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TOPOLOGY OPTIMIZATION FOR QUASISTATIC
ELASTOPLASTICITY

STEFANO ALMI! AND ULISSE STEFANELLIZ®%*

Abstract. Topology optimization is concerned with the identification of optimal shapes of deformable
bodies with respect to given target functionals. The focus of this paper is on a topology optimization
problem for a time-evolving elastoplastic medium under kinematic hardening. We adopt a phase-field
approach and argue by subsequent approximations, first by discretizing time and then by regularizing
the flow rule. Existence of optimal shapes is proved both at the time-discrete and time-continuous
level, independently of the regularization. First order optimality conditions are firstly obtained in the
regularized time-discrete setting and then proved to pass to the nonregularized time-continuous limit.
The phase-field approximation is shown to pass to its sharp-interface limit via an evolutive variational
convergence argument.
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1. INTRODUCTION

The design of a mechanical piece is often driven by an optimization process. The mechanical response of
a given shape is tested against a number of criteria, possibly including weight, material and manufacturing
costs, topological, and geometrical features. The tenet of Topology Optimization (TO in the following) is that
of identifying the optimal shape of a body E C €2 within a given design region 2 C R™ with respect to a given
target functional. This optimality depends on the mechanical response of the body with respect to the imposed
actions (boundary displacements, forces, tractions) and is hence a function of F itself. As such, the target
functional is minimized with respect to the shape E. This general setting is common to most TO problems and
arises ubiquitously, from mechanical engineering, to aerospace and automotive, to architectural engineering, to
biomechanics [3].

In this paper, we investigate a TO problem for a linearized elastoplastic medium showing kinematic hardening.
The mechanical state of the the system is described by its time-dependent displacement u(x,t) € R™ and its
plastic strain p(z,t) € R} X" (symmetric deviatoric tensors). We assume that the total strain Eu = (Vu+VuTl)/2
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of the body can be additively decomposed into an elastic part € € RI" (symmetric tensors) related to the
stress state of the material and the plastic part p, namely,

Eu=¢e+p. (1.1)

In the so-called sharp-interface setting, the actual position of the body within the design domain €2 is identified
by means of the scalar function z: Q — {0,1}. In particular, the level set {z = 1} indicates the position of the
body to be determined via TO. In the following, we shall interpret z as a phase indicator and assume the region
not occupied by the body to be filled by a very compliant medium, again of elastoplastic type. This approach
is rather classical [1] and allows for a sound mathematical treatment. In particular, by taking the material
parameters to be suitably dependent on z, all state quantities will be assumed to be defined in the whole design
region 2. The mechanical problem will be hence addressed in the fixed domain €2 and the actual position of the
body to be determined via TO is identified via z.

In the following, we will mostly leave the classical sharp-interface setting by considering a phase-field approach
instead. Here, the scalar function z is allowed to take intermediate values z € (0,1), as well. We refer to z as
phase field or phase, alluding to the interpretation of the material in € as a two-phase system. Following this
interpretation, the set {0 < z < 1} could be seen as the region where the two materials mix.

We assume linear material response, namely, the stress o of the medium is obtained as o = C(z)e where
C(z) is the positive-definite symmetric elasticity tensor. Note that the tensor C(z) depends on the value of z.
All materials parameters are indeed assumed to depend on z, in order to distinguish the different mechanical
response of the body to be determined via TO and the compliant medium. These dependencies are kept abstract
in the paper, in order to possibly accommodate the different phenomenological choices which are in use.

The time-evolution of p is driven by the normality flow rule

d(z)0|p| > o —H(2)p. (1.2)

Here, d(z) > 0 represents the yield stress which activates plasticization and the symbol 9 stands for the set-valued
subdifferential in the sense of Convex Analysis, namely d|p| = p/|p| for p # 0 and 9|0| = {g € R}:" : |q| < 1}.
Eventually, H(z)p represents the backstress due to kinematic hardening, here modulated by the positive-definite
symmetric kinematic hardening tensor H(z) [12]. The flow rule (1.2) is of course to be complemented by an
initial condition for p which we will take as p(0) = 0 for simplicity.

The body is assumed to be clamped on the portion I'p of the boundary 02 and to evolve quasistatically
under the combined effect of the time-dependent body force ¢(z) f and of the time-dependent boundary traction

g on the portion I'y of 0Q2. The quasistatic equilibrium system hence reads

V-oo+lz)ft)=0 inQ, u=0 onTp, en=g(t) onIy (1.3)

where n indicates the outward pointing normal to 9Q and the term £(z) corresponds to the density of the
medium at phase z. Under suitable assumptions on data, see Section 2 below, for each z € L*°()) one can
uniquely identify a trajectory ¢ € [0,T] — (u(t),p(t)) solving the quasistatic elastoplastic evolution system
(1.1)—(1.3) in a suitable weak sense, see Definition 3.1 and the comments thereafter.

Our aim is to identify phases z which, together with their associated quasistatic elastoplastic evolutions
t €[0,7T] — (u(t), p(t)), minimize the compliance-type functional J5(z,u) given by

Ts(z,u) ::/QZ(Z) F(0)-w(T)dz +/F g(T) - u(T) dH"™ ! (1.4)

—/()T/Qz(z)f(T).u(T)dxdT—/OT/FN o(r) - u(r) dH"tdr

) o  22(1—2)?
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The first four terms in J5 measure the compliance of the medium, integrated over the time interval (0,T).
The last two terms in Js are the classical Modica-Mortola functional [27]. Under the modulation of the user-
defined small parameter § > 0, the gradient term penalizes changes in z whereas the double-well term favours
the values 0 and 1. The combination of the two last terms in [Js5 expresses the competition between phase
separation and minimization of transitions between phases. In the limit 6 — 0 one recovers a sharp-interface
situation, where minimizing phases z take exclusively values 0 or 1 and the length of the interface separating
the two regions {z = 0} and {z = 1} is penalized, see Section 4.
Our main TO problem reads

min { Js5(z,u) : (u,p) solve (1.1)—(1.3) given z}. (1.5)

The main contribution of this paper is in proving that this TO problem admits solutions, in investigating its
discretization and regularization, and in providing first-order optimality conditions.

More precisely, in order to tackle the TO problem (1.5) we proceed by subsequent approximations. At first,
we investigate a time-discrete version of (1.5), where continuous-in-time states are replaced by the time-discrete
solutions of the incremental elastoplastic problem, see Definition 3.3. The time-discrete TO problem is proved
to admit solutions (Prop. 3.4) which converge to solutions of the time-continuous (1.5) as the fineness of the
time partition goes to 0 (Cor. 3.6).

The time-discrete TO problem is then regularized by replacing the nonsmooth term |p| in the flow rule (1.2)
by the smooth function h. (p) = (|p|> + y~2)1/2 —1/~ depending on v > 0. The corresponding approximate time-
discrete TO problem admits solutions (Prop. 3.8) which converge to solutions of the time-discrete TO problem
as v — 400 (Cor. 3.10). Introducing the regularization via h, is instrumental to obtain the differentiability of
the control-to-state map z — (u, p) which is in turn needed in order to derive first-order optimality conditions,
see also [2, 10, 16, 34]. This differentiability is tackled in Section 5 in the frame of the approximate time-discrete
TO problem (Theorem 5.1) and allows to prove corresponding first-order optimality conditions (Cor. 5.4). The
passage to the limit as v — +oo first and then as the fineness of the time partition goes to 0 provide the
first-order optimality conditions for the time-discrete TO problem (Thm. 6.1) and the time-continuous TO
problem (1.5) (Thm. 6.4), which are the main results of the paper.

All the above mentioned results are obtained in the setting of the phase-field approximation § > 0. Still, the
existence and the convergence results are valid in the sharp-interface case § = 0, where the phase z takes the
values 0 or 1 only, and the limit § — 0 can be rigorously ascertained. We give some detail in this direction in
Section 4 for the time-continuous TO problem (1.5). In particular, we prove that solutions to (1.5) for 6 > 0
converge to solutions to (1.5) for § = 0 as d — 0 by means of an evolutive I'-convergence argument (Prop. 4.2).
Let us remark however that, due to the limited regularity of solutions to (1.5) for 6 = 0, first-order optimality
conditions are available for the case § > 0 only.

Before moving on, let us comment on the literature and put our work in perspective. The mathematical TO
literature in the static elastic setting is abundant, see [7, 8, 29] and [4, 5, 9] for a selection of existence results
and first-order optimality conditions in different linear and nonlinear settings. Results in the elastoplastic setting
are available in the two-dimensional case, both in the static [13, 14, 17, 19] and in the evolutive regime [18], but
exclusively under the a priori assumption that the unknown optimal shape {z = 1} is Lipschitz regular. The
beam structure and frame optimization was investigated in [20, 21, 28] from the point of view of the existence
of minimizers. First-order optimality conditions in terms of shape derivatives appeared in Chapters 4.8 and 4.9
of [32] for an elastic torsion problem and for the viscoplastic model of Perzyna, see also [6, 23]. To the best of
our knowledge, the existence analysis and the study of optimality conditions in the corresponding regularity
setting are unprecedented for quasistatic evolution TO problems for elasto-plasticity.

On the other hand, control problem for quasistatic elastoplasticity have already been studied and the reader
is referred to the analysis in [33-35], see also the general theory in [30, 31]. Compared with these contributions,
where controls usually are modeled as imposed forces, in the frame of TO the action of controls is more involved,
for they modify the elastic response via material parameters. Correspondingly, our analysis is at specific places
more involved than that in the above papers, albeit being inspired by the same general principles.
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In our recent paper [2], we have tackled the three-dimensional static kinematic-hardening case and analyzed
the existence of solutions, the first-order optimality conditions, and the sharp-interface limit. This indeed sets the
basis for the current contribution, which however focuses on the quasistatic evolutive case. Moving from static
state-problem formulations, based on the minimization of one single functional, to evolutive formulations, based
on the time-continuous limits of sequences of time-discretizations in the frame of rate-independent processes
[25] is analytically challenging. Remarkably, in order to tackle the various limiting procedures one has to resort
to evolutive T'-convergence techniques [26], which are more involved than their static counterparts.

Let us now present the structure of the paper and of our results:

Section 2 is devoted to discussion of the model, notation, and assumptions on data. These assumptions
are then assumed to hold throughout the paper, without further mention.

Section 3 brings to statement of the time-continuous TO problem, as well as of its time-discrete and
approximate time-discrete versions. Here, we also check existence of optimal solutions and convergence of
time-discrete to time-continuous and approximate time-discrete to time-discrete solutions.

Section 4 focuses on the sharp interface limit § — 0. In particular, we prove that solutions of time-
continuous TO problem (1.5) converge to solutions of the corresponding sharp-interface limiting TO
problem for § = 0. This is based on an evolutive Modica-Mortola argument.

Section 5 contains the investigation of the differentiability of the control-to-state map for the approximate
time-discrete TO problem, where 7 < +oc0. Correspondingly, a detailed analysis of first-order optimality
conditions in the approximate time-discrete case is presented.

Section 6 eventually leads to first-order optimality conditions for both time-continuous and the time-
discrete TO problems. These ensue by passing to the limit in the corresponding ones for the approximate
time-discrete TO problem from Section 5.

The Appendix features a technical convergence argument which is used in the study of discrete-to-
continuous limits for quasistatic evolutions.

2. ASSUMPTIONS ON DATA

We devote this section to fixing notation and assumptions on data. In the following, M" indicates the space
of 2-tensors in n dimensions, indicated in bold face in the following, and M¥% is the subspace of symmetric
2-tensors. The symbol MY, indicates symmetric and deviatoric 2-tensors, namely those with vanishing trace.
The symbol - indicates contraction with respect to all indices. In particular A - B = A;;B;; and u - v = u;v;
(summation convention on repeated indices) for all A, B € M", u,v € R.

The elasticity tensor C and the kinematic-hardening tensor H are asked to be isotropic for all z. In particular,
we ask for

C(z) :==2u(x) I+ A2)I®I), H(z):=h(z)I (2.1)

where A(z) and p(z) are the Lamé coefficients, h(z) is the hardening modulus, and I and I denote the identity
4 and 2-tensor, respectively. Isotropy in particular guarantees that C and H map MY, to MY,.

