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ARTICLE INFO ABSTRACT

Keywords: Nonlocal continuum mechanics presents still open questions about applicability of integral
Eringen’s nonlocal theory constitutive theories to nanostructures of current interest in Engineering Science. Nevertheless,
Strain-driven nonlocal model nonlocal elasticity is widely exploited to model size effects in small-scale structures since

Stress-driven nonlocal model

o it represents an effective tool to avoid computationally expensive procedures. The known
Integral elasticity

strain-driven approach proposed by Eringen has shown an intrinsic incompatibility between
constitutive and equilibrium requirements when applied to structures. Such an issue has
been acknowledged by the scientific community merely for bounded continua. For structural
problems defined in unbounded domains, obstruction to equilibrium caused by the strain-driven
formulation is a still open issue. The present contribution definitely proves inapplicability of
the strain-driven spatial convolution to structural mechanics and proposes a consistent nonlocal
approach for both bounded and unbounded structures. The presented methodology is based
on stress-driven spatial convolutions, representing the key paradigm to formulate a well-posed
theory of integral elasticity and to effectively model scale effects in nanobeams of applicative
interest in Nano-Mechanics.

1. Introduction

Classical theories of continuum mechanics based on the local axiom fail at reproducing non-conventional scale phenom-
ena (Abazari et al., 2015; Bazant & Jirasek, 2002; Eremeyev, 2020; Lam et al., 2003). Advanced methodologies are thus required
to model non-standard mechanical behaviours, in order to limit onerous and complex experimental tests. To this purpose, nonlocal
methodologies still based on a continuum approach can be advantageously exploited to capture scale phenomena without making
recourse to computationally expensive atomistic approaches as effectively applied to model mass nanosensors (Farajpour et al.,
2021), nanoplates (Farajpour et al., 2020), slender nanostructures (Jiang et al., 2022; Rezaiee-Pajand & Rajabzadeh-Safaei, 2022),
nanocomposites (Malikan et al., 2023; Rylko et al., 2022), flexomagnetic composite structures (Malikan & Eremeyev, 2022),
nanobeam bending (Providas, 2022), free vibration (Yang et al., 2023) and thermal buckling (Boyina et al., 2023), nanoactua-
tors (Pakhare et al., 2023), microswitches (Feng et al., 2022; Tkachenko et al., 2023), nanobeams on nano-foundations (Barretta
et al., 2022), nonlocal solids (Dastjerdi et al., 2022; Russillo et al., 2022), flexoelectric and flexomagnetic nanostructures (Malikan
& Eremeyev, 2023; Malikan, Eremeyev, Zur, 2020; Malikan, Uglov et al., 2020; Malikan et al., 2021, 2022; Yin et al., 2023),
cracked nanobeams submerged in elastic foundations (Taima et al., 2023), piezoelectric composite nanobeams (Mohammadi et al.,
2022; Salah et al., 2023), double-walled carbon nanotubes (Malikan, Eremeyev, Sedighi, 2020), magnetically embedded viscoelastic
nanobeams (Jalaei & Civalek, 2019), porous nanobeams (Civalek et al., 2023; Penna et al., 2021; Zur et al., 2021), composite tapered
microbeams (Akgoz & Civalek, 2022).
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Nomenclature

f Spatial convolution output field

s Spatial convolution source field

¢ Length-scale parameter

b, Averaging kernel

b * Convolution operator

X Beam abscissa

0y Derivative along x

E Euler-Young’s modulus

Ig Second moment of E field on cross-section
v Transverse displacement field

7 Elastic curvature field

M Bending interaction field

¢ Non-dimensional length-scale parameter
X Non-dimensional beam abscissa

7 Non-dimensional elastic curvature field
F Concentrated force

M Concentrated bending couple

Early concepts of nonlocal continuum mechanics were first introduced by Kroner (1967), Kunin (1968) and Rogula (1965, 1982).
Later on, Eringen (1972, 1983) proposed an integral constitutive law of nonlocal theory which consists of a Fredholm integral
equation of the first kind in the unknown elastic strain field. According to such a model, stress is given by spatial convolution
between the pointwise response to the elastic strain field and a proper averaging kernel described by an internal characteristic length.
Nonlocal constitutive formulations were conceived by Luciano and Willis (2001, 2003) to effectively model randomly heterogeneous
materials. Genesis and developments of most referenced theoretical models of nonlocal elasticity were discussed by Romano and
Diaco (2021).

