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transformation law, thus ensuring stability via pole placement, in one step. In order to
facilitate convergence in the presence of steep gradients in the nonlinear transformation
law, we address a greedy training procedure. We assess the performance of the proposed
PIML approach via a benchmark nonlinear discrete map for which the feedback lineariza-

gﬁ%gfﬁmmed machine learning tion transformation law can be derived analytically; the example is characterized by steep
Feedback linearization gradients, due to the presence of singularities, in the domain of interest. We show that the
Nonlinear discrete time systems proposed PIML outperforms, in terms of numerical approximation accuracy, the traditional
Greedy training numerical implementation, which involves the construction -and the solution in terms of

the coefficients of a power-series expansion-of a system of homological equations as well

as the implementation of the PIML in the entire domain, thus highlighting the importance

of continuation techniques in the training procedure of PIML schemes.

© 2023 The Authors. Published by Elsevier Inc. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

A fundamental controller synthesis and design approach for nonlinear discrete-time systems relies on the use of feedback
to explicitly modify the system dynamics and induce desirable dynamic characteristics that conform to a prespecified set
of performance requirements and design objectives [1-6]. In particular, introducing feedback action to explicitly assign
desirable dynamic modes to the controlled (closed-loop) system, by placing its poles at specific locations on the complex
plane, represents an important and powerful technique in modern nonlinear control theory and practice [1-3,7,8]. Two
dominant pole-placing nonlinear feedback control approaches can be discerned in the pertinent literature, with historical
roots in geometric control theory [7,8,1,3]. The first, known as the exact input/output feedback linearization approach, uses
appropriately derived state feedback control laws to induce linear input/output behavior by forcing the system’s output
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variable to track a pre-specified “target” linear and stable trajectory. This approach offers a nonlinear analogue to the classic
linear pole-placement method, where the closed-loop poles are placed at prespecified values, but remains limited to the
special class of minimum-phase systems. However, in broad classes of nonlinear system regulation and/or stabilization
problems, the primary objective is not only to force the system output variable to track a prespecified set-point profile,
but rather to force all system states to return to desirable design steady states (equilibria) in a fast and smooth manner
whenever the system experiences inevitable dynamic excursions due to the effect of disturbances [1,3,9]. Within the context
of geometric exact feedback linearization, this second approach was first introduced in the seminal and insightful works
presented in [10-18] and is realized through a two-step controller synthesis/design procedure. In the first step, a nonlinear
coordinate transformation and a state feedback control law are derived capable of transforming the original system into
a linear and controllable one, under an external reference input and in an affine state space representation. The natural
second step involves the employment of well-established pole-placement methods applied to the transformed linear system.
It should be pointed out, however, that the exact feedback linearization approach impinges on a set of rather restrictive
conditions that can hardly be met by physical and engineering systems.

In a conceptually different problem reformulation, Guardabassi and Savaresi [19] addressed the feedback linearization
problem using the so-called virtual input direct design approach, whose principal characteristic is that it reduces the control
problem into a standard non-linear mapping approximation problem, without resorting to a preliminary construction of
an ODE-based model. It is worth noting that in the formulation of a nonlinear feedback regulation/stabilization problem
as described earlier, the presence of an external reference input variable, introduced in the first step of the classic exact
feedback linearization approach, becomes irrelevant and redundant [1,3,9]. In light of the above realization, and conceptu-
ally inspired by Luenberger’s early ideas on a single-step approach to feedback-induced pole-placement in continuous-time
linear systems theory [20], Kazantzis [21] developed a nonlinear discrete-time analogue by formulating the problem within
the context of nonlinear functional equations theory. This approach allows the assignment of the controlled (closed-loop)
system’s dynamic modes by meeting both the feedback linearization and the pole-placement objectives in a single-step, while
effectively overcoming the restrictive conditions associated with the traditional two-step exact feedback linearization ap-
proach. Within a similar conceptual and methodological context, further interesting investigations on deriving approximates
of the feedback-linearizing and pole-placing control laws [22], rigorously establishing links to key system-theoretic concepts
such as immersion and invariance properties [23] as well as implementing the controller synthesis method to partially
distributed systems [24] are noteworthy. Between the mid 90s and early 2000s, emerging research activity focused on the
development of various feedback-linearization methods with integrated machine learning capabilities [25-30]. For example,
Yesildirek and Lewis [25] addressed the control of a class of single input single output (SISO) nonlinear systems using a
multilayer artificial neural network (ANN)-based controller that performs feedback linearization while ensuring Lyapunov
stability. He et al. [27], proposed a scheme based on the concept of feedback linearization and ANNs to simultaneously ap-
proximate the nonlinear transformation and the controller dynamics itself. Siettos et al. [28] proposed a fuzzy controller for
the stabilization of equilibria of fluidized bed dryers and compared its performance with input-output linearization. Ge et al.
[29] used multilayer ANNs to reconstruct an implicit feedback linearization scheme for adaptive tracking control purposes.
Siettos and Bafas [30] combined fuzzy logic and feedback linearization in order to achieve “semiglobal” stabilization of non-
linear singularly perturbed systems; a fuzzy scheme was used to decompose the full system into fast and slow dynamics,
and then feedback linearization was employed under a set of properly derived sufficient conditions for Lyapunov stability.
Deng et al. [31] proposed a feedback linearization scheme implemented by ANNs for the adaptive control of non-affine
nonlinear discrete-time systems.

More recently, theoretical and technological advances have renewed the interest of the control community towards the
development of new schemes, based on machine learning, by revisiting well established methods as well as introducing
new ones. For example, reinforcement learning has been used for the feedback linearization of discrete-time nonaffine
nonlinear systems with unknown bounded disturbances [32], and uncertain continuous affine models of ODEs [33], the
control of PDEs [34], and the data-driven control of trajectories [35]. Umlauft et al. [36] applied feedback linearization
on a data-driven model using Gaussian process regression. Wu et al. [37] proposed a machine learning-based predictive
control scheme based on recurrent neural networks (RNNs) to approximate nonlinear dynamics and guarantee Lyapunov
stability in the presence of model uncertainty; for a comprehensive review on model predictive control schemes via machine
learning, the interested reader is referred to the paper of Ren et al. [38]. Tang and Daoutidis [39] proposed a data-driven
dissipative-based control scheme based on input-output data, where the learning and the controller design are carried out
successively. Physics-informed neural networks [40-42] have been used to solve high-dimensional optimal control problems
related to the Hamilton-Jacobi PDE on field-programmable gate arrays (FPGAs) [43]. Recently, Patsatzis et al. [44] proposed
an equation/variable free data-driven control approach for agent-based models based on machine/manifold learning which
does not require knowledge of the “correct” macroscopic observables nor of any physical insights into the “correct” type of
ODEs or PDEs, thus obviating the need to construct explicitly surrogate, reduced-order machine-learning models (such as
ANNSs, Deep Learning and Gaussian Processes), that de facto introduce biases.

