
Meccanica          (2026) 61:40 

RESEARCH

Adaptation-driven optimization strategies in reinforced
vascular autografts

Angelo Rosario Carotenuto1,2 · Arsenio Cutolo1,2 · Chiara Bernard1,2 ·
Massimiliano Fraldi1,2

Received: 12 December 2025 / Revised: 23 February 2026 / Accepted: 24 February 2026
© The Author(s) 2026

Abstract
Precise medicine strategies for vascular autografts aim to conceive smart and biomechanically mimetic reinforce-
ments able to support the arterialization process of autologous vessels, by bearing systemic loads while fostering
virtuous microenvironments conducive to remodeling and growth. However, the mechanical discrepancy between
synthetic devices and the biologically active host vessel often determine a conflict between requirements for robust
short-term performance and for long-term functionality. Composite architectures should indeed compensate the
compliance mismatch between aortic and venous tracts, on a side avoiding aneurysmal dilation and, on the other
one, preventing excessive stress-shielding subverting tissue adaptation. Consequently, addressing the mechanical
design challenges of reinforced grafts is essential to resolve the trade-off, providing structural support and replicat-
ing homeostasis.With this in mind, this work provides insights in the mechanistic interplay between reinforcement
and tissue response in autografts, focusing on the effect of reinforcement stiffness on their arterialization. This is
achieved by first introducing a mechanobiological model where growth and material remodeling are in full cou-
pling with the nonlinear tissue elasticity, employing ad hoc analytical solutions to study the potential adaptation
scenarios emerging from the interaction with implants at varying stiffness. Theoretical projections are then used to
tailor a design optimization of reinforcement geometrical and mechanical features, implementing finite-element
procedures to analyze the influence of filament number, dimensions and stiffness on realistic meshes. Overall, out-
comes suggest how mild stiff reinforcements with mid-density filament architectures offer the most mechanically
stable and physiologically consistent solution, opening possible biomechanically-based approaches for enhancing
long-stable graft integration.

Keywords Vascular autograft · Growth and remodeling · Biomechanical adaptation · Design optimization

1 Introduction

The development of functional vascular grafts remains a critical challenge in cardiovascular surgery. While autol-
ogous vessels from analogous sites represent the gold standard, their limited availability drives the pursuit of
advanced synthetic alternatives. Among the possible choices, the use of reinforced vascular grafts represent one
of the most adopted surgical techniques [1–3]. This provides the replace of the diseased aortic segment by means
of the transposition of autologous venous tracts (typically from pulmonary artery or saphenous veins), which are
engineered by combining a primary biocompatible polymer –such as electrospun polyurethane (PU), polytetraflu-
oroethylene (ePTFE) or polyethylene terephthalate (PET, Dacron®)– with a secondary (generally not resorbable)
reinforcement structure, often a mesh, coil, or braid made from a stiffer polymer or metal [4]. An ideal graft that is
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not merely a passive conduit but a template for regeneration, which should work –at least in principle– to maximize
hemocompatibility to prevent clotting, mechanical compatibility with native arteries, and the biological capacity
to guide host cell ingrowth and remodeling [5–7]. For this reason, the evolution of vascular graft technology is
heavily centered on overcoming the fundamental mechanical-biological dichotomy that has long affected synthetic
constructs. Wide literature evidence indeed confirms that mismatched mechanical properties are a primary driver
of clinical failure[8–11], since graft’s compliance, tensile strength, and fatigue resistance should mirror the elastic
behavior of native arteries to avoid complications like anastomotic intimal hyperplasia, dilation, and thrombosis,
in a way to also replicate natural hemodynamic conditions [12]. Consequently, contemporary research has moved
beyond inert materials to engineer scaffolds with tunable mechanical response. For instance, silk-based grafts
can be engineered to improve compliance and cyclic durability, and match the critical mechanical strength and
elasticity required to withstand hemodynamic stresses, while also promoting biological functions [13]. Compara-
tive studies [14] evaluate the performance of textile-reinforced vascular grafts against non-reinforced versions. It
shows that reinforcement –using braided or woven meshes– significantly enhances a graft’s mechanical strength
and resistance to dilation under pressure, crucial for arterial applications. However, reinforcement can also reduce
elasticity by hindering cellular integration, stiffer structures inducing excessive stress-shielding phenomena that
limit the natural elastic breath of the vessel and reduce the effectiveness of the mechanical signaling in modulating
cell activities. To achieve more compliant configurations, novel auxetic microstructures are also investigated to
accommodate growth with reduced stress levels [15, 16]. The optimal design should balance improved durability
with the biological requirements for healing and tissue regeneration as a a prerequisite for successful biological
integration [17]. In this regard, designing the geometrical and (chemo-)mechanical features of supporting grafts
is crucial to guarantee homeostatic conditions that drive the integrity of the biological vessel during the whole
process, since excessive shielding is demonstrated to cause several counter-effects, such as internal micro-lesions,
damage and inflammation, which compromise the arterialization process and, although preventing aneurysmal
dilation, subvert the long-term stabilization of the implant [8, 18]. In order to maximize biocompatibility of the
implant by preserving the homeostatic functions normally exerted by the native tissue, composite architectures
have been introduced to support the initial compliance gap of the autologous graft with respect to higher aortic
regimes, enhancing their mechanical response and providing higher kink-resistance, suture retention strength, and
radial resistance to compression, so facilitating implant stability. The composite nature of these grafts introduces
new potential failure modes not present in homogeneous conduits. In fact, the interface between the different
materials (e.g., a soft inner layer and a stiff outer reinforcement) is a critical point of vulnerability. Under the
action of cardiac pressure, stress concentrations can occur, by leading to rupture phenomena and compromising
the graft’s structural integrity. Furthermore, the long-term degradation profile of bioresorbable reinforcementsmust
be carefully calibrated. As outlined by Wang et al. (2014) in their review on biomimetic vascular grafts [4], the
degradation kinetics of reinforcing polymers must match the rate of tissue ingrowth. If the reinforcement degrades
too quickly, it can lead to aneurysm formation; if it degrades too slowly, it perpetuates the issues of chronic inflam-
mation and compliance mismatch [6]. In this regard, recent study by some of the present Authors [19] investigated
a novel approach to optimize the performance of implanted transplanted pulmonary arteries reinforced with a
biodegradable, elastic copolymer scaffold, which was utilized in arterial switch surgery. In particular, engineering
calculations aimed to calibrate the virtuous relay-race effect between scaffold degradation and vessel progressive
adaptation in a way that the graft temporarily shields the vessel from aortic pressure while allowing it to adapt
and remodel toward a healthy arterial tract. The key of this procedure mainly relied in the possibility of modu-
lating the stress-shielding effect of the implant by promoting favorable tissue stress compatible with the evolving
material properties of the autograft. While mechanical scaffold must provide initial structural integrity, its micro-
architecture and composition must actively guide host remodeling. As reported in [20], the micro-scale porosity
of electrospun fibers facilitates cell infiltration. Furthermore, the surface could be bio-instructive, by realizing
functionalized coatings able to modulate the immune response, polarize macrophages and enhance endothelial
cell activities so as to facilitate rapid endothelialization and healing [21, 22]. To maximize the biological function,
decellularized grafts are used to preserve the native extracellular matrix’s mechanical and biochemical blueprint,
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though outcomes vary with processing methods [23]. Also, fully tissue-engineered approaches lead to the use
of biodegradable scaffolds to favor the formation of new vessel tissue exhibiting physiological functions such as
contractile response [24, 25]. From a biological standpoint, a primary cause of mid-to-late-term grafts’ failure
is Anastomotic Intimal Hyperplasia (AIH), a pathological thickening at the junction between the graft and the
native artery. A significant driver of AIH is the discrepancy in mechanical compliance between the stiff synthetic
graft and the compliant arterial wall. As Pashneh-Tala et al. [5] observe in tissue-engineered blood vessels, the
native artery expands and recoils with each cardiac cycle, while a stiff graft remains static. This creates mechanical
stress concentrations at the anastomosis, compromising the natural hemodynamics and promoting the switch of
smooth muscle cells to proliferative phenotypes, ultimately leading to restenosis. Composite grafts, while strong,
often exacerbate this problem. For instance, studies on electrospun PU grafts reinforced with Poly(L-lactide-co-ε-
caprolactone) (PLCL) coils demonstrated thatwhile the reinforcement successfully prevented aneurysm formation,
it also significantly increased the graft’s bulk tensile modulus, directly contributing to a higher compliance mis-
match [26, 27]. Also, graft mechanical properties directly influence the hemodynamic environment of the vessel,
low compliant grafts dampening the pulsatile nature of the blood flow. This leads to decreased oscillatory wall
shear stress (WSS) levels, in turn directly affecting the well-known mechanotransduction pathways that regulate
the elastic tone and contractility of vessel walls. In grafts with external helical reinforcements, where the internal
deformed lumen may result not be perfectly smooth, creating micro-turbulence, which induce platelet activation
and eventual thrombus formation, this constituting one of the major causes of early graft failure. Computational
fluid dynamics studies are indeed dedicated to highlight how the geometric design of a graft, including its compli-
ance and curvature, profoundly influences WSS distribution, this being considered a key predictor of thrombosis
and hyperplasia [28–31]. Based on all these considerations, a critical paradox seems to emerge: the approaches
employed to achieve robust short-term performance often directly conflict with the requirements for long-term
in vivo success. The central issue lies in the profound mechanical mismatch between the synthetic graft and the
dynamic, living tissue of the host vasculature. Therefore, themechanical design challenges of composite reinforced
grafts is of key importance to solve the trade-off between the needs of structurally supporting vessel walls and
of biomimicking physiological conditions. Motivated by this, in the present paper we aim to further investigate
the mechanistic interplay between reinforcement and tissue response in composite reinforced autografts, by in
particular focusing on the role that reinforcement stiffness has in promoting growth and adaptation of the autolo-
gous vessel when transplanted in aortic position. This is done by first introducing a mechanobiological model in
which growth and remodeling of material properties are coupled with the nonlinear elastic response of the tissue,
employing new ad hoc derived analytical solutions to study the potential adaptation scenarios that emerge from
the direct interplay with the implant at varying stiffness. The growth-associated stress state in vessel walls allows
us to gain important information on the incipient positive biological effects on remodeling, the regional somatic
growth phenomena and prevention of dilative degeneration. Theoretical projections have been used to then tailor
the design of reinforcement geometrical and mechanical characteristics, by implementing finite-element design
optimization procedures on virtual replicas of the implant in order to analyze the effects of the number of filaments
as well as of wire dimensions and stiffness within a more realistic context.