Eringen’s nonlocal theory was first exploited to investigate screw dislocations and Rayleigh waves problems in unbounded
domains (Eringen, 1983). In such a case, the spatial convolution equipped with a special averaging kernel, could be replaced with
an equivalent differential equation with constitutive boundary conditions that were tacitly satisfied at infinity, where the involved
solution fields vanished. The constitutive differential equation associated with the Eringen’s nonlocal model was then applied to
solve nanostructural problems in a plethora of papers in literature, improperly disregarding prescription of the constitutive boundary
conditions. In this case, paradoxical results were first detected by Challamel and Wang (2008), Li et al. (2015) and Peddieson et al.
(2003). Modifications of the constitutive differential equation were then proposed by Barretta et al. (2016) and Challamel et al.
(2016). After the discussions provided by Benvenuti and Simone (2013) and Fernandez-Saez and Zaera (2017), Fernandez-Saez et al.
(2016), the issue was definitely clarified by Romano et al. (2017) and Romano and Barretta (2017). Notably, it was proven that the
alleged paradoxical results were due to a lack of solution existence to structural problems based on the Eringen’s nonlocal theory.
Indeed, an intrinsic inconsistency emerged, due to incompatibility between constitutive and equilibrium requirements. To overcome
the above mentioned issue, an alternative consistent theory was conceived by Romano et al. (2017) and Romano and Barretta (2017),
that proposed a novel nonlocal methodology involving stress-driven spatial convolutions. Such a formulation represents an effective
approach to model size dependent behaviours (see e.g. Barretta et al. (2018), Behdad and Arefi (2022), Bian et al. (2022), Caporale
et al. (2023), Darban et al. (2021, 2022, 2020), Lovisi (2023), Luciano et al. (2020), Penna (2023), Rezaiee-Pajand and Rajabzadeh-
Safaei (2023), Scorza et al. (2022), Vaccaro (2022), Vaccaro and Sedighi (2023) and Zhang et al. (2020)). A recent advancement on
the topic has been provided by Barretta et al. (2023), Caporale et al. (2022) and Vaccaro et al. (2021) where nonlocal continuum
problems involving piecewise regular fields have been investigated.

2. Motivation and outline

Inapplicability of the strain-driven formulation to structural mechanics is acknowledged by the scientific community merely
for bounded domains (Fernandez-Sdez & Zaera, 2017; Fernandez-Saez et al., 2016; Khodabakhshi & Reddy, 2015). For unbounded
cases, incompatibility between equilibrium and strain-driven constitutive law is a still open question. In this paper, it is shown
that obstruction to equilibrium due to the Eringen’s spatial convolution emerges not only for bounded domains, as already proven
by Romano et al. (2017), but also for unbounded continuum problems. An original theorem is here proven to definitely demonstrate
inapplicability of the strain-driven nonlocal model to structural mechanics. An alternative consistent methodology based on a
stress-driven spatial convolution is then proposed and exploited to solve exemplar nanobeam problems.

The plan is the following. In Section 3, the constitutive spatial convolution is first conveniently formulated in abstract form, from
which both strain- and stress-driven nonlocal models can be derived. A basic proposition (Proposition 1) is provided, stating that
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if the output of a spatial convolution (equipped with the Helmholtz kernel) is not at least a continuously differentiable field, then
no solution to the convolution integral law does exist. Such an outcome is prodromal to prove inapplicability of the strain-driven
model to structures, regardless of their limitedness properties. In Section 4, some counterexamples are given to show obstruction
to equilibrium related to the strain-driven approach, in both bounded and unbounded domains. The treatment is developed in
the general context in which piecewise regular stress fields are involved, since it represents the usual applicative condition in
beam mechanics due to internal kinematic constraints or concentrated loadings. A remedy to the obstruction is finally provided in
Section 5, where a consistent methodology based on the stress-driven approach is exploited to analytically solve basic examples of
nonlocal elastic beams. Effectiveness of the stress-driven nonlocal theory is thus proven also for unbounded cases.

