB (Lev/Ba 1) (Le/Bs +1))) (280)

Analogously to the amplitudes derived in the clamped semibounded beam in Sect. 4.1, the functions a,,
ayf, and aif depend linearly on q;. Therefore, we can again isolate the @; term by focusing on the functions a,,

anf,and Ezflf introduced in Eq. (24) which only depend on L. and k. A visual representation of these quantities
as function of L. and k is provided in Fig.3. All functions admit vertical asymptotes in correspondence of
the curve defined by L, = Lgrit (see Eq. (25)). The amplitudes a, and a,y are monotonically increasing
w.r.t. L. and k both in their real and imaginary parts. On the other hand, the real and imaginary parts of &rzuc
are monotonically decreasing functions of L. and k. Additionally, when L. — 07, i.e. in the limit leading us
to the local model provided in Eq. (17), we consistently have ai > 0,a, — a, asin Eq. (26), a,y — ayy as

in Eq. (27), and ¥ (x) — &(x) as in Eq. (20).

5 Solution via strain-driven two-phase approach

In this section a comparison is made with an alternative model available in literature, namely the strain-driven
two-phase theory. First introduced in [25,28] and then applied in many recent scientific contributions (see e.g.
[30,31,59,60]), the two-phase model represents a possible strategy to overcome ill-posedness of the Eringen’s
purely strain-driven nonlocal theory [61]. According to such a model of elasticity, the bending interaction field
M is convex combination of the source field k¢ x.; and of the convolution between the source field and the
averaging kernel ¢, that is

b
M(x, 1) =a ks xe(x, ) + (1 —a) / p(x —x, Le) kf xer(x, 1) dx, (29)

where « is the mixture parameter that can range between 0 <« < 1.
Adoption of the Helmholtz bi-exponential function as averaging kernel allows us to derive the following
equivalent differential problem, id est

M(x, t)
2

c

— kf Xel(xv t) _

(2)
M (x, t) 2
Z

akpx$ .0, (30)

equipped constitutive boundary conditions

(1) 1 _ key®
M (a,t)— L—M(a, ) =oal\ksx, (a, t)—

c

kf Xe‘l(as t)
L. ’

c

(1)
(1) 1 _ (1)
M (b, t)+—L M, t) =« kerz b, 1)+

c

whose proof can be found in [27]. The case of a nonlocal elastic beam defined on the semibounded spa-
tial domain [0, +00) is examined. Combining constitutive differential Eq.(30) together with the kinematic
compatibility and equilibrium conditions, Eq. (1) and Eq. (2), the following equation is derived

akpL2vOx, 1) —kpv®(x, )+ L2m 5P (x, 1) —mii(x, 1) = 0, (32)
Via separation of variables, i.e. v(x, t) = ¥ (x) ¢(¢), the spatial equation becomes

a L2y ©(x) =y @D (x) — L2k* P (x) + kg (x) = 0. (33)
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Im(a,)

0.0G&
0.04k
0.02 \

Im(anf)

(f)

Fig. 3 Representation of real (left column) and imaginary (column) parts of the functions a, (panels (a), (b)), a,s (panels (c),
(d)), and Ezrzlf (panels (e), (f)) given in Egs. (24), (28) for the stress-driven model w.r.t. L. and k in the case of a simply supported
semibounded beam
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Equation (33) is solved by
w(x)—a Fx—i—qerx—i—a e ’Fx+a e’rx+afe F"—i—czer" (34)
where the constants ¢y, ¢z, a;, a,, ayf, a? nf € C; in particular a;, ar, a,f, and a? nf represent the amplitude

of the incident, reflected, primary and secondary near field wave, respectively. Moreover, the coefficients
01, 02, O3 € R, which depend on L, k, o and are given by

142G cos(Y (L, k, )

01 = 3al2 )
146 (cos(Y(Lc, k,a)) + /3sin(Y (L. k. a)))