We assume the material coefficients to be differentiable with respect to z and to be defined in all of R. In
particular, we ask

w, A, hy, d € CHR). (2.2)
We moreover define them as constant on {z < 0} and {z > 1}. This last provision allows us to recover the

property z € [0, 1] a posteriori, without the need of enforcing it a-priori as a constraint. The reader is referred
to (3.3), (3.10), and (3.17) for additional details.
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All material coefficients are asked to be positive and bounded, uniformly with respect to z, namely, we assume
that

VW<a<fB<+oVze[0,1]: a<pu(z), A2), h(z),d(z) <B. (2.3)

This in particular implies that C and H are uniformly positive definite and bounded, independently of z. Indeed,
one can find 0 < a¢ < B¢ < +00 and 0 < ag < By < +o0o such that

ac|E]? < C(2)E-E < Bc|EJ? for every E € M§, (2.4)
an|Q)? < H(2)Q-Q < Bu|Q|? for every Q € M}, . (2.5)

The design domain 2 C R™ is taken to be open, connected, and with Lipschitz boundary 0€2. We also fix two
subsets I'y, I'p of 92, which from now on will be referred to as Neumann and Dirichlet part of 02, respectively.
We assume I'p, T'y C 99 to be open in the topology of 02 with 'y NI'p = 0, Tny UTp = 09, and where T'y
and I'p are closures in Q. We moreover assume that I'p has positive surface measure, namely H"~1(I'p) > 0,
where the latter is the (n—1)-Hausdorff surface measure in R™. Furthermore, we suppose that Q Uy is regular
in the sense of Groger ([11], Def. 2), that is, for every x € 92 there exists an open neighborhood U, C R" of z
and a bi-Lipschitz map U, : U, — ¥(U,) such that ¥, (U, N (QUTy)) coincides with one of the following sets:

Vii={yeR": |yl <1, y, <0},
Vor={y eR": [y[ <1, y, <0},
Vai={y € Va; yn <0 or y1 >0},

where y; is the ¢th component of y € R™. This last assumption is crucially used in the proof of Theorem 5.1.
For every w € H'(£;R"™), we define the set of admissible displacements

A(w) := {(u,e,p) € H'(Q;R™) x L?(;M2) x L*(Q; M%) : Eu=¢€+p,u=won I'p},

where Eu denotes the symmetric part of the gradient of u, namely Eu = (Vu + Vu) T /2.
As concerns data, we assume the volume-force density per unit mass f, the surface-traction density g, and
the Dirichlet boundary displacement w, to satisfy

feH 0, T;LP(%R™), g€ H'(0,T;LP(I'v;R™)), we H'(0,T;WhHP(Q;R™)) (2.6)
for some given p € (2, +00). Additionally, we assume that
£(0) = 9(0) = w(0) = 0. (2.7)
This last requirement ensures the compatibility of the initial datum
(u(0),e(0),p(0)) = (0,0,0). (2.8)
The assumptions (2.1)—(2.8) of this Section are assumed throughout the paper, without further explicit mention.

3. THE TOPOLOGY OPTIMIZATION PROBLEM AND ITS APPROXIMATIONS

This section is devoted to make the topology optimization problem precise and present its time-discretization
and regularization. In particular, we prove the existence of optimal phase-fields z in the various settings, which
are then connected via variational convergence arguments.
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Let us start by defining quasistatic evolutions of the elastoplastic system given the phase-field z. We follow
here the energetic formulation of quasistatic evolutions [25], in which the elastoplastic system is driven by energy-
storage and energy-dissipation mechanism, calling for the definition of the energy £ and the dissipation D. We
define

E(t,z,u,e,p) ::%/Q(C(z)e-edx+%/{)H(z)popdxf/QE(z)f(t)"udxf/F g(t) -udH" !
D(e.q) = [ d(z)alds

for every 2z € L>(R), every (u,e,p) € A(w(t)), and every g € L' (;M%). For given p: [0,T] — L*(Q;M?})
and z € L>®(Q), we further define the total dissipation functional

V([0,t]; z,p(-)) := sup { Z D(z,p(t;) — p(tj—1)) : P is a partition of [O,t}} .
t;eP

With these ingredients at hand, we are able to pose the following definition.

Definition 3.1 (Quasistatic evolution given z). Let z € L>°(£2) be given. We say that a triple (u,e,p): [0,T] —
HY'(;R™) x L2(Q;M2) x L2(; M%) is a quasistatic evolution given z if (u(0),e(0), p(0)) = (0,0,0) and the
following conditions hold:

(i) for every t € [0,T] and every (4,é,p) € A(w(t))
E(t, z,ult),e(t), p(t)) < E(t, 2,4,€,p) + D(z,p — p(t)); (3.1)
(ii) for every t € [0,T7:

E(tz,u(t), e(t), p(t)) + V((0,1; 2,p()) (3-2)

//(C -Ew(r dxdr—/ /€ (r)dzdr
*//K(Z)f( dxdT//FN a1 dr
//F ) dH" dr.

As mentioned, Definition 3.1 falls within the class of energetic formulations for rate independent systems [25].
In particular, relation (3.1) is usually referred to as global stability and consists in a time dependent variational
inequality. The scalar condition (3.2) is the energy balance: for all times t € [0, 7] the sum of energy at time ¢
and dissipated energy on [0, ¢] (left-hand side of (3.2)) equals the initial energy (which is actualy 0 as we ask for
(u(0),e(0),p(0)) = (0,0,0)) plus the work supplied to the system by external actions (right-hand side in (3.2)).

Formulation (3.1)—(3.2) is particularly convenient when investigating asymptotics and is equivalent to
the classical weak formulation of the quasistatic elastoplastic problem (1.1)—(1.3), as the general theory in
Section 1.3.3 of [25] ensures. In particular, a trajectory (u(-),e(-),p(+)) fulfilling the initial condition is a qua-
sistatic evolution in the sense of Definition 3.1 if and only if the following evolutionary variational equality

holds
/Q C(2)(Bult) — p(t)) - Bodz = / =) () -vda + /F o) vane
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for all v € HY(Q;R") with v =0 on I'p and all ¢t € [0,7] and the flow rule (1.2) holds almost everywhere.
This is nothing but the classical weak formulation of quasistatic elastoplasticity evolution, which is well-posed
([12], Thm. 7.3, p. 166). This in particular implies that, for every z € L>°(Q) there exists unique a quasistatic
evolution (u(-),e(:),p(:)) in the sense of Definition 3.1. In fact, for such trajectory one can also check that
(u(-),e(-),p(-)) € HY(0,T; H'(Q;R™) x L*(; M%) x L*(£; M%), so that the dissipative term in the first line

of (3.2) can be rewritten as
([0, T]: / / ()] dz dt.

We further note that the initial condition (u(0),e(0), p(0)) = (0,0,0) has been fixed in such a way that the
elastoplastic body € is at equilibrium at time ¢ = 0.

The TO problem consists in minimizing the compliance-type target functional J5(z,u(-)) from (1.4) under the
constraint that u(-) is the first component of the quasistatic evolution given z. In particular, we are interested
in the following

min {Js(z,u(-)) : z € H' () and (u(-),e(-),p()) is a quasistatic evolution given z} . (3.3)

The existence of an optimal phase-field z solving (3.3) can be proved by applying the Direct Method as we
show in the next proposition.

Proposition 3.2 (Existence). The TO problem (3.3) admits a solution. In particular, every solution z satisfies
0 <z <1 almost everywhere in €.

Proof. Note that Js(z,u(-)) > —oo for all z € HY(Q) and for the corresponding quasistatic evolution
(u(-),e(),p(+)). Let z; € H'(Q) be a minimizing sequence for (3.3). By the assumptions on C, H, d, and ¢, we may
assume without loss of generality that z; € [0, 1] almost everywhere, so that, up to a not relabeled subsequence,
zj = z weakly in H'(Q) and 0 < z <1 almost everywhere. Let us denote by (u;(-),€;(-), p;(-)) the quasistatic
evolution given z;. In view of the energy balance (3.2) and of the hypotheses (2.3)-(2.5), (u;(-),€;(),p;(+))
is bounded in L>(0,T; H' (4 R"™) x L*(; M%) x L*(Q;M})) and p; is bounded in L'(0, T LI(Q M%)).
Therefore, by Helly’s Selection Principle, p;(t) — p(t) weakly in LQ(Q M7) for every t € [0,T] for some
p € L0, T; L2(Q; M1)).

Let us fix t € [0,T]. By the boundedness of u;(t) and of €;(t), we may assume that, up to a not relabeled
subsequence, u;(t) — u(t) weakly in H'(;R") and €;(t) — e(t) weakly in L*(Q;M%). For every (i,&,p) €
A(w(t)), we test the equilibrium condition (3.1) for (u;(t),e;(t), p;(t)) by the triple

(1 (1),€5(8):D;(1)) := (@ + u;(t) —u(t), & +&;(t) — e(t), p+ p; (1) — (1)) € Aw(?)).

We now exploit the quadratic character of £ in order to pass to the limit as j — oco. In particular, we have that

0 < liminf (E(t, 25, 4;(t), &; (), p; (£)) — E(t, 25, u;(t), €5 (£), p; (1)) + D25, (1) — p; (1))

:Ujrgiggf( (t, 25, 05(t), €5(t), D, (1) — E(t, 25, u;(t), €5(t), p; (1)) + D(2, D — p(t)))
:lijrgirgf( (t, 2, 6+ uj(t) —u(t), & + &;(t) — e(t), b+ p; () — p(t))

— &(t,zj,u;(t),;(t), p; () + D25, p — p(t)))
=&(t,2,0,€,p) = E(t, z,u(t), e(t), p(t)) + D(z,p — p(t))-

This proves that (u(t),e(t),p(t)) is the unique solution of (3.1). In particular, the whole sequence
(u;(t),e;(t),p;(t)) converges to (u(t),e(t),p(t)) weakly in H'(Q;R™) x L*(;M%) x L*(;M7p). Moreover,
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(uj,€5,p;) converges weakly* in L>°(0,T; H'(Q; R™) x L*(Q; M) x L*(;M7})) to (u,e,p). This last conver-
gence implies that for every t € [0, T

E(t, z,u(t),e(t), p(t)) + V([0,t]; z,p(-))

// Ei(r dzdp// (r) dedr
—//E(z)f( dxdT—//FN ydH"tdr
// ) A dr .

The opposite inequality can be recovered by exploiting the equilibrium condition (3.1) by applying ([24], Prop.
5.7). Hence, the triple (u(-),e(-),p(-)) is the unique quasistatic evolution given z € H'(Q;[0,1]). As the target
functional J5 is lower semicontinuous, we deduce that z is a solution of (3.3).

Let us now prove the second part of the statement. Let z € H(Q) solve (3.3) and define 2 :=
min{1; max{z;0}}. As the material-parameter functions on C, H, d, and ¢ are assumed to be constant on
(—00,0] and [1,00), we have that (u,e,p) solves (1.1)—(1.3) given both z and 2. On the other hand if z # % one
has that

§ .o 22(1-2)? ] o  22(1—2)2
/Q§|Vz| +de</Q§|Vz| +de,

contradicting the fact that z solves (3.3). O

The existence of solutions to (3.3) being proved, in the remainder of this section we focus on their approx-
imation. At first, we discretize the quasistatic evolution constraint in time. Subsequenly, we regularize the
flow rule. This will be instrumental to obtaining first-order optimality conditions, which we then tackle in
Sections 5—6.

Let us hence start by a time discretization of the quasistatic evolution problem (see also [30, 31, 33]). Precisely,
fixed k € N and 73, := T/k, we define for i = 0, ...,k the time nodes t¥ := i7;, and the functions

FE= ), g =gt wh = w(eh), (3.4)

For later use, we further set for t € [tF | &)

—th t—ty
fu(t) = ff—l"‘ill(fik — ), gi(t) =gy ‘*‘711(%(c g5 ),
Tk Tk
g (3.5)
wi(t) == wf | + Ti;_l(wf —wf ).

Notice that (fy, gk, wr) converges to (f,g,w) in H(0,T;L*(Q;R") x L*(Tx) x HY(Q;R™)). We define the
time-discrete energy functional

Ep(th 2,u e, p) = /(C Je-edx + = /]H[ ppdx—/ﬂ VFFude — /gz cudH !
I'n
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and the discrete target functional

s (2, (ui)5—o) ;:/ 0z) fr - ug 013?+/F gk up dH" (3.6)

_ Z (/ 0z H—l ) U; dx—l—/ (gf+1 — gf) u; dHn—l)
I'n

52 2
2 (1-2)
= d
+ /Q 5 |Vz|* + 25 T,
for z € H'(Q) NL>(Q) and (u;)F_, € (H'(Q; R"))kﬂ. In the sequel, we will use a similar notation for (;)¥_, €
ny)k+1 n\ kL

(L2(M5))"" and (py)io € (L*(M3))

In the minimization of the time-discrete target functional Jj s we ask the triple (u;, €, p;)¥_ € (H'(Q;R") x

L2(;M2) x L2(8; IMI%))M_1 to be a time-discrete quasistatic evolution given z, whose definition is given here
below.

Definition 3.3 (Time-discrete quasistatic evolution given z). Let z € L>(Q) be given and fF¥, g¥, w¥ be defined
as in (3.4). We say that (u;,&;,p;)f_o € (H* (4 R™) x L (M%) x L*(€; M%)) s a time-discrete quasistatic
evolution given z if (ug, €9, py) = (0,0,0) and the following holds: for every i = 1,..., k, (u;,&;,p;) € A(wF) and

gk(tf7zaui7€i7pi) +D(Z’pz _pi—l) S Sk(t ﬁ 5 i)) + D(Z7i) _pi—l) (37)

for every (4, &,p) € A(wk).

As a consequence of (3.7) we have that every time-discrete quasistatic evolution (u;,&;, p;)5_, satisfies the
following energy inequality: for every ¢ = 1,...,k

&c(t?azauz‘,si,pi) JFZD(Zan *Pj—l) (3.8)
j=1

SZ/QC(Z)*':J’PE(“’?_“’ffl)dx—/ﬂf(z)(ff—ff,l)-uj,ldx
/é fj w —w )dl’-i—/ (g —gj 1) uj— ld/Hn—l
+/FN9] (wh —wk_ ) dH"t + /(C wh_ ) B(wh —wh_ ) dz.

