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The possibility of describing the magnetic field due to currents within a finite control volume via an equivalent surface current
distribution on the boundary of such a volume is given by the well-known Virtual Casing Principle (VCP). This has been illustrated
and implemented in the past for the case of solenoidal currents in the volume of interest, i.e., when the currents to represent have
a null normal component to the boundary of the control volume. Here, we illustrate how to apply and implement the VCP for the
more general case where the currents to represent can cross the boundary.

Index Terms— Boundary conditions, eddy currents, integral equations.

I. INTRODUCTION

THE Virtual Casing Principle (VCP) is a basic corol-
lary of Maxwell’s equations in their magneto-quasi-static

limit [1], [2], [3]. Consider a region of space V and enclose
it by a virtual casing (VC) made of a perfectly conducting
material. Then, any current variation within V will generate
a surface current in the VC, which prevents any magnetic
field variation outside of it. If we are able to calculate the
VC surface current distribution, we can use it to calculate the
magnetic field in any point outside V , up to the VC itself, via
simple Biot–Savart surface integrals.

Shafranov and Zakharov [1] introduced this idea, consid-
ering a VC at a closed magnetic flux surface (i.e., a closed
surface where B·n̂ = 0). In this case, by simple considerations
on the discontinuity of the magnetic field, it is simple to
prove that jVC = B × n̂. The idea was of course not new.
Already in the classic textbook of Stratton [4], the magnetic
field due to a current source in a domain V was shown to
be reproduced outside of the domain by a surface current
distribution B × n/µ0 and a surface distribution of magnetic
dipole moment A × n̂/µ0 exactly at the boundary of V . The
latter contribution to the magnetic field is zero exactly when
B · n̂ = 0, reproducing Shafranov’s idea from a completely
different standpoint.

The VC current can be calculated anyway at arbitrary
closed surfaces, usually from the magnetic vector potential
at the casing itself, leveraging on the solution of a proper
boundary integral equation. In Section II, we shall come
back to the details and specific hypotheses behind this
statement. Given the VC current, the magnetic field is
easily calculated via Biot–Savart surface integrals. These
properties led to the development of VCP-based “indirect”
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boundary element method (BEM) models, especially in
the magnetic confinement fusion community [5], [6], [7],
[8], [9]. These are perfectly equivalent to standard “direct”
ones, which are usually implemented to provide an A 7→ B
map at the boundary of the domain, in order to provide the
correct magnetic boundary conditions to a finite element
method (FEM) magneto-quasi-static model of the system
inside the domain [10], [11], [12].

The BEM models described above have usually been devel-
oped under the hypothesis that the current in the domain
under study cannot cross its boundary. A general property
was observed by Durand [13], which correctly pointed out
that a current crossing the domain boundary should be related
to a surface-divergence of the tangential magnetic field, i.e.,
divS(B × n̂) = j · n̂. Anyway, the problem of efficiently
determining the VC current was not discussed in this case.

In the context of magnetically confined fusion plasmas,
the coupling of a plasma inside a defined domain with
conducting structures outside the domain is an essential sim-
ulation problem to be addressed, since the plasma dynamics
are directly influenced by the presence of such conducting
structures [14], [15], [16]. The electromagnetic forces acting
onto these structures can be a substantial engineering concern
[17], [18] for which no generally accepted predictive capabil-
ities exist at present, due to the presence of currents shared
between plasmas and surrounding conductors (the so-called
halo currents) [19], [20], [21], [22]. This circumstance calls
for the development of FEM-BEM methods which are capable
to handle current distributions which can cross the boundary
of the domain [9].

In this article, we describe how a standard VCP-based
boundary element method can handle a current crossing the
domain boundary. The adaptation of other BEM methods to
this situation will be the subject of future work. The article
is organized as follows. Section II discusses how to apply the
VCP when the current density crosses the VC, and proposes
a numerical approximation of the problem. Section III intro-
duces a simple example with analytical solution, used as a
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benchmark. Section IV compares the expected computational
costs of different strategies for solving the numerical problem.
Section V illustrates application of the method to a more com-
plex 3-D case. Finally, we draw the conclusions in Section VI.

