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Abstract

We conjecture that a class of Artinian Gorenstein Hilbert algebras called full Perazzo algebras
always have minimal Hilbert function, fixing codimension and length. We prove the conjec-
ture in length four and five, in low codimension. We also prove the conjecture for a particular
subclass of algebras that occurs in every length and certain codimensions. As a consequence
of our methods we give a new proof of part of a known result about the asymptotic behavior
of the minimum entry of a Gorenstein Hilbert function.
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Introduction

Gorenstein algebras appear as cohomology rings in several categories. For instance, real
orientable manifolds, projective varieties, Kahler manifolds, convex polytopes, matroids,
Coxeter groups and tropical varieties are examples of categories for which the ring of coho-
mology is an Artinian Gorenstein K-algebra. The fundamental point is that these algebras
can be characterized as algebras satisfying Poincaré duality, see [13].
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We deal with standard graded Artinian Gorenstein K-algebras over a field of characteristic
zero. A natural and classical problem consists in understanding their possible Hilbert function,
sometimes also called Hilbert vector. When the codimension of the algebra is less than or
equal to 3, all possible Hilbert vectors were characterized in [20]; in particular, they are
unimodal, i.e. they never strictly increase after a strict decrease. While it is known that non
unimodal Gorenstein h-vectors exist in every codimension greater than or equal to 5 (see
[3-5]), it is open whether non unimodal Gorenstein /z-vectors of codimension 4 exist. For
algebras with codimension 4 having small initial degree the Hilbert vector is unimodal (see
[16, 19]).

Consider the family AGk (r, d) of standard graded Artinian Gorenstein K-algebras of socle
degree d and codimension r. By Poncaré duality, the Hilbert function of A € AGk(r, d) is a
symmetric vector Hilb(A) = (1,7, hy, ..., hg—2, r, 1), thatis hy = hy—,. There is a natural
partial order in this family given by:

(Lr hyy oo hgo,r, 1) < (L7 by oo ha—a, 7, 1),

if h; < fz,-, foralli € {2,...,d — 2}. The maximal Hilbert functions are associated to com-
pressed algebras and completely described in [12]. In fact the Hilbert vector of a compressed
Gorenstein algebra is a maximum in AGgk(r, d). On the other hand, classifying minimal
Hilbert functions is a hard problem. We do not know in general if there is a minimum. More-
over, given two comparable Gorenstein Hilbert functions, it is not true that any symmetric
vector between them is Gorenstein. Some partial results in this direction were obtained in
[21] and called the interval conjecture.

The first example of a non-unimodal Gorenstein A-vector was given by Stanley (see [20,
Example 4.3]). He showed that the /-vector (1, 13, 12, 13, 1) is indeed a Gorenstein i-vector.
In [14] the authors showed that Stanley’s example is optimal, i.e. if we consider the h-vector
(1,12, 11, 12, 1), it is not Gorenstein. We say that a vector is totally non unimodal if

hy>hy > > hyfork = |d/2).

A totally non-unimodal Gorenstein Hilbert vector exists for every socle degree d > 4 when
the codimension r is large enough. It is related to a conjecture posed by Stanley and proved
in [15, 17] and also a consequence of our Proposition 2.3, see Corollary 2.4.

From Macaulay—Matlis duality, every standard graded Artinian Gorenstein K-algebra can
be presented by a quotient of a ring of differential operators by a homogeneous ideal that
is the annihilator of a single form in the dual ring of polynomials. full Perazzo algebras are
associated with full Perazzo polynomials, they are the family that we will study in detail.
Perazzo polynomials are related to Gordan and Noether theory of forms with vanishing
Hessian (see [18, Chapter 7], [9]). In [9] the author introduced the terminology Perazzo
algebras to denote the Artinian Gorenstein algebra associated to a Perazzo polynomial. In
[1, 8] the authors study the Hilbert vector and the Lefschetz properties for Perazzo algebras
in codimension 5. In [7] the authors study full Perazzo algebras focusing on socle degree
4, showing that they have minimal Hilbert vector in some cases. In this paper we deal with
codimension greater than 13 and we are more interested in full Perazzo algebras. In the case
of socle degree 4 we recall the known results.

We now describe the contents of the paper in more detail. In the first section we recall the
basics on Macaulay—Matlis duality, see Theorem 1.1. In the next subsection we recall the
classical bounds for Hilbert functions given by Macaulay, Gotzman and Green summarized
in Theorem 1.4.

In the second section we recall the definition of full Perazzo algebras and we pose the
full Perazzo Conjecture (see Conjecture 2.6). A full Perazzo polynomial of type m and
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degree d is a bigraded polynomial of bidegree (1,d — 1) given by f = > x;M; where
Mjlj=1,..., (m;f]_z)} isabasis for K[u, ..., tm]a—1). The associated Artinian Goren-
stein algebra is called full Perazzo algebra (see Sect. 2 for more details).