Q2= 3aL2 ' (35)
1-¢G (cos(Y(Lc, k. o)) — /3sin(Y (L. k. a))>

03 = 30l ,

where
1
— 474 - _ 414 272
Gi=/1+3ak*L4, Y(L. k) = 3 a2 (l = 30k*L + 3v/3ak*L? 56

: \/—4ak8L§ 4 (2702 — 180 — DALY — 4 4 2),

satisfy Q1, Q2, O3 > 0. Imposing that the solution does not diverge as x — 400, we get c; = ¢ = 0;
therefore, Eq. (34) becomes

1//(x)—a Fx—}—a e ’Fx—{—a e 2x+a,,fe“/@x. (37)
Imposing that ¥ (0) = 0 we get an additional condition on a,, i.e.
any = —(a; +ar + ay ), (38)
that leads to the following expression
lﬁ(x)—afe ‘/;x—i-ae"ﬁx—i—a eiV02x (a,—i—ar—i—af)e VO3x, (39)
The constitutive condition Eq. (31), for a = 0, writes as
@ =D PPO) + L@ =D YIO) + KL (L PO = () +
aLe((0) — Ly (0)) =0,

which, combined with the additional condition provided by the clamp (Sect.5.1) and the simple support
(Sect.5.2) scenarios, will allow us to get analytic expressions for a,, a,s and a,%f as functions of a;, L., k
and «.

(40)

5.1 Clamped end

This case prescribes a further essential condition, i.e. ¥’ (0) = 0. Applying this to Eq. (39) together with
Eq. (40) and recalling Eq. (38), the following relations are obtained

a; (Ay —iA3)(Ay —iAy) (Az (.A3 (\/§A1 + 3) +3 (.A] + «/§)) +3i <.A3 (.A] + ﬁ) + «/§A1 + 3))
(A +iA3) (A +iA)) (.Az (A3 (x/gAl + 3) +3 (.Al + \/5)) —3i (.A3 (Al + \/§> + x/gAl + 3)) '
2045 (3= A3) (V3AL +3) (A2 — i A))

T+ A (s — A (A2 (45 (V31 + 3>) +3 (A1 +3)) =30 (As (A1 +V3) + V341 +3)) (*10)

(41a)

ar =
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. 2a; As (\/§A3 T 3) (Ay — iA3)(Ba —2G cos Y — 1)
ayp =

nf = a(—A +iA)(A3 — A)) <3 (.A3 (A1 + \/§> + «/§A1 + 3) +iAy <A3 («/§A1 + 3) +3 <.A1 + «/’;‘))) ’

(41c)

where A; = L.+/3 Q;,1 = 1,2, 3. As in the stress-driven case analysed in Sect. 4.1, the amplitudes a,, anf,
and aﬁ ¢ are linear functions of a; . In particular, we can again rewrite the amplitudes as a, = a; a,, a,y = a; any,

and arzlf =aq; Ezﬁf as in Eq. (24). This allows us to focus our attention on the dependence of the amplitudes on
L. and k only.
The functions a, a,y, and Ezrzlf are graphically represented in terms of L. and k in Fig. 4 for a fixed value

o = 0.5. The real (resp. imaginary) part of a, admits a curve of local minima (resp. maxima) for L, = Lgri‘.
As for a,y, the real (resp. imaginary) part is monotonically increasing (resp. decreasing) w.r.t. L. and k. An
analogous behaviour is observed for Ezif with reversed monotonicity (decreasing for the real part and increasing

for the imaginary part). Coherently with the analytical predictions, we observe that the limit L, — 0" leads
to a,ff — 0, ar — a, asin Eq. (21), ay,r — any as in Eq. (22), and ¥ (x) — ¥ (x) as in Eq. (20), i.e. we
obtain convergence to the solution of the local model.