2 Interaction of autograft reinforcement and arterialization process

In order to investigate the interplay between the mechanical confinement exerted by composite reinforcements on
the transplanted autograft in terms of its adaptation, let us consider a coupled growth problem written in a proper
nonlinear framework. In particular, let us consider a reference cylindrical vessel described by the cylindrical region
R0 : {{R, �, Z} : Ri ≤ R ≤ Ro, 0 ≤ � ≤ 2π, 0 ≤ Z ≤ L}, where Ri and Ro denote the inner and outer
radii and L the initial length, see Fig. 1. In aortic position, this tract will deform such that, under axis-symmetric
hypotheses, a new configurationR is achieved, described by updated coordinates {r(R), θ, z} such that ri ≤ r ≤ ro
and 0 ≤ z ≤ l. In detail, the function r(R) maps the motion of the radial points, while z = λz Z represents the
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Fig. 1 Schematic illustration of the procedure to model the use composite reinforcement in vascular autograft, with a sketch
of the analytical model and of the anatomically faithful finite element replica

change-in-length of the vessel as a consequence of the effective stretch λz (supposed to be homogeneous). From
this position, the total deformation gradient F writes down as:

F = Diag{r ′(R), r(R)/R, λz}. (1)

In order to consider the possible somatic change of the vessel tract, a homogeneous volumetric growth Jg is
introduced,thus implying a dissipative process in presence of inelastic deformations (see Appendix). Assuming
isotropic conditions, the growth-associated deformation results Fg = J 1/3g I, the volumetric growth term tracing
back the arterialization process by means of a suitable evolution equation of the type:

J̇g
Jg

= rg , (2)

where the rate rg depends on growth and mechanical stimuli. According to the well-established multiplicative
decomposition [32, 33], the mechanical stresses and the associated strain-energy therefore result to be depen-
dent upon the elastic part of the deformation, i.e. Fe = FF−1

g . Within this framework, assuming the elastic
incompressibility under the condition Je = det Fe = 1 leads to express the function r(R) as:

r(R) =
√

Jg
λz

(R2 − R2
i ) + r2i . (3)

The autograft stresses can be also introduced under proper constitutive assumptions. With reference to literature
evidences and based on the experiments carried out by some of the Authors in previous works [8, 34], an Ogden-
type strain energy density (SED) is here introduced, which writes down in the cylindrical principal frame of
reference as [35]:

ψ(Fe) =
n∑

i=1

μi

αi
(λαi

er + λ
αi
eθ + λαi

ez − 3) , (4)
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in which αi and μi indicate respectively the Ogden generalized exponents and modes’ elastic parameters, which
could evolve in presence of adaptation phenomena. Under this assumption, the Cauchy stress components can be
obtained through standard arguments:

σ = ∂ψ

∂Fe
FT
e − pI, (5)

where p denotes the lagrangean pressure due to the incompressibility constraint. By virtue of (4) and (5), the
principal stress components have expression:

σ j = −p +
n∑

i=1

μi λ
αi
ej = −p +

n∑
i=1

μi J
−αi/3
g λ

αi
j , j = {r , θ, z}. (6)