Conjecture Let H be the Hilbert vector of a full Perazzo algebra of type m > 3 and socle
degreed > 4 andletr = r(m, d) its codimension. Then H is minimal in the family of Hilbert
vectors of Artinian Gorenstein algebras of codimension r and socle degree d, that is, if H is
a comparable Artinian Gorenstein Hilbert vector such that H < H, then H = H.

In the third section we prove special cases of the Conjecture in socle degree 4 and we try
to fill the gaps in order to classify all possible Hilbert functions up to codimension 25 (see
Theorem 3.6, Corollary 3.7 and Proposition 3.8). In socle degree 5 we prove the Conjecture
form € {3,4,5,6,7, 8,9, 10} (see Theorem 3.15) and a stronger version of the conjecture
for m = 3 (see Corollary 3.16).

In the fourth section we prove our main result that the full Perazzo Conjecture is true for
arbitrary socle degree d > 4 and type m = 3.

Theorem Every full Perazzo algebra with socle degree d > 4 of type m = 3 has minimal
Hilbert function.

In the last section we give a new proof of part of a result originally proved in [17],
concerning the asymptotic behavior of the minimum entry of a Gorenstein Hilbert function
(see Theorem 5.2).

1 Preliminaries

Most of the background material presented here can be found in [7].

1.1 Macaulay-Matlis duality

In this section we recall some basic results from Macaulay—Matlis duality for Artinian Goren-
stein algebras over a field K of characteristic zero. We recall that in characteristic zero we
can use a differential version of Macaulay—Matlis duality.

Let A = K[Xy, ..., X,]/I = @ffzo A; be a standard graded Artinian K-algebra with
Ay # 0. The Hilbert function of A can be described by the vector Hilb(A) = (1, hy, ..., hg)
where ; = dim A;. We say that A is Gorenstein if dim A; = 1 and foreveryi =1, ...,d,
the natural pairing given by multiplication A; x Ay—; — Ay =~ K is perfect. There is an
isomorphism A} ~ A, ;. In this context, d is the socle degree of the algebra and assuming
I, = 0, n is the codimension of A.

Let us regard the polynomial algebra R = K[xy, ..., x,] as a module over the algebra
0 = K[X1, ..., X,] via the identification X; = d/dx;. If f € R we set
Anng(f) ={a=pXi,...,Xy) € O |a(f) :=p@/dxy,...,0/dx,) f =0}.

More generally, given any Q submodule M of R we define the ideal of Q:
Anmng(M) ={a € Q| a(f) =O0forall f € M}.

On the other side we have the notion of inverse system. Given I C Q be an ideal, we define
the inverse system /! which is a Q submodule of R:

I''={feR|a(f)=0foralla € I}.
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29 Page4of17 L. Bezerra et al.

By Macaulay—Matlis duality we have a bijection:

{Homogeneous ideals of Q} < {Graded Q submodules of R}
Anng(M) <~ M
I — 1!

From the Theory of Inverse Systems, we get the following characterization of standard

Artinian Gorenstein graded K-algebras. A proof of this result can be found in [13, Theorem
2.11.
Theorem 1.1 (Double annihilator Theorem of Macaulay) Let R = K[xy, ..., x,] and let
0 =KI[X1, ..., X,] be the ring of differential operators. Let A = @fl:o A; = Q/I be an
Artinian standard graded K-algebra. Then A is Gorenstein if and only if there exists f € Ry
such that A >~ Q/ Ann(f).

In the sequel we always assume that char(K) =0, A = Q/I, I = Anng(f) and I} = 0.

We will deal with standard bigraded Artinian Gorenstein algebras A = EB?:O Ai, Ag #0,
with Ay = @;(:0 A k—i)> Ady,dp) 7 O0forsomedy, dp suchthatd, +dp = d,wecall (dy, d>)
the socle bidegree of A. Since A} >~ Ay and since duality is compatible with direct sum,
we get A?i,j) >~ A —idr—j)-

Let R = Klxi,...,x4,u1,...,u,] be the polynomial ring viewed as standard
bigraded ring in the sets of variables {xi,...,x,} and {ui,...,u,} and let Q =
K[X1, ..., X,, Uy, ..., U,] be the associated ring of differential operators.

We want to stress that the bijection given by Macaulay—Matlis duality preserves bigrading,
that is, there is a bijection:
{Bihomogeneous ideals of Q} < {Bigraded Q submodules of R}
Anng(M) <~ M
[ — 1!
If f € R(4,,4,) is a bihomogeneous polynomial of total degree d = d| + d>, then I =
Anngp(f) C Q is a bihomogeneous ideal and A = Q/I is a standard bigraded Artinian

Gorenstein algebra of socle bidegree (d;, d») and codimension r = m + n if we assume,
without loss of generality, that /1 = 0.