II. FORMULATION

Consider an arbitrary domain Vin containing a current source
jin. This could be the domain of some FEM model in the
future. We want to represent the magnetic field generated
by jin outside Vin via an equivalent current distribution at
the boundary ∂Vin of the domain. Again, we imagine the
boundary of the domain to be a VC of perfectly conducting
material. Turning on the current source within the control
domain Vin, a surface current immediately appears on the VC
which cancels any induced electric field in the VC itself, and
hence in the outer domain. The electric field in the outer
conductors is related both to the electric scalar potential φ

and to the magnetic vector potential a, i.e., the condition of
zero electric field on the VC reads: E = −∂a/∂t − ∇φ = 0.
Using the Coulomb gauge, the magnetic vector potential due
to different current source contributions is easily found via the
Biot–Savart law, i.e., via the operator

A : jα 7→
µ0

4π

∫
α

jα
(
x ′

)
|x − x ′|

dx ′. (1)

Here, we indicated by jα a current density distribution with
compact support in α, here either α = in or α = VC. Clearly
aα = Ajα . Let us indicate by 6 the contact region between
the internal current distribution and the VC, where we allow
jin · n̂ = 0. The interior current density distribution should
satisfy three constraints as follows.

1) It needs to be divergence free (divjin = 0).
2) It shall not cross the boundary, except at the specified

locations (jin · n̂ = 0 on ∂Vin \ 6).
3) It cannot determine any global charge accumulation

(
∫
+∂Vin

jin · n̂ dS = 0).
A correct choice consists in taking jin ∈ HL(Vin, 6), see [25]
for further details. Anyway, we will consider the interior
current as assigned in the following, and it is more important
here to look at the singular current distribution jVC, which
shall satisfy the following requirements.

1) It shall be always tangent to ∂Vin.
2) Its surface divergence should be zero where there

is no contact with other current-carrying domains
(divS(jVC) = 0 in ∂Vin \ 6).

3) It cannot determine a global charge accumulation
(
∫
+∂Vin

divS(jVC) dS = 0).
In particular, the surface divergence of the VC current shall
exactly compensate for the interior current distribution cross-
ing 6. Finally, the resulting system of integro-differential
equations is

AjVC + ∇χ = −ain on ∂Vin (2)
∇S · jVC = Jn on ∂Vin (3)

where the quantities on the right-hand side represent the
magnetic vector potential generated by the internal current
distribution, denoted as ain, and the normal component of

the internal current distribution across the VC, indicated
as Jn . Clearly, Jn = 0 outside of the contact area 6.
Here, the unknown terms are the VC surface current density
jVC and the time integral of the electric scalar potential
χ(x, t) =

∫
φ(x, τ ) dτ . When (2) and (3) are satisfied, the

time-integrated voltage measured across any closed field line
in the outer domain is certainly zero, up to the VC itself.
Hence, we can take any infinitesimally small closed line on
the VC, and conclude that B · n̂ = 0 on ∂Vin. Simultaneously,
the solenoidality constraint on the overall current density guar-
antees, thanks to Ampère’s law, that

∮
γ

B · t̂ dℓ = 0 ∀ closed
curve γ , even the ones representative of domain handles. The
former conditions are sufficient to conclude that B = 0 in the
outer domain. Hence, the equivalent current on ∂Vin which
reproduces exactly the magnetic field due to internal currents
in the outer world is clearly jeq = −jVC.