For the symmetric problem at hand, the vessel is imagined as subjected to an axial elastic strain compatible
with the in situ measured pre-strain levels [36, 37], while radial equilibrium is additionally required, i.e.:

d σr

dr
+ 1

r
(σr − σθ ) = 0 , (7)

therein neglecting body forces and inertia terms.Provided the diagonal structure of the deformation gradient (1)
and the conditions for its local compatibility, together with the use of constitutive Eq. (6), manipulation of Eq. (7)
leads to obtain (see Appendix):

− dp

dR
+ d

dR

[
n∑

i=1

μi J
−αi/3
g λαi

r

]
+ λr

λθ

1

R

[
n∑

i=1

μi J
−αi/3
g (λαi

r − λ
αi
θ )

]
= 0 . (8)

By virtue of the strain compatibility equation λr = λ′
θ R + λθ , one can write:

− dp + d

[
n∑

i=1

μi J
−αi/3
g λαi

r

]
+ λr

λθ

dλθ

λr − λθ

[
n∑

i=1

μi J
−αi/3
g (λαi

r − λ
αi
θ )

]
= 0. (9)

The incompressibility condition implies that λr = Jg/(λz λθ), so that after few manipulation Eq. (9) re-writes
as:

dp = d

[
n∑

i=1

μi J
−αi/3
g λαi

r

]
+ dλθ

[1 − (J−1
g λz)λ

2
θ ]

[
n∑

i=1

μi

(
J 2αi/3g

λ
αi
z

)
λ

−(1+αi )
θ −

n∑
i=1

μi J
−αi/3
g λ

−(1−αi )
θ

]
.

(10)

Equation (10) can be readily integrated in order to give the expression of the pressure p:

p = p0 +
n∑

i=1

μi J
−αi/3
g λαi

r +
n∑

i=1

μi

(
J 2αi/3g

λ
αi
z

)
I−

αi
(λθ ) −

n∑
i=1

μi J−αi/3
g I+

αi
(λθ ) =

= p0 +
n∑

i=1

μi J
−αi/3
g λαi

r − �Iαi , (11)
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in which, for Ogden-type exponents αi �= 2,

I−
αi

= −αi
−1λ

−αi
θ 2F1

(
1, −αi

2
, 1 − αi

2
,
λzλ

2
θ

Jg

)
, (12)

I+
αi

= αi
−1λ

αi
θ 2F1

(
1,

αi

2
,
αi

2
+ 1,

λzλ
2
θ

Jg

)
, (13)

where 2F1(·) are hypergeometric functions. In case of (neo-Hookean) exponents αi = 2, these functions read as:

I−
2 = 1

2

⎛
⎜⎜⎝

λz

(
2 log (λθ ) − log

(
1 − λ2θ λz

Jg

))
Jg

− 1

λ2θ

⎞
⎟⎟⎠ , and

I+
2 = −

Jg log

(
1 − λ2θ λz

Jg

)
2λz

. (14)

The above expressions fully characterize the stress distribution in the autograft vessel wall. In order to include
the remodeling effect due to growth and adaptation on the assigned material properties, we further adopt –as
in the most of remodeling problems [38]– a mass-fraction dependent Young modulus. In the case at hand, we
assume that the initial moduli of the venous graft evolve with the volumetric growth in a power-law fashion, i.e.
μi = μ0

i Jg(t)
q . This gives:

σr = �Iαi (λθ ) − p0 =
n∑

i=1

μ0
i

[
Jq−αi/3
g I+

αi
(λθ ) − Jq+2αi/3

g λ−αi
z I−

αi
(λθ )

]
− p0 ,

σθ =
n∑

i=1

μ0
i J

q−αi/3
g (λ

αi
θ − λαi

r ) + �Iαi (λθ ) − p0 , (15)

σz =
n∑

i=1

μ0
i J

q−αi/3
g (λαi

z − λαi
r ) + �Iαi (λθ ) − p0.

Therein, the integration constants ri and p0 are determined from the boundary conditions, at each growth
stage.With reference to the problem at hand, both native aorta and the transplanted autograft are internally subjected
to the aortic pressure, i.e. σr (Ri ) = −pi . On the other hand, the different cases referring to the native aorta, to the
not reinforced (NR) and to the composite reinforced (CR) vein graft are discriminated upon prescribing different
conditions at the external boundary. More in detail, we consider vanishing radial stresses at the outermost radius
σr (Ro) = 0 for the case of the reference aorta and for NR autografts. For CR autografts, in order to simulate the
confinement exerted by the external weave, we introduce an elastic constraint –i.e. σr (Ri ) = −ko(ro − Ro) =
−koRo(λθ (Ro) − 1), see Eq. (1), with the specific stiffness ko being varied according to the available literature
data [39] to trace back the effects of reinforcement strength on the arterialization dynamics of the living tissue.
Adaptation is modelled by means of a growth process. To deal with analytical expressions, growth has been
assumed as spatially homogeneous, so that the growth evolution equation (2) can be particularized as follows [19]:

J̇g
Jg

= γ M
(
1 − Jg

Jmax
g

)
, (16)
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where γ and Jmax
g are respectively the intrinsic growth ratio and carrying capacity. Moreover, the mechano-

sensing functionM is introduced to trace back for possible feedback of the mechanical stimuli, and in particular
of mechanical stretch, on the response of the underlying biological species carrying out tissue turnover. Based
on the most of literature works highlighting homeostatic stress/stretch levels as main regulatory parameters of
the vascular growth and repair processes [40–44], we here assumeM depending on the average elastic stretch in
the hoop direction, i.e. M = M̃(λeθ ). This specific choice is indeed supported by large experimental evidence
demonstrating that the activity of vascular cells –primarily endothelial cells lining the vessel lumen and vascular
smoothmuscle cells in the vessel wall– is profoundly regulated bymechanical stretch from blood pressure and flow
[31]. Although such dependence is nonlinear and cell-type-specific, and involves intricate mechanotransduction
pathways that convert physical force into biochemical and genetic responses [45], it is observed that stretch is a
crucial homeostatic signal able to promote cells functional states within certain physiological ranges [46–50]. In
contrast, pathological static or low-/high-magnitude stretch acts as a driver of cellular dysfunction and apoptosis,
underpinning adverse structural remodeling [51–53]. From these considerations, assuming a homeostatic range of
admissible stretches enabling physiological tissue turnover and evaluated on the basis of in situ tissue pre-stretches
and literature values [44, 54], the mechano-sensing term can be written in its simplest form as:

M = (1 + δ) exp
[−β(λeθ − λhom)2

] − δ, (17)

λeθ = 1

Ro − Ri

∫ Ro

Ri
λeθ dR =

= 1

Ro − Ri

{
ro − ri + ρi

[
tanh−1

(
ri
ρi

)
− tanh−1

(
ro
ρi

)]}
, (18)

in which ρi =
√
r2i − Jgλ

−1
z R2

i , δ is an resorption-like parameter and λhom is the physiological mean stretch,
promoting tissue natural turnover.