Remark 1.2 With the previous notation, all bihomogeneous polynomials of bidegree (1, d—1)
can be written in the form

f=x1g1+-+xu8n,

where g; € K[ui, ..., unls—1. The associated algebra, A = Q/ Anng(f), is bigraded, has
socle bidegree (1, d — 1) and we assume that /1 = 0, so codim A = m + n.

1.2 Classical bounds of Hilbert function
We recall some classical bounds for the growth of the Hilbert function of Artinian K-algebras.

The three main results are due to Macaulay, Gotzmann and Green; before stating them, we
need to recall the following definition:

Definition 1.3 Let k and i be positive integers. The i-binomial expansion of k, denoted by

k(,‘),iS
ki ki— ki
k=ka>=<.’>+<.’1>+---+<.’> )
i i—1 j
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where ki > ki1 >--->k; > j>1.

An expansion of type (1) always exists and is unique (see, e.g., [6, Lemma 4.2.6]). Following
[6], we define for any integers a and b,

ki+b\ (kioi+b kj+b
k)l =" ! Y
*@)a (i+a>+<i—1+a Tt ta

where we set (7)) = 0 whenever s < c or ¢ < 0.

Theorem 1.4 Let A = R/I be a standard graded K-algebra, and L € A a general linear
Sform (according to the Zariski topology). Denote by hg the degree d entry of the Hilbert
function of A and by h!; the degree d entry of the Hilbert function of A/(L). Then:

(Macaulay) hgiy < ((hd)(d))ii-
(Gotzmann) If hgy1 = ((hd)(d))ﬂ and I is generated in degrees < d + 1, then
hays = ((ha)@))s forall s > 1.
(Green) hy < ((ha)@)q -

Proof For Macaulay, see [6, Theorem 4.2.10]. For Gotzmann, see [6, Theorem 4.3.3] or [10].
For Green, see [11, Theorem 1]. O

Definition 1.5 A sequence of non-negative integers h = (1, hy, hy, ..., h;,...) is said to be
an O-sequence if it satisfies Macaulay’s Theorem (1.4) for all ;.

Recall that when A is Artinian and Gorenstein, then its Hilbert function is a finite, sym-
metric O-sequence.

2 Minimal Gorenstein Hilbert functions

We recall the construction of full Perazzo algebras, introduced in [7].

Definition 2.1 Let K[xy, ..., x,, U1, ..., u,;] be the polynomial ring in the n variables
X1, ..., Xy and in the m variables uy, ..., u,. A Perazzo polynomial is a reduced biho-
mogeneous polynomial f € K[xi, ..., Xy, u1, ..., unl1,qd-1), of degree d, of the form
n
f=) xig ©)
i=1
with g; € Kluy, ..., upnla—1,fori =1, ..., n,linearly independent and algebraically depen-
dent polynomials in the variables uy, ..., u,. The associated algebra is called a Perazzo

algebra, it has codimension m + n and socle degree d.

Now we fix m > 2 and we consider the m variables uq, ..., u,,. For a multi-index
a=(el,...,ep) withe; +---+e, =d—1, let

M, = uil ceeudm e Qg

(m+d72).

be a K-linear basis for 04— and denote 7, = dim Q41 = (",
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29 Page6of17 L. Bezerra et al.

Definition 2.2 Let f € K[xy, ..., X, U1, ..., Unl(1,4—1) be aPerazzo polynomial of degree
d of form:

f=) x;M;. 3)
j=1

In this case f is called full Perazzo polynomial of type m and degree d. The associated
algebra is a full Perazzo algebra of socle degree d and codimension m + t,,.

Proposition 2.3 Let A be a full Perazzo algebra of type m > 2 and socle degree d. Then for

k=0,...,14]
k-1 d—k—1
hk=dimAk=(m+k >+<m+d_k )

In particular, its Hilbert function is totally non-unimodal for r >> 0.

Proof Using the bigrading of A and considering that the polynomial f has degree 1 in the
variables xp, ..., xg,, fixedk =0, ..., L%J, we have the following decomposition:

A=Ak A1 K-1)-

(i) Itis clear that A(O,k) = Q((),k), hence dim A(O,k) = dim Q(O,k) = (m+]i<71).

(ii) We have A>(k1,k71) =~ A(O,dfk) and A(O,dfk) = Q(O,d*k)! hence dim A(l’kfl) =
dim Q0,d—k) = (m+5__,f_l)-

To verify that the Hilbert vector is asymptotically totally non unimodal it is enough to see

that as a function of m, hy(m) ~ ﬁmd_k fork <d/2. ]

Corollary 2.4 For every d > 4 there is a positive integer ry such that for all v > ry there is
an Artinian Gorenstein algebra with socle degree d and codimension r having a totally non
unimodal Hilbert vector.