The interest clearly is to solve the VC current problem (2)
and (3) numerically. In particular, we properly discretize the
VC, e.g., approximating it via straight rectangles or triangles,
and choose a finite subspace for the solution space. The
basis functions wk configuring the approximation subspace are
chosen here to have null surface divergence at the locations
where there is no current injection (divSwk = 0 on ∂Vin \ 6)
and in such a way that each basis function respects the
constraint

∫
∂Vin

divSwk dS = 0. We accomplish this by pro-
viding a negligibly small thickness to the VC and using the
basis functions described in [23], which are obtained as the
curl of edge shape functions. For representing the electric
potential, we introduce one basis function λk for each facet
discretizing the contact region 6. The function λk is unitary
on the facet 6k , also defined as electrode in the following, and
null elsewhere [24]. We indicate by ne the overall number of
electrodes discretizing 6. The weak form of (2) against the
basis functions wk , together with the weak form of (3) against
piecewise constant basis functions λk yields the numerical
approximation of the problem

Lieq + Fχeq = 8 (4)

FT ieq = J. (5)

Here, we have indicated by ieq the unknown degrees of
freedom associated with the equivalent currents and by χeq
the corresponding time-integrated potentials on the electrodes
of the VC. The forcing term 8 in (4) is given by projections
of the magnetic vector potentials due to currents within the
control volume on the basis functions for the VC, i.e., 8i =

⟨ain, wi ⟩VC. The projection operator is inherited by the scalar
product between vector fields in L2(∂Vin)

⟨v, w⟩ =

∫
VC

v · w dS. (6)

The currents injected into the equipotential electrodes are
stored in the array J of (5), i.e., Ji = −⟨Jn, λi ⟩VC. Clearly,
the inductance matrix coefficients are defined by L i j =

⟨Awi , w j ⟩VC. The reduced Kirchhoff incidence matrix for
electrodes is calculated as Fi j = ⟨wi · n̂, 1⟩6 j . In the reduced
incidence matrix, we have excluded one electrode from the
complete incidence matrix, as the associated Kirchhoff cur-
rent law is linearly dependent on the other ne − 1 [25].
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Fig. 1. Trace in the poloidal plane of two intersecting tori: the torus Ts ,
of major radius Rs and minor radius ρs carries a net poloidal current. The
exercise consists in replacing the current in Ts,in with an equivalent current
on the torus TVC, of major radius RVC and minor radius ρVC.

The solenoidality requirement translates here indeed in∑ne
k=1 Jk = 0, which makes apparent that we cannot impose

the current in all of the electrodes.

III. ILLUSTRATIVE EXAMPLE

In this section, we introduce a simple example to provide
concrete evidence of the validity of the generalized VCP
expressed by (2) and (3). We consider two axisymmetric
conducting tori which intersect each other, as depicted in
Fig. 1. We assume that both are geometrically thin, and in
particular Ts carries a net poloidal current of given value Is

and TVC is our “perfectly conducting” VC. We can subdivide
Ts in two distinct portions: Ts,in is the one contained in the
volume enclosed by the toroidal VC and Ts,ext is the remainder
portion, i.e., the one external respect to TVC. The objective is to
find the equivalent current distribution on TVC which perfectly
represents the original current distribution on Ts,in: the current
flowing in TVC ∪ Ts,ext shall produce the same magnetic fluxes
and fields everywhere in the region of space external to TVC.

In this axisymmetric context, a poloidal divergence-free
current on TVC has only 2 possible degrees of freedom.
We choose in particular:

1) Inet, associated with the net poloidal current which wraps
poloidally around the torus TVC (e.g., in the clockwise
direction); and

2) Iele, associated with the clock-wise current along the
shortest path on TVC between the intersections lines of
the two tori. Let us indicate the portion of the torus
affected by this current by the symbol TVC,ele.