2.1 Stress distributions and adaptation outcomes

Equation (16) is solved in concert with the imposed boundary conditions to find, at each time, the growth-associated
stresses in Eq.15 and characterize progressive vessel remodeling as a function of reinforcement stiffness. In
particular, the system is solved by adopting geometrical and constitutive parameters reported in Table 1 both in
the unconfined cases of healthy aorta and not reinforced autograft, and in radially confined conditions to mimic
the composite reinforcement.

Three specific stiffness values ko = 1, 2 and 4 kPamm−1 have been adopted in the theoretical simulations.
Results are shown in the panel of Fig. 2. More in detail, Fig. 2A and B report respectively the adaptation and
thickness variation curves obtained in autografts under different conditions, from which one observes that the NR
autograft undergoes resorption. On the contrary, the CR autograft with the lowest stiffness (ko = 1 kPamm−1)
allows for the highest outcome in terms of growth and wall thickening. Reduced growth levels are instead observed
in the intermediate stiffness case (ko = 2 kPamm−1), in which both mass and thickness gains are approximately
halved (see Fig. 2A and B). On the other hand, in the stiffest CR (ko = 4 kPamm−1), arterialization is dramatically
compromised by the excessive confinement. Adaptation also affects the vessel compliance (Fig. 2C), which
ranges between 0.2 mm mmHg−1 in the case of collapsing NR autograft and about 0.024 mm mmHg−1 in the
complementary case of fully confined vessel. Differently, the CR autografts with lower stiffness values well match
physiological aortic compliance, which typically varies from 0.05 to 0.1 mm mmHg−1 [56–58].

In terms of mechanical stresses (see Fig. 2D-G), it is shown that NR autograft experiences a circumferential
stressmuch higher than the one of normal aorta (Fig. 2D) and approaching values comparable to the circumferential
strength of the tissue (of the order of 0.8− 1.2MPa [60]), this indicating a plastic-like aneurysmal bulging of the
vessel. In the other cases, the low stiffness CR induces positive stresses in the autograft tissue. Hoop stresses are
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Table 1 Adopted parameters Parameters Value [unit] Reference

Geometric and kinematic parameters

Ri 12 [mm] [19]

Ro 12.5 [mm] [19]

λez 1.5 [36]

γ 0.025 [day−1] [19]

Jmax
g 3.3 [19]

β 10 Assumed

δ 0.2 [41]

λhom 1.75 [44, 54]

Constitutive parameters

Autograft

pi 10-16 [kPa] [19]

μ0
1 0.662 [kPa] (autograft) [34]

3.51 [kPa] (aorta) [34]

μ0
2 85 [kPa] [34]

18.6 [kPa] [34]

μ0
3 1.62 [kPa] [34]

0.651 [kPa] [34]

α1 6.41 [34]

7.15 [34]

α2 −0.22 [34]

0.023 [34]

α3 0.910 [34]

0.238 [34]

q 1.9 [38]

ko 0-5 [kPa mm−1] [39]

ω1 0.07 [19]

ω2 0.05 [day−1] [19]

ts 30 [day] [19]

Design optimization parameters

σ adm
V M 100 [kPa] [55]

ED 7.5 [MPa] [8]

Haorta 35 [mm] [34]

HPA 40 [mm] [34]

here lower in magnitude with respect to the aortic ones, compatibly with the elastic difference between the two
native tissues, so ensuring load-bearing abilities and reproducing the physiological vascular tone that promotes
remodeling stimuli (Fig. 2E). Conversely, hoop stresses decrease inmore confined cases up to becoming completely
compressive in the CR with the highest stiffness. Wall internal compression alters the mechanosignaling processes
occurring during tissue development, in this way directly compromising its adaptation towards a homeostatic state.

Analytical predictions of Fig. 2 thus provide a preliminary framework for identifying the optimal initial prop-
erties of the reinforcement needed to sustain early-stage adaptation of the vein autograft transplanted in aortic
position. This evaluation is crucial to ensure primary implant stabilization by promoting appropriate biomechani-
cal signalling. At this stage, material degradation of the reinforcement is not considered yet, and the thickening of
arterializing vessel against a non-degradable reinforce leads to a partial under-estimation of tissue hoop stresses
compared to the aortic ones as growth progresses (Fig. 2D-E). To account for theCRdegradation, the initial stiffness
may be penalized via a prescribed time-dependent decay function with expression k̂o(t) = ko [1+ω1 eω2(t−ts)]−1,
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Fig. 2 Coupled growth and biomechanical stress in CR autograft.A. Growth curves in NR autograft (black) and CR autografts
at increasing stiffness. B Thickness variation of the transplanted vessel. C. Vascular compliance. D-G Wall circumferential
stresses from different simulations: native aorta and NR (aneurysmal) autograft (D); mild-stiffness CR ko = 1kPa/mm
(E); medium-stiffness CR ko = 2kPa/mm (F); high-stiffness CR ko = 4kPa/mm (G). Analyses performed via Wolfram
Mathematica® commercial software [59]

where ts and ωi represent calibration parameters of the composite material [19]. Under these conditions, the inter-
play between the implant-driven tissue adaptation and CR degradation critically influences the long-term stability
of the autograft. In particular, for the optimal initial stiffness shown in Figs. 2E, 3 illustrates how the intact rein-
forcement initially supports the tissue graft, resulting in a lower (positive) bio-mimicry index – defined as the ratio
of mean hoop stress in the autograft to that one in the reference aorta. As the CR degrades, the arterialized tissue
gradually gains load-bearing capacity by resisting to systolic pressures and ultimately mimicking the aortic elastic
response in a stable manner at secondary stages, thus revealing a successful adaptation process.

Conversely, in the high stiff CR –that induce initial stress-shielding and tissue resorption (simulated in Fig. 2B
andG)– reinforcement degradation leads to a dramatic stress transfer to the underdeveloped vesselwall. This results
in a progressive over-stress during the post-degradation phase, and the bio-mimicry index rises unstably towards
pathologicalNR (aneurysmal) values.Although further exploration is required to design optimal growth-promoting
degradation programs, these outcomes corroborate the previous results, by demonstrating the importance of tuning
reinforcement compliance to drive homeostatic signalling and foster implant biomimetic remodelling.