Proof Let m be large enough in order to guarantee that the Hilbert vector of the full Perazzo
algebra A = Q/ Ann(f), of type m and socle degree d has a totally non unimodal Hilbert

vector. For every r > m + (m:{fll_z), lets =r —[m+ (m;'fl_z)] and consider the algebra

A’ = Q'/Ann(g) where Q' = Q[Y1,...,Ysland g = f+ >, Yid. It is easy to see
that the Hilbert vector of A’ is given by hj = hy 4 s for k # 0, d, therefore, it is totally
non-unimodal and the result follows. O

Letd > 4, r > 3. Consider the family AG(r, d) of standard graded artinian Gorenstein
K-algebras of socle degree d and codimension r. In this section we will consider K, a fixed
field of characteristic 0. We know that the Hilbert function of A € AG(r, d) is a symmetric
vector Hilb(A) = (1,r, ha, ..., hg—2,r, 1), with h; = hy_; by Poincaré duality.

Consider the family of length d symmetric vectors of type (1, r, ha, ..., hg—2,r, 1), where
hi = hg—;. There is a natural partial order in this family

(Lrhay o hagn,r, 1) < (e hoy o hg, v, 1.

If h; < fzi, for alli € {2,...,d — 2}. This order can be restricted to AG(r, d) which
becomes a poset.
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On minimal Gorenstein Hilbert functions Page 7 of 17 29

Definition 2.5 Let r, d be fixed positive integers and let H be a length d + 1 symmetric
vector (1,7, ha, ..., hg—2, 7, 1). We say that H is a minimal Artinian Gorenstein Hilbert
function of socle degree d and codimension r if there is an Artinian Gorenstein algebra such
that Hilb(A) = H and H is minimal in AG(r, d) with respect to <. To be precise, if Hisa
comparable Artinian Gorenstein Hilbert vector such that H < H,then H = H.

‘We now present the full Perazzo Conjecture.

Conjecture 2.6 Let H be the Hilbert vector of a full Perazzo algebra of type m and socle
degree d. Then H is minimal in AG(r, d).

3 Minimal Gorenstein Hilbert functions in low socle degree

In this section we study Gorenstein Hilbert functions of algebras with socle degree 4 and 5.
Part of the results in socle degree 4 can be found in [7].

3.1 Minimal Gorenstein Hilbert functions in socle degree 4

In socle degree 4, a Gorenstein sequence is of the form
(L,r h,r,1).

Let () be the integer such that (1, r, u(r), r, 1) is a Gorenstein sequence, but (1, r, pu(r) —
1,7, 1) is not a Gorenstein sequence. Then pu(r) < h < (Hz'l).

Itis well known that (1, r, &, r, 1) isa Gorenstein sequence ifand only if u(r) < h < (rerl)
(see [21]). We set §(r) = r — u(r). This function was introduced in [15] and also studied in
[7]. The function §(r) is not decreasing, so §(r) < 6(r + 1), for every r (see [15, Proposition
8).

By Remark 5.4 in [7],if §(r — 1) < §(r) then §(r) = §(r — 1) + 1.

Definition 3.1 We say that the Gorenstein sequence (1, r, u(r), r, 1) is minimal. Moreover
we say that the Gorenstein sequence (1, r, u(r), r, 1) is strongly minimal if 6(r — 1) < §(r).

By Remark 5.4 in [7], if (1, r, u(r), r, 1) is strongly minimal, then §(r) =8 — 1) + 1.
The minimal r such that (1, r, u(r), r, 1) is not unimodal is r = 13 [14]. So §(r) = 0 for
r<12.

Proposition3.2 §(r) = 1 iff13 <r < 19.
Consequently the sequence (1, 13,12, 13, 1) is strongly minimal.

Proof The sequence (1, 13, 12, 13, 1) is a Gorenstein sequence. This was originally proved
by Stanley in [20]. This sequence is also the Hilbert Function of the full Perazzo algebra
with m = 3. In [14, Proposition 3.1], it was proved that (1, 12, 11, 12, 1) is not a Gorenstein
sequence. Consequently §(12) = 0, therefore 6 (r) = O foreveryr < 12.In[2, Theorem4.1],
was shown that (1, 19, 17, 19, 1) is not a Gorenstein sequence, so §(r) = 1 for 13 <r < 19.
In [14, Remark 3.5], was observed that (1, 20, 18, 20, 1) is a Gorenstein sequence, so for
r > 20 we have that §(rr) > 2. O

Corollary 3.3 §(20) = 2. Consequently the sequence (1,20, 18, 20, 1) is strongly minimal.
Proof In [14, Remark 3.5], it was observed that (1, 20, 18, 20, 1) is a Gorenstein sequence.
So, by Remark 5.4 in [7], §(20) = 2. O
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29 Page8of17 L. Bezerra et al.