Here, we propose a physics-informed machine learning (PIML) scheme for learning feedback linearizing control laws for
nonlinear discrete-time systems. In contrast to other previous works that used machine learning and in particular Artificial
Neural Networks (ANNs) to first approximate the feedback linearizing transformation, and only then to apply a control law,
our approach achieves this objective in a single step, based on a problem reformulation aligned with the methodologi-
cal framework of simultaneously attaining feedback linearization and pole placement [9,21,45]. The theoretical background
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(conceptual, methodological and analytical foundations) of the “traditional” scheme is discussed in [9,21], and its Equation-
free version for the control of microscopic simulators is presented in [45] (see also [30,46-48,44] for the Equation-free
control approach). In these research studies, the numerical approximation of the feedback-linearizing transformation and
control is performed by (i) first approximating the transformation map with a power-series expansion, and (ii) then, by
using a symbolic software package, recursively solving a standard Lyapunov matrix equation and a system of linear alge-
braic equations for the unknown coefficients of the aforementioned power-series expansion. However, such a power-series
expansion procedure becomes intractable even for medium-scale dimensions and cannot guarantee the desired numerical
approximation accuracy in the entire domain, especially in regimes that contain very-steep gradients that resemble singu-
larities. Thus, in order to facilitate the numerical approximation ability of the proposed PIML scheme in the presence of
steep-gradients, we follow a step/greedy training procedure (see also [49]): we start learning the nonlinear transformation
on a subset of the entire domain, where the transformation is sought, and gradually augmenting its size, thus “warm-restarting”
the training procedure using as initial guesses for the unknown weights of the ANN, the ones found from the previous step,
in the spirit of continuation/homotopy computations.

This proposed PIML scheme can be easily implemented. In fact, for our illustrations, we developed a “home-made” code
in Matlab 2022; for training, we wrapped around it the Levenberg-Marquard optimization algorithm as implemented by
the nonlinsqg function. For comparison purposes, an implementation in Python using the Keras API of TensorFlow library
was also performed. To demonstrate the efficiency of the proposed continuation/greedy PIML scheme, we used a benchmark
two-dimensional discrete-time model whose feedback-linearizing control law can be derived analytically [21]. The particular
transformation map (and thus the attendant feedback-linearizing control law) exhibits a singularity at the domain boundary,
thus making it difficult to approximate it numerically close to that point, especially through a power-series expansion. For
illustration purposes, we also compared the numerical approximation accuracy of the proposed PIML greedy scheme against
the standard power-series expansion, as well as Matlab and Python’s TensorFlow-based implementations with automatic
differentiation that was used to learn the transformation in the entire domain. Furthermore, we considered two different
scenarios, namely: (a) one where we assumed that the equations of the model are explicitly known, and (b) one where we
assumed that only a black-box simulator is available, i.e., pertinent equations are not available explicitly in closed form.

The paper is organized as follows: in Section 2, we provide a brief review and preliminaries related to the methodological
framework associated with the single-step feedback linearization method for nonlinear discrete-time systems, and then we
describe the proposed PIML scheme. The benchmark problem is presented in Section 3. Section 4 encompasses the numer-
ical results obtained under the various approaches, as well as a comparative performance assessment. Finally, concluding
remarks are offered in Section 5.

2. Methodological framework: using physics-informed machine learning for feedback linearization and pole-placement
in a single step

Nonlinear discrete-time input-driven dynamical systems are considered with the following non-affine state-space real-
ization:

x(t+1) = fx@®), u®), (1)

where t =0, 1, ... is the discrete-time index, x(t) € R" is the vector of state variables, u(t) € R is the input variable and
f(x,u) is a real analytic vector function defined on R" x R. Without loss of generality, let us assume that the origin
x0 =0 is an equilibrium point of (1) that corresponds to u® = 0: f(0,0) = 0. If a non-zero equilibrium state (x, u%) #
(0,0) is considered, then a simple transformation of variables: X = x — x9, {i = u — u® will map it onto the origin in the
new coordinates. Moreover, let | be the Jacobian matrix of f(x,u) evaluated at the equilibrium point (x°, u®) = (0, 0):

af af
J= 5(0, 0), and G a non-zero vector: G = @(O’ 0) #0.
We now seek the attainment of the feedback linearization and pole-placement objectives in a single-step. In particular, a

transformation map: z=T(x), T : R" — R" and a state feedback control law: u = —cz = —cT (x), with ¢ an n-dimensional
constant row vector are sought, that induce linear dynamics with prescribed modes/poles in the new coordinates:

zZ(t+ 1) = Az(0), (2)

where the matrix A represents a “design adjustable parameter” whose eigenvalues are placed at the desirable set of dynamic
modes/poles. The existence of such a nonlinear feedback linearizing control law is guaranteed by the following Theorem
[21]:

Theorem 2.1. Consider the nonlinear discrete-time system (1) and the associated system of nonlinear functional equations (NFEs) (3)
T(f(x,—cT(x))) = AT (x)
T)=0 (3)

The following assumptions are made:
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Assumption 1. The (n x n) matrix C:

C=[GlJG|..|J" 1G] (4)

has rank n: rank (C) =n (local controllability rank condition).

Assumption 2. The eigenspectrum o (A) of matrix A is comprised of eigenvalues: k; € 0 (A), i =1, ...n that all lie inside the
unit disc on the complex plane (Poincaré domain).

Assumption 3. The eigenspectra o (A), o (J) of matrices A and | respectively are disjoint: o (A) No (J) =0.

Assumption 4. The eigenvalues k; of A are not related to the eigenvalues A; of the Jacobian matrix J through any equations
of the type:

n
[TKm =3, (5)
i=1

(j=1,...,n), where all the m;’s are non-negative integers that satisfy the condition:
n
> mi>0 (6)
i=1
Assumption 5. The pair of matrices (c, A) is chosen such that the following matrix O:
cA

CAﬂ—l

has rank n: rank (O) =n (observability rank condition on the (c, A) pair).
Then, the associated system of NFEs (3) with initial condition T(0) = 0, admits a unique and locally invertible analytic
solution T(x) in a neighborhood of the origin x = 0. Furthermore, the simultaneous implementation of the nonlinear co-

ordinate transformation: z = T(x) and the state feedback control law: u = —cz = —cT(x) induces the linear closed-loop
dynamics:
zZ(t+1) = Az(t), (8)

whose poles coincide with the eigenvalues of the matrix A.