Furthermore, we note that a time-discrete quasistatic evolution can always be constructed by iteratively
solving the minimum problems

min {&,(tF, z,u,e,p) + D(2,p — p;_1) : (u,€,p) € A(wl)}, (3.9)

for i > 1, where we have set (ug, €0, Py) = (0,0,0). In particular, given the data f, g, and w, the time-discrete
quasistatic evolution is unique, as the solution of the minimum problem (3.9) is unique.
The time-discrete TO problem reads as

min {J 5(z, (ui)fzo) 1z € Hl(Q) and (ui,ei,pi)fzo (3.10)

is a time-discrete quasistatic evolution given z} .
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Proposition 3.4 (Existence, time-discrete). The time-discrete TO problem (3.10) admits a solution. In
particular, every solution z satisfies 0 < z <1 almost everywhere in ().

A proof of this proposition can be obtained by the Direct Method, by following the argument of
Proposition 3.2. In the interest of shortness, we omit the details.

In the following proposition, we state an auxiliary result regarding the convergence of a sequence of time-
discrete quasistatic evolutions to a quasistatic evolution. The proof is provided in Appendix A. Such a result
will be used to show that a sequence of minimizers of (3.10) converges to a minimizer of the time-continuous
problem (3.3) as the time-step 74 tends to 0, as well as to obtain suitable first-order optimality conditions
for (3.3), starting from those of (3.10) (see Cor. 3.6 and Thms. 6.1 and 6.4, respectively).

Proposition 3.5 (Convergence of time-discrete quasistatic evolutions). Let zx,z € H*(Q;[0,1]) be such that
2p — z weakly in HY(Q). For every k, let (uf,ef p¥)k_ | be the time-discrete quasistatic evolution associated
with z and let (u(-),e(:),p(+)) be the quasistatic evolution associated with z according to Definition 3.1. Let us
further set

Rt k ko=t k
up(t) =i + — (i — ), er(t) == + —— (i1 — &),

Tk Tk
i (3.11)

t— th
m®?ﬁ+7ﬁwhfﬁ%

Then, (uk, €k, py) converges to (u,e,p) in H'(0,T; H' (Q;R™) x L*(Q; M2) x L?(Q;M)).

Proof. See Appendix A. O

As a corollary of Proposition 3.5 we infer the convergence of time-discrete TO minimizers of (3.10) to
time-continuous TO minimizers of (3.3).

Corollary 3.6 (Convergence of time-discrete TO minimizers). Under the assumptions of Proposition 3.5, let
2, € HY(Q;[0,1]) be a sequence of minimizers of (3.10). Then, there exists z € H*(;1]0,1]) solution of (3.3)
such that, up to a subsequence, zj, — z weakly in H'(Q) as the corresponding time step T converges to 0.

Proof. By inequality (3.8), by the assumptions (2.4)—(2.5), and by the regularity of f, g, and w, the time-
discrete evolutions are bounded uniformly with respect to k € N. Hence, we deduce from minimality (3.9)
of 2z that z, is bounded in H'(Q). Up to a subsequence, z; — z weakly in H'(Q2) and z € H'(£;]0,1]).
In view of Proposition 3.5, the time-discrete quasistatic evolution associated with zj converges to (u,e,p) in
HY(0,T; HY(Q;R™) x L2(; M%) x L2(Q;M?%)), where (u, €, p) is the quasistatic evolution associated with z.

To show the minimality of z, let us fix a competitor 2 € H'(£2;[0,1]) and consider the quasistatic evolu-
tion (4, €, p) associated with 2. For every k, we can construct the time-discrete quasistatic evolution associated
with £ according to Definition 3.3. Let us denote by (i, &k, D)) the piecewise affine functions

A . =t 1), & . R (t—tr ) 5 .
() = af , + ——=(af —af ), Er(t) =&l |+ —1 (e} —&) ),
Tk Tk
k
~ ~k (titfl) ~k ~k
pk(t) =P + 7_]: (pz _pi—l) )

€ [th ,,th). In view of Proposition 3.5, we have that (dy,é&k,p,) converges to (,&,p) in
HY0,T; HY(Q;R™) x L?(;M2) x L?(Q;M7)). By the minimality of z; we have that

Ties 21y (uF)izg) < Ties (2, (f)ig) - (3.12)
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Hence, passing to the liminf in (3.12) as k — oo we deduce that
Ts(z,u) < lim inf Tieis 21y (uf) 1) < lim inf Ties (2, (05) i) = T5(2,0) .
Note that the last equality follows from the above mentioned strong convergence i, — @ in H'(0,T; H*(; R™)).

We conclude by the arbitrariness of 2 € H*(£; 0, 1]). O

For the computation of the first-order optimality conditions for (3.3), the time-discrete approximation
introduced in (3.6)—(3.10) is still insufficient, as the dissipation term D is not differentiable. As in [2] (see
also [10, 16, 34]), we define the regularized dissipation

D,y(z,q) := /Qd(z)hv(q) dz, for every q € L*(Q; M),

1 1
hy(Q) = 1/|Q|2—|—$—; for every Q € M .

In particular, h, € C>°(M7) is convex and satisfies

|hy(Q1) — Py (Qo)| < [Q — Qo (3.13)
IVQh,(Q1) — VqQh,(Q2)| < 279|Q; — Qy. (3.14)

Accordingly, we formulate the concept of approximate time-discrete quasistatic evolution as follows.

Definition 3.7 (Approximate time-discrete quasistatic evolution given z). Let z € L*>(Q2) be given and let

fE, gF, w¥ be defined as in (3.4). We say that (u;,e;,p;)5 € (H*(R™) x L2(Q; M%) x LQ(Q;IMI%))kle is

an approzimate time-discrete quasistatic evolution if (ug, €9, py) = (0,0,0) and the following holds: for every
L= ]-7 RN ka (uia Eiapi) € A(wic) and

gk(tfazauiaehpi) +D’Y(zapz 7p7271) S gk(tfvzau,sap) + D’Y(va 7pi71) (315)

for every (u,e,p) € A(wk).

As for a time-discrete quasistatic evolutions, for every z € L>®(Q) and every k € N an approximate time-
discrete evolution (u;,&;,p;)%_, is uniquely determined by iteratively solving the minimum problems

min {gk(tf; Z, U, €7p) + DW(Zap - pi—l) : (ua €7p) € A(’LUf)} (316)
for ¢ > 1, where we have set (ug, €0, Py) = (0,0,0). The approximate time-discrete TO problem reads as

min {Jx 5(2, (ui)_o) : 2 € HY(Q) (3.17)
k+1
and (u;,&;,p;)_ o € (H'(Q,R™) x L*(Q; M%) x L*(Q;M}))
is an approximate time-discrete quasistatic evolution given z}.
Proposition 3.8 (Existence, approximate time-discrete). The approzimate time-discrete TO
problem (3.17) admits a solution. In particular, every solution z satisfies 0 < z < 1 almost everywhere in €.
Proof. Repeat the steps of the proof of Proposition 3.4 taking into account minimality (3.16). O

We aim now at showing the convergence of solutions to the approximate time-discrete TO problem 3.17
to solutions of the time-discrete TO problem (3.10). To this end, we first have to discuss the convergence of
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approximate time-discrete quasistatic evolutions to a time-discrete quasistatic evolution as the regularization
parameter v tends to +oco. This is the subject of the following proposition.

Proposition 3.9 (Convergence of approximate time-discrete quasistatic evolutions). Let k € N be fized and
let 2,z € H'(9;[0,1]) be such that z, — z weakly in H*(Q) as v — +o0. Let us denote by (u],e],p])k_, €
(H' (S R™) x L2 (Q; M2) x L*(€; M%))k+1 the approzimate time-discrete quasistatic evolution associated with z.
and by (ui,€i,p;)i—g € (H'(UR™) x L2 (M) x LQ(Q;I\/JI%))]C+1 the time-discrete quasistatic evolution asso-
ciated with z. Then, (u],e],p])r_y converges to (u;,e;,p;)F_y in (H*(R™) x L2(; M%) x L2(Q;M%))k+1
as y — +00.

Proof. By minimality of (u], e/, p]) we have that

gk(t§7zv7u3>€z=pz)+ID7(Z"/7P;'Y _p;'y—l) (3-18)

k ¥ k kY k E Y
<&t 2y ui g Hwi —wiy, el +Ewi —Ewiy,p )

=tk s Pl + [ Ol el Bluk -l ) do
Q
1
C(Zv) (w k—wf_l)-E(wf—wf_l)dJ;
/427 fz 1) zldx_/é‘Z’Yfz —wfl)dx

o R R Rt iy (R
FN FN

Adding the term D, (z,p;_; — p;_5) to both sides of (3.18) and repeating the previous argument for every 1,
we deduce that

g (tzvz’yvu ) apz +ZD Z’y7p_7 p}—l) (319)
j=1

: 1
< Z /Q C(zy)e]_4 E(wé€ - w}tl) dz + 3 /Q (C(z:A,)E(wéC - wé{l) E(w;C - wffl) dz
j=1

- / W) (FE — £5) u) o — / Uz) fE - (b — wh ) da
Q Q

—/<g—gjl> AR /gj< Wby dnn
FN 1_‘N

which implies that (u],e],p]) is bounded in H'(;R™) x L2(; M%) x L?(; M%) uniformly w.r.t. i and .
Arguing as in Proposition 3.4, we can prove recursively that (u], e}, p]) converges to (u;,&;,p;) in H'(Q;R™) x
L2(Q;M7Z) x L2(Q; M) as v — +oo, and (u;,€;,p;) satisfies (3.7) for i = 1,..., k. This concludes the proof of
the proposition. O

As a corollary of Proposition 3.9 we obtain the convergence of solutions of the approximate time-discrete TO
problem (3.17) to solutions of the time-discrete TO problem (3.10).

Corollary 3.10 (Convergence of approximate time-discrete TO minimizers). Let k € N and let z, €
H(;[0,1]) be a sequence of solutions of (3.17). Then, there exists z € H'(Q;[0,1]) solution of (3.10) such
that, up to a subsequence, z., — z weakly in H'(£2).
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Proof. Repeating the argument of (3.19), we infer that the approximate time-discrete quasistatic evolution
(u],e],p] ) corresponding to z, is bounded in (H*(;R™) x L*(Q; M%) x LQ(Q;M%))kH. By minimality,
also z, is bounded in H'(2) and weakly converges to some z in H'(f2), with 0 < z < 1 almost everywhere. By
Proposition 3.9, we have that (u},e],p])_ o — (ui, €;,p;) in HL(Q;R™) x L2(Q;M2) x L2(Q; M) as v — +00,
where (u;, &, ;) ?:0 is the time-discrete quasistatic evolution corresponding to z. From the lower semicontinuity
of Ji,s and from Proposition 3.9 we also deduce that z solves (3.10). O

4. SHARP-INTERFACE LIMIT ¢ — 0

We prove in this section that the sharp-interface limit § — 0 can be rigorously ascertained. This check
is performed below in the time-continuous case of quasistatic evolutions. An analogous argument could be
developed in the case of time-discrete and approximate time-discrete quasistatic evolutions.

Let us start by recording that the set of quasistatic evolution is closed with respect to the convergence of the
phase field.

Proposition 4.1 (Convergence of quasistatic evolutions). Let zp,,z € L>(Q;[0,1]) be such that z, — z
strongly in LY(Q). For every m, let (um(-),&m(-), P,n(+)) be the quasistatic evolution associated with z, and
let (u(-),e(+),p(+)) be the quasistatic evolution associated with z. Then, (Um,Em,P,y) converges to (u,e,p) in
HY(0,T; H(;R™) x L2(; M%) x L*(;M7p)).

Proof. The argument follows closely the general approximation tool from [26]. The coercivity of the energy,
which is independent of z,,, and an application of the Helly Selection principle entails that, up to not relabeled
subsequences

(U (), €m(t), P (1)) = (u(t), (), p(t)) in H'(Q;R™) x L*(2Mg) x L*(2; M)

for all times ¢ € [0, 7). This suffices to check that

E(t, % u(t), £(t), p(t)) < lminf E(, 2, (), € (1) (1)) (4.1)
V(0. 1):2.p()) < minf V(0. 1) 2. 2y () (4.2)

which follow by lower semicontinuity. In particular, we have used the fact that C(z,,) — C(z) and H(z,,) — H(z)
strongly in LI(Q; R™*™*"x") for all ¢ < +o00. As for the dissipation part, letting {0 =tg < t1 < -+ < tpr =t}
be an arbitrary partition of [0, ¢] we compute

M M
> " D(z,p(t;) = p(tj—1)) < Hminf > D(zm, Py (t;) — Py (tj—1)) < liminf V((0, t]; 2m, P,y ()

. m—oo 4 m—00
Jj=1 Jj=1

We hence conclude for (4.2) by taking the supremum over all partitions of [0, t].
On the other hand, given any (4, &, p) € A(w(t)), by defining the mutual recovery sequence

(i, E€ms D) = (4 4 u(t) — um(t), & + &(t) — em(t), P + P(t) = P (1))

and exploiting the quadratic character of £ one can check that

lim sup (S(t, s Ty s By, ) — E (s 21, U (£), € (1) Py () + D2y By — pm(t))) (4.3)

m—0oQ

< (E(t 2 .8,5) = E(t.2,ult). £(t), p() + Dz, — (1)) ).
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Properties (4.1)—(4.3) allow to apply ([26], Thm. 3.1) ensuring that (u(-),e(-),p(-)) is the quasistatic evolution
associated with z, as well as

Ets 2m, um (1), €m (1), P (1)) = E(L, 2, u(t), (1), p(1))

for all times. The latter entails that the pointwise convergence in H!(2;R") x Lz(Q MZ) x L?(€; M)
strong. This can be further improved to a strong convergence in H*(0,T; H!(Q; R™) x L?(£; M%) x L(£; M7,
by repeating the argument of Proposition 3.5, see Appendix A.