Proposition 3.4 Let m > 3. We have that

(e ("37)=(3)

Proof Forr = m + (m3+2) there exists the full Perazzo Algebra. It realizes the Gorenstein
sequence
2 2
1,m+ mE ,mm+1),m+ mE ,1).
3 3
S08 (m+ (") = (") £ m - mm+ 1) = (")~ m? = (3). :

Lemma3.5 Let (1,r, h,r, 1) be a Gorenstein sequence. Let u = r — h, withu > 0. Then
-1 1 - —1
((rapg — ”)(2))1 = (r@)o

Proof Let A be a Gorenstein algebra with Hilbert function (1, r, &, , 1) and let L be a general
linear form. Using the same argument as in Proposition 3.1 in [14], we get that the Hilbert
function of A/(L) is of the type

(I,r=1,8s —u,s).

By the theorems of Green and of Macaulay we have s < (r(3)), and
1

((S — u)(z))l > 5.

Consequently
(41— ”‘)(2>)1 >s+1, foreveryt > 0;

In particular, for t = (r3)), I'_ s we are done. ]
Theorem 3.6 §(24) = 4 and §(40) = 10.

Proof By Proposition 3.4, §(24) > (g) = 4. We have to prove that (1, 24, 19, 24, 1) is not a
Gorenstein sequence. Indeed 243y = (g) + (;) + (i), SO (24(3))6l = 11. Since u = 5 we
have that

(a1 —5)(2))1 =10 < 11.

By Lemma 3.5, (1, 24, 19, 24, 1) is not a Gorenstein sequence.

By Proposition 3.4, §(40) > (g) = 10. We have to prove that (1, 40, 29,40, 1) is not a
Gorenstein sequence. Indeed 403y = (J) + (3) + (%), so (403)); " = 22. Since u = 11 we
have that

(22— 1), =21 < 22.

By Lemma 3.5, (1, 40, 29, 40, 1) is not a Gorenstein sequence. O

Corollary 3.7 §(25) = 4.

@ Springer
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Proof By Theorem 3.6 and by Theorem 2.5 in [14], (1, 25,21,25,1) is a Gorenstein
sequence, so 6(25) > 4. We have to prove that (1, 25, 20, 25, 1) is not a Gorenstein sequence.
Indeed 2533, = (§) + () + (), 50 (2533))p " = 12. Since u = 5 we have that

((12=5)@), = 11 < 12.
By Lemma 3.5, (1, 25, 20, 25, 1) is not a Gorenstein sequence. m]
Proposition 3.8 2 < §(21) < §(22) < 4§(23) <4.
Proof This follows trivially by the fact that §(20) = 2 and §(24) = 4. ]
Proposition 3.9 20 < §(62) < 21.

Proof By Proposition 3.4, for m = 6, we get that (1, 62, 42, 62, 1) is a Gorenstein sequence.
On the other hand, (1, 62, 40, 62, 1) is not a Gorenstein sequence by Lemma 3.5. Indeed

_ 7 3
(623" = (3> + (2> =38

((38 —22)(2)), = 36 < 38.

and

Proposition 3.10 §(26) =4 = §(27).

Proof For r = 26, we have to prove that (1, 26, 21,26, 1) is not a Gorenstein sequence.
Indeed, let A = R/I be a Gorenstein algebra with Hilbert function (1, 26, 21,26, 1), L
be a general linear form. We set J = (I<3), J = (J,L)/(L) and S = R/(L). By the
theorems of Green and of Macaulay and repeating the above method, R /J has Hilbert function
(1,25, 8, 13). As R/J has maximal growth from degree 2 to degree 3 and J has no new
generators in degree 4, by Gotzmann’s theorem we get i 7 (1) = (t ng) + 1. Therefore, J is
the saturated ideal, in all degrees > 2 of the union of a plane and a line in P24, 1t follows that,
up to saturation, J is the ideal of a scheme 7' given by the union in P> of a 3-dimensional
linear variety, a plane and m points (possibly embedded). Hence, 50 < h / j7(4) < 45, which
is absurd.

Now, for r = 27, following the same argument as above, we prove that the sequence
(1,27,22,27, 1) is not Gorenstein. In this case we conclude 50 < hR/i(4) < 46. ]

3.2 Minimal Gorenstein Hilbert functions in socle degree 5

In socle degree 5, a Gorenstein sequence is of the form
(,r h h,r, 1),

Let w(r) be the integer such that (1,r, u(r), u(r), r, 1) is a Gorenstein sequence, but
(1, r, u(r)y — 1, u(r) — 1, r, 1) is not a Gorenstein sequence. Then u(r) < h < (rerl).

It is well known that (1, r, h, h, r, 1) is a Gorenstein sequence iff u(r) < h < (rerl) (see
[21]). Weset 6 (r) = r — u(r).