3. Genesis and progress of nonlocal beams

According to the abstract constitutive law of nonlocal integral elasticity, the response field f is defined by the spatial convolution
between the source field s : 2 — R, with 2 € R, and a proper averaging kernel ¢, : R — [0, +oo[ described by a strictly positive
characteristic length ¢, id est

S(x) = (¢, * 5)(x) I=/Q¢C(X—§)S(§)d§ @

being ¢, * the convolution linear operator. As adopted by Eringen (1983), the averaging kernel can be chosen as the Helmholtz
bi-exponential function, i.e. ¢ (x)= ie_%, since it enjoys peculiar properties that enable inversion of the integral law. As shown
in the following, choice of source and output fields in Eq. (1) plays a key role to assure consistency of the integral theory.

For the sake of generality, let us suppose that the domain £ is partitioned into n € N — 1 subdomains [x,_,, x;] of regularity,
with i € {1, ..., n}. The case of unbounded domains is included since it can be derived by taking the limit for x, - — oo and
X, &> +o0.

The following Lemma holds, as proven by Vaccaro et al. (2021).

Lemma 1. Spatial convolutions between any source field s : 2 — R and the Helmholtz bi-exponential kernel ¢, are continuously
differentiable fields, id est (¢, * s) € C'(2;R).

By virtue of Lemma 1, a constitutive differential problem equivalent to Eq. (1), can be proven. Such a formulation is made of
the following set of differential equations

fix) = 02 fi(x) = 5,(x),  x € [x;_y, x,] (@)
for i € {1, ..., n}, equipped with two constitutive boundary conditions (CBC), id est
S1(xg)
Oymry /1 = 2,
c
3)
Y

c
and with 2(n— 1) constitutive interface conditions (CIC)
fikx) = fi+1(x,'),
(©))]
ax:x,-fi = ax=>c‘- fi+1 ’

for i € {1, ..., n—1}. Constitutive interface conditions Eq. (4) prescribe continuity of function f and of its first derivative, as a
direct consequence of Lemma 1.

The following proposition, which follows from Lemma 1, is prodromal to prove inapplicability of the strain-driven nonlocal
model to structural mechanics.

Proposition 1. If the assigned field f is not at least continuously differentiable, then no solution s to Eq. (1), equipped with the Helmholtz
kernel, does exist.

Proof. Denoting with Im ¢, * the image of the convolution linear operator ¢, *, from Lemma 1 it follows that if f is not a
continuously differentiable field, then f ¢ Im ¢, * and therefore the integral equation

S = / ¢ (x — &) s(8)d¢ (5)
Q
admits no solution s. Proposition 1 is thus proven. [l

|
In the next section, effective counterexamples are provided to show incompatibility between the strain-driven nonlocal
formulation and equilibrium law, as predicted by Proposition 1.
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Fig. 1. Bending interaction fields of free beams under self-equilibrated loading systems.

Table 1
Bounded beam: violation of constitutive boundary and interface conditions.
Loading CBC Eq. (3), CBC Eq. (3), CIC Eq. (4), CIC Eq. (4),
- T _, 7 _, FL_TL F__T
2 2 4 4 2 2
M M M M
0= — = — —_ = =
M 2c 0 2c 2 2 0=0

4. Strain-driven approach and obstruction to equilibrium

Let us specialize the abstract constitutive law Eq. (1) to the case of a Bernoulli-Euler straight beam of length L. According to a
geometrically linearized theory, the curvature field kinematically compatible with a piecewise smooth transverse displacement field
v is given by y,(x) = 0%v; with x € [x,_|, x;], for i € {1, ..., n}. Constitutive assumption is expressed by the requirement that the
total curvature y is sum of the elastic y¢ and nonelastic y"¢ curvature field. According to the Eringen’s strain-driven approach,
the elastic curvature is the unknown source field of the integral convolution Eq. (1), id est s := I'; y* and f := M, being M the
equilibrated bending interaction field and I the second moment of Euler-Young’s modulus field E on beam cross-section. Let us
consider a Bernoulli-Euler beam under a self-equilibrated loading system as represented in Fig. 1, plot (a).