Please notice, that the initial condition T(0) = 0 that accompanies the above system of nonlinear functional equations,
reflects the fact that under the proposed coordinate transformation, equilibrium properties are preserved. It is worth noting
that in the original coordinates, the state feedback law: u = —cT(x) regulates the states of system (1) at their nominal
equilibrium values due to the invertibility of the map T(x) and the fact that the entire eigenspectrum of the matrix A lies
entirely within the unit disc on the complex domain due to Assumption 2 (thus ensuring local asymptotic stability in the
Lyapunov sense). Furthermore, the choice of the eigenspectrum and eigenspace of matrix A induces the desirable dynamic
modes and characteristics for the controlled system under the above state feedback law. Finally, due to the fact that matrix
A is “adjustable”, the set of assumptions of Theorem 2.1 does not introduce any essential restrictions in the implementation
of the proposed method. The linearization of (1) around the equilibrium (0, 0) gives:

0 d
dx(t+1) = —f(O, 0)dx(t) + —f(O, 0)du(t), 9)
0Xx ou
while the feedback control law in (9) around the equilibrium (0, 0) is given by:
T
du(t) = —Ca—(O)dX(t). (10)
0x
Then, (9) can be written as follows:
0 d oT 0 0 oT
dx(t+1)= —f(O, 0)dx(t) — —f(O, 0)c— (0)dx(t) = (—f(O, 0) — —f(O, O)C—(O))dx(t). (11)
ax au ax 0x u 0x

Thus, the linearization of the transformed system (2) around the equilibrium reads:

4
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Fig. 1. A schematic of the PIML scheme for the feedback linearization of discrete-time systems.

oT aT
—(0)dx(t + 1) = A—(0)dx(t). (12)
X 0x

Multiplying both sides of Eq. (11) by %(0), one obtains:
oT oT 0 oT 0 oT
T axe+1 = (L 02L 0,00 = 2L0)2L(0,00c 2L (0) ) axco). (13)
ox ax ax ax au X

Hence, from (12), (13), it is inferred that the nonlinear transformation around the equilibrium (xg, ug) has to satisfy the
following matrix equation which serves as a phase condition:

T 02 0.00- 42T 0)= T 0L 0.0c?T (0 (14)
Bx()ax(’ ) Bx()_ax()au(’ ) ax()'

If f is explicitly known, the elements of the Jacobian matrix %—z(O) can be calculated analytically.

Here, for learning an approximation of T (x), say T(x), we have used an ANN with two hidden layers and N1, N, neurons
for the first and second hidden layers respectively, as well as a linear output layer, leading to the following equation:

Ny Ny n

~ 2 2 1 1 1 2

=Y wie (o wiel” (S widn 50) +57) + 5 (15)
=1 s=1 k=1

where j=1,2,...n, or equivalently, in matrix form:

T =W o, W@ o, WD x4 D) 4 p@) 4 O (16)

W®© js the Ny x n matrix containing the weights Wj(.;’)

&1 :R" - RNt &, : RNt — RN2 denote multivariate vector-valued functions (maps) with components corresponding to
activation functions ¢S(1) and ¢1(2) of the first and second hidden layers respectively, W1 is the n x N; matrix containing
the weights W,g) from the input to the first hidden layer, W@ is the N; x N, matrix with the weights WS(IZ) connecting

the first hidden to the second hidden layer, 8 € RN1, 8@ ¢ RNz are the column vectors containing the biases ¢ and
/3,(2) of the nodes in the first and second layers, respectively, and 8(® € R is the column vector containing the biases ﬁj(.o)
of the output nodes. As it has been demonstrated by Chen and Chen [50], such a structure (with sufficient neurons) can
approximate, to any accuracy, non-linear laws for the time evolution of dynamical systems).

Here, for learning the transformation T(x) (for a schematic see also Fig. 1, we considered a certain domain D C R"
around the equilibrium point (0, 0). For training purposes, we discretize the domain in a grid of M points x; € D, with

connecting the second hidden layer to the linear output layer,

5
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i=1,..., M, while for testing purposes, after the learning process, we create in D another, denser grid whose points do
not coincide with any other point of the grid used for training (more details are given in Section 4: Numerical results).
Therefore, finding T (x) reduces to the task of minimizing the loss function:

ﬁ(P)—ZZr“) (x,,T<x,,P>>+Zr<2> (T ">>+ZZ e (aﬁm P))., (17)

i=1 j=1 j=1k=1

with respect to the unknown parameters P = (W©@ W@ w g0 g2 gy of the FNN given by (16). In the above:
1 A A A A . .
r,fj)(xi,T(xf)):T,-(f(x.-,—cT(x,-))>—oz,-T(xi), i=1...M. j=12...n (18)

where «; is the j-th row of the matrix A and Tj is j-th output component of T, and:

2) 4 A 3 oT ;
rP @) =T1;0), rf ([0)= —(0) @ Jk=12..n (19)
K
where 2—;{(0) is the (j, k)-th element of the Jacobian matrix of T (x) computed at the equilibrium, obtained by solving the
system of equations in (14). Notice that for illustration purposes, in the loss function, we consider all three terms equally
weighted.
Assuming that the objective function in (17) is smooth enough, we may apply an optimization method to solve the least
squares problem using (at least) first-order derivatives. To this aim, here we also provide analytically the derivatives with
. E af‘j afj 3—}]‘
respect to x and the parameters P of the ANN, ie., 7, W W swd
also in Matlab can be computed using automatic differentiation, or numerically, using, e.g., centered finite differences, when
only a black-box simulator is available.

. Note, that these quantities in TensorFlow but

In particular, the analytical derivative w.r.t. the k-th component of x = (x1, X2, ..., Xk, ..., Xp) of the first layer of activation
function is given by:
a n
1 1 1, 1
Pl (Z Wi %+ ﬂs) =wel (Z Wi %+ ﬂs), (20)
k k=1 k=1
where ¢(1) is the first derivative of the activation function. Thus, Eq. (20) in matrix form reads
b (WDTx (¢
1( — 87 _ W DT @) (WD 4 g0y, 1)
k

where @) is the column vector with the values of the corresponding derivative of the activation functions d)(]) of the

first layer and W,E” is the k-th row of W, Then, the derivative of the composition of two consecutive layers activation
functions is given by:

e <Z we (U(Z W, +ﬂs“)> +51(2)> _ (22)
N

1
e (Z Ws(12)¢’5(1)<2 W, +/35(])) +:31(2)) (Z WO WD (Z W, +ﬂm)>

s=1 k=1 s=1 k=1

where ¢,(2)’ denotes the first derivative of activation functions of the second hidden layer. Thus, Eq. (22) in matrix form
reads:

12 (W DT 0y (W DT 4 g0) 4 p®)
Xy -

(23)
= oW ATo W DTx+ M) + ) 0 <W<2>T WP o @y (wDTx 4 ﬂ“)))>,

where @, is the column vector with the values of the corresponding derivative of the activation functions ¢l(2)/ of the second
hidden layer, W,El) is the k-th row of WM and the symbol ® denotes the Hadamard product (element-wise product).