5.2 Pinned end

In this case, a natural condition is also required, i.e. k*L2 ¥ (0) — a L2y (0) + v@ (0) = 0. Together with
Eq. (40) and recalling Eq. (38), we hence get here that

ar =a; (02 + 09 («L2(02 — 09 +1) (K12 (VO3 - VQ1) +aL20]” +aL20}+
— 03 (Lc\/@Jr 1) (@ + L2035 — 1) + (@ — DLQY + (@ — 1)Q1) +
—(01 - 09) (@L2(Q1 + 03) — 1) (kL2 (VO3 +iV/02) —iaL 03 + aL2 03+
~03 (Ley/0s +1) (@ +@L20s = 1) +i(e = DL.0Y* — 02 + 02) )
: ((Qz + 03) (@L2(Q2 — 03) + 1) (k4Lg (/@— \/@) —aL30Y? —aL? Q%+
+0; (LC\/@Jr 1) (@+aL20s— 1)+ (@— D)(~L)0? — (@ — 1)Q1) +
—(01 — 03) («L2(Q1 + 03) — 1) (k“Li (@— i@) +ial303? + L2 0%+
—0; (LC\/@JF 1) (0 +aL2Q3 — 1) —i(a — DLQY* —a Qs + QZ))_I : (42a)
an = a; (2702 (—V/ Q2 +iv/01) (K*L2 + 02 (1 = L202) = 1)) («L2(Q1 = 02) — 1)) -
((Vos-var) (Vor +ivs) (k12 (-1 + a2 (Vor (VOs +iv/02) + 01+
+iv/02V/05 = 02+ 03)) +aLe 01 (LY 021/ 05 (~iv/02v/03 + 02 — 03) +
+Le (i Qs + @+ 1/ 02y/05 — i 03) + (V02— iv/03) ) +
+aL201” (V02 = iV/03) (@L2(Q2 = 03) +1) + V Q1 (V02— iv/0s) e+
+oLe (L20203 +iv/Q2 (Lev/Q3 +1) +V/03) +aL2(Q3 = 02) — 1) +
+/027/ 03 (oz 2L, <L3Q2Q3 +iv/02 (Lev/0s + 1) + \/@) +aLl?(Q3 — Q) — 1))))71 ,

(42b)
a2 =a; (2702 (VO3 +1V/02) (-k*L2 + @0 (L202 = 1) + 02) (0L2(Q2 — 03) + 1) ) -

: ((\@— i@) (@— \/@) (ik“L% (—1 +alL? (\@ (@Jr i\/@) + 01+
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(f)
Fig. 4 Representation of real (left column) and imaginary (column) parts of the functions a, (panels (a), (b)), a,s (panels (c),

(d)), and Zz,%f (panels (e), (f)) given in Eqgs. (24), (41) for the strain-driven two-phase model w.r.t. L. and k in the case of a clamped
semibounded beam for & = 0.5
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FiIV 005~ 05+ 03)) +aLe0i (aL/02y/05 (~iv/0ay/ 05 + 02 — 05) +
+L, (ian + (o + 1)y 02103 — iaQ3> +a (@ _ ,@)) +aL20?.

. (@— i\/@) (@L2(Q2— 03) + 1) + @(@ - i@) (o + oL,
(£20203+1V/ 02 (Lev/03 + 1) ++/03) +aL2(03 = 02) — 1) + V02103

(ot Lo (20205 V0 (Lv/@s +1) +103) +aL20s - 09 1)) . @2

Analogously to the stress-driven case analysed in Sec. 4.2, the amplitudes a,, a,f, and arzlf linearly

depend on a;. Specifically, we can again investigate the functions a,, a, s, and 512 y defined in Eq. (24) in order
to focus our attention on the influence of L. and k on the behaviour of the amplitudes. A visual representation
of the functions a,, a,f, and Zzﬁf in terms of L. and k for « = 0.5 is given in Fig. 5. In this case, the real
(resp. imaginary) part of a, admits a curve of local maxima (resp. minima) for L, = Lgri‘. The same behaviour
is observed for g, r. On the other hand, the real (resp. imaginary) part of Ezﬁf admits a curve of local minima
(resp. maxima) for L, = Lgm. In the limit L, — 0T we obtain that arzlf — 0, a, — a, as in Eq. (20),
any — dypf asin Eq. (27), and ¥ (x) — &(x) as in Eq. (20) —i.e., we consistently observe convergence to the
local model in this case as well.