Definition 3.11 We say that the Gorenstein sequence (1, r, u(r), u(r), r, 1) is minimal.
Moreover we say that the Gorenstein sequence (1, r, u(r), u(r), r, 1) is strongly minimal if
S(r—1) < ().
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29 Page100f17 L. Bezerra et al.

Proposition 3.12 In socle degree 5 we have
8(r) =01iffr < 1e6.
8(r)y =1iffr =17.
For18 <r <25,6(r)=2
Proof For 18 < r < 25, see Theorem 3.4 and Remark 3.5 in [14]. ]
Lemma3.13 Let (1,7, h, h,r, 1) be a Gorenstein sequence. Let u = r — h. Then
-1 2 —1
((rae” —u)g)3 = )y -

Proof Analogous to Lemma 3.5. O

Proposition 3.14 Let m > 3. We have that

m+3 m+5(m
§({m+ > — .
4 4 3
Proof Forr = m + (mf) there exists the full Perazzo Algebra. It realizes the Gorenstein
sequence

(e () C) O () () )
(e (C))= () e (1) (1) =70 6)

Theorem 3.15 Form € (3,4,5,6,7,8,9, 10}, we have 5 (m + ("}%)) = "5 (4). That s

the full Perazzo conjecture is true in these cases.

[}

Proof By Proposition 3.14, we have to prove that for m € {3,4,5,6,7,8,9, 10}, the
sequence

(e (")) () () () e (M) )

is not a Gorenstein sequence.
The case m = 3 will be dealt with in general in the next section. We can assume m > 4.
For m = 4 we have to prove that the sequence (1, 39, 29, 29, 39, 1) is not a Gorenstein
sequence. Indeed, using Lemma 3.13, we have:

(39a)y ' =16; u=10; 16—10=6; (62))3 = 15 < 16.

For m = 5 we have to prove that the sequence (1, 75, 49, 49, 75, 1) is not a Gorenstein
sequence. Indeed, by Lemma 3.13, we have:

(755" =36; u=26; 36 —26=10; (10@2))3 = 35 < 36.

For m = 6 we have to prove that the sequence (1, 132, 76, 76, 132, 1) is not a Gorenstein
sequence. Indeed, using Lemma 3.13, we have:

(132a))y ' =715 u =56; 71 —56 = 15; (15¢2))3 =70 < 71.
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Form = 7 wehave to prove that the sequence (1,217, 111, 111, 217, 1) is nota Gorenstein
sequence. Indeed, by Lemma 3.13, we have:

17wy =128; u=106; 128 — 106 = 22; (222)3 = 127 < 128.

Form = 8 we have to prove that the sequence (1, 338, 155, 155, 338, 1) isnot a Gorenstein
sequence. Indeed, using Lemma 3.13, we have:

(338w =212; u=183; 212 — 183 =29; (29»)); =211 < 212.

Form = 9 we have to prove that the sequence (1, 504, 209, 209, 504, 1) is not a Gorenstein
sequence. Indeed, using symmetry, Green’s theorem and Macaulay’s theorem, the following
diagram represents the Hilbert functions of R/I, R/(I : L) and R/(I, L)

1 504 209 209 504 1
1 171 54 1711
1503 38 155333

By Lemma 3.5 the middle line is not a Gorenstein sequence.

For m = 10 we have to prove that the sequence (1, 725, 274, 274, 725, 1) is not a Goren-
stein sequence. Indeed, using symmetry, Green’s theorem and Macaulay’s theorem, the
following diagram represents the Hilbert functions of R/I, R/(I : L) and R/(I, L)

1725274274725 1
1 226 65 2261
1724 48 209 499

By Lemma 3.5 the middle line is not a Gorenstein sequence. O
Corollary 3.16 The Gorenstein vector
(1,18, 16, 16, 18, 1)

is strongly minimal.

Proof By the previous theorem we know that it is a minimal Gorenstein Hilbert vector. We
have to prove that (1, 17, 15, 15, 17, 1) is not a Gorenstein sequence. Indeed, by Proposi-
tion 3.12, 6(17) = 1. O

4 A family of minimal Gorenstein Hilbert functions

Consider the family of full Perazzo algebras of type m = 3 and socle degree d > 4. Its

Hilbert function is given by h; = (k;gz) + (szrqzi;k), for k < |d/2] and by symmetry we get

hg—r = hg.

Lemma4.1 Letk < |d/2]. Then we have:

(C5),), =

Proof First of all, consider d > 2k — 1. Inthiscase,d —k + 1 > k,ie. (d —k+ 1)+ (d —
K+ +d=2k+3)>k+ k=1 +--+2+1=kk+1/2= (1.
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We have: (‘3" ) w—n < (75" + (55 ) + -+ ((3413)- Then

1

(GRS

Now there are only two other cases to consider: 1) d = 2k — 1,2) d = 2k.
They are similar, we will do the details for d = 2k. In this case, we have:

(), ) =

Indeed we know that the k-binomial expansion of (k‘le) has two blocks

((szrl))(k) - [(kzl) + (kfl) +...+ (j§l)] + [(f:}) +ooet (i)] The first block consists
s+1
S

of binomials of type (
Therefore:

) and the second one of type (}).