The equilibrated bending interaction field univocally determined by equilibrium conditions is the piecewise regular field M =
{M, M)}, with M| = gx, x € [xg, x;] and M, = g(L—x), x € [xq, x,], being x5 =0, x; = L/2 and x, = L. Thus, according to
equilibrium requirements, the bending interaction field is a continuous but non differentiable function, M € C%([x,, x,]; R), that is
clearly in contrast with the constitutive requirements prescribing that M € C!([x,, x,];R), as stated by Lemma 1. It can be easily
proven that, by setting f := M constitutive boundary and interface conditions Egs. (3)-(4), can only be satisfied for a vanishing
applied loading 7 = 0, which is a case of no interest in applicative structural problems. Table 1 shows that constitutive boundary
and interface conditions are clearly violated for a non-vanishing applied force 7. Now, let us analyse the case-study represented in
Fig. 1, plot (b). The equilibrated bending interaction is the piecewise regular field M = {M,, M,}, with M| = % X € [xg, x;] and
M, = —% , X € [x;, x,], being x, =0, x; = L/2 and x, = L. Thus, the equilibrated bending interaction field is a discontinuous
function in [x,, x,], that is clearly incompatible with the constitutive requirement prescribing that M € C!([x,, x,];R). By setting
f = M, constitutive boundary and interface conditions Egs. (3)—(4); can only be fulfilled for a vanishing applied loading M =0,
that is a case of no interest in structural mechanics (see Table 1).

Inapplicability of the Eringen’s model to structural mechanics due to such an incompatibility between equilibrium and
constitutive conditions has so far been proven only for bounded domains. For continuum problems involving unbounded domains,
the strain-driven theory is assumed to be well-posed. In the sequel, it is shown that also in unbounded domains, the Eringen’s model
leads to ill-posed formulations due to obstruction to equilibrium requirements. To this aim, let us consider the structural scheme
represented in Fig. 2, plot (a). Solving the equilibrium problem and taking the limits for x; > — o, x4 — + oo provide the piecewise
regular field M = {M,, ..., My} =40, ng ;(L—x),o defined in the domain ]— o0, x;] U [x}, X,] U [x,, x3] U [x3, +oo[, with
x; =0, x, =L/2 and x3 = L. It follows that constitutive boundary conditions in Eq. (3), id est,

M (xy - — o)

oMi(xyg > —00) = ———,
c

(6)
My(xy — +00)
O My(xy = +00) = ———F—
c
are trivially satisfied since the involved fields are vanishing for x, - — o, x4 - + 0. But the interface continuity conditions in

Eq. (4) at each abscissa x;, with i = {1, 2,3}, cannot be fulfilled as shown in Table 2.
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Fig. 2. Bending interaction fields of free beams under self-equilibrated loading systems.

Table 2
Unbounded beam: violation of constitutive interface conditions Eq. (4).
Loading: CIC CIC CIC
at x = x; at x = x, at x = x5
FL FL
F 0=0 = 0=0
F F__F F
=7 272 270
-M M__M M
M 0=3 27 2 7 =0
0=0 0=0 0=0
W 2
Fig. 3. Bending interaction field of cantilever under concentrated force.
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Fig. 4. Bending interaction field of free beam under self-equilibrated loading system.