Finally, in order to compute the Jacobian matrix 2 dx' let’s consider the j-th component, say Tj, of the transformation T =
(T1, Torool, Tj, e f"n), so that the element (j, k) of the Jacobian matrix is given by:

6
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N1 n N1
2 2) (1 1 1 2 2 D1 1 1
0= wiel? (Sow e (S wid ) a7 ) (Lot (S wid )

s=1 k=1 s=1 k=1
(24)
and equivalently, in matrix form is expressed as follows:
aT; .
a_x] —WwiorT (CD’ZW(Z)TCIDl (W(I)Tx+l3(1)> +ﬂ(2))©(W(Z)T . (Wlil)T o ¢Q(W(1)TX+/3(1))>>» (25)
k
where Wi is the j-th column of the matrix W,
The derivative of the loss function w.r.t. an unknown parameter, say, p € P is calculated as follows:
(D n (2) n 3)
313(”) ma ij @95 @ ik
—ZZ +Z +Zijk TR (26)
i=1 j=1 j=1k=1
Hence, for the three residuals r,i =1, 2, 3, we have:
a ol fxi, —ch(x'))> A A A
arl.j B ](f i i af(xi, —cTT(x)) e oT (x;) T aT (x;) 27)
ap op ou op J ap
2) A
or™ 3T j(x
i _ 9TjXo) (28)
ap ap
oy . Tixo)  92F;
= (%0) (29)
ap dpOXy
i=1,...,M, jk=1,...,n, peP (30)
In what follows, we compute the derivatives w.r.t. the weights and biases of the ANN. In particular, one obtains:
o for p= Wl(qo):
7 2 N 2) (1 1 1 2 . .
aT]((x)): ()(Z L w® ()<Zk WD, + )>+ﬁz( )) if g=j o)
o]
Wy 0 if  a#j
o for p= WS(IZ)
A N
05X _ os@ (3w @M (S w® M) 4 5@ )M (1) ()
& =Wia” (oW o (Do Wi e+ 857 ) + 87 ) s ZW X+ By (32)
8Wsl s=1 k=1 k=1
e for p= W,g)
aT;(x) .
2 2) (1 1 1 2 2 1 1 1
V\J/(l) ZWU¢( y (ZW( 41 ><Z WDy, + B¢ >) 8 )) <W< ) (Z WDx + . ))) (33)
— k=1
o for p=p
aT;(x) {1 if h=j}
9" 0 if h#j (34)
o for p= ﬂ,(z)
aTj(x) 2 2 ([ 1 1 2
a,e]@ =Wie” Zw( o (Y widn+ 80 ) + 8 (35)
l —
e for p= ,B(l)

N1 n
AT (%) 2y 2) . 1 1 2 2) (1 1 1 2
J(l) ZW11¢() S W@ (S w4 50 + 52 ) (WPl ZW()Xk+ﬂ() +52).
s=1 k=1

k=1
(36)
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2.1. The greedy procedure for the learnable parameters

An important problem is the potential existence of sharp gradients that resemble singularities within the domain D
of interest. In such cases, to ensure efficient convergence and an adequate numerical approximation during the training
process, the utilization of a continuation (homotopy) method becomes necessary for the PIML learning procedure. Here, to
deal with this problem, we solve with PIML the system of Eq. (3) progressively using a nested family of say, m subdomains:

DiCDyC---CDyC---CDn=D; (37)
the sizes of the subdomains are set so that adequate accuracy is achieved. The first subdomain D; is realized in a neigh-
borhood around the equilibrium. Then, upon convergence of the PIML scheme in D1, the attained weights P are used as
the initial guess P;O) for the solution of Eq. (3) in the subsequent subdomain D, and so on, thus setting Pl(co) = Py_1. This
procedure corresponds to a zero-order continuation method for the learnable parameters. A comprehensive presentation

of the specific details of the implementation of the greedy procedure employed for our benchmark problem can be found
within Section 4. For a first-order continuation method for RPNNs used to solve stiff differential equations, please see [51].

3. The benchmark problem

To evaluate the performance of the methods proposed in this work, we have considered the following nonlinear discrete-
time system [21]:

x1(t+ 1) =exp(0.3x2(t))/ (1 + x1(t) +x2(t)) — 1 — 0.4x2(t) + 0.5u(t)
x2(t4+1) =0.51In(1 + x1(t) + x2(t)) + 0.4x2(¢) (38)

The Jacobian matrix of the above system at the equilibrium (0, 0) is %(0, 0) = [82 83] and its eigenvalues A1 = 0.2101

0.5 03
05 04

choice of matrix A, its eigenvalues are not related to the eigenvalues of the Jacobian matrix %(0, 0) through any equations
of the type (5), (6). Moreover, the following row vector ¢ was chosen:

and Ay = 1.1899. The matrix A is chosen to be A = [ } with eigenvalues ki = 0.8405 and k; = 0.0595. Due to the

c=[1 0]. (39)

Please notice, that all conditions of Theorem 2.1 are met by the system (38), and therefore the associated system of NFEs

(3):
T1(exp(0.3x2())+/ (1 + x1(t) + Xx2(t)) — 1 — 0.4x2(t) — 0.5T1,

0.5In(1 4 x1(t) + x2(t)) + 0.4x2(t)) =0.5T1 + 0.3T;

T2(exp(0.3x2(0)y/(1 +x1(£) + x2(6)) — 1 — 0.4x,(t) — 0.5T1,

0.51n(1 + X1 (£) + x2(6)) + 0.4%3 () = 0.5T1 + 0.4T>

T1(0,0)=0

T»(0,0) =0, (40)

admits a unique locally analytic and invertible solution around the equilibrium point (x1, x2) = (0, 0). Indeed, please notice
that

aT 11
5(0’0)=[0 1]’ (41)

with a det[T] # 0, results in a locally invertible around the equilibrium point (x1,x2) = (0, 0) solution, that can be also
calculated analytically in closed-form [21]:

T1(x1,%2) =In(1+x1 +x2), Ta(x1,X2) =x3. (42)

In agreement with Theorem 2.1, the proposed feedback-linearizing and pole-placing nonlinear feedback control law can be
explicitly written as follows:

u=—cT(x) =—In(1+x1 +x2). (43)

Our benchmark problem encompasses a set of singularities of the nonlinear transformation when x; + x; = —1. Here, we
sought to learn the feedback-linearizing control law in the domain [x;, 0] x [x;, 0] =[—0.495, 0] x [—0.495, 0].

8
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(b)

Fig. 2. Analytical solution of the NFEs (40) in [—0.495, 0] x [—0.495, 0]. (a) T1(x1,X2) =In(1 4 X1 + X2). A steep-gradient at (—0.495, —0.495) is due to the
presence of a singular point at (x1,x2) = (—0.5, —0.5). (b) T2(x1, X2) = x2.

Fig. 2 depicts the analytical solutions T1(x1, X2), T2 (X1, X2), of the associated system of NFEs. We note that it encompasses
the solution domain, which has been deliberately chosen to be x1, x; € [—0.495, 0] since T1(x1, x) exhibits a singular point
in the particular domain at (x1, x2) = (—0.5, —0.5). The first reasonable step is, therefore, to verify by comparing with the
analytical solution, the numerical approximation accuracy of the proposed PIML scheme in this region, and assess its impact
on the performance profile of the resulting feedback-linearizing control law.

4. Numerical results

We present the numerical results in two subsections. In subsection 4.1, we provide numerical results for the case when
the discrete nonlinear model (1) is assumed to be explicitly available. In this case, one can compute the necessary derivatives
required in the optimization algorithm analytically/symbolically as above, or by exploiting the automatic differentiation
toolkit. Within the greedy PIML framework, we implemented two schemes: (a) the Keras API of TensorFlow (TF) library
running in Python using the BFGS optimization algorithm; this scheme uses by default automatic differentiation to compute
the necessary derivatives, and, (b) a home-made code in Matlab, using the Levenberg-Marquardt algorithm for training,
where in order to be consistent with the Keras API TF implementation, the necessary derivatives are also computed via
AD using the function digradient of Matlab. To assess the performance of the greedy approach, we also show the results
obtained with Matlab and TensorFlow, when the PIML was trained in the entire domain at once. In subsection 4.2, we
present the results assuming that the discrete nonlinear model (1) is not explicitly available, but we have access to a
black-box simulator. In this case, the necessary derivatives are estimated numerically using centered finite differences.