In the case of a clamped semibounded beam, we observe that the monotonicity of both the real and the
imaginary parts of a, s and c'z,% - is reversed when going from the stress-driven approach to the mixed strain-
driven model (see Figs. 2(c-f)-4(c-f)). The real and imaginary parts of a,, on the other hand, are monotonically
increasing before reaching a plateau in the stress-driven model, whereas in the mixed strain-driven formulation
we have that Re(a,) (resp. Im(a,)) admits a curve of local minima (resp. maxima) along the curve defined
by Eq. (25). As for the semibounded beam with pinned end, the rescaled amplitudes a;, a,y, and Zzﬁ ¢ present
more complex dynamics in the case of the mixed strain-driven model; while in the stress-driven model they
reveal the presence of vertical asymptotes along the curve L™ beyond which these quantities are not defined
(see Fig. 3), in the mixed strain-driven case this curve defines a locus of local minima for Im(a, ), Im(a,y),
and Re(&ﬁf), resp. maxima for Re(a, ), Re(a, ), and Im(&ﬁf), as shown in Fig. 5.

6 Solution via nonlocal strain gradient approach

A further comparison is here performed exploiting an alternative model, namely the nonlocal strain gradient
theory (see [36]) that combines Eringen’s constitutive law with the strain gradient elasticity, that is

b b
M(x, 1) =_/ 9(x =X, L) kg xa (%, 1)dx — L 8x/ p(x — X, Le)ky 0z xer (X, 1) dX, (43)
a a

where L, is the gradient length. Exploiting the Helmholtz bi-exponential function, the following constitutive
differential equation can be derived [36]

Mx, 1) = L2ZMP(x, 1) = kp ya(x. 1) = L2 kg xS (x. 1), (44)
equipped with constitutive boundary conditions [62]
1 L}
MOa, 1)~ M. 1) =ky 5 x9 (@ 1),
‘ ; (45)

1 L
MO, 1)+ = Mb, 1) =ky 255 (b, 1),
c c
The case of a nonlocal elastic beam defined on the semibounded spatial domain [0, +00) is analysed. Com-
bining constitutive differential Eq. (44) together with the kinematic compatibility and equilibrium conditions,

Eq. (1) and Eq. (2), the following equation is obtained
kp Lyv© @, ) —kp oD, )+ LEm P (x, 1) —mi(x, 1) =0 (46)
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Fig. 5 Representation of real (left column) and imaginary (column) parts of the functions a, (panels (a), (b)), a,s (panels (c),
(d)), and éﬁ g (panels (e), (f)) given in Egs. (24),(42) for the strain-driven two-phase model w.r.t. L. and k in the case of a simply
supported semibounded beam for o« = 0.5
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Via separation of variables the spatial equation is got as follows
2 (6 4 274 (2 4
Ly @) =y @) = L2 P 0 + 1y (x) =0, (47)

whose solution is

¥ () = ay; e VO VT g iV g, e\/_2x+afe VOsx ooV O3 ag)

where the constants ¢y, ¢z, a;, a,, af, 2f € C,; in particular a;, a,, a,y, and a represent the amplitude
of the incident, reflected, primary and secondary near field wave, respectively. Moreover the coefficients
Q1, Q2, Q3 € R, which depend on L., k, L, and are given by

b, = 142G cos(Y (Le, k, Ly))

302 ’

1 +é(cos(?(Lc,k,Lg)) +V3sin(F (L. k. Lg)))

0) = 2 , (49)
8

. 1-¢ (cos()?(LC, k, Lg)) — N/3sin(¥ (L. k, Lg)))

03 = 312 ,
8

where

s - 1
G = J14+3k*L2L2, V(L k. Ly) = 3 arg(Ok*LIL3+

(50)
\/(9k4L§(L§ —3L2+2)2 —4G3K*L2L2 + 1)3 — 27k Ly + 2),

4
. ' T is fulfilled, i.e. as long as L, lies away
from the critical value Lt = Lgm (see Eq. (25). Imposing that the solution does not diverge as x — +o0,
we get ¢ = ¢» = 0; therefore, Eq. (48) becomes

satisfy Q1, 0s, 03 > 0 as long as the inequality 0 < L:

w(x)—a V ‘X—i—ae v 2x—i—aev ”—i—afe QOsx (€2))
Imposing that ¥ (0) = 0 we get an additional condition on a,, i.e.