(), <+

Itk—j+1>k—2,then j <2, butthecases j = 1 and j = 2 are not possible. In fact,
suppose, j = 2, since:

k+1 k 3 k+1
() s () = wrmam s (1),

It is absurd for k > 2. The case j = 1 is analogous, the result follows. O

Theorem 4.2 Every full Perazzo algebra with socle degree d > 4 of type m = 3 has minimal
Hilbert function.

Proof We want to show that the Hilbert vector of the full Perazzo algebra H =
(1, k1, hoy b3, o hat, hg = 1) with b = (") 4 ("T97571) is a minimal Goren-
stein Hilbert vector. Let

H=(,hy,ha, h3, ..., hg_1,1)

be a comparable Artinian Gorenstein Hilbert vector H < H of lengthd 41 and hi=h;. We
will proceed in steps to show that H = H. Consider, on the contrary, one of the following
situations:

(1) Forsomek € {2,.... [d/2) — 1}, by < hy: )
(2) Ford = 2q, suppose that h; = h; forallt < g and hy < hy;
(3) Ford = 2q + 1, suppose that /i, = h, forall 1 < g and hh, < h,,.

We will show that all of these situations give rise to a contradiction.

(1). Let A = Q/I with I = Ann(f) be a standard graded Artinian Gorenstein K-
algebra such that Hy = H with iy = dim Ay < hy = (m+/f_l) + (m+5__,f_l) for some
ke {2,...,d/2] — 1}. Suppose that k is minimal satisfying this property, that is, for < k
we get hy = hy, by the comparability hypothesis. Let L € A be a generic linear form and

let S = Q/(L). We get the following exact sequence:

0 —— Q/(:L)-1) Q/1 S/ 0
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I,L . . .
( ) and (I : L) = Ann(f) and f’ = L(f) denoting the derivative of f with

with 7 =
respectto L € Q. Therefore Q/(I : L) is also Gorenstein. We get the following diagram:
1 fl] flk ...fld,kfldkarl...l
1 ..ap_g ... ar—1 ... 1
Lhy—1... h ... Ry i
We have hg_gq1 = hi—1 = hi—1 = hg_ir1 = ({71)+ (G4 17)- The (d—k+1)-binomial

decomposition of hg—j+1 18 (hg—k+1) (d—k+1) = (Z:iﬁ) + ((it}))(d—k)- By Green’s theorem

we have

Ry_joq < ((ild—k+1)(d—k+l))6l = ((hd7k+l)(d7k+l))al
~1
B (d—k+2> . (((k—i—l)) )
d—k+1 k=1))uen),
By Lemma 4.1, we have

Ry oy <d—k+2+k—-2=d.

We consider only the case h;i_ el = d, the other cases are similar.
We have ax—1 = hg_i+1 — d, hy, = hi — (hg—gs1 — d). Since hy < hx — 1 we have

h;( <hg—hg_j41+d—1.
‘We recall that

k+2 d—k+2 d—k+3 k+1
hy = + 5 Jha—k+1 = 5 + 5 )

2

Therefore

k+2 k+1 d—k+3 d—k+2
h"_h""‘“:[(z )‘( 2)]_[( 2 )‘( 2 )]
—k+ 1) —(d—k+2)
=2k—d—1

We obtain hj < 2k — 2. Thence h, < 2k —2 = k + 1 + k — 3 which implies that
k+1 k—1 3
e = () + G2+ + ()
By Macaulay’s theorem applied d — 2k + 1 times we have

Wy < 0780 < (T8 ™) 4 k=3 =k+1+d -2k +1+k-3

therefore d < d — 1,a contradiction.
(2). Case d = 2q is even. Suppose that h; = h, forallt < g and h; < hy.Let L € Q be

a generic linear form and S = Q/(L). We have the following exact sequence:

0 —— Q/(:L)-1) /1 S/ 0
@ Springer
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(. L)

where I =

and (I : L) = Ann(f), f/ = L(f), thatis, Q/(I : L) is also Gorenstein.

In the middle we get the following diagram:

1 hi oochgor by hggr .. 1
I ...ag2a41a4-1...1
Lhi—1... ny,

Since (hg+1)(g+1) = ((Zﬁ) + ((qgl))q, from Green’s theorem

’ 0 2 ) 7
g1 = ((hg+Dg+1)y " = (Z + 1) + (((q 2 >)q>

0

By Lemma 4.1 we have

—1
_ +2 q+1
((hgs1) 1>1=<" )+((< ))) cgi24q-2=2.
a+lq+10 qg+1 2 /o

We study the case h; = 24, the other cases are similar.
We havea(;_1 =hgt1—2q,hy = flq —ag—1 <hg—hg+1+2q—1,thenh, <2¢—2=
(g+ 1+ (g —3).