Training set For training purposes using the greedy approach, we considered 20 equispaced distributed collocation points
for each one of the two inputs x; and x,, i.e. we used a grid of 20 x 20 points equispaced distributed for each step of the
greedy approach. Different (denser) sizes of the grid (e.g. using a grid of 100 x 100 points) with more neurons for each layer
did not affect qualitatively the results and corresponding performances, as we also show. Thus, for the greedy-approach, we
started by considering a grid in [—0.2, 0] x [—0.2, 0]. Then with a step of —0.05, we used as initial guesses of the unknown
weights and biases of the PIML the ones obtained from the training procedure from the previous grid, and repeated training
until the interval [—0.45, 0] x [—0.45, 0] was reached. From this interval and on, we optimized iteratively the PIML using
progressively bigger intervals with a step of —0.01, for each of the two inputs x; and x;, up to the interval [—0.49, 0] x
[—0.49, 0]. After this interval we augmented progressively the grid with steps of —0.001 until the entire domain of interest,
[—0.495, 0] x [—0.495, 0], was reached. As mentioned before, additionally, we have also used the TensorFlow library to learn
the transformation law both with the greedy approach and in the entire domain [—0.495, 0] x [—0.495, 0]. The performances
of the PIML schemes were also compared with a 6th order power-series expansion of T1(x1,X2), T2(Xx1, X2), thus resulting
in equivalent, to the PIML, number of unknowns.

Test set For testing purposes, we used the roots of the Chebyshev polynomial of the first kind of degree k. For our illustra-
tions, we selected a grid of 50 x 50 Chebyshev points for each of the intervals in [—0.495, 0] x [—0.495, 0]. In particular, in
the interval [a, b] with a, b € R, the grid was created using the following Chebyshev collocation points:

1 1 2n—1
Xn:i(a-f‘b)_i(a—b)COS( n 7T>, n:l,~~',k (44)

1 1 2n—1
Xp = =(—0.495) — = (—0.495)cos ), n=1,---k (45)
2 2 2n
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Table 1

Model explicitly available. Training sets (grids of 20 x 20 equispaced distributed points). Error norms
(L1, Ly and L) between the analytical and computed solution of Tj(x1,x2) and T2(x1,x2) using the
various schemes trained both greedy and in the entire domain [—0.495, 0] x [—0.495, 0].

Transformation Error norm  power-series PIML (TF) PIML (Matlab)  PIML (TF)
T (x) 6th order Entire domain ~ Greedy Greedy
MI-114 6.76E + 01 6.28E + 00 2.03E — 03 3.65E — 02
T1(x1,X2) 1112 3.62E + 00 3.73E + 00 1.12E — 03 3.26E — 02
I-lleo 1.21E + 00 2.81E + 00 1.05E — 03 3.10E — 03
II-1l1 0 1.40E + 00 6.33E — 03 6.61E — 02
T2(x1,%2) II-112 0 1.00E + 00 1.40E — 03 3.68E — 02
Il oo 0 5.94E — 01 6.73E — 04 1.00E — 02

4.1. The case of the explicitly available model

Power-series solution First, we have expanded both the right-hand-side of the model (1) and the nonlinear transformation
T(x1,X2) to a 6th order power-series, and equated same order terms up to the 6th order of T(f(x, —cT(x))) and AT (x) on
both sides of the associated NFEs (see Appendix A), thus building a system of algebraic equations that can be solved for the
coefficients of the 6th order polynomial approximation. For this task, we used Matlab’s symbolic toolbox.

PIML-based solution For our PIML scheme, we constructed an ANN with two hidden layers, fully connected, with five neu-
rons in each layer. More specifically, for both the home-made Matlab code and the TensorFlow (TF) implementation, the
activation function was chosen to be the sigmoid(x) function. For the training, in the Matlab implementation, we used the
function Isqnonlin, which implements the Levenberg-Marquart (LM) algorithm. In the LM scheme, we have set as stopping
criterion a threshold of FuncTol = 10~'2. Moreover, we have set a maximum number of 100, 000 iterations and a maxi-
mum number of function iterations equal to 12, 000. Finally, to initialize the weights and biases, we have used uniformly
distributed random numbers in the interval [0, 1] by employing the rand function of Matlab.

For our computations, we have also used the Keras API of TensorFlow. Thus, we have used automatic differentiation (AD)
[52] to find the required derivatives for the optimization process. With the TensorFlow, we have tried different optimizers;
namely the Stochastic gradient descent (SGD), the ADAM optimizer and the BFGS optimizer. For the SGD and ADAM opti-
mizers, we have used the default values, except for the learning rate which has been selected using a piecewise constant
decay varying from 10~2 to 10~* as the number of epochs increased. We have chosen 100,000 epochs since using more
epochs did not seem to considerably improve the results derived, whereas for the BFGS we have used the library tensor-
flow probability. Furthermore, we have used a maximum number of iterations equal to 100, 000, and a stopping condition
of FuncTol = 10716, The best results obtained with the TF were derived with the aid of BFGS, and these are the results
presented in our comparative assessment, shown below.

Fig. 3 shows the numerical approximation accuracy (difference between computed and analytical solutions) obtained by
the various schemes for the training set. Figs. 3(a),(b) show the results obtained with a 6th order power-series expansion
of the nonlinear transformation and the right-hand-side of the discrete model. As expected, the power-series expansion
results in zero error for the T»(x1,X2) component, and in a good approximation accuracy for the Tq(x1, X2) component, but
only in the region close to the linearization-relevant point, which in this case is [0, 0], while away from it, the numerical
approximation is poor (of the order of 100 at the edge of the grid) close to the singular point. Figs. 3(c),(d) depict the results
obtained with the PIML implemented in Tensorflow using the BFGS optimizer for learning the non-linear transformation
law in the entire domain. The approximation accuracy of the scheme is rather poor, especially near the singularity (of
the order of 10°). Figs. 3(e),(f) depict the results obtained from the PIML implemented with the Tensorflow and the BFGS
optimizer using the greedy training procedure. Figs. 3(g),(h) depict the results obtained with the PIML implemented in
Matlab using the LM optimizer and the greedy training procedure. It is evident that the greedy training procedure results
in significantly enhanced numerical approximation accuracy compared to the PIML schemes trained in the entire domain at
once. In particular, the PIML scheme implemented in TensorFlow resulted in a numerical approximation error of the order
of 1072 and the home-made Matlab resulted in a numerical approximation error of the order of 103, in the region close
to the edge point (—0.495, —0.495). In addition, Fig. 4 depicts the performance of the schemes tested on a Chebyshev grid.
The results are similar for the training and the test set. Table 1 and Table 2 detail the numerical approximation accuracy of
the various schemes for the training and the test sets, respectively.