anf = —(ai + ar + azy) (52)

that implies
W(x)—a N X—l—ae v X—l—aev 2% (a—i—ar—}-af)e*/ O3 (53)

The constitutive condition Eq. (45)1, for a = 0, writes as

KL (v - Ly ©) + L2 (L2 OO -y O O) + L (v 0 — Ly D ©) +

(54)
+ Ly P0) =0

which, combined with the additional condition provided by the clamp (Sect.6.1) and the simple support

(Sect. 6.2) scenarios, will allow us to provide analytic expressions for a,, a, s and agf as functions of a;, L.,

k,and L,.
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6.1 Clamped end

A further essential condition is prescribed, i.e. ¥’ (0) = 0. Applying this to Eq. (53) together with Eq. (54)
and recalling Eq. (52), the following expressions are got

ai(A—iB)A —iF) (VEABFL2 +3LeLo(AB + F) + iBF) +33LEUA +i(B+ 7))

U A iBy A iF) (VEABFL2 4 3L Ly AB+ P~ iBF) + ALUA— B+ 7)) o
ans = (2Aa; (A~ i) (3GLe sin(¥) (FGLe + V3L ) = GLecos(V) (V3FLe +3Lg ) + (55b)
+V3F <L§ - 3L§,) + 3LCLg>) ((A +iB)(F - B (ﬁftBﬁL% +3LLy(AB+ F) — iBF) (55¢)
BELA- B+ ) (55d)

. 2Aa;(A - iB) (ﬁé (2gl§ cos(¥) + L2 — 3L§) +3LeLo(2G cos(¥) + 1)) 550
a,r = —2 S = — — — — — — — N €
T A+iF B -5 (VAABFL2 +3LcLy(AB + F) - iBF) +3V3LU (A~ i(B+ )

where A; = L.+/3 Q,-, i = 1,2,3. As in the stress- (resp. strain-) driven nonlocal case analysed in Sect. 4.1
(resp. 5.1), the amplitudes a,, a,f, and arzlf are linear functions of g;. In particular, we can again rewrite
the amplitudes as a, = a; ar, ayy = a; ayy, and azf = aq; &Zf as in Eq. (24). This allows us to focus our
attention on the dependence of the amplitudes on L. and k only. The functions a,, a,f, and a a ¢ are graphically
represented in terms of L. and k in Fig. 6 for a fixed value Ly = 0.1. The real (resp. 1mag1nary) part of a,
admits a curve of local minima (resp. maxima) for L, = Lgrit. As for a,r, the real (resp. imaginary) part is
monotonically increasing (resp. decreasing) w.r.t. L. and k. An analogous behaviour is observed for a,%f with
reversed monotonicity (decreasing for the real part and increasing for the imaginary part).

6.2 Pinned end

In this case, the following natural condition is required, i.e. k4L3 ¥ (0) — Lé U@ 0) + ¢ (0) =0. Together
with Eq. (54) and recalling Eq. (52), we thus get here that

ar = a (<Q2+Q3>(L§<Qz—és>+1) (m(@—@ 2(-1207+ 037 (1205 - 1) +
+017) = Le(01 = 09) (L2(D1 + 03) — 1) + 12 (037 = 01%)) = (@1 = 09) (L3201 + §3) ~ 1)
~(k4L4( /7—:\/7)+L2( 037 (L202+1) + 13077 - 03°) = Lu(02+ 0) -

(1202 = O+ 1)+ 12 (077 - QW)))-(—(Q2+Q3)(L§(Q2—Q3)+1) (k“Li (@+
—f>+L2( 12077+ 037 (L3105 1)+ 017) = Le(01 = 03) (LE(D1 + 03) — 1) +
+12(037 = 01%)) + (01 = 03) (L2(01 + 03 — 1) (fk‘*ug (\/EH\/E) + L

(032 (1202 +1) + L3032 03) — Le(0a + 03) (L2002 — B3 +1) + 12 (07 +i037))) .