0= &

In order to discuss the sharp-interface limit § — 0 we start by defining the sharp-interface target functional
o) = [ ) STy u) et [ o) wmyane

_/OT/Qg(z)f( dxdT—/ /FN r) A" 7 4 GPer({z = 1);0)

where now the phase z is assumed to belong to BV(£2) and take values in {0,1} only. The term Per({z = 1}; Q)
is the perimeter in 2 of the set {z = 1} and effectively penalizes phases with large boundaries. The constant
1/6 has no physical relevance and is just chosen to simplify notations. Indeed, setting a different constant here
will be possible. Correspondingly, the sharp-interface TO problem reads

min { Jo(z,u(-)) : z € BV(Q;{0,1}), (4.4)

and (u(-),e(-),p(+)) is a quasistatic evolution given z} .

The main result of this section is the following convergence.

Proposition 4.2 (Sharp-interface limit of TO minimizers). Let z5 € H'(Q;[0,1]) solve the TO problem (3.3).
Then, up to a not relabeled subsequence, zs — z strongly in L'(), where z solves the sharp-interface TO
problem (4.4).

Proof. The statement follows by combining the stability of Proposition 4.1 with the classical Modica-Mortola
construction [27].

Let (us,es,ps5) and (u’, €% p°) be the quasistatic evolutions associated to z; and z = 0, respectively. From
minimality we deduce that

To(z5,u5) < T(0, u° / 00) F(T) - u®(T) d + / g(T) - u(T) AH"!

/()T/Qz(())f(r d:z:de/ /FN ) dH"ldr < 400

As supy J5(zs5,us) < 400 one can extract a not relabeled subsequence such that zs — z weakly in BV () and
strongly in L'(£2). Owing to Proposition 4.1 we hence have that (us,es, ps) converges to (u,e,p) strongly in
HY(0,T; HY(Q;R™) x L2(; M2) x L*(Q; M) where (u, €, p) is the quasistatic evolution given 2. We can hence
use the fact that [27]

1 1) 2(1 — z5)?
—Per({z=1}0) < liminf/ ~| V2| + 20— z)
6 6—0 Q 2

55
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in order to check that

Jo(z,u) < liminf Js5(zs, us) - (4.5)
=0

In order to prove that z actually solves the sharp-interface TO problem (4.4), let 2 € BV(92;{0,1}) be given
and let 25 € H1(Q) be the corresponding Modica-Mortola recovery sequence from [27]. This fulfills

. . .1 o O os o, 25(1—25) 1 5
Zs — %2 strongly in L*(2) and liminf [ —|VZ5|" + ———da = —Per({£ =1};Q). (4.6)

Let now (is,&s,ps) be the quasistatic evolution given Z;5 and use again Proposition 4.1 in order to check
that 45 — 4 in HY(0,T; H(Q;R"™)) where (@,&,p) is the quasistatic evolution given 2. We can hence use
convergence (4.6) in order to get that

lim (25, a5) = Jo(2, @) . (4.7)
6—0
By combining (4.5) and (4.7) we have that z solves the sharp-interface TO problem. O

5. DIFFERENTIABILITY OF THE STATE OPERATOR FOR v < 400

In preparation for obtaining first-order optimality conditions in Section 6, we develop here the analysis of
the control-to-state operator S : L>(Q) — (H'(Q;R") x L*(Q; M%) x LZ(Q,M%))kH. For fixed v € (0, +o0)
and k € N, the operator Sy maps a control z € L () in the unique corresponding approximate time-discrete
quasistatic evolution (u¥,e¥ p¥)*_,. The differentiability result is stated in Theorem 5.1. For this statement,

an auxiliary functional has to be introduced. For every i = 1,...,k, every (v,m,q) € H'(;R™) x L?(£; M2) x
L2(; M%), every p € L*(Q; M%), and every p € L>(2), we define the functional

1 1
Frt spoma) = 5 [ Comondet; [ HEa-qds (1)

+ [t et [ @Gt g

4 /Q o d (2)Vqh, (pF — Pt 1)-qds

1

+3 /Q d(2)Vh, (pf —pi_1)(@—p) (¢ —p)dz

_/ @gl(z)fzk "dea
Q

where we recall that (ug, €0, py) = (0,0,0).

Theorem 5.1 (Differentiability of the control-to-state operator Sy ). Let v € (0,400). Then, the control-
to-state operator Sy : L>=(Q) — (H*(;R™) x L2(Q; M%) x Lz(Q,MTl‘)))]€+1 is Frechét differentiable. Denoting
by (uF,eb, pk)k_| the approzimate time-discrete quasistatic evolution associated with z € L= (Q), for every ¢ €
L>°(Q2) the derivative of Sk in z in the direction ¢ is given by the vector (vF?, nf’w, qf’@)fzo € A(0)**! defined
recursively as the unique solution of

k,p
min {Fy7(tF, z,0,v,m,9) : (v,1,q) € A0)}, (5.2)

k
where we have set ¢~ = 0.
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Remark 5.2. Since f¥ = gk = wk = 0 and ¢"¢ = 0, it is casy to see that ( ,770 ,q ) = (0,0,0) for every
p e L>().

Remark 5.3. Notice that the incremental minimum problems (5.2) define a linear operator from L°°(£2)
o (HY(Q) x L(Q) x L2(2))"*".

As a corollary of Theorem 5.1 we get the first-order optimality conditions for the regularized optimization
problem (3.17). This will be the starting point of the analysis of Section 6.

Corollary 5.4 (Optimality conditions for the approximate time-discrete TO problem). Under
the assumptions of Theorem 5.1, if z € HY(Q;[0,1]) is a solution of (3.17) with associated approzi-

mate time-discrete quasistatic evolution (u¥, e ,pl)Z 0, then there exists (ul,eF 7pz)i”'l1 € A(0)**! such that
(@ 1,851, Phe1) = (0,0,0) and for everyi=k,...,1, every ¢ € L=(Q) N H'(Q), and every (v,n,q) € A(0)
| Gt ndes [ HER: - ado+ [ de)Vih 0k k)@ - 7o) ade (53)

Q

/ﬁ(z)f vdx—/ gF-vdH" 1 =0,
Q I'n
k

S ([ereus -5 o wa (54)

- [(©@0)E - et Sar- [ @)k - ) )
Q Q

= [ CIVa s 0k ) - Vahs (o~ bt ) B )

+/Q(5V2.V<p+ %(z(l —2)? = 22(1—2))dz =0,

where p* | := 0.

Proof. Let z € H*(Q;0,1]) be a minimizer of Jj s with corresponding approximate time-discrete quasistatic
evolution (uf, ek p®)E . Let p € L>®(Q) N HY(Q) and t € R\ {0}. Setting z; := 2z + tp and denoting
by (u ”,Ezt,p”)f o the approximate time-discrete quasistatic evolution corresponding to z;, we have that
Tes(z, (ub)E_ ) < Tis(ze, (u ug k). Differentiating Jj s (2, (u ft)) w.r.t. t, we deduce from the minimality of z and
from Theorem 5.1 that

/W'(z)f,’j.ukdx+/ﬂ (2) fr- vk“"der/F g vp® dHm! (5.5)
_Z</S@£l gl‘c—l)'u?—ldw'i‘/ﬂg(z)(ff_ Jk—l) g’ﬁdm>

—Z/ gl a4 [ 6Va Vs L2 - 20 -5 de =0

for every <p € Hl(Q) N L>(Q), where (vF? ™% ¢"#)k_ € A(0)* has been defined in Theorem 5.1. We further
set. (V7 n™f ¢7) = (0,0,0).
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We now define (u¥,&%,pF) € A(0) as the unique solution of the minimum problem

min {;/{ZC(z)n~ndx+;/ﬂH(z)qoqdm
45 [ VAR~ Bt (e P (g Bl s
Q

—/é(z)fik-vda:—/ gr-vdH Tt (v,'r[,q)EA(O)}
Q INY

for i = k,...,1, where we have set (U}, ,,&%,1,Pr.1) == (0,0,0). In particular, (uf, &}, p}) satisfies (5.3).
In order to deduce (5.4), we notice that by Theorem 5.1 and by (5.3) and using that f§ = g& = ﬂ]lzﬂ =0
and E’,§+1 = ﬁZH = 0 we have that

/ 0z) f - Uk“”daH—/ gr-vp? dnn !
Q I'n

z(/ g s (- ) o )

/(C 2)Er - Ev’,:“’da:—Z/(C s —s )Evkwdx
:/Q(C(Z)Eﬂz-nﬁ’“"dx—/Q(C(z)ﬁz-nﬁ’”dx—l—/QC(z)E’;.qZde
YRS S
/(C (G )-q?’_ﬂdw)
=3 ([ cemn b - ai)an - [ clmt e - n ) as
j=1 \7% Q
+/<C(Z)E§-(Q§’*" q; 1)dw)
Q

(/Q<P€'(z)(ff— j’-{l).ﬂ?dx—/ (C(2)p) ek - et _,) Eat dm)

Q

k

J

—

Q

k
—Z (/QH( )(qf’“”—qfﬁ)-ﬁ?dw—/ (C'(2)p)(eh —€f_1) Py da
t /Q (H (2)¢) (0t — pt 1) Pt da

4 / o d (2)(VQhy (0 — pb_y) — Vahy (pk_, — pt_y)) Bl da
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- / A()V3h, (-, — po) (a5 — a5 - dx)
+ Z (/ 5 (a7 —df)de
[ (e VR (0 () (0 — 0 1>dm>

=3 ([pren -y (@@ - 2
- /Q (H'(2)¢) (Pt —pF_y) Pl da
*/QSDCZ/(Z)(VQ}‘ Py —Pf_1) — VQhw(p?_lpﬁ_g))p?dw),

where, in the last equality, we have used the following
k
& k, k,
S [ ) Vahy (9 = ok )0}~ P (47— @) s
j=1
k
= Z d(2)Vh(pk —pt ) (d;? — ¢)%) P da

k k, k, —k
- Z/ PJ 1 pj-2)(‘1jf1 - qj'—%) "D; dz.

All in all, we have proved that

0(z) ff - vp? da + / gk -vp? dnn !

Q I'n

;(/ﬂ ) = £ e = [ (6 =)o )

([erous -y aa- [ @@ - sa
1

k

j Q

- [ 0wk - 25 )
Q
- [ Va0 - B 1) - Tahsoh s - ph ) B,

which, together with (5.5), implies (5.4).

The rest of the section is devoted to the proof of Theorem 5.1. The next two lemmas are a reformulation of
Lemmas 3.5 and 3.6 in [2], which is needed in order to take care of the term p¥ ; appearing in the minimization
problem (3.15) at time ¥ and which is also varying with the phase field 2. We recall that this was not the case

in [2], as the problem considered there is static.



TOPOLOGY OPTIMIZATION FOR QUASISTATIC ELASTOPLASTICITY 19
Lemma 5.5. For z € [0,1], v € (0,+00), and P € MY}, let F, , p: M}, — M}, be the map defined by
F.,p(Q):=C(2)Q+H(2)Q+ d(2)Vqh,(Q — P) for every Q € MY, . (5.6)

Then, there exist three constants Cy,Ca,Cs > 0 independent of v and of z and a constant C, > 0 (dependent
on 7y but not on z) such that for every z, z1,z2 € [0,1] and every P, Py, Py, Qq,Qy € MY, the following holds:

[F2y,P(Q1) — Iy, P(Q2)| < C4|Q1 — Qo (5.7)
(For,p(Q1) — Fy,p(Qa)) - (Q) — Qy) > C1|Q; — Quf?; (5.8)
(Fey .1 (Q)) = Fay iy, (Q2)) - (Q) — Qy) > C1]Q; — Q,f (5.9)

— C2(1Qof + D21 — 221Q) — Qo — C57/Q; — Qu[P1 — Psf.

In particular, F,  p is invertible and FZ_;’P: MY, — MY, satisfies

‘Fz_,fi,P(Ql) - Fz_,'i,P(QZN <C1Q; — Q. (5.10)

for a positive constant C independent of z, v, and P.

Proof. Inequalities (5.7), (5.8), and (5.10) can be proved repeating the arguments of Lemma 3.5 in [2]. Let us
prove (5.9). Let 21, 22 € [0,1] and Py, P2, Q,, Q, € M%,. By a simple algebraic argument and by using (5.8) we
get

(Faor P (Q) = Fry 1,P,(Q2)) - (Q1 — Q) (5.11)
= (Fay P, (Q)) — 2P, (Qy)) - (Q) — Qo)
+ (For P (Qa) = Foy P2 (Q2)) - (Q1 — Qo)
> C1Q; — Qo + (Fry 1P, (Qa) — Fry 1,2, (Q2)) - (Q1 — Q) -

We now estimate the last term on the right-hand side of (5.11) rewritten as

(le,%Pl (QZ) - Fzz,'y,Pg (Q2)) : (Ql - QQ) (512)
= (C(Zl) - (C(ZQ))QQ ) (Ql - Q2) + (H(Zl) - H(Z2))Q2 ’ (Ql - Q2)
+ (d(21)VqQhy(Qq — P1) — d(22)Vqh(Qy — P3)) - (Q; — Q,) .