Taking denser grids and more neurons in each hidden layer, did not change qualitatively the numerical approximation
accuracy. Indicatively, in Fig. 5, we depict the numerical approximation accuracy obtained with the PIML implemented in
TensorFlow (TD) trained with BFGS in the entire domain [—0.495, 0] x [—0.495, 0] using 100 x 100 equispaced points and
different number of neurons in each hidden layer. In particular, Figs. 5(a),(b) show the numerical approximation accuracy
in the training set using two hidden layers with five neurons in each layer, Figs. 5(c),(d) with ten neurons, and Figs. 5(e),(f)
with fifteen neurons in each layer. Finally, Fig. 6, reports the corresponding numerical approximation accuracy plots for the
test set (a grid of Chebyshev-distributed points in [—0.495, 0] x [—0.495, 0]).
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Fig. 3. Model explicitly available. Training sets (grids of 20 x 20 equispaced distributed points). Numerical approximation accuracy (difference between
the computed and analytical solution) of Ty(x1,x2) (left column) and T»(x1, x2) (right column) using the various schemes. (a),(b) 6th order power-series
expansion of Tq(x1,x2) and Ta(x1,X2) and the right-hand side of the model (38) in [—0.495, 0] x [—0.495, 0]. (c),(d) PIML in Tensorflow trained in the
entire domain [—0.495, 0] x [—0.495, 0]. (e),(f) PIML in Tensorflow trained via the greedy approach. (g),(h) PIML in Matlab trained via the greedy approach.
(For interpretation of the colors in the figure(s), the reader is referred to the web version of this article.)
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Fig. 4. Model explicitly available. Test sets (grids of 50 x 50 Chebyshev-distributed points). Numerical approximation accuracy (difference between the
computed and analytical solution) of Ty(x1,x3) (left column) and Ta(x1,x2) (right column) using the various schemes. (a),(b) 6th order power-series
expansion of Tq(x1,x2) and T2(x1,X2) and the right-hand side of the model (38) in [—0.495, 0] x [—0.495, 0]. (c),(d) PIML in Tensorflow trained in the
entire domain [—0.495, 0] x [—0.495, 0]. (e),(f) PIML in Tensorflow trained via the greedy approach. (g),(h) PIML in Matlab trained via the greedy approach.
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Table 2

Model explicitly available. Test sets (grids of 50 x 50 Chebyshev-distributed points). Error norms (Lq,
Ly and L., ) between the analytical and computed solution of Tq(x1,X2) and T»(x1,X2) using the
various schemes trained both greedy and in the entire domain [—0.495, 0] x [—0.495, 0].

Transformation Error norm  power-series  PIML (TF) PIML (Matlab)  PIML (TF)
T (x) 6th order Entire domain ~ Greedy Greedy
Il 6.89E + 01 217E + 01 3.40E — 02 4.77E — 02
T1(X1,X2) 1112 4.55E + 00 1.44E + 01 2.63E — 03 4.70E — 02
Il o 2.88E + 00 1.00E + 01 141E — 03 2.60E — 02
(R 0 2.87E + 00 1.45E — 02 1.89E — 01
T2 (X1, X2) 1112 0 1.97E + 00 1.55E — 03 1.84E — 01
II-llo 0 1.23E + 00 7.62E — 04 1.28E — 01
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Fig. 5. Model explicitly available. Training set (grid of 100 x 100 equispaced distributed points in [—0.495, 0] x [—0.495, 0]). Numerical approximation accu-
racy (difference between the computed and analytical solution) of T1(x1, x2) (left column) and T2 (x1, X2) (right column) using the Keras API in TensorFlow;
training was performed in the entire domain. (a),(b) PIML, two hidden layers, five neurons in each layer. (c),(d) PIML, two hidden layers, ten neurons in
each layer. (e),(f) PIML, two hidden layers, fifteen neurons in each layer.

Finally, in Fig. 7, we depict the numerical approximation error of the transformation map T;(x1,xy) in terms of the L;
norm with respect to the size of the domain for the four different schemes, namely: (a) a PIML implemented in TensorFlow,
trained in the entire domain (blue line), (b) a PIML implemented in Matlab trained with the Levenberg-Marquardt in the
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Fig. 6. Model explicitly available. Test set (grid of 150 x 150 Chebyshev-distributed points in [—0.495, 0] x [—0.495, 0]). Numerical approximation accuracy
(difference between the computed and analytical solution) of Tj(x1,x2) (left column) and T, (x1,x2) (right column) using the Keras API in TensorFlow;
training was performed in the entire domain. (a),(b) PIML, two hidden layers, five neurons in each layer. (c),(d) PIML, two hidden layers, ten neurons in
each layer. (e),(f) PIML, two hidden layers, fifteen neurons in each layer.

entire domain (orange line), (c) a PIML implemented in Matlab trained with the Levenberg-Marquardt using the greedy
procedure (yellow line), and, (d) a PIML implemented in TensorFlow using the greedy procedure (purple line). For the
construction of the diagram, we have used a grid of 20 x 20 equispaced distributed collocation points. Starting with a
—0.2 x —0.2 grid and using a step of —0.05 we performed the training process each time until the interval —0.45 x —0.45
was reached. Then, for the interval between —0.45 x —0.45 and —0.49 x —0.49, the step chosen for augmenting the grid
were of size —0.01 and finally from this last interval to —0.495 x —0.495 the step chosen was of size —0.001.

4.2. The black-box simulator case

In the black-box simulator scheme, the necessary derivatives for the optimization process were estimated using central
finite differences with a perturbation step of eps = 10~%. Here, for illustration purposes, we have implemented the PIML
only on Matlab in a “fully numerical way”.

Fig. 8 shows the results for the training sets. As Figs. 8(a),(b) show, in the case of the black-box simulator, the power-
series expansion attained a lower/worse numerical approximation accuracy level compared to the one when the model is
assumed to be explicitly known (see in Fig. 3(a),(b)). The approximation error is rather poor (of the order of 10°) in the
region close to the singularity, i.e., the point [—0.495, —0.495]. Figs. 8(c),(d) depict the PIML scheme as implemented on
Matlab trained in the entire domain. Here the approximation error is of the order of 10! in the region close to the singular
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Fig. 7. Model explicitly available. L, norm of the numerical approximation accuracy between the analytical transformation law Tq(x1,x2) (see Eq. (42)) and
the various PIML implementations trained both with the greedy approach and in the entire domain, for various sizes of the domain, [x;, 0] x [x, 0]. For
our illustrations, we have used grids of 20 x 20 equispaced distributed collocation points.

Table 3

Black-box simulator. Training sets (grids of 20 x 20 equispaced distributed points). Er-
ror norms (L1, Ly and L) between the analytical and computed solution of T1(x1, X2)
and T3 (X1, X2) using the various schemes trained both greedy and in the entire domain
[—0.495, 0] x [—0.495, 0].