Of course, any linear combination of the current distributions
described above may be used as a basis for the solution
space. With this choice, the d.o.f. Iele is imposed by the
current injected from Ts,in, i.e., by an equation of the type (5).
The determination of the net poloidal current Inet is possible
via an equation of the type (4). Its set-up and interpretation
are particularly intuitive here, since the flux associated with
net poloidal current distribution is precisely the net toroidal
flux linked with the torus TVC. This condition is expressed
synthetically by

Lnet,net Inet +
(
Lnet,ele + Mnet,in

)︸ ︷︷ ︸
L∗

net,ele

Iele = 0 (7)

Fig. 2. Resolution scan for the net poloidal VC current of the illustrative
example described in Section III. Ng indicates the number of Gauss points
per direction and per element used for the integration during the assembly
phase of the inductance matrix.

where Lnet,net is the inductance of the perfect toroidal solenoid
of circular cross section TVC, while L∗

net,ele = Lnet,ele + Mnet,in
also configures the inductance of the perfect toroidal solenoid
given by the union of Ts,in ∪ TVC,ele. Both can be computed
analytically, see the Appendix, hence the net current along TVC
can be also computed analytically

Inet = −
L∗

net,ele

Lnet,net
Iele. (8)

Notice in particular that in (7) the electrostatic potential
does not appear explicitly. This is not a coincidence, as we
shall comment in Section IV.

It is worth to notice here that the current distribution
associated with Inet does not modify in any way the outer
magnetic field, since it configures a perfect toroidal solenoid.
It is exclusively Iele that contributes to the determination of
the magnetic field in the outer domain in this case. This
circumstance makes apparent the fact that the VC current shall
be determined by imposing the electric field to be null, and
that asking the magnetic field to be null would not be sufficient
to determine all the current degrees of freedom.

We implement a numerical approximation of the above
example via the finite element model described in the pre-
vious section. We consider in particular a configuration where
RVC = 1 m, Rs = (1 +

√
2) m and ρVC = ρs = 1 m. With

this choice, the tori intersect orthogonally. We verify that,
for increasing resolution, we converge toward the analytical
solution proposed. In this numerical exercise, we provide
a finite thickness to the current-carrying torus Ts , so that
the intersections between the tori are toroidal stripes rather
than geometrical lines. While increasing the resolution for
the discretization of Ts and TVC, the thickness of Ts is self-
consistently reduced, so that we tend to the ideal example.
Fig. 2 compares the net poloidal VC current with the analytical
result, for different resolution and integration precision levels.



7501306 IEEE TRANSACTIONS ON MAGNETICS, VOL. 62, NO. 7, JULY 2026

IV. COMPUTATIONAL CONSIDERATIONS

We intend here to comment on the best possible way of
solving the linear system defined by (4) and (5). There are
indeed at least two different possibilities:

1) Exploit the block structure of the linear system to pro-
ceed with the inversion. From (4) and (5), the coefficient
matrix is indeed

M =

[
L F

FT 0

]
. (9)

2) Determine the null space of the electrode-to-current
incidence matrix F and solve separately for the currents
which cross electrodes and the currents limited to flow
within the VC.

The first strategy relies on using the Schur complement of L
respect to the overall matrix of coefficients M, which is

S = −FT L−1F. (10)

The equivalent current to the one internal to the VC is given
by

ieq = L−1{[1 + FS−1FT L−1]8 − FS−1J
}
. (11)

Clearly, the Cholesky factorization of the full symmetric
positive definite matrix L can be performed once, and the for-
ward/backward substitutions applied each time are necessary.
A similar consideration applies for the Schur complement S.

The second strategy is based on the decomposition of the
solution space for the equivalent current in two distinct sub-
spaces: the sub-space of currents flowing between electrodes,
imF, and its orthogonal complement kerF′. It is possible to
demonstrate that the whole solution space is given by the
direct sum of the above subspaces, see [25] for details. The
null space of the sparse incidence matrix F′ can be calculated
efficiently, e.g., using sparse algorithms which compute the
full QR factorization of the matrix F. The first m columns
of the Q matrix provide by definition an orthogonal base for
imF, while the remainder n − m columns span the null space.
We collect them into the vector K, so that we can decompose
the current in the following way:

ieq = Fieq,e + Kieq,i . (12)