Let us analyse the scheme depicted in Fig. 2, plot (b). The equilibrated bending interaction field is the piecewise regular function

M = {M,.., M} =10, M,—%,O defined in the domain ] — o0, x;] U [x}, X5] U [x,, x3] U [x3, +oo[, with x; = 0,

x, = L/2 and x3 = L. Constitutive boundary conditions Eq. (3) are trivially satisfied since M, and M, are vanishing, but interface
continuity conditions Eq. (4) at the interior boundary cannot be satisfied as shown in Table 2. Now, let us examine the structural
scheme represented in Fig. 3. Solving the equilibrium problem and taking the limit for x, — + oo provide the piecewise regular

field M = (M, M,} = {F(L —x), 0} defined in the domain [x,, x;] U [x,, +oo[, with x5 =0, x; = L Constitutive boundary
condition Eq. (3), is trivially satisfied since M, is vanishing, but Eq. (3), yields the relation —F = , that can be satisfied if
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and only if a vanishing loading is applied, i.e. 7 = 0. Moreover, constitutive interface condition at interior abscissa x; Eq. (4),
is clearly violated, i.e. —F = 0. So the relevant structural problem admits again no solution for 7 # 0. Finally, let us consider
the scheme represented in Fig. 4. Solving the equilibrium problem for x, - — o0, x3 — + oo provides the piecewise regular field
={M,, My, M3} = {0 L (L—x), 0} in ]—o0, x;] U [x, x,] U [x,, +oo[, with x; =0, x, = L. Obstruction to equilibrium occurs
again since interface contmulty condition Eq. (4), at internal abscissae x;, x, cannot be satisfied for ¢ # 0, id est
0=4L
gL @

— =0.
2

These basic counterexamples definitely prove the inapplicability of the strain-driven nonlocal methodology to structural
problems.

5. Solution to obstruction via stress-driven approach

Solution to the problem formulated in Section 4 can be addressed by exploiting a consistent nonlocal theory based on a stress-
driven approach according to which nonlocal elastic curvatures are output fields of the spatial convolution y¢ = ¢, * M /I, where
M is the source bending interaction field satisfying the equilibrium requirements. Let us consider again the structural problem
depicted in Fig. 1, plot (a), with x; =0, x, = L/2 and x; = L. The equilibrated bending interaction field is the piecewise regular

function M = {M|,M,} = gx, ;(L —x) ¢ . Then, according to Eq. (1), the nonlocal elastic curvature x¢ = { ;(fl , ;(29’ } defined

in [xg,x;]VU [x,x,], is explicitly expressed as follows

L/Xe“Ml(é) de+ 1 /"' = M (& de
2¢ o x Ig
s g%%@%
ol _ 2¢ x| I
250 = . . (8)
1 lest,(.f) 1/ eFTXMQ(f)dS
2c x| I
1 [% ;sz(ﬁ)
+ Z : e ¢ IE df

It can be easily verified that Eq. (8) provides a continuously differentiable field as predicted by Lemma 1 and no incompatibility
with equilibrium requirements arises this time. Same solution can be equivalently obtained by solving the differential problem
Egs. (2)-(4), with f := y° and s := M /I;. Non-dimensional solution fields ¢ versus non-dimensional abscissa % are finally
depicted in Fig. 5 for nonlocal parameter ¢ = {0%,0.10,0.15,0.20,0.25,0.30}, where the following variables have been introduced, id

est

/?el = /YEI I_E or /?el i /YEI I_E or /?el —— Ig v =

x
1 : M =y YR X I 9

~le

For the unbounded case represented in Fig. 2, plot (a), the source field of the spatial convolution y* = ¢, * M /I is provided by

the equilibrated piecewise regular field M = {M,, ... , My} =1 0, 2

(L x),O} . The nonlocal output response is then given
by x¢ = {x¢, 28, 28, 2"} defined in 1- o0, x;1 U [xy, X1 U [x,, x3] U [x3, +oo[ , id est

x] x4l M, (&) =t M (&)
/ 2c Iy s+ Z/ 2c I as,
ex Mi©) N _lx=el M(&)
/ 21, d§+/xme © 2er
Iel(x) — ” (é) (10)
X/' ﬁ i
+i—1’2+|/"— . ZCIEdg’
Z/ (é‘) ot M4(§)d
e 2c Iy

with xy > —o0, x4 — 400 and i= {2, 3}.