Transformation  Error norm  power-series PIML (Matlab) PIML (Matlab)

T(x) 6th order Entire domain  Greedy
111 1.50E + 01 1.21E + 00 2.86E — 03
T1(x1,%2) II1l2 9.73E + 00 7.84E — 01 2.78E — 03
Il 1.27E + 00 1.35E — 01 1.74E — 03
II1l1 4.95E — 01 2.36E — 01 7.03E — 03
T2 (x1,X2) 1112 4.09E — 01 2.44E — 01 6.54E — 03
[RIES 3.07E — 01 110E — 01 4.82E — 03
Table 4

Black-box simulator. Test sets (grids of 50 x 50 Chebyshev-distributed points). Error
norms (Lq, Ly and L) between the analytical and computed solution of T (x1,X2)
and T2 (xq, Xx2) using the various schemes trained both greedy and in the entire domain
[—0.495, 0] x [—0.495, 0].

Transformation  Error norm  power-series PIML (Matlab) PIML (Matlab)

T(x) 6th order Entire domain  Greedy
[I-111 2.17E + 01 3.54E + 00 7.35E — 03

T1(x1,x2) II-1l2 1.84E + 01 2.65E + 00 7.18E — 03
Iloo 4.89E + 00 1.81E 4 00 436E — 03
[R5 1.19E + 00 7.87E — 01 1.77E — 02

Ta(x1,x2) I-1I2 1.05E + 00 4.84E — 01 1.64E — 02
[Illoo 9.03E — 01 2.98E — 01 9.18E — 03

point. Figs. 8(e),(f) depict the PIML scheme implemented on Matlab trained with the greedy procedure. The numerical
approximation error in the domain where the step gradient appears is of the order of 10~3, thus outperforming the power-
series expansion approximation of the transformation law, as well as the PIML trained in the entire domain at once. It should
be noted that the numerical approximation error obtained in the region close to the singular point [—0.495, —0.495] is of
the same order as that obtained with the PIML implemented when the model is assumed to be explicitly known. Finally,
Fig. 9 depicts the numerical approximation errors in the test set. Table 3 and Table 4 detail the numerical approximation
accuracy of the various schemes, for the training and test sets, respectively. The results are similar both for the training and
test sets.

To this end, it should be pointed out that in the present study, conducted in the discrete time domain, a numerical
simulation-based approach is proposed through which the attainment of sufficiently small and bounded testing errors and
closed-loop stability can be verified.
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Fig. 8. Black-box simulator. Training sets (grids of 20 x 20 equispaced distributed points). Numerical approximation accuracy (difference between the
computed and analytical solution) of Tq(x1,x2) (left column) and Ta(xq,x2) (right column) using the various schemes. (a),(b) 6th order power-series
expansion of Tq(xq,x2) and To(x1,x2) in [—0.495, 0] x [—0.495, 0]. (c),(d) PIML in Matlab trained in the entire domain [—0.495, 0] x [—0.495, 0]. (e),(f)
PIML in Matlab trained via the greedy approach.

5. Conclusions

We proposed a PIML-based scheme for the single-step feedback linearization with pole placement for nonlinear discrete-
time systems. Within the context of the present study, we considered a system for which the linearizing transformation
map and state feedback control law exhibit a singular point, and thus very steep transformation gradients near it. As the
underlying optimization problem may lead to a poor solution (for example due to the effect of random initialization of
the weights of the PIML), we have chosen to implement a greedy approach, thus tessellating the “hard” (in the entire do-
main) training/optimization problem into a sequence of simpler ones; this has also been suggested in other studies (see e.g.
[49,51]). Such a greedy training strategy, used to initialize weights in a region near a good local minimum, facilitates the
optimization algorithm by implicitly acting as a regularization technique and thus resulting in a better generalization [49].
The existence of a singularity, on and beyond which the feedback linearization fails, is a hallmark of many problems that
seek useful transformation by formulating and solving functional differential equations [53]. The same type of issue will, for
example, arise in trying to compute flow-box transformations [54], or transformations to linearity (in the Koopman operator
context [55,56]). Understanding how to test for such singularities, adaptively re-mesh in their neighborhood, estimate the
associated singularity exponents, and even considering possible analytic continuations beyond them, is an important issue
[53]. In fact, here we have implemented a simple zero-th order continuation in order to provide better initial guesses for
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Fig. 9. Black-box simulator. Test sets (grids of 50 x 50 Chebyshev-distributed points). Numerical approximation accuracy (difference between the computed
and analytical solution) of Tq(x1,x2) (left column) and T2(x1, x2) (right column) using the various schemes. (a),(b) 6th order power-series expansion of
T1(x1,x2) and Ty (X1, x2) in [—0.495, 0] x [—0.495, 0]. (c),(d) PIML in Matlab trained in the entire domain [—0.495, 0] x [—0.495, 0]. (e),(f) PIML in Matlab
trained via the greedy approach.

the unknown weights of the PIML scheme to regions close to the singularity. In a future work, we will aim at exploiting
more advanced continuation techniques, such as the natural continuation technique proposed in Fabiani et al. [51] for pro-
viding analytically initial guesses for the unknown weights of random projection networks for the solution of stiff ODEs and
index-1 DAEs containing steep gradients in their solution profiles, or arc-length continuation for tracing branches of solu-
tions and approximation of manifolds up to or even beyond critical/singular points (see for example [57,58]). Thus bridging
ML programming techniques with concepts from continuation techniques, have the potential to significantly facilitate com-
putational experimentation and learning, and thus assist in the study of such singularities, possibly suggesting approaches
to their mitigation.

Finally, it should be pointed out that a theoretically rigorous establishment of closed-loop stability under feedback action,
considering the approximation errors introduced by machine learning algorithms, remains a challenging research endeavor.
The latter requires a creative integration of conceptual and methodological tools derived from machine learning theory, con-
trol theory and uncertainty quantification, as suggested in [59-62,44]. Indeed, in the aforementioned studies, closed-loop
stability is guaranteed under a certain set of assumptions/conditions relying on: i) sufficiently small and bounded errors
induced by the underlying neural network architecture [59-62], or the uncertainty quantification of the error bounds from
the solution of the pre-image problem when manifold learning techniques are used [44], ii) more sophisticated generaliza-
tion error bounds using statistical machine learning theory, as well as iii) stochastic formulations of the stability problem
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under consideration. For a general review of the problem of uncertainty quantification in scientific machine learning, the
interested reader is referred to a recent study presented in [63].
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Appendix A. Appendix: multivariate power-series expansion approach

In order to perform a comparative assessment of the performance of the proposed computational approach, a practical
solution scheme for the associated system of NFE's (3) is needed. Since f(x,u) as well as the solution T (x) are all locally
analytic around the origin, it is possible to calculate the solution in the form of a multivariate power-series. The proposed
solution method involves the expansion of f(x,u) as well as the unknown solution T(x) in a power-series followed by
equating the power coefficients of the same order of both sides of the NFE’s (3). Such a procedure leads to a hierarchy of
recursion formulas, through which one can calculate the N-th order power coefficients of T (x), given the power coefficients
of T(x) up to the order N — 1 (evaluated in previous recursive steps) [21].