By the Lipschitz continuity of C, H, and d, and by (3.13)—(3.14), we hence have

(lery,Pl(Qz) - FszPz (Qz)) : (Ql - Qz) (5-13)
> —C2(1Qq] + 1)[21 — 22]|Q; — Qo — Csv[P1 — P5|Q, — Qyl,

for some positive constant Cy,C3 independent of z, v, Py, and Py. Combining (5.11)~(5.13) we deduce (5.9).
Relation (5.8) entails that F, . p is invertible and (5.10) follows from (5.8) with C' = C;*. O

Lemma 5.6. For everyy € (0,400), every z € R, and every P € MY}, let the map b, p: M% — MY% be defined
as

bz.p(E) :=C(2)(E - F_ p(Ilyy (C(2)E)))  for every E € M, (5.14)
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where Iy : M™ — MY, denotes the projection operator on MY,. Then, there exist two positive constants c1, ¢z
such that for every v € (0,+00), every z € R, every P € M}, and every Eq,Eq € M}

b2 7, P(E1) = b, 5 p(E2)| < c1|E; — Eof, (5.15)
(027, P(E1) = by, p(E2)) - (E1 — E2) > c2] Eq — E,*. (5.16)

Proof. The lemma can be proved as Lemma 3.6 of [2] by making use of the already established Lemma 5.5. [

We are now in a position to prove an LP-regularity estimate and a Lipschitz dependence on the phase-field
variable for an approximate time-discrete quasistatic evolution. Before stating these results, we introduce the
notation

[(u, &, P) [ xp2xrz = llulla + lell2 + [Ipll2 (5.17)

for (u,e,p) € H' (4 R™) x L2(Q;M2) x L2(;M7%). The symbol ||(u,&,p)||wrrxrrxr- is used for (u,e,p) €
W (Q;R™) x L™(Q; M%) x L"(Q;M3). Finally, for (u;, &, p;)f_q € (H'(;R™) x L*(Q; M%) x LQ(Q;M%))k+1
the norm ||(us,&i,P;)% ol (1 xr2xr2ys+1 is defined by naturally extending (5.17). The same is done in

(Whr(Q;R™) x L7 (Q; M%) x L7 (M)

Lemma 5.7. Let k € N and v € (0,400). Then, there exists p € (2,p) such that the control-to-state oper-
ator Si~: L®(Q) — (HY(Q;R™) x L2(Q; M) x L2(Q; M) ! takes values in (WLP(;R™) x LP($; M2) x
LP(Q; M )FHL and satisfies

1Sk, (2) | (w10 x Lo x Ly (5.18)
< C(A+ fllzomizr@mrm) + gl rsLemy mny) + 1wl (oW v @re))

for some positive constant C independent of i, k, v, and z.
Furthermore, there exists a positive constant C. i depending only on v and k such that for every z1,z; €
L>(Q) and every q € (2,7]

1Sk (21) = Sky(22) | (wraxpaxpaye+ (5.19)
< Cy (L + Ifllzee(o,ms200:rm)) + 9]l Lo (0,710 (xR

+ Jwll os o, 1w m @iy 121 = 22| -

Proof. The proof of (5.18)—(5.19) follows from an application of Theorem 1.1 in [15]. To apply such result, we
first have to recast the Euler-Lagrange equations associated to the equilibrium condition (3.15) in terms of the
sole displacement variable w. o

Let us fix v > 0 and z € L>(9). For simplicity of notation, let (u;,€;,p;)F o = Sk(2) and (ul,el,pl)k_, =
Sk~ (27), 5 = 1,2. We further recall the definition of fF, g¥, and wf given in (3.4) and that (ug,e0,py) =
(U(JN E(J)ﬂ p(J)) = (07 0, 0)‘

From the minimization problem (3.15) we deduce the following Euler-Lagrange equation: for every (v,n,q) €
A(0) and every i = 1,...,k

/ C()(Bu; — py) -z + / H(2)p, - q dz + / d(2)VQhy (P, — pi_y) - qdz (5.20)
Q Q Q

—/é(z)fik-vdx—/ gF-vdH™ 1 =0.
Q I'n
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By testing (5.20) with (0,7, —n) € A(0) for n € L*(Q;M7,) we get that
C(2)p; + H(2)p; + d(2)Vqh(p; — ;1) = Ty, (C(2)Ew;) a.e. in 2. (5.21)

In view of the definition (5.6) of F. ., p, we have F.(y)yp (2 (Pi(2)) = Iy (C(z(x))Buy(x)) and p;(z) =
Fz_(i?),’y,pi,l(x) (g, (C(z(x))Eug(x))) for ae. z € Q.
Recalling definition (5.14), we define for x € Q, E € M§, and i =1, ..., k,

va'vai—l (x’ E) = bZ(I),%pi,l(x) (E) = (C(Z(x))(E - Fz?i),fy,pi_l(x)(HM% ((C(Z(l‘))E)) .

From now on, when not explicitly needed, we drop the dependence on the spatial variable x € €2 in the definition

of F, "}7171-_1’ since all the arguments discussed below are valid uniformly in 2. We rewrite the Euler-Lagrange

equation (5.20) in terms of the sole displacement u; and for test functions of the form (¢, Ee,0) € A(0) for
¥ € HY(Q;R™) with ¢ =0 on I'p:

/bzmpH(m,Eui).Ewdxz/z(z)ff.quﬁ/ gF-pdH L. (5.22)
Q Q I'n

In view of Lemma 5.6, the nonlinear operator B, ., . : W5YP(Q;R™) — W~1P(Q;R™) defined as
B.~p, (u) =0, ~p,  (v,Eu) satisfies the hypotheses of Theorem 1.1 in [15]. Since Q UT'y is Groger reg-
ular, p € (2,+0), fF € LP(Q;R"), gF € LP(T; R™), and wF € WLP(Q; R"™), we infer from Theorem 1.1 of [15]
applied to equation (5.22) that there exist p € (2,p) and a constant C' > 0 (both independent of ¢ and k) such
that

luillwra < CULEp + 197 llp + 1w [lwr.r) (5.23)

for every ¢ € (2,p]. In particular, C' is independent of z € L>°(Q), of v € (0,400), of k € N, and of ¢ € (2,p].
Inequality (5.18) can be deduced by combining (5.10) and (5.23). Indeed, we have that
Iplly = 11725 p, , My, (C(2)Eua)) g (5.24)
< NFo e, (Mg (C(2)Ewi)) = FZ3 5 (0)llg + 1F2 5, (0)lg

< Cllhy, (C()Bui)llg + 1F25 ., (0)llg < Clluillwra + 1F25 ., (0)llg -

To conclude the estimate, we notice that if q := F;&p;l (0), we have that

q—DPi1

Jia-p P+ %

Multiplying the previous expression by q and using (2.4)—(2.5) we deduce that

C(2)q + H(2)g = —d(2)Vqh,(q — p;_1) = —d(2)

(ac + am)lql* < d(2)|q]

a.e. in €. Hence, HFZ_,vl,pi_l(O)Hq is bounded uniformly w.r.t. ¢, k, v, and z. Thus, combining (5.23)—(5.24) we
infer (5.18) by the triangle inequality.
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In order to prove (5.19), we first rewrite the Euler-Lagrange equation (5.22) satisfied by u?, i = 1,... k.
Namely, for every 1 € W' (Q;R™) with ¢» =0 on I'p we have, after a simple algebraic manipulation,

/Q B., 4 pr ,(u7) Epdz (5.25)

zZ1 7’77p1 1

:/Q((C(zl)—(C( 2)) (Euf — F ! (Iyrn (C(21)Ewy))) - By dz

zZ1 771p1 1

+ [ C(F] e (M (CBE) ~ FoL Ly (e (CeBR) -Buds

3 B dpnt
+/Q€(zz)fi wdx—i-/rNgl »dH .

Comparing (5.25) with (5.22) written for 2; and (u},e}l, p}), we deduce that u} and u? solve the same kind
of equation, with a different right-hand side, which however always belongs to W ~%?(2; R"). Thus, applying
once more ([15], Thm. 1.1), we infer that there exists C > 0 independent of z1, 25, of 7, of i, and of k, such that
for every q € (2, 7]

! = w?llwra < O(]|(C1) = Cle)) (B = L o (M (CC)Ew)| (5.26)
+leen s, <HME<<C<z2>Eui>> L (T (C)Ead)) |

W-—14q
+H( z1) — (22 )f HW 1q)_ C(Il+12+13)

By the Lipschitz continuity of C, by the identification p? = FZ2 17 2 (HM% (C(22)Eu?)), by the Holder inequality,
»YVsPi—1
and by (5.18) we deduce that

I < Cllz1 — zaloo (U lwrs + 107115) (5.27)
< Cllar = z2lloo (L + 1f 1l Loe (0,750 (rm)) + N9l Lo (0,710 (1 s

+ lwll o mnwrr@rny) -

Rewriting (5.9) for P; pz pand Q; = F~ ! (T, (C(z5)Euy)) we get that for a.e. z € Q

ZJ?'Y»pl 1
CilFL pr, (M (C(21)Bu?)) — F_ L pr (M (C(22)Eul))| (5.28)
< Lip(C)|Eu?||z1 — 22| + C'2(|FZ_2 - (HM% (C(z2)Eu?))| + 1) |21 — 22

+ C3’Y|Pi—1 - pi—l‘ .

The identification p? = FZQI7 o2 (HM% (C(22)Eu?)) and inequalities (5.18) and (5.28) imply that

I < C(|ufllwrs + P75 + Dllz1 — 22llee + CsvllPi—y — Pi-1 g (5.29)
< ClIf = o,m5er@rm)) + 9l L0 0,7520 (0 nsm))
+ [w]| Lo o,m;w 1 (re)) + D21 — 22llo0 + CsylPi1 — Pi1llq -

Finally, by the Lipschitz continuity of £ we conclude that

I3 < C| fll Lo 0,1;Lrrm ) |21 — 22|00 - (5.30)



TOPOLOGY OPTIMIZATION FOR QUASISTATIC ELASTOPLASTICITY 23

Combining inequalities (5.26)—(5.30) we infer that

luj —uf|wra < C(Hf”LOO(O,T;LP(Q;R")) + 19l 0,7:L7 (0 iR"Y)) (5.31)

+ w0 rwis@zn) +1) 121 = 22lloo + Covlply = P2l
We notice that inequality (5.9) tested with

Q,=F" )(Hm% ((C(zj(a:))Eui(x))) = pl(z) for a.e. z € Q

Zj (21)7'7717?_ 1 (Z

and integrated over 2 implies

Ipi — P}l < C(llui = uflwra + (lullwrs + 1075 + Dllz1 = 22l0) (5.32)
+Csylpimy — PPl
< Clluf — uflwro + Cavlpiy — P llg
+ C(| fll zoe (0,527 (2s%7)) + 19l Lo (0,710 (0w R Y)
+ [lwll Lo 0, mswrw (@rny) + D21 — 22|00
< C(Ifllzoe 0,750 (@sr7)) + 119l Lo 0,13L0 (0 nR7Y)
+ [[wll oo 0.05w 1 p (@) + D21 = 22lloe + ClDiZ1 — P14 -

By the triangle inequality, an estimate similar to (5.32) holds for €} — &2, for every i = 1,..., k. Iterating the
inequalities (5.31)—(5.32) for [ = 1,...,i and taking into account that (uj, e}, py) = (u3,e2,p2) = (0,0,0), we
obtain (5.19). This concludes the proof of the lemma. O

We are now ready to prove Theorem 5.1. The proof follows the lines of the proofs of Theorem 3.1 in [2] and
of Theorem 3.3 in [5]. The main difference is that, as in [34], the forward problem is now time dependent and
not static.

Proof of Theorem 5.1. Let us fix k € N, v € (0,4+00), and z,0 € L>®(Q). For ¢t € R, let z = z +
to, (uf,,ef,p¥ )i, = Sk(z). The solution for ¢ = 0 will be simply denoted by (uf,e}, pf)i_,. Moreover,
let (vF?, % q"*?) be the solution of the recursive minimization problem (5.2) and set

—k . .k k ke —k ._ _k k ko Y k ko
Ui 2= Uy — Uy — U7, Miy = E€ip — &€ — Ny, q;; =Py —P; —tq;".