Non-dimensional solution fields 7¢ got by Eq. (10), for a truncated interval, are depicted in Fig. 6 for increasing nonlocal
parameter, i.e. for ¢ = {0%,0.10,0.15,0.20,0.25,0.30} . As predicted by Lemma 1, the convolution operator ¢, = has a smoothing
effect on the piecewise regular source field. Parametric plots of nonlocal elastic curvature fields are represented in Figs. 7-8 for the

structural schemes of Figs. 1-2, plot (b), respectively. Limiting solutions for ¢ — 0% show peculiar behaviours according to which



R. Barretta et al.

Fig. 5. Bounded beam under concentrated force: non-dimensional curvature

Fig. 6. Unbounded beam under concentrated force:
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=l

Fig. 9. Semibounded cantilever: non-dimensional curvature field ¢ for increasing ¢.

Fig. 10. Unbounded beam under uniformly distributed loading and concentrated forces: non-dimensional curvature field 7¢ for increasing ¢.

nonlocal elastic curvatures for ¢ — 0% are equal to the local elastic semicurvatures at external boundary abscissae and equal to the
average value of local elastic curvatures at interior boundary abscissae.

Now let us consider the structural scheme in Fig. 3. According to the stress-driven approach, nonlocal elastic curvature is given
by y° = {;{1 , ;(2 !} defined in the domain [x,, x;] U [x;, +oo[ , id est

b M) =t My(©)
/X0 ZCIEdé / ZCIEdé’
=il My(©)

Mo Mi(©)
[0 2cIEd§ / 2cIEd§'

with x5 =0, x; = L, x, > +o0 and {M,, M,} = {F(L - x), 0}. The obtained nonlocal elastic curvatures 7¢ are depicted
in Fig. 9, in non-dimensional form, for ¢ = {0%,0.10,0.15,0.20,0.25,0.30} . Same solutions can be got by solving the equivalent
differential problem Egs. (2)—(4). Finally, let us consider the case-study in Fig. 4, where xy) > —o0, x; =0, x, =L, x3—> +00.
The nonlocal elastic curvature is the spatial convolution y¢ = ¢, * M /Iy, where the equilibrated bending interaction field is
M = {M, M,, M3} = {0, % (L — x), 0}. Non-dimensional solution fields 7¢ are depicted in Fig. 10 for increasing nonlocal
parameter. As predicted by Lemma 1, nonlocal curvatures fields are continuously differentiable functions for ¢ > 0.

2 = an

6. Closing remarks

New insights regarding consistency of nonlocal methodologies for nanobeams have been provided in the paper. The case in which
piecewise regular stress fields are involved has been investigated. Indeed, it represents the usual condition in applicative problems
of structural mechanics due to the presence of non-smooth or concentrated loading systems and internal kinematic constraints. An
integral constitutive law has been first presented in abstract form, and then inverted into an equivalent differential problem. It
has been proven that such a constitutive formulation requires prescription of non-classical interface conditions that are crucial to
reversing the integral law. Starting from the abstract formulation, the Eringen’s strain-driven theory has been derived and then
exploited to address simple structural schemes of nonlocal elastic beams. Through some basic counterexamples, the governing
mathematical formulation has been shown to be ill-posed in both bounded and unbounded domains. Incompatibility between
equilibrium and constitutive requirements has thus proven to be an intrinsic feature of structural problems based on the strain-
driven approach. Inapplicability of the Eringen’s model to structural mechanics, already proven by Romano et al. (2017) merely for
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bounded domains, has been now shown also for unbounded beams. It has been demonstrated that choice of source and output fields
in integral constitutive laws plays an essential role to assure well-posedness of continuum problems and the stress-driven theory
has been established as an effective consistent methodology for both bounded and unbounded domains. Efficacy of the proposed
formulation has been shown by solving basic examples of nonlocal beams by means of an analytical procedure. The presented
methodology provides thus a reference approach to effectively model non-conventional scale phenomena in advanced materials and
nanostructures.
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