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INTRODUCTION
We present three classes of high-order structure-preserving
approximation schemes for an integro-differential model de-
scribing photochemical reactions.

THE CONTINUOUS MODEL

We consider a two-species reaction A
hν→ B in a conservative

setting. Let c(x, t) denote the concentration of A at time t ∈
[0,T] and depth x ∈ [0, L]. Our model [5] reads
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where c0(x) = c(0, x) > 0, C0(x) =
∫ L

0
c0(x) dx and ε∆ =

εA − εB are given. The model incorporates

g Arrhenius law f(x) = A exp
{
− Ea

R TK

}
e(x);

³ Multi-component absorptivities εA(λ) and εB(λ);

� Supra-band-gap wavelengths λ ∈ [λ0, λ∗];

î Beer-Lambert law penetration.

We assume that f ∈ C0([0, L] → R+
0 ), I ∈ C0([λ0, λ∗] →

[0, 1]), ρ ∈ C0(R+
0 → R+

0 ) are non-negative.

c(x, t) > 0, ∀t ∈ [0,T], ∀x ∈ [0, L],

c(x, t + τ ) < c(x, t), ∀t ∈ [0,T], ∀τ ∈ (0,T − t].

We aim to design accurate numerical methods that preserve
these properties for arbitrary stepsizes.

A NSFD SCHEME
A semi-implicit Non-Standard Finite Difference (NSFD) [3]
discretization of the model yields the method
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where cnj ≈ c(xj , tn), with xj = j∆x, tn = n∆t, and λl =

λ0 + l∆λ and ϕ : ∆t ∈ R+ −→ ϕ(∆t) = ∆t+O(∆t2) ∈ R+.

Theorem 1.

Independently of ∆x,∆t,∆λ ∈ R+ and for each
j ∈ N0, the NSFD sequence {cnj }n∈N0

is positive,
bounded from above and monotonically decreasing.

Theorem 2.
Assume that the known functions are continuously
differentiable for x ∈ [0, L], t ∈ [0,T] and λ ∈ [λ0, λ∗].
Then the NSFD method is consistent and convergent
of order 1.
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Figure 1: Test Problem 1 from [5]. Here, RQ denotes the Rectangular
Quadrature method.

DIRECT QUADRATURE METHOD WITH GREGORY RULES
The model is reformulated as an equivalent non-linear implicit Volterra integral equation.
Consider an integer n0 ≥ 1. Let {wνµ} and {ων}, for µ = 0, . . . , n0 − 1 and ν ≥ n0, denote the starting and convolution
weights, respectively, of the (n0 − 1)-th Gregory quadrature rule [4]. We devise the Direct Quadrature (DQ) integrator
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where cnj ≈ c(xj , tn), for n, j ≥ n0, the starting values cmk , 0 ≤ k,m ≤ n0 − 1, are given and
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Ó DQ is fully implicit by construction =⇒ Well-posedness and existence of the numerical solution has to be proven.

• F∆x = max[0,Nx∆x] f(x), • W ≥ ων , wνµ,

• c̄ = exp
{
−∆t(Nt + 1) ∆λ(Nλ + 1)W2 RF∆x

}
min

0≤j≤Nx

c0j ,

• Ω =

{
[x0, . . . , xNx

]T : c̄(∆x,∆t,∆λ) ≤ xi ≤ max
0≤j≤Nx

c0j

}
.

Theorem 3.

Let the given initial values satisfy 0 < cmj ≤ c0(xj), for
0 ≤ m ≤ n0 − 1 and j = 0, . . . , Nx.
Then, ∀∆x,∆t,∆λ ∈ R+ and n = n0, . . . , Nt, the DQ
non-linear system admits a component-wise positive
solution in Ω ⊂ RNx+1. Furthermore, if ∂xf(xj) ≥ 0
and εB(λl) ≥ εA(λl), the solution is unique.

Theorem 4.
Assume that the known functions are n0+1 times con-
tinuously differentiable. If the starting errors satisfy
|ηmk | = |c(xk, tm) − cmk | = O(∆x + ∆t + ∆λ)n0+1 for
k = 0, . . . , n0−1, and m = 0, . . . , n0−1, then the DQ
method is consistent and convergent of order n0+1.
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Figure 2: Test Problem 1 from [5], DQ experimental order of convergence.

� The DQ methods are unconditionally positive and high order numerical integrators.

A PREDICTOR-CORRECTOR APPROACH
We build a Predictor-Corrector (PC) method by combining the NSFD approach and the DQ integrator with n0 = 1 and
trapezoidal weights. ¶ The PC discretization inherits the advantages of both discretizations.
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Theorem 5.
Independently of ∆x,∆t,∆λ ∈ R+

and for each j ∈ N0, the PC sequence
{cnj }n∈N0

is positive, bounded from
above and monotonically decreas-
ing.

Theorem 6.
Assume that the known functions
are twice continuously differentiable.
Then the NSFD method is consistent
and convergent of order 2.

APPLICATIONS AND NUMERICAL TESTS

We model the release of serotonin (5-HT) from
BHQ-O-5HT, a light-sensitive compound used
to probe left-right patterning in vertebrate em-
bryos [2].

• c(x, t) is the concentration of BHQ-O-5HT
at time t and at a distance x from the cen-
ter of the embryo;

• c0(x) = 100 µM of BHQ-O-5HT, microin-
jected into a single-cell Xenopus laevis em-
bryo with a radius L = 5.5 · 10−2 cm. Figure 3: Fourth order simulation of serotonin photoactivation - Test 2 of [5].

We simulate the photodegradation of cad-
mium yellow (CdS), a synthetic pigment
widely used in XIX century artworks [1].
CdS+4h+

surf +2H2O+O2 −→ CdSO4+4H+

• c(x, t) denotes the CdS concentration at
time t and depth x within a painted layer
of thickness L = 7.00 · 10−3 cm;

• c0(x) = 3.34 · 10−2 mol cm−3 is the initial
CdS concentration.

Figure 4: Fourth order simulation of cadmium pigments photodegradation - Test 3 of [5].
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