The currents in imF are statically determined by the injected
currents J

ieq,e =
(
F′F

)−1J. (13)

Here, the matrix F′F is symmetric positive definite and with
good sparsity properties, allowing the inversion of (13) to be
performed with a number of operations quasi-linear with the
number of unknowns. The currents in kerF can be calculated
by projecting (4) on the same subspace, i.e., assembling

Li i = K′LK (14)

and solving for the currents

ieq,i = L−1
i i

[
K′8 − K′LFieq,e

]
. (15)

The determination of currents ieq,i via (15) does not require
information on the electrostatic potential, a feature that has
already been observed in (7) for the illustrative example.

Fig. 3. Geometry for the low resolution test case. A portion of the
axisymmetric toroidal surface used for the equivalent current computation
is depicted in gray. The portion of the bulk conducting coil contained within
the toroidal surface is depicted in red.

Let us analyze the main differences between the two meth-
ods, focusing first on the most expensive steps. The first
method, based on the idea of the block-inversion, requires
to compute the factorization of the inductance matrix L of
dimension n and of its Schur complement S of dimension m.
The null-based method requires the factorization of the Li i

matrix, of dimension n − m and the solution of the linear
system (13) of dimension m. It is already quite clear that the
relative performances of the two methods are regulated by
the ratio between the number of independent electrodes m
and the overall number of current degrees of freedom n.
In applications where we allow our VC to deal with a current
injection in any point, we expect in particular m ≃ n/2 →

(n−m)/n = 1/2. This means that the factorization of Li i may
eventually cost ≃ 1/8 compared to the factorization of the full
matrix L. Furthermore, the solution of the sparse symmetric
positive definite system (13) can be performed in general much
faster than the factorization of the Schur complement S, which
has the same dimensions but is fully populated.

Within the potentially expensive matrix-matrix products
steps, we have the composition of the Schur complement (10),
which requires approximately nnz(F)n + m2n operations,
where nnz(F) is the number of non-zero entries in the sparse
matrix F. With standard libraries, the projection of L onto the
null space defined in (14) requires approximately nnz(K)n +

(n − m)2n operations. Assuming a similar sparsity both for F
and K, the comparative cost of the operations depends again on
the m/n ratio. For m ≪ n, the block-inversion method could
outperform the null-space method during the matrix assembly
phase. For the expected ratio of dimension m/n = 1/2, these
intermediate assembly steps are absolutely comparable, with
an overall cost which scales in both cases approximately with
n3/4. From the considerations above, we conclude that the
approximate costs for the two strategies scale approximately
like

Cnull ≃ k1 · (n − m)3
+ (n − m)2

· n (16)

Cblock ≃ k1 · n3
+ k1 · m3

+ m2 n. (17)

For k1 = 1/3, typically assumed for Cholesky factorization,
the null strategy should be usually more convenient for m/n >

0.37. It is worth noting that if m → n, the current distribution
in the VC is essentially statically determined by the current
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Fig. 4. Top: assigned current density distribution within the toroidal surface.
Bottom: corresponding equivalent current distribution.

Fig. 5. Scan of magnetic field RMSE with typical linear size of boundary
element. The coarsest case ℓ = ℓ0 = 23 cm corresponds to the equivalent
current in Fig. 4.

injection and Cnull → 0 in the approximations discussed.
This situation may happen in practice if some internal current
degrees of freedom are excluded a priori from the model, e.g.,
because for the class of forcing terms considered, we may
know in advance that those will never be solicited.

V. THREE-DIMENSIONAL APPLICATION

A test case for the system of equations (4) and (5) is set up:
the geometry and nominal discretization for this toy model are
depicted in Fig. 3. A bulk toroidal conductor of rectangular
cross section (R = 3 m, 1Z = 1.5 m, and 1R = 1.5 m)
is crossing a toroidal surface of rectangular cross section
(R = 3 m, 1Z = 3 m, and 1R = 3 m), which can represent
the boundary of some computational domain in the future.