In order to better highlight the geometric andmechanical differences between the native aorta and theNR andCR
autograft by taking advantage of a more realistic visualization that includes the effects of anastomosis suture and
CR microstructure, we uploaded the measured elastic properties in virtual replicas based on finite elements (FE).
In particular, by improving previously developed numerical models [8, 34], we carried out additional analyses to
here directly compare the two extreme situations. The simulation have been carried with the aid of the commercial
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Fig. 3 Evolution of bio-mimicry index (graft-to-aortic
hoop stress ratio) induced by reinforcement degradation.
At primary stages, the reinforcement shields tissue graft by
absorbing loads and by modulating mechanical signalling
in a stiffness-dependent manner. After degradation, stress
is transmitted to the vessel: in stable grafts (red curve,
ko = 1kPa mm−1), adaptation leads to mimic
physiological aortic stress states, while highly confined
and mal-remodelled grafts (blue curve, ko = 4kPa mm−1)
exhibit a long-term yielding behavior by experiencing
over-stress and excessive dilation

FEM-based code Ansys c© [61]. To better analyze how the vessel structures respond to the arterial pressure, the
FE parametric model provides more details including the annulus of aortic valve, the anastomosis zone with
surgical suture stitches, and the uppermost trunk of ascending aortic arch. Both arterial tracts were mechanically
characterized with the same tissue-specific hyperelastic constitutive properties, whereas the annulus of aortic valve
and the suture points were modeled as linear elastic elements. A custom made Ansys procedure, written in APDL
parametric language, has been implemented to reconstruct the FE model reported in Fig. 4A. The geometrical
models have been meshed by means of about 18.000 standard hexahedral (SOLID185) elements and almost
25.000 nodes with three dofs per node. The synthetic suture threads have been meshed by using pre-stretched
elastic link elements (LINK180). The model has been then subjected to an internal pressure of 100mmHg (i.e.
about 13kPa), symmetrical boundary conditions being instead imposed on both top and bottom cross-sections in
order to reproduce realistic conditions. The FE analyses were then performed in static nonlinear regime employing
standard convergence algorithms. For the synthetic graft added to the venous tract, a woven structure has been
built parametrically on the external surface of the autologous tract by fixing a fine mesh net of about 1mm2,
being meshed by means of about 10.000 beam elements (based on Timoshenko beam theory) and 9.500 nodes.
Fig. 4 shows the limiting behavior of the in situ NR autografts (Fig. 4A-B) versus highly confined CR autografts
(Fig. 4C-E). In particular, NR autograft tracts modelled in Fig. 4A undergo aneurysmal degeneration displayed
in Fig. 4B, which highlights the severe radial dilation of the NR vein tract accompanied by vessel wall thinning
and overall overstress along the whole length. Behind inflation, acute distortions occur in the anastomosis sights
at the interface between the transplanted and the aortic tract, these potentially affecting the integrity of the suture
by representing an additional failure risk for the implant.

On the other hand, in the autograft with rigid external reinforcement modelled in Fig. 4C, although preventing
dilation, a high contraction of the tissue is observed in the network spaces (Fig. 4D), accompanied by localized
shear stress peaks that intensify towards the suture zone and could be potentially involved in the onset of tissue
micro-lesions and adverse failure mechanisms (Fig. 4D-E). In this regard, tissue deformation due to excessive
confinement can cause irregularity of the vessel lumen potentially inducing abnormal flow alterations, which
lead to reduced wall shear stresses with decreased mechano-signaling and activation of inflammation pathways.
Moreover, deviation from the homeostasis can result in unstable tissue degradation that in some cases leads to the
transmural migration of the CR or implant rupture. In order to then investigate how the geometric and mechanical
properties of the reinforcement can influence the functional and structural performances of the implant, in what
follows we carry out a design optimization study by taking into account realistic graft architectures.

3 A parametric design optimization study for vascular graft reinforcement

Disadvantages related to the use of synthetic and reinforced autologous grafts can be traced in their inability of
mimicking the elasto-mechanical properties of the native aortic tissue. In the design of CRs, the trade-off lies in the
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Fig. 4 FE model of the NR
autograft in aortic position,
highlighting the suture
points and anastomosis
with the lower aortic root.
Aneurysmal response of
the autograft to 100mmHg
inflation, in terms of Von
Mises stress, radial
enlargement and shear
distortions. FE study of
confinement in reinforced
autografts. (Equivalent Von
Mises strain and shear
stress induced by the weave
tightening

necessity of guaranteeing vessel confinement while promoting favorable adaptation stimuli. To this end, starting
from the outcomes of the mechanobiology predictions and numerical models presented in the previous Section,
we carry out a design optimization procedure on realistic meshes, as illustrated in Fig. 1. From the continuous
formulation, let O denote a family of admissible domains � ∈ R

n , which is contained in a larger family O ′ of
domains for which a notion of convergence is defined. For each domain � ∈ O ′, we associate a Hilbert space
V (�) of functions defined on �. We assume that a suitable notion of convergence for both domains and functions
is available. In particular, if �n ∈ O ′, we write �n → � (as n → ∞) to indicate the convergence of domains to a
limit domain� ∈ O ′. Also, for a sequence of functions un ∈ V (�n), one denotes by un → V (�n) the convergence
to a function u defined on the limit domain �, under an appropriate notion consistent with the convergence of
domains. Consider a state problem defined on any admissible domain � ∈ O , consisting of variational equations
or inequalities in the domain � whose solution is uniquely determined. This defines a solution mapping:

(P) u : � ∈ O → u(�) ∈ V (�) , (19)

where u(�) denotes the solution of the state problem in �. The set of all admissible pairs (domain and associated
state solution) is given by

G := {(�, u(�)) : � ∈ O} . (20)
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Fig. 5 Design Optimization Procedure: A Geometry and
Mesh of the problem in the FEM-based software; B Sketch
of the implemented objective functional; C Fixed
geometries of the reinforce with varying number of grid
filaments

Finally, assuming J : G → R be a certain objective (cost) functional, the general optimal shape design problem
is stated as follows:

(P)

{
Find �∗ ∈ � such that

J (�∗, u(�∗)) = min�∈O J (�, u(�)) .
(21)

Problemswith thismathematical abstractmainly regard the choice of suitable optimizationmethods to guarantee
good convergence and to find the best approximate numerical solutions. Additional complications arise from the
fact that the cost functional is not necessarily convex or continuously differentiable. Furthermore, the optimal
solution may not be unique or may even fail to exist. Nevertheless, the selection of admissible configurations
can be guided by specifying a suitable set of optimization variables, namely objective function, design and state
variables. In order to particularize the design problem (21) to the case of reinforced autografts under exam, a
custom made APDL parametric code has been implemented in the FEM-based commercial software Ansys c©,
starting from the in silico replicas implant reconstructed according to the methodologies described in Sect. 2. In
Fig. 5A it is reported the modelled anatomic tract with a sketch of the mesh used for the living tissues and for
the reinforce, mechanical analyses aiming at evaluating the confinement ability of the implants in terms of radial
expansion (Fig. 5B). To this purpose, the procedure initialization provided to parametrically varying the filament
density, by in particular performing numerical analyses for five fixed geometries of the reinforce, considering n
number of the grid filaments (with n = {10, 20, 40, 50, 80}), see Fig. 5C. With reference to loading conditions,
hemodynamics effects have been neglected and a quasi-static study has been examined by imposing as only static
load the systolic pressure of 16kPa acting on the inner surface of both the aorta, as physiological load, and of
transposed pulmonary artery (PA) venous tract, there constituting an extra-physiologic load at primary stages.
External walls are traction-free, while fixed longitudinal and circumferential constraints were applied to elements
at the z-extremes of the model. Bidimensional elements with a constant thickness have been used to model the
geometric transposition of the PA in aortic position, so as to represent the interaction between the autograft and
the reinforcement.