We want to show that

H(ait’ﬁﬁtvaﬁt)”HlezxLz = O(t) s (533)

uniformly w.r.t. ¢ = 1,..., k. In particular, (5.33) implies the Frechét differentiability of the control-to-state
map Sy -

We prove (5.33) by induction on i. For ¢ = 1, (5.33) follows from Theorem 3.1 in [2], as the initial
value is (uf, ek, pk) = (0,0,0) by the assumptions on the data f(0) = g(0) = w(0) = 0. For i > 1, assume
that [|(0}_, ., %14, @) 1.0) |1 x12x 2 = o(t). Writing the Euler-Lagrange equations satisfied by (uf, e, pky),
(uk, ek, pF), and (vF%, nl? ¢"¥) and subtracting the second and the third from the first one, we obtain, for
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every (v,7,q) € A(0),

/(C(zt)sﬁt-ndx—/(C(z)sf-ndx—t/ C(z)nf’“"-ndx—t/(@’(2)¢)€f~ndm
Q Q Q Q
N / H(z)p", - qds - / H(:)p! - qda — t / H(2)g"*
Q Q Q
1 / (B (2)o)pt - gz + / d(2)VQhy (B, — pE 1) -qde
Q
[ a2)Vah, (ot —pl0)- qu—t/sod’( )Vah(pf - pt 1) qdz
Q
_t/d 2)VEhy (pF — pf 1) (@i — af%) qdw — Se(Zt)ff-vdx
2

—|—/Q€(z)fi -de—l—?ﬁ/g(pﬁ’(z)fi codr=0.

By a simple algebraic manipulation, we rewrite the previous equality as

0= (/QC(zt)e;ﬁt-ndm—AC(Z)ef-ndx—tAC(z)nkw
~t [ @@t -nas)
+ (AH(zt)pf,t-qu—/QH(z)pf.qu—t/QH(z)qW
~t [ @ @emt-gar)

T ( [ () = dte) — 1 () Ve (b~ pt ) - qda
n /Q (d(z2) — d(2)) (Vahy (s — P51 ) — Vahy (pF — pb 1>)'qu)
+( [ o) (Van v~ b1 - Vahs (ot o)

— tV{h, (pF — pE 1) (@ —di%)) q dx)

B (/Q (0(z0) = =) =t (2)) fF - dx)

= La+Lio+TLiz+lia+1Iis.

Let us now rewrite I; 1, Iy 2, and I 4 from (5.34). For I, ; we have that

fa= [ CEmtndr+ [(0) — €k - o) nds + [ (C) ~C6) 4T ()¢t

)

In a similar way, we have that

Is= /Q H(:)g", - qdz + /Q (H(z) — H(2))(pt, — pt) - qda + /Q (H(z) — H(z) — t(H ()))p" - q d.

ndx.

(5.34)
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As for Iy 4, since h, € C>(MP},), for every ¢t > 0 there exists & on the segment [pf —p} |, p}, — pf ] such
that

Lia = Ld(Z)(Véhv(St)(pﬁt —pF P+ pl) — VR (P — b)) (@Y — al%)) -qda
- /Q A(=) Vi (pF — )@ — T 1) qde

+ /Q d(2)(V{hy (&) — Vhy(Pf =PI 1)) (PF, — Py 1, —PF +PF 1) qda.

Inserting the previous equalities in (5.34), choosing the test function (v,7n,q) = (ﬁﬁt,ﬁﬁt,ﬁﬁt) e A(0),
using (2.4)—(2.5), the Lipschitz continuity of C(-), H(:), d(-), and Vqh., the convexity of h,, and Lemma 5.7,
we obtain the estimate

(LGt e R e A [ 9 T PR (5.35)
(C(zr) = C(2) = +(C'(2))) el -7, A

(H(ze) — H(z) — t(H'(2)0)) P} - @1y d

) —d(z) —ted (2))Vqhy(PF —pF 1) -65} dx

U
—
N

<

[\V]

Qhy (p} — p?—l)qf—l,t 'qﬁt dz

+

|

S 55— 5 — 5—
=
5

d(z)(VZQh'y(st) - V2Qh'y(pi‘C - p?—l))(pf,t - p?—l,t - Pi‘c +p?—l) 'qi‘c,t dz

+ /Q (€(z) — €(2) — t 0 (2)) f5 ok, e,

for some positive constant C ; dependent on v € (0, +00) and k € N. In view of the regularity of C(-), H(-), d(-),
and £(-), of the bounds |[Vqh,(Q)| < 1 and [V h,(Q)| < 2v, and of Lemma 5.7, we can continue in (5.35) with

IO o 750 @ ) 71 w22 22 (5.36)
< G Pl (1t €55 L reere + 1752 + D) 0780 @ Dl bt eowe

+C ||( (T 1ta7h 1tqu velle ez <oz ||(V ztvnztaqzt)”Hle?XL?

~ [ )Tk, &) = Vighs (o — 2t ) 0k, — o) -t o

+ [ () (Tigh ) = Vighn o =2t 1) (k1= ) o
< T tllloe (#1508 crnrs + [1£5112 + 1)

+ V8 (1) = Vi (B = P )l ) (5 5, @ Dl o

+O (v} 1tﬂ71 ltqu 1)l xrzxez||(@ ztvnzt’qzt)||H1><L2><L2
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for some positive constants 5’771@76%;@ depending on ~ and k, for 67 depending only on ~, and for some v €
(1,400). In order to conclude for (5.33) we are left to show that

lim [[Vghy (&) = Vahy (P} = pi-i)lln = 0. (5.37)

Arguing as in Proposition 3.4 we get that pﬁt — pé‘? in L2(; M%) as t — 0 for every j = 1,...,k, Hence, up
to a subsequence we may assume that pﬁt — pé? a.e. in §) for j = 1,... k, which implies that &, — pf — pf_l
and V§h, (&) — V2th(p;C —pk ) ae. in Q. In view of the bound [V{ha(€)] < 27 in Q by the Dominated
Convergence Theorem we get (5.37). This, together with (5.36), concludes the proof of (5.33). In particular, esti-
mate (5.33) can be made uniform in 4 as we have to control a finite number of norms || (Uf,t, ﬁf,t, 6§t)||H1 L2 x L2
fori=1,... k. 0

6. OPTIMALITY CONDITIONS

The aim of this section is to provide first-order optimality conditions for the TO problem (3.3), see
Theorem 6.4. This will be obtained by passing to the limit in the corresponding optimality conditions for
the time-discrete TO problem (3.10). Since we believe this to be of independent interest, also in view of a
possible numerical implementation of this TO perspective, we analyse the time-discrete problem in detail in
Section 6.1.

6.1. Optimality of the time-discrete problem

In the following we give the first-order optimality conditions for the time-discrete problem (3.10) by
passing to the limit as v — +o0 in (5.3)-(5.4). We start by proving a uniform bound for the adjoint vari-

ables (Hﬁ,y,éﬁ,y,ﬁﬁv)fiol € (H'(R™) x L2(Q;M2) x LQ(Q;M%))k+1 satisfying (5.3)—(5.4). From now on, we

will use the notation
|M@Q:Acm9an HM@»=AH@np® (6.1)

for every z € L>(Q), every € € L*(Q; M%), and every p € L*(Q; M7},). In view of (2.4)—(2.5), |- [|c(») and || - [[m(»)
are two norms in L?(Q; M%) and L?(Q;M?%), respectively, and are both equivalent to the usual L?-norm,
uniformly w.r.t. z € L (Q).

We now state the main result of this section.

Theorem 6.1 (Optimality for the time-discrete TO problem). Let k € N and fF,gF wF be defined as
in (3.4). For v € (0,+00), let z,, € H'(;[0,1]) be a solution of the approzimate time-discrete TO prob-
lem (3.17). Assume that zj ., — zx weakly in H*(Q) as v — +00. Then, z, € H(Q;[0,1]) solves (3.10) and,
denoted with (u¥, ¥, pF)k_ the corresponding time-discrete quasistatic evolution, there exist (pF)k_,, (7)€
(L2 M), and (ul, g8, BE)EH € (HM(Q:R™) x LA(Q;M2) x L2(Q;Mp))

i=0,....k, every (v,m,q) € A(0), and ¢ € H'(Q) N L>(Q):

such that for every every

/C(zk)sf-ndx—&—/H(zk)pf-qu (6.2)
Q Q
—I—/pf-qdw—/é(z@fﬁvdx—/ gF-vdH" 1 =0,
Q Q I'n

pr-f —pl ) =d)pf —-pf,| mnQ,  pf-pf,=0 in{pfl<d>)}, (6.3)
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/QC(Zk)Ef-nd:E—&—/QH(Zk)T)éC'qu 6.4)
+‘/Q7Té€-qd$—/Qf(zk)fik.vdx_/I‘Ngéf.vd%n—l:O7

Z(/sﬁﬁ' 2)(f] = fio1) - (uf + 7 )dx—/ﬂ(C’(zk)cp)(ef—gg?_l).géf:dx (65)

j=1

- [ @) @ =) B e [0 G o) Bl

Q

—|—/JVzk-Vga—l—%(zk(l—zk)Q—zi(l—zk))dx=O.
Q
- (pf —pi) =0 inQ, (6.6)

P —Pia =0 i {lpf| <d(z)} (6.7)
In order to prove Theorem 6.1, we need to establish some uniform bounds for the adjoint system (5.4) of
Corollary 5.4. This is the content of the following proposition.

Proposition 6.2 (Uniform bounds). For every v € (0,+00) and k € N, let z] € H'(€;]0,1]) be a solution of
the appromimate time-discrete TO problem (3.17) with correspondmg approa:imate time-discrete quasistatz'c evo-

lution (uf’ﬂy, ,pf Nl e (H' (% R™) x L2(Q; M%) x LQ(Q;M%)) . Furthermore, let (u; k7 E 'Y ﬁfﬁ)fﬁl €

’L

(H* (G R™) x L2 M) x LQ(Q;M%))I€+1 be the adjoint wvariables introduced in C’omllary 5.4. Then,
@7 €97 P is bounded in H' (4 R™) x L2(4 M%) x L2(Q; M) uniformly w.r.t. i, k, and .

Proof. We test the equation (5.3) for i = k,...,1 with the triple (@, — @}, &7 — &0, B, — Byrh) € A(0).
Since the function h., is convex, we have that

[ ctpEtn @ —a e+ [ BER @k -5 s (©8)

= [t @ —ainyde - [ g @b gt <o,
Q I'n
We rewrite the first term in (6.8) as

1 1
kv (ke ok, ks _k,
/Q(C(ZJZ)Ei T(&T — g da = 5”“31' 7”(%(2’;) ||52+1H<c(zg) + 5”52' T - z+1||<c(27)

In a similar way we can rewrite the second term in (6.8), obtaining

1 _k 1 —k
5”“’31‘ 712 T ||5z+1H<c(zV) + *HE"AY z+1H<c(zV) (6.9)
Lok, —k, —k,
+*||pi ’YHH ") || z+71||H(z”)2+ le _pz—&-’ylHH(zz),Z

- [t ?”—u,mdm /ng (@7~ an - <.



28 S. ALMI AND U. STEFANELLI

For every j € {1,...,k} we sum up (6.9) over ¢ = k,...,j and use that ﬂﬁﬂ_ﬁ =0, so that
1 [
5”%’””%(4) + 7||pj7’YHH2—]I(zZ) (6.10)
Jj+1

<3 ( [t - sty atrass [ - gt a0 ane)
I'n
_|_/ K(Z;Z)f]k .ﬁ;?’“/ dz +/ g;? ,ﬁ?ﬁ/ dnr—1t.
Q Tn
By Cauchy inequality and by the regularity of f and g we deduce that
—k, _k, 2
flup . (Il e + 1I1P; VHH(zg))

T
_k, _k, . .
<C s (18 e + 19 ) ([ (A + lin@l)ae+ sw (15 + 1ot

i=1,..., yeees

—k, K,
<C bup (II=; e + 127

up =) (1 e 0,750 ey + 9l 0,722 (0 )
7/ EARAS]

for some posmve constant C' independent of i, k, and ~. The above inequality implies the boundedness
of (@, M7, pF) in HY(Q;R™) x L2(Q; M%) x L2(€; M3,) uniformly w.r.t. i, k, and 7. O

We now prove Theorem 6.1.

Proof of Theorem 6.1. Let 2],z, € H'(Q;[0,1]) be as in the statement of the Theorem, and
let (u)”, el pi)E o, (ulf,eb, pl)h o € (H' (2 R™) x L2(Q; M) x LZ(Q;M%))’CJrl be the corresponding

K3
approximate time-discrete and time-discrete evolutions, respectively. By Proposition 3.9, we know that
k
(U7 R pFE | converges to (uf, ek, pF)k_ in (H'(Q;R™) x L2(; M%) x L2(Q;M3)) 1 as v — +o0.

Equations (6.2)—(6.3) are equivalent to the equilibrium condition (3.7) of Definition 3.3. In particular, we
have that

pf =Ty (C(zr)ef) — H(z)pf  in L*(QM7).

Furthermore, setting p7 := d(2])Vqh~(pl"" — pI"7) we have that p7 = My, ((C(zk)sk”) — H(z)pt" and
PP = pFin LQ(Q'M”) as 7 — +oo for every i and k.

Denoting by () ,ek W,ﬁf V)k'H € A(0)**! the adjoint variables introduced in Corollary 5.4, we have by
Proposition 6.2 that (@)"",&}"7,p,"7) are bounded in H'(Q;R") x L?(Q; M%) x L2(Q M”) uniformly w.r.t. 4, k,
and . Thus, we may assume that, up to a subsequence, (@"?,g"7,pl"7) — (al, g, pl) weakly in H'(Q; R™) x
L2(; M) x L2(Q; M%) as v — +oo for every i and k.

In order to prove that (a¥, g% pF) satisfies (6.4)-(6.5), we first rewrite the optimality conditions (5.3)(5.4)
for v € (0,400) in a form similar to (6.4). To this aim, we define for i =1,... )k

w7 = d(2])Vah, (P - PP @ Y — i) in LA(Mp).