Therefore
, qg+1 qg—1 qg—2 3
h < ,
(")"_< q )+<q—1)+<q—2 s

with (Zj) + (335) + 4 (2) being counted g — 3 times.

From Macaulay’s theorem we have h;H < ((h;)(q))ﬂ, hence

) ()G )

2g < + + + -+

7 <q+1 q) T \g-1 4
<qg+2+qg-3=2q—1

It is a contradiction.

(3). If d = 2q + 1 is odd. Suppose that i, = h, forall 1 < g and h, < h,. By the same
argument:

~ N

L hy ... hg hgyr hgeo ... 1

I ...ag-1 ag ag—1...1

h/

1hy—=1... b, K 42

q q+1

Since hgio = (Zj[;) + (711 and (hg42)g42 = (Zfz‘) + ((q;1)>q+1 , by Green’s theorem

W,y < ((h A L 7+l B 3 2=2g+1
g2 = ((hg12)g+2)g = ) + ) )(g+1) <qg+3+qg—-2=2q+1.
q+ 0
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We consider only the case h;+2 =2q + 1. We have ag—1 = hgi2 — 29 + 1), hy =
hg—ag-1.Thenhl, < hy —1—ag_1,h) < hg—1— (hgs2— (2g + 1)), thence k) < 2q —2.
We have

q+2 qg+1 q+3 qg+4
hg —hqt2 = - - =-2.
= (137)-(15) (3 2
Therefore

hy < (@+1)+(q—3)

| ff25+@:3+“+6)

where the terms (Z:l) 44 (3) areq — 3.
By Macaulay’s theorem we have

’ ’ q+2 q 4

the last terms are g — 3.
By Macaulay’s theorem we have

g+3\ [q+1 5
/ < = 3 —3:27
q+2_(q+2)+<q+1>+ +<5 q+3+gq q

then 2g + 1 < 2q.
It is a contradiction. The result follows. ]

5 Asymptotic behavior of the minimum

In this section we give a new proof of part of Theorem 3.6 in [17].

Let P, = m + (mj‘_il_z) be the codimension of a full Perazzo algebra of type m. Denote
by w4 x(r) the minimal entry in degree k of a Gorenstein /-vector with codimension r and
socle degree d.

Lemma5.1 g (Py) > (’”+5:,f_1).
Proof We proceed by induction on k.

For k = 1, we have (g1 (Pn) = P = m + ("14%) > ("147?).

Now, suppose that
d—k+1

m-+d—k
md k—1(Pp) > ( )

From Theorem 2.4 in [17], we get
—1 —d+2k
Mk (Pm) = ((Md,k—l(Pn1))(d_k+l))_l + ((Md.k—](Pm))(d_k+l)>

By inductive hypothesis, and by basic properties of binomial expansions, we have:

-1 —d+2k
((u‘d'k—l(Pm))(dkarl))_l = (m+j__1]:_l) and ((Md,k—l(P;n))(d7k+l)) > (r,f:é()
So,

—d+2k+1 "

—d+2k+1

(P > m+d—k—1 n m+k - m+d—k—1
Haom? = a—k k+2 d—k )
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as we wanted. m]

Theorem 5.2 (Migliore—Nagel-Zanello [17]) Let A be a Gorenstein algebra of codimension
r and socle degree d. Then, for all k < |d /2]

d—k
lim Mk () (d = DYHaT
1m K =
e S 2 d— k!

yd—1

Proof For any integer r >> 0 there is a unique integer P,, = m + (m;ffz) such that
Pm <r=< Pm+l-

Applying the function py x we have

md k(Pm) < pa i (r) < pax(Po+1)-

By Lemma 5.1
m+d—k—1 _ ") < m—+d—k N m+k
r .
d—k = HakD =g k
Therefore
d—k d—k
m d—k-1y .M d—k—1
(d—k)!+0(m )_Md,k(r)_(d_k)!+0(m )
where o(m*) denote all terms of degree less than s.
On other hand, since P,, <r < P,1, then
d—1 d—1
m d-2y .M d—2
(d—l)!+0(m )< _(d—l)!+0(m )
d—k d—k
m d—k m
— A tom? Ty < rE < T omd
((d = 1H ((d = 1H
1 1 1
md—k = % = md—k

= + o(md—k—l)
((d=DhHd-T

+o(md—k=1y = =

|

d

(DY T

=~

Multiplying, we get

d—k g d—k g
o tom! Y ) iy o™
— e bo(mdkly T T Ty o(md k)
((d=1hd-T ((d—1)yd—T
Since in both sides the limit exists and are the same, the result follows. O
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