g =200/ 02 (V02 = 101 ) (1= 12001 = 00)) (et + 02 (13 - 12 (1302 +1)))-
(65 @) (/@) 5 (115202 ()

SN N Ty Qs)) + 1202077 (@H@) (12010 -1)+
w130 (123 (V004 01— 02) (12010 w1) - is2 e/ 22 +
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Fig. 6 Representation of real (left column) and imaginary (column) parts of the functions a, (panels (a), (b)), a,s (panels (c),
(d)), and afl % (panels (e), (f)) given in Eqgs. (24), (55) for the nonlocal strain gradient model w.r.t. L. and k in the case of a clamped
semibounded beam for L, = 0.1

o (Jorsnan) (12 (220 -1) (12004 1) virty 2@+ )+

“ion/os <L§ (L201 1) (L202 1) +iL2y 01/ 0r + Lg,))f , (562)
a2y =24/ 02 <\/E+ i@) (L3202 = 09+ 1) (—K*LE+ 1202 (L2102 +1) — L202)

() ) e )

+ iy 0r/0s + 01 - Ga + Qs)) +ir21203 (\/EH\/E) (1201 - 0 1) +
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Fig. 7 Representation of real (left column) and imaginary (column) parts of the functions a, (panels (a), (b)), a,s (panels (c),
(d)), and aflf (panels (e), (f)) given in Egs. (24),(56) for the nonlocal strain-driven model w.r.t. L. and k in the case of a simply
supported semibounded beam for L, = 0.1

120 (1o - 13 (Voo v o - &) (12 i) )+
+\/E<\/a— z@) <L§ (£201-1) (1202 +1) +ird o1/ os + L§,> +
+ @@(Lg (L§Q1 - 1) (L?Qz—i—l)—i—iLg\/a\/g—i—L?)))il. (56b)

As in the stress- (resp. strain-) driven nonlocal case analysed in Sec. 4.2 (resp. 5.2), the amplitudes a;,
anf, and arzlf are linearly dependent on q;. Specifically, we can again investigate the functions a,, a,f, and
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Zzﬁf defined in Eq. (24) in order to focus our attention on the influence of L, and k on the behaviour of the

amplitudes. The behaviour of the functions a,, a,y, and érzlf in terms of L. and k for Ly = 0.1 is displayed in
Fig. 7. Here, the real (resp. imaginary) part of &, is a monotonically increasing (resp. decreasing) function of
both L. and k. This monotonicity is reversed in the case of Zzgf. Finally, the real (resp. imaginary) part of aj s

admits a curve of local maxima (resp. minima) for L, = Lgrit.

The investigated nonlocal methodologies, i.e. the stress-driven nonlocal theory, the strain-driven two-phase
approach and the nonlocal strain gradient model, lead to different scale effects on the amplitudes of reflected,
primary near field and secondary near field waves, giving the opportunity to capture a wide range of applicative
problems. However, it is worth noting that the stress-driven approach provides a consistent methodology for
any value of the characteristic length, unlike the strain-driven based methodologies.

7 Concluding remarks

Wave propagation analyses of nonlocal elastic beams have been carried out by an analytical approach. In this
context, a harmonic wave is commonly assumed to assess dispersion features of small-scale beams. Here, the
general solution to wave propagation problems has been provided, and reflection and near field phenomena
occurring in the presence of boundaries have been analysed. Notably, wave analytical solutions have been
detected exploiting nonlocal integral theory, two-phase mixture model and nonlocal strain gradient theory of
elasticity. Notably, the solution field is obtained as linear combination of incident, reflected, primary near field
and secondary near field waves. The latter contribution represents a new term arising from the size depen-
dent mechanical behavior. Wave solutions for vanishing nonlocal parameter have been detected, consistently
demonstrating a zero amplitude of the secondary near field wave. Parametric studies have demonstrated a
considerable influence of scale effects on the amplitudes of reflected, primary near field and secondary near
field waves. The obtained outcomes have shown that this last effect cannot be neglected in wave propagation
analyses of small-scale elastic structures.
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