The centers of the two toroids are separated by a distance of
6.5 m along the x-direction.

In the bottom of Fig. 4, we show the equivalent current
distribution to the one inside the toroidal surface, shown in the
top. This is obtained by inverting the system of (4) and (5).

We compare the magnetic field immediately outside of
the VC as generated by our original current distribution and
by our equivalent surface current, for different discretization
levels. Fig. 5 summarizes the result of the scan, indicating that
decreasing the mesh size, the error decreases proportionally.

VI. CONCLUSION

The VCP is a fundamental equivalence theorem of electro-
magnetism. The magnetic fields and fluxes due to an arbitrary
current distribution jin with support in Vin can be reproduced,
outside of the domain Vin, by an equivalent surface current jeq,
flowing on the domain boundary. It was illustrated in the past
how to use the VCP to efficiently determine the equivalent
current distribution in situations where jin was solenoidal in
Vin (i.e., divjin = 0 ∀x ∈ Vin, and jin · n̂ = 0 ∀x ∈ ∂Vin).
The present contribution significantly expands the possibilities
of application of the VCP, by illustrating how to apply it
in situations where the source current density distribution jin
can cross the VC itself, i.e., in situations where jin · n̂ can be
different from zero at the domain boundary.

The correct system of integro-differential equations to solve,
in this more general case, has been given in (2) and (3).
A convenient numerical approximation of the problem has
been also introduced, leading to the linear algebraic system
of (4) and (5). The latter is based on a Finite Element Galerkin
method, where the basis functions wk for the current density
jeq are chosen in such a way that: 1) ∇S · wk = 0 at all
locations where there is no current crossing the VC, and
2)

∫
VC ∇S · wk dS = 0. The numerical method was validated

using a suitable test case that admits an analytical solution.
Furthermore, for a more complex 3-D case, a resolution scan
revealed that the magnetic field produced by the equivalent
current reproduces the original magnetic field increasingly
well as the mesh size decreases.

The most convenient approach for the inversion of the
system of equations (4) and (5) has been shown to depend on
the number of independent constraints for the current density
m, compared to the overall number of degrees of freedom
used to represent the equivalent current density n. In particular,
a scheme based on the decomposition between the null space
of the current density constraints’ matrix and its orthogonal
complement, could be convenient for m/n > 0.37.

APPENDIX

The self-inductance for a perfect toroidal solenoid is given
by

L =
µ0

2π

∫
�

1
r

dS (18)

where � is an arbitrary poloidal cross section of the toroidal
solenoid. For any toroidal solenoid of circular cross section,
we may calculate the integrals of interest by defining the
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shifted radial coordinate x = r − R, where R is the major
radius of the solenoid. The integral of 1/r across the cross
section between two arbitrary radially shifted locations x1 and
x2 is given by∫

�(x1,x2)

1/r dS =

[
−

√
R2 − ρ2arctan ϕ(x, R, ρ)

+ R arctan
x

ρ2 − x2 +

√
ρ2 − x2

]x2

x1

= f (x1, x2, R, ρ)

where

ϕ(x, R, ρ) =
ρ2

+ Rx√
R2 − ρ2

√
ρ2 − x2

. (19)

Hence, the self-inductance for the toroidal solenoid TVC of
circular cross section �VC is given immediately by

Lnet,net =
µ0

2π
f (−ρVC, ρVC, RVC, ρVC). (20)

Similarly for the case of a toroidal solenoid of lens-shaped
cross section, given in our case by the union Ts,in ∪ TVC,ele,
and whose cross section is given by �s ∩ �VC is found
conveniently by

L∗

net,ele =
µ0

2π

[
f (−ρs, −d/2, Rs, ρs)

+ f (d/2, ρVC, RVC, ρVC)
]

(21)

where we indicated the distance between the centers of the
tori by d = Rs − RVC.
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