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Abstract:11

Losses in optical experiments are critical and arise from various sources and require careful12

identification, analysis, and mitigation. This paper focuses on Gaussian beam propagation13

through circular apertures, examining both optical and mode mismatch losses. Traditional rules14

for aperture size become insufficient at precision levels below 1 ppm, necessitating a more15

detailed analysis, including lateral misalignment effects. By refining aperture selection criteria,16

this work enhances prior studies to meet modern experimental constraints. These results are17

particularly relevant for large-scale optical systems, such as gravitational wave detectors, where18

minimizing losses is essential for achieving the required sensitivity and performance.19

1. Introduction20

In many optical experiments, Gaussian beams propagate through optical elements with apertures,21

such as diaphragms and baffles. These elements are often used to block secondary beams while22

allowing the main beam to pass through their aperture.23

The transmitted Gaussian beam experiences both power and mode mismatch losses. Depending24

on the experimental constraints, these losses must remain below a given threshold. In the following,25

we analyze all possible mechanisms of Gaussian beam degradation and provide a practical26

criterion to select the appropriate aperture size based on the requirements of the experiment.27

We recall that the transverse intensity profile of a Gaussian beam with power 𝑃 can be described28

by the function:29

𝐼 (𝑟, 𝑧) = 2𝑃
𝜋𝑤(𝑧)2 𝑒

−2 𝑟2
𝑤 (𝑧)2 (1)

where 𝑤(𝑧) is the beam radius and 𝑟 is the radial coordinate in a plane perpendicular to the30

propagation direction 𝑧. As a consequence, the power of a Gaussian beam passing through a31

circular aperture is not fully transmitted.32

For example, a hard aperture with radius 𝑎 = 𝑤(𝑧) transmits approximately 86.5% of the optical33

power. Increasing the aperture radius to 1.5𝑤(𝑧) or 2𝑤(𝑧) raises this fraction to 98.9% and34

99.97%, respectively.35

In practice, it is also necessary to account for potential lateral misalignment of the beam with36

respect to the aperture axis (i.e., the nominal position of the transmitted beam), especially37

when considering the alignment of large-scale optical systems. Additionally, a Gaussian beam38

propagating through an aperture experiences diffraction losses, which affect its evolution: the39

beam waist decreases, potentially leading to mode mismatch.40

The results presented in this paper are general and can be applied to various contexts and41

applications, among which their importance is fundamental in gravitational wave detectors.42



2. Power Losses43

The amount of power lost during the propagation of the Gaussian beam is referred to as power44

losses. In this paper, we focus on losses arising from clipping of the beam tails, as we are dealing45

with a Gaussian beam, which has an infinite intensity profile, and from lateral misalignment of46

the beam with respect to the aperture axis.47

2.1. Clipping of the Gaussian Beam Tails48

The transmitted power of a Gaussian beam propagating along the 𝑧-axis through a circular49

aperture is given by50

𝑃(𝑟, 𝑧) = 𝑃0

[
1 − 𝑒

− 2𝑟2
𝑤 (𝑧)2

]
(2)

where 𝑃0 is the incident power, given by:51

𝑃0 =
1
2
𝜋𝑤0𝐼0 (3)

with 𝑤0 and 𝐼0 representing the incident beam waist and irradiance, respectively.52

In the following, we will refer to an aperture of radius 𝑎. Fig. 1 shows the transmitted power53

as a function of the ratio 𝑎
𝑤 (𝑧) , while Fig. 2 illustrates the associated power losses.54

Fig. 1. Normalized transmitted power of a Gaussian beam through a circular aperture,
varying the aperture-to-beam size ratio from 0 to 5.

The threshold loss for many experiments is approximately 1 ppm, which occurs when the ratio55

𝑎
𝑤 (𝑧) > 2.6, as shown in Fig. 3, and in Table 1.56

2.2. Lateral Misalignment of the Gaussian Beam with Respect to the Aperture Axis57

Another possible source of power loss is the misalignment of the beam with the aperture axis.58

The amount of misalignment depends on the parameters of the experiment. In this article, we59

consider the propagating beam with a lateral displacement up to 1.5 times its radius. Clearly,60

the value of the considered misalignment increases with the scale of the optical system under61



Fig. 2. Normalized power losses of a Gaussian beam propagating through a circular
aperture, as the aperture-to-beam size ratio is varied from 0 to 5.