The state problemwas so implemented as kernel of the Design Optimization procedure, developed by exploiting
Ansys Robust Design Optimization (RDO) built-in algorithms. The mechanical response has been calculated for
the current assigned parameters. The goal is to obtain optimal grid configurations �∗ with grid density n able
to reduce aneurysmal failure and to simultaneously replicate physiological conditions, supporting the transposed
tissue autograft by allowing for the needed elastic breath of the vessel in order to invite homeostatic stress levels
involved in tissue growth and remodelling. Therefore, the FE parametric state problem provided as objective
functional J (�) the minimization of the effective radial displacements �|ur | of the PA tract when the systemic
pressure acts on its inner surface, by requiring as safety constraint a Von Mises stress below 100kPa, compatibly
with the most of experimental evidences and observed homeostatic stress levels [8]. Moreover, as additional
admissibility criterion, compatible configurations are selected among the solutions when the objective functional
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Fig. 6 Flowchart of the implemented FE design
optimization strategy for the reinforced autograft

reaches less than 10% of the initial diameter. Thereupon, three Design Optimization Procedures (DOP) –defined
with A, B, C– have been implemented by setting the appropriate optimization variables, and referring to the
parameters in Table 1. In particular, in the DOP-A we adopt as design variable the radius r of the cross circular
section of the filaments constituting the reinforce windings, which can vary range in r ∈ [0.05− 0.5]mm. While,
the DOP-B consists in the variation of material properties of the reinforce so that the Young modulus is limited
by the elastic behavior of the aorta (e.g. about 0.4 MPa, in the ideal case the supported autograft behaves like
the living tissue) and the stiffer behavior of the Dacron material (e.g. 7.5 MPa). Lastly, the DOP-C provided the
combined variation of both the cross section radius of and the material properties of the reinforce. The FE-based
design optimization strategy is summarized in the synoptic scheme of Fig. 6.

3.1 Comparison of design outcomes

The parametric analyses revealed a clear influence of filament number on both the mechanical response and the
overall stability of the graft. In the following, we report results obtained from varying design variables or material
properties of the reinforce.

Regarding the DOP-A, the radius of the cross circular section of the support is ranged in [0.05 − 0.5]mm. As
reported in Fig. 7A, configurations with a very low filament count (i.e. n = 10) lead to a clear aneurysm-like
bulging of the virtual vessel, primarily due to the excessive radial displacement observed at the anastomosis site.
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Fig. 7 Summarized Design
Optimization Procedure A
in terms of: A plotted radial
displacements and reached
design set of parameters; B
stress evaluated on the PA

Such marked deformation suggests insufficient structural support and highlights the inability of sparse filament
architectures towithstand physiological loading.On the contrary, the designwith n = 80 filaments, although stiffer,
produces stress levels that exceed the acceptable material limit, indicating that overly dense filament arrangements
produce an excessive confinement, which can lead to undesirable stress concentrations that prevent the elastic
breath of the vessel, which is necessary to promote favorable homeostatic conditions able to drive physiological
arterialization of the living tissue when subjected to the systemic pressure. Between these two extremes, the
configurations with n = 20, 40, 50 filaments consistentlymet all mechanical criteria, exhibitingmoderate stresses,
limited deformation, and overall stable performance. These trends are corroborated by the stress distributions along
the pulmonary artery (see Fig. 7B). The circumferential stress profiles for the acceptable filament configurations
remain below the physiological limit of the native pulmonary artery, indicating that the grafts are unlikely to
induce abnormal loading or adverse vessel remodeling. Moreover, considering the configuration combining the
PA and the Dacron reinforcement, the selected designs behave within a safe mechanical envelope across the entire
longitudinal axis.

By now considering the DOP-B, a second parametric analysis provides additional insights into how the filament
number influences the graft’s mechanical behavior under the updated material assumptions. As illustrated in
Fig. 8A, configurations with low filament density, particularly n = 10, 20, show mechanical limitations. While
their maximum stress remains within acceptable bounds, both designs experience substantial radial displacement,
indicating insufficient structural stiffness and a tendency to deform excessively under physiological loading. This
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Fig. 8 Summarized Design
Optimization Procedure B
in terms of: A plotted radial
displacements and reached
design set of parameters; B
stress evaluated on the PA

response figures out that sparse filament arrangements are unable to maintain geometric stability once the material
parameters are modified, emphasizing the importance of adequate reinforcement in preventing localized thinning
and excessive compliance. Concurrently, the n = 80 configuration, although mechanically stiff, again exhibits
a critical spike in the maximum stress. This confirms that overly dense filament arrangements introduce stress
concentrations that may compromise long-term durability,the marked discrepancy between the stress state in the
PA tract and native aorta being inevitably associated to the occurrence of spurious shear stresses in the anastomosis
region underpinning the stability of the implant [8]. On the other hand, grafts composed of n = 40, 50 filaments
consistently demonstrate amore favorablemechanical profile. These designsmaintain low stress levels, comparable
to each other, while also restricting radial deformation to values that fall well within the required limits. Their stress
maps highlight a uniform andwell-distributed load transfer, suggesting that thesemid-density architectures achieve
an effective equilibrium between flexibility and strength. These observations are reinforced by the circumferential
stress profiles shown in Fig. 8B. Both the acceptable configurations maintain circumferential stresses along the
pulmonary artery that remain below the physiological upper limit. Overall, the updated analysis confirms that mid-
range filament numbers provide the most mechanically stable and physiologically compatible graft architecture
under the revised set of parameters.

Lastly, the DOP-C further refines the interpretation of how filament density affects graft performance, par-
ticularly when the evaluation focuses simultaneously on stress, radial deformation, and the local reinforcement
radius. As shown in Fig. 9A, the configuration with n = 10 filaments again demonstrates insufficient mechanical
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Fig. 9 Summarized Design
Optimization Procedure B
in terms of: A plotted radial
displacements and reached
design set of parameters; B
stress evaluated on the PA

stability: despite acceptable stress levels, it exhibits a pronounced radial displacement of nearly 12mm, confirming
that low-density architectures are unable to preserve the required structural integrity under physiological loading.
By contrast, increasing the filament count to 20 results in a clearly more controlled response, with stress and defor-
mation reduced to acceptable levels and a reinforcement radius matching the target value. This highlights a clear
transition from an under-reinforced to a mechanically reliable configuration. Again, the designs with n = 40, 50
filaments continue to provide the most favorable balance. Both architectures maintain very low stress values and
extremely limited radial displacement, indicating that the graft structure becomes progressively more stable as fila-
ment density approaches this mid-range. The nearly uniform stress distribution visible in the color maps reinforces
this conclusion, suggesting the emergence of a mechanically efficient load-bearing architecture. In contrast, the
configuration with n = 80 filaments once again exhibits critical over-stiffening, with stress levels exceeding the
acceptable threshold and localized stress concentrations clearly visible. This confirms that superfluous reinforce-
ment does not enhance graft safety. Instead, it introduces potential failure risks by inducing high tensile stresses.
The stress evolution along the pulmonary artery, reported in Fig. 9B, aligns with these findings. The circumfer-
ential stress curves of the acceptable designs (n = 20, 40, 50) remain consistently below the physiological limit
of the native artery, indicating good mechanical compatibility and low risk of adverse remodeling. The minimal
variation along the longitudinal axis also suggests that these designs avoid the formation of localized stress peaks.