Hence, we rewrite (5.3) as

/C(z,Z)Ef’”nder/H(zg)ﬁf’7~qu+/ﬁf’”qdm (6.11)
Q Q Q

f/ﬁ(z,z)fikmdxf/ gF-vdH" 1 =0,
Q I'n
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for (v,m,q) € A(0). From (6.11) tested against (0, —q, q) with g € L?(€;M?%,) we deduce that

w7 =My (C(2)E!7) — H(z))P!" -

Thus, setting
k= My, ((C(zk)éf) — H(z)p* fori=1,...,k+1

we infer that rf”y — 7¥ weakly in L?(Q; M) as v — +o0, for every k and i. Passing to the limit as v — +oo
in (6.11) we deduce (6.4).
As for (6.5), we rewrite (5.4) as

k

> (/Qsoﬁ’(zll)(ff— f71)~(U§’”+ﬂ§”)dfv—/Q(C’(ZZ)so)(ﬁ:?’”—ef’l)-?ﬁf’” da (6.12)
j=1
B / (H'(z])¢) (P} — p}7,) - P} dar — / o TCL) (g pho) gl dx)
o k J Jj—1 J o d(zZ) J Jj—1 J

—I—/ oVz] -V + %(zz(l -2 = (z])*(1—2]))dz=0.
Q

Owing to the convergences discussed above, we again infer (6.5) by passing to the limit in (6.12) as v — +oo.
Finally, the proof of (6.6)—(6.7) can be obtained by repeating step by step the proof of formula (4.5),
Theorem 4.1 in [2]. O

Remark 6.3. We notice that (z¥,F,p¥) is bounded in H'(Q;R™) x L?(Q; M%) x L?(Q,M?) uniformly w.r.t. i
and k as a consequence of Proposition 6.2.

6.2. Optimality of the time-continuous problem

We conclude with the first-order optimality conditions for the TO problem (3.3). Most of the conditions
follow directly from those computed in Theorem 6.1 by passing to the limit as the time step 7 tends to 0. The
only difficulty is to find the time-continuous condition corresponding to (6.7), since the adjoint variable pf can
be bounded in L?(2; M%) uniformly w.r.t. i and k (see Rem. 6.3), but no time regularity is expected.

Theorem 6.4 (Optimality for the TO problem). Let 2, € H(2;[0,1]) be the sequence of solutions of the time-
discrete TO problem (3.10) found in Theorem 6.1. Then, there exists = € H'(Q;[0,1]) solving (3.3) such that, up
to a subsequence, zp — z weakly in H'(Q). Denoting by (u(-),e(-), p(-)) the quasistatic evolution corresponding
to z, there exists p € H(0,T; L*(Q; M) such that for every (v,m,q) € A(0) and every t € [0,T) the following
holds:

/Q(C(z)s(t)-ndx+/QH(z)p(t)-qu+/Qp(t)-qu (6.13)
- E(z)f(t)-vdx—/ g(t) -vdx =0,

Q I'n
p(t)-p(t) =d(z)[p(t)] inQ,  |p(t)[=0 in{lp(t) <d(z)}. (6.14)

Furthermore, there exist the adjoint variables py € L*(Q; M%), m € L>(0,T; L*(§; M%), and (u,g,p) €
L>(0,T; HH(Q;R™) x L2(Q; M%) x L*(Q; M), such that for every (v,m,q) € A(0), for every ¢ € H'(Q) N
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L>(Q), and for a.e. t € [0,T] we have

C)en)-nde + | Hp0)- q,dx+/7r(t)-qda: (6.15)
Q Q
/é vdx—/ g(t)-vdH" ' =0,
I'n
T ; _ / . —
/0 </Q<p€(z)f(t)~(u(t)+u(t))da:—/ﬂ((C (2)0)é(t) (1) da (6.16)

, ) _ d'(z) , B
- [@@ep0 pow- [ o4 b0 poac)a

0Vz-Vo+ %(2(1 —2)?2 =221 —2))dz=0.

Q

w(t)-p(t) =0 inQ, (6.17)

/d2 de72// p(t)dzdt =0. (6.18)

Proof. Conditions (6.13)-(6.14) are a direct consequence of Definition 3.1. In particular, p(t) =
Iy, (C(2)e(t)) — H(2)p(t) and p(t) € d(2)d| - [(p(t)) for a.e. t € [0,T].

Let us consider the time-discrete quasistatic evolution (uf,eF pF)i e (H'(R™) x L2(Q; M%) x
LQ(Q,IMI”))]CJrl associated with z, and let (¥, &f pf)itl e (H'(QR") x L2(Q M) x LQ(Q,IMI’]D))]CJrl
(PEYE_, ()bl ¢ (LZ(Q;M%))]@Jr1 be the corresponding adjoint variables introduced in Theorem 6.1. We
further define the interpolation functions

)

ﬂk(t) = ﬂf, ek(t) = 5?7 ﬁk(t) =D

g (t) :== uf , Er(t) := sf, Pi(t) :=p;,

ﬁk(t) = pf ) 77‘-k(t) = wf ;

fe@) =, ) i=gf,  aw(t) i=wf,
(t—t; )

Pr(t) = ply + = (pf — P )

for t € (tF_,,t¥]. We recall that the piecewise affine interpolation functions fi, gx, W, u, €k, and p;, have been
introduced in (3.5) and (3.11). As a consequence of Proposition 3.5, we have that (@, &g, ps) — (u,€,p) in
L0, T; HY(Q;R™) x L2(; M%) x L2(; M%) and p, — p in Hl(O,T; L2(; M%) (see also Lemma. A.1). By
the equilibrium conditions (6.2)—(6.3) we also infer that p,(¢) € d(zx)0| - |(Py(t)), which implies that p,, p;, are
bounded in L*°(0,T; L>°(2; M7)). Moreover, by Proposition 6.2 we have that ) and (ux, &g, P;,) are bounded
in L>°(0,T; L*(Q; M) and in L (0,75 H'(Q; R™) x L2(;M2) x L?(Q; M), respectively. Therefore, we may
assume that, up to a subsequence, @ —* 7 weakly* in L*°(0,T;L?(;M%)) and  (uy, &k, Py) —* (4,€,D)
weakly* in L>(0,T; H' (Q;R™) x L?(Q; M%) x L*(Q;M%)).

Let us show that 7 and (@, &, p) satisfy (6.15)—(6.18). We start with (6.15). Let us fix an at most countable
and dense subset D of A(0). For every (v,mn,q) € D, every ¢» € C°(0,T), and every t € [0,T], we consider the
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test function (¢(¢)v, Y(t)n, ¥(t)p) € A(0) and rewrite the optimality condition (6.4) as

Clonlen(t)- vimdr + | Hpult)- vitigde + / F4(t)- Y(t)qda (6.19)

Q Q

_/é(zk)fk(t)-w(t)vdx—/ Ge(t) - (o dH L = 0
0 -

We integrate (6.19) over [0,7] and pass to the limit as k — oo. In view of the above convergences, we infer that
for every ¢ € C2°(0,T)

/ (/(C )E(t ndx+/H qd;p+/Q 7(t)-qdu (6.20)

/Qz(z)f(t)-vdx/FNg(t).vdH”1> dt=0.

Since D is at most coutable, we deduce from (6.20) that (6.15) holds for a.e. ¢ € [0, T] and for every (v,n,q) € D.
By density we extend the equality to .A(0).

Arguing in the same way, we can also prove that (6.17) holds for a.e. ¢ € [0,T], as the corresponding time-
discrete condition (6.6) holds for every ¢t € [0,7] and only the time derivative p,, is involved, which converges
to p in L2(0,T; L*(Q; M)).

As for (6.16), for every o € H*(2) N L>=(Q) we rewrite (6.5) as

T
/ (/ <p€’(zk)fk(t) (ap(t) +aR(t)) de — / ((C’(zk)go)ék(t) E(t) da (6.21)
0 Q Q

- [@eopn0 p - [ oG5 b pioas)ar
+/Q5Vzk~V<p + %(zk(l —z21)? = 22 (1 — z,))d2 = 0.

Thus, condition (6.16) is obtained by passing to the limit in (6.21) as k — oo relying on the continuity of ¢/, d’,
C’, and H', and on the convergences discussed above.
We conclude with (6.18). First we notice that, thanks to (6.3), (6.7) can be equivalently expressed as

k
S [ (@) ~ ot PP~ B s = 0, (6.22)
i=1
which, owing to the fact that |p¥| < d(2F), implies
Z / (d(4) — |t ) (B —B,1) dw = 0. (6.23)
Recalling that P, ; = 0, we rewrite (6.23) as follows:
k
0= [ (@)~ kP 7 da - > / ((Pes + P)- (o = pl_) Pl da (6:24)

:/Q(d%zk)ﬁp pldxf// (1) + Pt — 7)) - (1)) Do (t) dar .
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Since p} is bounded in L?(Q; M), there exists p, € L?(€; M’,) such that, up to a subsequence, p} — P, weakly
in L2(Q; M?%). Since p, — pin H(0,T; L?(£; M), both interpolating functions p, and py,(- — 7% ) converge to p
in L2(0,T; L*(Q; M%) and p¥ — p(0) = 0 in L?(;M?%). Moreover, p, is bounded in L>(0,T; L°°(Q;M%)).
Thus, p§ — 0 also in L™(Q; M%) for every r € (1,+oc) and

tim [ (@)~ o) Pl do = | P (pyds.
k—oo Q Q

As p,, converges to p in L2(0,T; L?(Q;M?%)) and p,, is bounded in L>(0,T; L°°(€2; M%,)), we have that (p;, +

P (- — 1)) - ps, converges to 2p- p in L*(0,T; L?(£2)). Since p,, —* P weakly* in L>°(0,T; L?(£2; M), we obtain

that

lim / [ (@0 + it =) pk<>)pk<>dxdt—2// ) - p()P(t) du dt.

k—o0
Hence, passing to the limit in (6.24) and deduce (6.18) O

APPENDIX A. PROOF OR PROPOSITION 3.5

We start by recalling that by the definition of quasistatic evolution (see Def. 3.1), there exists p € L*((0,T) x
Q; M) such that p(t) € d(2)9] - |(p(t)) almost everywhere (see, e.g., [12]), where the symbol 9 denotes here
the subdifferential, and such that for ¢ € [0, T] the equilibrium condition (3.1) is equivalent to

Cl2)elt)-mpdz + [ H(=)p(t)-qdz + / p(t)-qdz (A1)
Q Q

e(z)f(t)-udx—/ g(t) v dH 1 =0

I'n

Q

Q

for every (v,m,q) € A(0).

In the next lemma we prove that the piecewise affine functions defined in (3.11) converge in
L>=(0,T; HH (O R™) x L2(Q;M72) x L2(Q; M%) to a quasistatic evolution.
Lemma A.l. Let 2,2 € HY(Q;[0,1]), (ug,ek,py), and (u(-),e(-),p(-)) be as in Proposition 3.5. Then,
(uk, €k, Py) converges to (u(-),e(-),p(+)) in L>=(0,T; H(Q;R™) x L2(Q;MZ) x L*(;M%)).
Proof. We first show that (uy,€g, p;,) is bounded in H'(0,T; H'(Q; R™) x L*(Q; M%) x L?(;M7,)). We notice
that the L>°-boundedness is a consequence of the energy inequality (3.8).

By the uniform convexity of the functional Er(zp,th, ) + D(zk,~ — pfﬁl) and by testing the minimality
of (u“sl,pl) at time tF with (uf , + w - wf e, + Ew! — Ewf |, pF ;) € A(w}) and the minimality
of (uf_,eb |, pk |) at time tF | with (uf —wF +wk | ef Ew +Ew! |, p¥) € A(wk_,), we have that

C(HE:‘,C — (efy —Ew} | + Ew})|3 + [Ipf — P?—lH%)

C(zx)(Bwf — Ew! ) - (Bwf — Ew? ) dx
Q

Clzp) (el —€F ) (Bwf — Bwl ) da

+ | ) (fF = fEy) - (uf = (ufy — w4+ wf)) da

ZO\ZD

k k k k -
+ b)) — (uf oy —wl ) dH !