Fig. 3. Normalized power losses of a Gaussian beam propagating through a circular
aperture, zoomed for an aperture-to-beam size ratio varying from 2.5 to 4.5.



a/w(z) power losses (ppm)

2.50 3.73

2.75 2.70e-1

3.00 1.52e-02

3.25 6.69e-04

3.50 2.29e-05

Table 1. Power losses due to clipping of the beam’s tails for different aperture-to-beam
size ratios.

examination. For example, if we consider the design of dumping elements on optical benches62

where precise alignment is possible, we will have a lower misalignment threshold than the design63

of baffles within cavities tens or hundreds of kilometers long.64

We consider a Gaussian beam propagating along the 𝑧-axis through a circular aperture of radius65

𝑎, laterally displaced by a quantity 𝑑 along the 𝑥-direction. We refer to the computation in [1].66

The optical scheme illustrating this lateral shift is shown in Fig. 4.67

The irradiance profile in Cartesian Coordinates (𝑥′, 𝑦′, 𝑧), 𝐼 (𝑥′, 𝑦′, 𝑧) is given by:68

𝐼 (𝑥′, 𝑦′, 𝑧) = 𝐼𝑝𝑒𝑎𝑘

(
𝑤0
𝑤(𝑧)

)2
𝑒𝑥𝑝

(
− 2((𝑥′)2 + (𝑦′)2)

𝑤(𝑧)2

)
(4)

where 𝑧 = 𝑧′ since the aperture and the displaced beam have the same plane, 𝐼𝑝𝑒𝑎𝑘 is the69

peak irradiance of the Gaussian beam at the center of this position. If we consider a lateral70

displacement 𝑑 along the 𝑥-axis, the irradiance can be written as:71

𝐼 (𝑥, 𝑦, 𝑧) = 𝐼𝑝𝑒𝑎𝑘

(
𝑤0
𝑤(𝑧)

)2
𝑒𝑥𝑝

(
− 2((𝑥 − 𝑑)2 + (𝑦)2)

𝑤(𝑧)2

)
. (5)

In cylindrical coordinates (𝑟, 𝜃, 𝑧), the equation 5 can be written as:72

𝐼 (𝑟, 𝜃, 𝑧) = 𝐼𝑝𝑒𝑎𝑘

(
𝑤0
𝑤(𝑧)

)2
𝑒𝑥𝑝

(
− 2𝑟2

𝑤(𝑧)2

)
𝑒𝑥𝑝

(
− 2𝑑2

𝑤(𝑧)2

)
𝑒𝑥𝑝

(
4𝑟𝑑 cos 𝜃
𝑤(𝑧)2

)
. (6)

Integrating the irradiance of the displaced beam from Eq. 6 over the entire aperture of radius73

𝑎, we obtain the optical power 𝑃 transmitted through a circular aperture (derived from the74

calculation in [1])75

𝑃 = 𝐼𝑝𝑒𝑎𝑘

(
𝑤0
𝑤(𝑧)

)2
𝑒𝑥𝑝

(
− 2𝑑2

𝑤(𝑧)2

)
2𝜋

∞∑︁
𝑘=0

4𝑘𝑑2𝑘

𝑤(𝑧)4𝑘 (𝑘!)2

×
[
𝑎2𝑘2−𝑘−2𝑤(𝑧)2

(
𝑎2

𝑤(𝑧)2

)−𝑘 (
Γ(𝑘 + 1) − Γ

(
𝑘 + 1,

2𝑎2

𝑤(𝑧)2

))]
(7)

where Γ is the gamma function, defined as:76

Γ(𝑠) =
∫ ∞

0
𝑡𝑠−1𝑒−𝑡𝑑𝑡. (8)



The upper incomplete gamma function is defined as:77

Γ(𝑠, 𝑥) =
∫ ∞

𝑥

𝑡𝑠−1𝑒−𝑡𝑑𝑡. (9)

The lower incomplete gamma function is defined as:78

𝛾(𝑠, 𝑥) =
∫ 𝑥

0
𝑡𝑠−1𝑒−𝑡𝑑𝑡 (10)

which satisfy the following relation:79

𝛾(𝑠, 𝑥) + Γ(𝑠, 𝑥) = Γ(𝑠). (11)

We can rewrite Eq. 7 using the lower incomplete gamma function as:80

𝑃 = 𝐼𝑝𝑒𝑎𝑘

(
𝑤0
𝑤(𝑧)

)2
𝑒𝑥𝑝

(
− 2𝑑2

𝑤(𝑧)2

)
2𝜋

∞∑︁
𝑘=0

4𝑘𝑑2𝑘

𝑤(𝑧)4𝑘 (𝑘!)2

×
[
𝑎2𝑘2−𝑘−2𝑤(𝑧)2

(
𝑎2

𝑤(𝑧)2

)−𝑘
𝛾

(
𝑘 + 1,

2𝑎2

𝑤(𝑧)2

)]
. (12)

Fig. 4. Gaussian beam propagating through a circular aperture. The solid circumference
represents the circular aperture of radius 𝑎 and the dashed circumference represents
the section of the Gaussian beam at the aperture plane, whose radius is 𝑤(𝑧). On the
left picture the beam is centered with the aperture, on right picture the beam is laterally
displaced by a quantity 𝑑.