Across the three parametric analyses, a recurrent pattern emerges regarding the role of filament density in
determining the mechanical suitability of the graft. Although each version varies slightly in the specific material
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parameters or evaluation metrics, all three converge on the same fundamental conclusion: filament counts at the
extremes–either too low or too high–lead to suboptimal mechanical behavior. Designs with n = 10 or n =
20 filaments repeatedly display excessive radial deformation, demonstrating that sparse reinforcement cannot
provide the structural support required to maintain graft geometry under physiological pressures. On the opposite
end, the n = 80 configuration generates stress levels far exceeding the acceptable limits, confirming that over-
reinforcement produces dangerous stress concentrations and compromises long-term durability. In contrast, mid-
density architectures, particularly those with n = 40 and n = 50 filaments, show robust performance across
all analyses. These configurations exhibit low stress values, limited deformation, and uniform load distribution,
while also maintaining stress levels on the pulmonary artery well below physiological thresholds. Notably, the
n = 40 design tends to deliver the smallest displacements and the most homogeneous stress patterns, whereas
n = 50 offers similar performance with slightly higher stiffness. When considering all mechanical criteria –stress,
deformation, reinforcement radius, and compatibility with native arterial loading– the collective evidence indicates
that the configurations with n = 40 and n = 50 filaments represent the most mechanically balanced and reliable
graft designs, with n = 40 emerging as the most consistently optimal solution across all parameter sets.

Overall, in agreement with theoretical predictions, the findings obtained in DOPs demonstrate that an inter-
mediate range of filament numbers yields the most mechanically favorable graft architecture. Designs that are
too compliant or excessively stiff tend to introduce failure risks –either through deformation-driven instability or
excessive stress buildup– whereas mid-density arrangements achieve a more optimal trade-off between flexibility
and structural support.

4 Conclusions

Accumulating evidences suggest the emergence of worrisome issues concerning the long-term fate of prosthetic
grafts as large vessel replacement. Disadvantages related to the use of synthetic and reinforced autologous grafts
can be traced in their inability of mimicking the elasto-mechanical characteristics of the native aortic tissue. Local
sutures overstress lead to several prosthesis-related complications and retrograde deleterious effects on valve
competence, cardiac function and perfusion, some fundamental issues regarding compliance-mismatch and stress-
shielding induced mal-remodeling phenomena [8]. In the light of these aspects, this study focused on outlining, by
means of analytical solutions and numerical strategies, the most favorable biomechanical conditions allowing for
somatic ingrowth and adaptation of the transplanted tissue, by establishing a virtuous synergy between autologous
tissue and synthetic materials. Furthermore, a design optimization strategy has been carried out in order to find the
weave that better promotes the continuity in terms of both geometry andmechanical response of the aorta-autograft
system. Overall, both theoretical predictions and in silico simulations confirmed a robust trend observed across all
parameter sets: mild stiff reinforcements with mid-density filament architectures offer balanced design solutions
by providing the most mechanically stable, physiologically consistent, and structurally reliable solution for graft
success. This study is subject to several important limitations inherent in its theoretical and simplifying framework.
First, the model deliberately isolates the quasi-static mechanical effects of pressure, circumferential stress, and
external reinforcement, by omitting the contribution ofwall shear stress (WSS) and the complex,multiscale chemo-
mechanical pathways involved inmechanotransduction [31, 45, 62–66]. Consequently, it does not account formass
transport, molecular diffusion, or cell migration, which are critical for describing inhomogeneous growth. The
assumption of homogeneous growth and axisymmetric geometry, while enabling valuable closed-form solutions,
precludes the analysis of localized stress concentrations, material imperfections, and luminal deformations that
occur in more realistic settings, particularly near anastomoses [67, 68]. These simplifications also imply that
the potential flow disturbances due to local wall distortion emerging from an explicit analysis of fluid–structure
interactions in wrapped geometries are not captured, which could additionally impact on the onset of tissue
inflammation and remoddelling. Although more detailed analyses would be required, enhancing graft compliance
through reinforcement properties could –at least in principle– help to minimize irregularities of the internal
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lumen and the resulting micro-turbulence. Also, the phenomenological, stress-dependent growth law, though
consistent with established mechanobiological strategies, abstracts the underlying biological complexity of the
problem. Therefore, the adopted analytical model serves as a foundational step to identify optimal reinforcement
compliance by restoring homeostatic stress, but it cannot predict detailed spatiotemporal remodeling patterns or
hemodynamic consequences. Future work requires advanced computational models integrating fluid–structure
interaction, reaction-diffusion systems, and inhomogeneous growth within anatomically realistic geometries to
fully address these multifaceted processes.

The present analyses do not delve much deeper into reinforcement degradation, as they focus on identify-
ing optimal initial properties of the reinforcement to support early-stage adaptation, with material degradation
requiring further study to define optimal growth-promoting degradation programs in ad hoc designed composite
reinforcements, by performing numerical analyses to also incorporate the effects debonding or rupture phenomena
on the variation of wall stress distributions. Ultimately, as also outlined in [7, 69], the path forward the successful
design of vascular grafts in the context of precise medicine should benefit of a comprehensive multidisciplinary
approach that melds information frommaterial science andmolecular biology for granting optimal in situmechan-
ical performance and molecular signaling, in a way to conceive smart and biomechanically mimetic scaffold able
to manage the transition from an implantable device to a functional, arterialized blood vessel maintained by the
patient.