In the derivation of the associated recursion formulas, it is quite convenient to employ the following tensorial notation:

a) The entries of a constant matrix A are represented as a,.] , where the subscript i refers to the corresponding row and
the superscript j to the corresponding column of the matrix.

b) The partial derivatives of the w-th component f, (x, u) of the vector function f(x, u) with respect to the state variables
x evaluated at (x, u) = (0, 0) are denoted as follows:

. df
i “
=-—20,0
fi= e 0.0
s 52
jil = 2 0.0y
0X;0X;
s 93
L T (A1)
0X;0Xj0X)
etc., where i, j,k,..=1,...,n.

c) The partial derivatives of the p-th component f, (x, u) of the vector function f(x, u) with respect to the input variable
u evaluated at (x,u) = (0, 0) are denoted as follows:

i — alflt

8= 5 (0.0) (A2)

etc.

d) The standard summation convention where repeated upper and lower tensorial indices are summed up.

Under the above notation the I[-th component T;(x) of the unknown solution T(x) can be expanded in a multivariate
power series as follows:

1 4 1 i,
Tz(X)=ﬂTl Xi; +5T, Xi Xiy + ... +

1 .. .
+ mTlmz"'lNXi]Xiz...X,'N + ... (A3)
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As mentioned earlier, the proposed procedure is initiated by considering the expansion of the components of the vector
function f(x, u) in multivariate power-series. Substituting the power-series expansions of T (x), f (x, u) into (3) and matching
the power coefficients of the same order, the following recursive relations are obtained:

T (fl — g T =T/ fit = T/' gl "1} =a/'T}} (A4)

with: i1 =1,..n and [ =1, ..n. Note that under the matrix notation and the summation convention introduced above, the
set of algebraic equations (A.4) can be recast into the following matrix equation:

TJ]—AT =TGcT (A.5)

where the unknown matrix T in (A.5) is the Jacobian of the map T(x) evaluated at the origin. Under the assumptions of
Theorem 2.1, the unique invertible solution of the above quadratic matrix equation is given by: T = W1, where W is the
unique and invertible solution of the Lyapunov matrix equation shown below [21]:

JW —WA=Gc (A.6)

Since Lyapunov equations of the above type can be solved using a software package such as Matlab/Maple, the calculation
of the solution of the first-order algebraic equations (A.4) does not pose any challenges.
N-th order terms; N > 2

N
Jeduggmr pmp _mg mpy _ Mepip.iy
> > TPyt fy =gy ) =0Ty (A7)
L=1 0<mi<my<..<mp
my+my+...4+mp=N

where:

L
mp _ Z Z ny kpha..np
Ty = g; ¢ Ty (A.8)
P=1 0<ny<nm<...<np

ni+ny+...4+np=myg

with iy, ...,iy =1, ...,nand [ =1, ..., n. Notice that the second summation symbol in (A.7) indicates summing up the relevant
]

quantities over the — possible combinations to assign the N indices (i1, ..., iny) as upper indices to the L positions:
mql..mgp:

{fj1,...]‘jL} and {m;,,..; }, with mq of them being put in the first position, m, of them in the second position, etc.
L

(Zm,' = N). Similar rules apply to equation (A.8). Please notice that equations (A.7), (A.8) represent a set of linear algebraic
i=1

equations in the unknown coefficients T N for N > 2. Furthermore, it should be pointed out, that the above series
solution method for the system of NFEs (3) may be accomplished in an automatic fashion by exploiting the computational
capabilities of a symbolic software package such as Wolfram Mathematica and MAPLE.

[ETN

Appendix B. Appendix: learning the feedback linearization operator from black-box simulators

One of the main differences between this method and the previous one, is that in this method we are not expanding
both sides of the NFEs (40), but just T(x) in order to calculate the unknown coefficients of its series expansion through let’s
say nonlinear least squares. The information regarding the system is derived from or given by the output of the black-box
simulator. Therefore, the problem under consideration can be stated as one whose target is finding the values of the vector
h such that the sum of squared errors on the discretization mesh is minimized in some norm for instance the 2-norm, i.e.

N
min ) _ || Ri(h) I3 (B.1)

i=1
where the vector function R;(h) is defined as follows:
Ri(h) =T (f (i, —cT (i) h) — AT (i h), Wi (B.2)

As mentioned earlier, this nonlinear optimization problem can be solved using a Gauss-Newton method or the Levenberg
Marquard method in an iterative fashion, by enforcing equality (B.2) at every point of the discretized mesh. For example,
for the power-series expansion the algorithm for computing the transformation law using a black-box simulator reads as
follows:
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e Choose a subdomain of the solution state space of the nonlinear system, i.e. D € R" in a mesh of N x N points. In such
a domain, the solution of the NFEs system (on the basis of which the feedback controller itself is synthesized) will be
learned as well.

e Expand the transformation map T(x) in a power-series up to order p around the equilibrium x,, meaning that T (x)
must be expressed as a function of the vector x and also the power-series coefficients h € R™, i.e,, T, h), ie.

f1 Xi=1,... 03 Rj k=1,...p) =h1,1x1 + h1 2% + %hw?@ + %hmxﬁ +hisxixa+--+01(p+1)
To(Xi=1,- ns hjg=1,...p) =h2,1x1 +h22%2 + zl!h2,3x% + zl,hz,4X% +hysxixa+--+02(p+1) (B.3)

Tn(Xiz1, n; hjk=1,... p) =hn,1X1 +hp2%2 + %hn,BX% + %hn,ﬂé +hysxixg+---+0p(p+1)

Then, write the feedback control law as u = —cT (x;).

e Obtain the information of the system by calling the output of the black-box simulator using the series expansion up to
order p of T(x) as u.

e Construct both sides of the NFEs system, and get a residual as indicated in (B.2).

e Add to the residual

Ri(h) = T(f(xi, =T (xi); h) — AT (xi; h) =0 (B.4)

the following conditions:
- Initial condition

Tj(0)=0, jk=1,2,....n (B.5)

- Derivative of T(x;) evaluated the equilibrium x, =0

aT; T
—oy-—-2wo=0, jk=1,2,....n (B.6)
Xy Xy

where, as mentioned before, 2%(0) is the (j, k)-th element of the Jacobian matrix of T(x) computed at the equilib-

rium and obtained by solving equation (14). The latter serves as a pinning condition for the optimization problem to
find the best coefficients for the series expansion of the transformation map T(x) that satisfy the residual R;(h) =0
equality. Indeed, without this pinning condition, it is also probable that the optimization process finds the trivial
solution that also satisfies these properties, but of course does not represent the feedback controller since the trivial
solution maps all the states to the kernel of the linearized space. Finally, the derivative of T(x) can be computed, for
instance using finite differences.
e Compute the unknown coefficients of T(x;; h) using a nonlinear optimization algorithm, such as the Levenberg-
Marquardt, Gauss-Newton or perhaps using an unconstrained optimization algorithm, such as the Broyden, Fletcher,
Goldfarb, Shanno (BFGS) method.

A similar procedure can be used for the Physics Informed Machine-Learning (PIML) scheme.
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