\

FN
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+D(zk,pf - Pi‘iz) - D(Zkvpfq _pfﬂ) - D(zkap? —Piil)
< C(llef = (i1 — Bwf_y + Ewf)lla + [luf — (uiy —wiy +wi)|a) (15 = £ 2
+llgf — g llz + 1w —wf ),

from which we deduce the bound in H(0,T; H'(Q;R™) x L*(Q; M%) x L?(Q;M’)). In particular, this implies
that (ug,e,p;) converges to (u,e,p) weakly in H'(0,T; H'(;R™) x L2(; M%) x L2(;M7)), and the

derivatives exist a.e. in (0,7).
Defining p¥ := Hny, (C(2x)ek) — H(zx)pY, we have that the stability condition (6.2) holds. Setting

t—t7) , 4 k k ok
T (P — Pi) for t € [t;, 7} 1)

pr(t) = pf +

we have that p, is bounded in H'(0,T; L*(Q;M?%)) as well.
We proceed now by proving the uniform convergence. To this end, we need to introduce the piecewise constant

interpolants
ak(t) = uf ) ék(t) = Ef, ﬁk(t) = pi;’ Z)k(t) = p?)
@) =fF, at):=gf,  w(t) = w}

for t € (t% |, t¥]. In particular, g (t) — ug ()| g2 < 7tk (t)| g2, and similar inequalities hold for &, and p,, for

the L?-norm.
For a.e. t € (tk_, k], we test the equilibrium conditions (6.2) and (A.1) with the triple

(a(t) — un(t) + wr(t) — (t), €(t) — éx(t) + Eig(t) — B (t), p(t) — pi(t)) € A(0)

and we subtract one from the other, obtaining
/Q Clz1)En(t) - ((t) — én(t) + Bun(t) — Eur(t)) dr
_ /Q C(2)e(t) - (&(t) — én(t) + Enbp(t) — Eaib(t)) d
+ [ BEp0)- (6(0) ~ i) de = [ Hp(e)- (0) — ie(0) d
+ [ pult)- ot0) = () e~ [ o) Go(0) = u(6))
~ [ A0 0 inle) + o) = 1) do
+ /Qﬁ(z)f(t) (U(t) — () + we(t) —w(t)) de
= [ Gate) = o) (0 — i)+ () e a0,

We notice that, being p(t) € d(2)9| - |(p(t)) and py(t) € d(zx)0| - |(Py(t)) almost everywhere in €, it holds

(G ot~ 2ut0)) - o(0) () e > 0. (4.9
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Hence, adding and subtracting in (A.2) the terms
/ ) (en(t) + £()) - (£(t) — én(t) + Euig (£) — Bair(#)) dx,

/ H(2) (py (1) + p(1)) - (B(t) — (1)) dz,

(22 p(0)- (b(0) ~ i) .

and using (A.3), we obtain, after a simple algebraic manipulation,

/ Clzk)(e(t) — k(1)) - (6(t) — k(1)) do + LH(Zk)(p(t) — (1)) - (B(t) — Py (1)) da

[ Clau)(entt) - elt) - (Ban(t) - Biv(0) do

/ () () — ex(t)) - (E(8) — En(t) + Enig (1) — Bib(t)) da
+ [ (€)= CEe(t) - (6(0) = &u(t) + B (1) — Euo(e) d
+ [ HG B0~ pil) - (50) ~ (1) do
+ [ (BG0) ~ HEDR(O)- (66~ e(6) d
+ [ A o) (b(0) - o) ao
= [ () = €7 0) - @t) = in(t) + su6) = (1) o
= [ @) ) 0 — (0 ) — )

Integrating (A.4) w.r.t. ¢t on the interval [0, s], for s € [0,T], recalling (2.3)—(2.5) and that u(0)
er(0) = €(0) = p,,(0) = p(0) = 0, we further estimate
S lle(s) = ew()l3 + S lIp(s) — pels)13
< Bc (HE —ekllzz0,1;2@mzn)) + Trll€kll L2072 (M)

+ I(C(z) — C(Z))EHLZ(O,T;L2(Q;M§))) lwi — wll 10,751 (:R7))

+ (ﬂchHékHL2([0,T];L2(Q;Mg))

+ [[(C(zx) — (C(Z))EHL?(O,T;L?(Q;Mg))) € — €xllL2(0,7;02 (mm))

+ Bu (Tka}c||L2(0,T;L2(Q;Mg)) + [[(H(zx) — H(2))pl 2 (0,7; L2 (02017

+ 2d(ex) ~ Dol riez @y ) I~ Bl o rin@ang)

+ C(J160z0)Fr = 02) 20,7220

+[|gr — gHLz(o,T;m(rN;Rn))) lw = wk + wp — wl[ g 0,781 () 5

= u(0) = 0 and

(A.5)
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for some positive constant C independent of k. Since (uy,er,py) is bounded in H(0,T; H'(;R") x
L2(Q;M2) x L2(5 M), fx — fin L2(0,T; L*(Q; R™)), G — g in L*(0,T; L*(T'x; R™)), and 2 — z in H'(Q)
with 0 < zj, 2 < 1 almost everywhere, we deduce from (A.5) that e, — € in L>°(0,7; L*(;M?2)) and p, — p
in L°°(0,T; L?(Q;M’,)). By Korn’s inequality and by the convergence of wy to w in H(0,T; H'(;R")), we
infer that uy, — u in L°°(0,T; H'(Q;R™)). This concludes the proof of the lemma. O

We are now in a position to conclude the proof of Proposition 3.5. We follow here the lines of Theorem 3.3
in [33].

Proof of Proposition 3.5. In view of Lemma A.l, it remains to show that (g, &g, p;) converges to (u,&,p) in
L0, T; HY(Q;R™) x L2($1;M2) x L2(Q;M')). To this end, we define the auxiliary triples

Ew? — Ew? Ew! — Ewk
(b, 08) = argmin 5 [ (e (e T (e+w)dx (A0
Tk

/szppdx—/ﬂzk -udx
k

_/FNH wdH™ L (u,e,p) € A0 )}

Tk
(w(t),£(t),0(t)) = argmin{; /Q C(z)(e + Ew(t)) - (e + Ew(t))dz + % / H(z)p-pdx (A7)

0(2)f(t)-udz —/ gt)-udH" ™ (u,e,p) € .A(O)} )

Q I'n

Since (fx, gr,ws,) converges to (f,g,w) in HY(0,T; HY(Q;R?) x L*(Tx;R™) x HY(Q;R")), we deduce that the
piecewise constant function

(wi(t), €, (1), Ok (1)) == (wf , &7,07)  fort € (14, t]]

converges to (w,&,0) in L?(0,T; H' (;R™) x L?(Q; M%) x L2(£;M7)).
By the minimality of (u¥,e¥ p¥) in (3.7), we have that

C(zk)el -mda + [ H(z)pl-qdz+ / d(zi)lg — (py_y — pf)|da (A8)
Q Q Q

_/d(zk)|pf—pf_1|dx—/é(zk.)fik.vdx_/ gzlﬁ.,udanflzo
Q Q 'n

for every (v,m,q) € A(0). Testing (A.8) with the triple

(uf_y —uf —wiy +wf el —ef —Ewl, +Euwf,pi_; —pf) € A(0)
combined with the equilibrium condition (at time t¥ ;)
/dzk |pF — pk_ 1|dx</(Czk el - (eF — &b | —Ewf + Euwl ) dz
+ QH(Zk)pi—l (P} —pi_y) d
o LG RN CE R PR INEE

k k k k k n—1
—/ giq - (uf —wi g —wi +wi_y)dH",
I'n
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we deduce that

/(C (z)er(t — Eug(t)) dx+/ H(zg)py(t) - pi(t) dz (A.9)

—/zzzk o) (ie(t) = () do = [ u(0)- (in(0) — () a1 < 0.
Q 'y

Testing the Euler-Lagrange equation of (A.6) with the test (ux(t) —wg(¢), €x(t) — Ewg(t), Py (t)) € A(0) we also
get

/Q Cer) (€4 (1) + Buig (1)) - (Ex(t) — By (1)) da + /Q H(21)05 (1) - i (1) (A.10)
- / Uei) folt) - (i (t) — () da — / an(t) - (i (1) — (1) AR = 0
Q I'n
We subtract (A.10) from (A.9) and obtain the inequality
/Q C ) (€4 (1) — B () — £4(8)) - (ex(t) — By (1)) dz
+ / H(z1) Dy (£) — 01(1)) - pi(t) dr < 0,
Q
which in turn implies
/QC(Zk)(ﬁk(t) — 2(&x(t) — B (1)) - (€ (t) — 2(éx(t) — Eig(t))) da (A.11)

+ / F(2k) (8(1) — 25, (1) - (Ok () — 2P, (1)) da
< / C(an)Ep (1) - €4(1) d + / H(24)0k (1) - 04 (1)

By the equilibrium condition (3.1) of (u(t),e(t),p(t)) and by the energy balance (3.2), we have that for
a.e. t € [0,T]

/(C(z Je(t) - ((t) — Buo(t)) dz + dx+/d (A.12)
Q
/e >>da:—/F g(t) - (i(t) — w(t)) dz = 0.

Since p(t) - p(t) = d(z)|p(t)| almost everywhere in €2 and, by the equilibrium (3.1) at time ¢ + h,

/d bt |da:>/(C e(t+h)- (Bir(t) — &(t) dx—/H p(t+ 1) p(t) dz
/e F(t+h)- w())dz+/F gt + ) - (a(t) — () dz,
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we infer from (A.12) that for h € R\ {0},

/ C(z)(e(t+h) —e(t)) (e(t) — Ew(t)) dx + /QH(z)(p(t +h)—p() p(t)dz (A.13)
— [+ = ) (00— wl)da
- [ ot = g(0)- (t) ~ i(0) do > 0,

Dividing (A.13) by h (positive or negative) and passing to the limit as h — 0, we deduce that for a.e. t € [0,T]
there holds

/ C(2)e(t) - (&(t) — Enb(t)) da + / H(2)p(t) - p(t) da (A.14)
Q Q
- [ @50 )~ a@yar - [ 50)- @) -~ wfe) de = 0.
Q I'n

Testing the Euler-Lagrange equation relative to (A.7) with the triple (4(t) —w(t), é(t) — Ew(t), p(t)) € A(0) we
get

/ C()(E(E) + Bair(t)) - ((t) — Buio(t)) dz + /Q H(2)0(¢) - p(t) da (A.15)

=) f(t) - (a(t) — (b)) dz + / () - (a(t) — () dHm1.

Q

Subtracting (A.15) from (A.14) and arguing as in (A.11) we finally obtain that

/ C(e — Ei(t)) - (£(1) — 2(&(t)) — Euv(t))) da (A.16)
/ H(=)(8(t) — 2p(t)) - (8(t) — 2p(t)) d
:/Q 2)E(t) - d:c—|—/QH(z)9(t) 0(t)d

Let us now set

0= [ Cen®) €0 o+ [ HE0.(0)-0u(0)dr

k
(t) ::/QC(z)g(t)-g(t) da:—&-/QH(z)B(t) o(t)d

By the convergence of
(i &k 0k) = (w, €,0) in L2(0, T3 H'(Q;R™) x L*(; M) x L*(; M)

we have that r,, — r in L(0,7). In view of (A.11) and (A.16) we estimate
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k—o0

—2(e(t) ~ Bi1)))) - (€x(1) — 2(ex(1) — B (1)) — £(1) +2(e(0) — Euv(1)))
i /0 /Q (E(z1) (01(6) = 26(8)) — H(=)(0() — 2p(1)) )

(0r(t) — 2D (t) — 6(t) + 2p(t)) dx dt)

nmsup( / | (€6 - 2600 - Ban ) - ) (e (A17)

_ limsup ( / ! | Sl e - 26 - Bin(e)-

k—o0

(&) — 2(éx(t) — Euig(t))) da dt+/0 /QH(zk)(ek(t) — 2, (1)) - (B (t) — QPk(t))dmdt>
/ /C Ei(t))) - (£(t) — 2(é(t) — Ear(t))) dz dt
/ QH t) —2p(t)) - (0(t) — 2p(t)) dx dt

< limsup/0 (re(t) —r(t))dt =0.

k—o0

Using (A.17), we further estimate

T
lim sup ( / / Cla) (€4(t) — 2(&x(t) — Buin (1)) — £() + 2(&() — Eu(1))) - (A.18)

k—o0

(&1 (t) = 2(éx(t) — Ewp (1)) — &(t) + 2((t) — Ew(t))) dz dt
/ / (2) (O (t) — 2P, (1) — O(t) + 2p(2)) - (Ok (1) — 2Py ()

—6(t) + 2p(t ))dxdt)

T
= lilir;sip </0 /QC(zk)(ﬁk(t) — 2(&(t) — Eug(t))) - (€,(t) — 2(éx(t) — Evg (1))
— &(t) +2(&(t) — Er(t))) da dt
/ / C(= Ea(t))) - (&x(t) — 2(x(t) — By (t))
— &(t) + 2(&(t) — Ew(t))) de dt

/ [ (€)= 0la) (6(0) — 2(e(0) ~ Bi®) - (6x(6) — 2(e0t) ~ Bin(1)
£) +2(e(t) — Bu(t))) da dt

/ / () (O() — 2 (8)) - (B() — 2, (1) — O(2) + 2(8)) d

/ / 1) — 2(1)) - (O(t) — 2, (1) — O(t) + 2p(t)) dar it
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T
+ / / (H(z)—mzk))w(t)—2p<t>>~<ek<t>—2pk<t>—0<t>+2p<t>>dxdt)
0 Q
T
< Tim sup ( / / (C(=) — Clan)) (E(8) — 2(&(t) — Eao(1))) - (€x0)

k—o0

— 2(&x(t) — Eug(t))) dzdt

# [ 66~ ) 00) — 26(0)- 016) ~ 264(0) - 00) + 26(0) st ) =0.

From (2.4)—(2.5) and (A.18) we infer that

£, —2(é) —Faig) > €—2(6 —Fi)  and 6, —2p, — 0 —2p

in L2(0,T; L*(Q;M")). Since &, — & and 6, — 0 in L?*(0,T; L?(2;M")), we immediately deduce that & — &
and p;, — p in L?(0,T; L*(€; M™)). Finally, the convergence of 1y to 4 in L2(0,T; H(Q;R™)) is a consequence
of the convergences of &, p;., and wy, and of Korn’s inequality. This concludes the proof of Proposition 3.5. [
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