Appendix

Thermodynamic forces conjugated to the growth

The biomechanical model proposed in Sect. 2 is defined according to well-established kinematical and thermo-
dynamic framework of the mechanics of materials with growing mass, see e.g. [19, 70–72]. In particular, it is
standard argument to derive the forces conjugate to the growth process from dissipation inequality. By neglecting
possible contributions due to thermal and chemical fluxes and species friction, this at least provides the presence
of the mechanical power and a metabolic power related to mass change (of entropic origin), involving a (remote)
specific chemical potential η conjugated to the variation of living mass particles dm = ρg Jg dV 0, where the
density ρg can be generally assumed constant during the growth process [73]. In the reference configuration, the
energy and entropy balances therefore lead to write down:

∫
V 0

P : Ḟ dV 0 +
∫
V 0

η ρg J̇g dV
0 ≥ d

dt
�tot (A.1)

Herein, �tot denotes the total free energy that, in the extended work-energy framework of growing media,
considers the energy partitioning into the deformation energy �e –i.e. the recoverable elastic energy stored in the
tissue– and a dissipative term�g that, in the case at hand, encompasses irreversible losses due to chemo-mechanical
energy conversion during the viscous-like growth and remodelling process [70, 74, 75]. In reference coordinates,
the two energy density contributions additively combine as follows:

∫
V 0

P : Ḟ dV 0 +
∫
V 0

η ρg J̇g dV
0 ≥ d

dt

∫
V 0

[Jg ψe(Fe) + ψg(Fg)] dV 0 (A.2)

Then, the multiplicative decomposition of the deformation gradient into an elastic and a growth part, i.e.
F = Fe Fg, leads to the following localized expression:

P FT
g : Ḟe + FT

e P : Ḟg + η ρg J̇g ≥ J̇g ψe + Jg ∂Feψe : Ḟe + fg J̇g, (A.3)
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where the conjugate pair expression ψ̇g = fg J̇g is generally employed for growth dissipation rate to highlight the
growth driving force fg [19, 70, 72, 76]. By further collecting terms:

[
P FT

g − Jg ∂Feψ
]

: Ḟe + FT
e P : Ḟg + η ρg J̇g ≥ ψe J̇g + fg J̇g, (A.4)

Within the square brackets, the constitutive equation P = Jg ∂Feψe F−T
g is introduced according to the Coleman

and Noll’s procedure [77]. By then taking into account for both the mass balance rg = J̇g/Jg and the Jacobi

formula J̇g = JgF−T
g : Ḟg, and by recalling the hypothesis of isotropic growth Fg = J 1/3g I, one finds after few

passages:

[
η ρg + 1

3
FT
e ∂Feψe : I − ψe − fg

]
J̇g ≥ 0, or

Dg : [
η ρg − �hyd − fg

]
J̇g ≥ 0, (A.5)

in which �hyd = tr(�)/3 = I : [ψe I − FT
e ∂Feψe] ≡ ψe − tr(σ )/3. Herein, � denotes the Eshelby

energy-momentum tensor related to the material (configurational) forces arising because of the domain changes.
Interpretation of inequality Eq. (A.5) leads to identify the quantity [η ρg − �hyd ] as the net overstress driving
growth and remodelling process, which returns the chemical work term supplied by metabolites and a mechanical
work done by stress during growth-associated expansion/contraction, in direct balance with the dissipative power
fg J̇g representing the work consumed by the system to convert the available energy rest into bulk growth. It is
worth to highlight that some purely kinematic approaches to the growth exclude metabolic and dissipative terms
and make use of the inequality Eq. (A.5) to define configurational stress-driven growth laws, see e.g. [78–81].
In the adopted mechano-biology perspective, growth evolution of Eq. (2) is chosen as originating from the mass
balance of the underlying biological species, and it accounts for their characteristic growth/resorption rates and
the way in which these ones possibly respond to external (chemo-)mechanical stimuli. This involves the presence
of a metabolic energy supply and, in more extended models, of inhomogeneous chemical potentials conjugated to
species diffusion and requiring dynamical stability of the associated dynamical system [75, 82]. In the case under
exam, inequality Eq. (A.5) shows that, in order to ensure positive dissipation Dg > 0, a compensation between
the net overstress and dissipative terms regulates the growth. In particular, positive growth rates J̇g > 0 suggest
that the effective chemo-mechanical energy terms overcome the energy cost required by the living material in
order to have a coherent net growth stimulus, i.e. η ρg − �hyd ≥ fg. Vice-versa, resorption J̇g < 0 will imply a
negative value of the thermodynamic force due to lack of chemo-mechanical potential with respect to the power
demand expended for growing. Finally, upon requiring non-negative dissipation Eq. (A.5), by posing for instance
Dg = kg J̇ 2g , kg > 0 being a viscosity coefficient incorporating the growth intrinsic rate, one could derive an
expression for the growth-associated consumption by direct identification with Eq. (A.5). More specifically, in
such a situation the use of mass balance (2) eventually gives:

fg = η ρg − �hyd − Jg kg rg,

which represents the effective chemo-mechanical stress of the viscous-like growth process.

Derivation of the equilibrium equation

The transition from Eqs. (8) to (9) results from expressing the Cauchy linear momentum balance in Lagrangean
coordinates. As well-known, the Piola pull-back operation connects the Cauchy stress σ defined on the deformed
configuration x(X, t) to the Piola stress P in the reference coordinates X, i.e. P = J σ̃ F−T , with σ̃ = σ (x(X, t)).
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Equilibrium in material coordinates then reads as:

∇X · P = [∇X · σ̃ ] · (JF−T ) + σ̃ · ∇X · (JF−T ) = [∇X · σ̃ ] · (JF−T ) = 0, (A.6)

the term ∇X · (JF−T ) = 0 vanishing because of the Piola identity [83] for locally compatible deformations.
With direct focus on the problem introduced in Sect. 2, for the diagonal structure of the deformation gradient
F = diag{λr , λθ , λz} of Eq. (1), the cylindrical principal components of the Piola stress result:

Pr = J σ̃rλ
−1
r , Pθ = J σ̃θλ

−1
θ , Pz = J σ̃zλ

−1
z . (A.7)

The radial equilibrium equation in material coordinates become:

dPr
dR

+ 1

R
(Pr − Pθ ) = 0 ⇒ d(J σ̃rλ

−1
r )

dR
+ J

R

(
σ̃r

λr
− σ̃θ

λθ

)
= 0 (A.8)

This equation can be re-written as:

Jλ−1
r

dσ̃r

d R
+ σ̃r

λr

d J

dR
− J

σ̃r

λr

(
1

λr

dλr

d R

)
+ J

R

(
σ̃r

λr
− σ̃r

λθ

)
+ J

R

(
σ̃r

λθ

− σ̃θ

λθ

)
= 0. (A.9)

By collecting terms

J

[
1

λr

dσ̃r

d R
+ 1

λθ R
(σ̃r − σ̃θ )

]
+ J

σ̃r

λr

[
− 1

λr

dλr

d R
+ 1

λθ

1

R
(λθ − λr ) + 1

λr

dλr

d R
+ 1

λθ

dλθ

dR
+ 1

λz

dλz

d R

]
= 0

(A.10)

The conditions for ensuring the local compatibility of the deformation can be obtained from requiring that the
generic components of the third-order torsion tensor T = F−1 · Skew(GradF) must vanish [84]. For the general
stretch functions {λr (R), λθ (R), λz(R)} depending upon the sole radial coordinate R, this provides the following
equations:

λ′
θ = λr − λθ

R
and

λ′
z

λz
= 0, (A.11)

thus requiring a homogeneous axial stretch λz in Eq. (1). Such equations inserted in Eq. (A.10) make the terms in
the second square bracket identically vanishing, so that the only non-zero terms of the equilibrium equation reduce
to that ones of Eq. (7) upon posing dr = λr d R and r = λθ R and by substituting the specific Ogden constitutive
equations of Eq. (6).
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