From Fig. 5, we can observe different levels of power loss as a function of the ratio 𝑎/𝑤(𝑧)81

and the variation of the lateral displacements. It is shown that to achieve losses of approximately82

1 ppm with a displacement of 𝑤(𝑧), the aperture-to-beam radius ratio should be 3.5. On the other83

hand, for a displacement of 1.5 𝑤(𝑧), the required ratio increases to 4.84

3. Mode Mismatch Losses85

In addition to power losses, we must also consider mode mismatch losses. They arise because86

the Gaussian beam is not perfectly matched to the fundamental TEM00 mode.87

In the following, we will describe the mode mismatch due to the diffraction losses introduced by88

the circular aperture on the propagating beam.89



Fig. 5. Power losses due to a laterally displaced beam, through a circular aperture of
radius 𝑎, laterally displaced by 𝑑 = 0, 0.5, 1.0, 1.5 𝑤(𝑧).

3.1. Diffraction losses90

A Gaussian beam can experience weak diffraction when passing through a circular aperture.91

Given the Gaussian nature of the beam, we adapt the ray optics diffraction formalism as detailed92

in [2]. The intensity of the wave along and in proximity of the propagation axis (z-axis), under93

near- and far-field approximations, is expressed as:94

𝐼 (𝑟, 𝑧) ∼
(
𝑤0
𝑤(𝑧)

)2

·
[
1 − 𝛿𝑎𝑒

−𝑖 𝜋𝐹𝐽0

(
2𝑟𝜋𝐹
𝑎

)]2

. (13)

Here, 𝐹 represents the Fresnel number for a circular aperture, defined by 𝑧/𝑧𝑅 = 1/𝜋𝐹, where95

𝑧𝑅 is the Rayleigh range. 𝐽0 denotes the Bessel function. We define 𝛿𝑎 = 𝑒−𝑎
2/𝑤2

0 , with 𝛿𝑎 ≤ 1.96

A value 𝛿𝑎 = 1 corresponds to a uniform input of plane waves. The parameter 𝛿𝑎 distinguishes97

between near- and far-field approximations, roughly categorized as follows:98

• 0.1 ≤ 𝛿𝑎 < 1 indicates the near-field region;99

• 𝛿𝑎 < 0.1 indicates the far-field region.100

For an aperture larger than 2.6 times the beam radius and 𝛿𝑎 < 10−3, we can consider the far-field101

approximation to be valid, so that the diffracted beam can be considered as a Gaussian beam [3].102

We consider two different scenarios:103

• The beam waist is on the aperture plane (Fig. 6);104

• The beam waist is at a distance 𝑧 from the aperture plane.105



Fig. 6. Changes in the Gaussian beam’s profile while propagating through a circular
aperture, when its waist is located on the aperture plane. The dashed line represents
the incident beam without the diffraction introduced by the aperture. The solid line
represents the beam diffracted by the circular aperture, whose waist coincides with
the incident beam’s and the divergence with the one of a dummy beam, whose waist is
smaller (as shown by the dotted line).

3.2. Beam Waist in the Aperture Plane106

When the beam waist is located at the aperture plane (𝑤0 = 𝑤(𝑧)), the ratio between the diffracted107

and incident waists is given by [3]:108

1 −
𝑤′

0
𝑤0

= 1 − 𝑤(𝑧)′
𝑤(𝑧) ∼ 𝑒

− 2𝑎2
𝑤 (𝑧)2 . (14)

The difference between the two waists is less than 10−3 for the aperture-to-beam radius ratio109

considered (𝑎/𝑤(𝑧) > 2.5).110

3.3. Beam Waist along z111

When the beam waist is not located on the aperture plane, the diffracted beam exhibits a different112

behavior. The ratio between the diffracted and incident waists (normalized to unity) is given113

by [3]:114

1 −
𝑤′

0
𝑤0

∼ 𝑒
− 2𝑎2

𝑤 (𝑧)2 cos

(
𝑝

𝑎2

2𝜋𝑤(𝑧)2

)
(15)

where 𝑝 =
√

2𝑧𝜆/𝑤2
0, where 𝜆 is the wavelength of the laser.115

In Fig. 8, we present different curves corresponding to various values of the parameter 𝑝,116

considering 𝑝 = 0, 1, 5, 7, 10. The difference in waist size between incident and diffracted beams117

is small for 𝑎/𝑤(𝑧) > 2.8, where the contribution of the cosine term begins to be negligible.118

Through this initial analysis, we have determined how the beam waist changes due to diffraction119

by a circular aperture. The associated mode mismatch is then derived by evaluating the overlap120

integral between the input beam and the diffracted beam.121



Fig. 7. Relative difference between the waists of the diffracted and incident beams as a
function of the aperture radius-to-beam size ratio.

Fig. 8. Difference between the diffracted and incident beams as a function of the
aperture radius-to-beam size ratio, for different values of the parameter 𝑝.



3.4. Mode Mismatch using Overlap Integral122

Mode matching arising from Gaussian beam diffraction can be quantified using an overlap123

integral between the input beam and the diffracted beam. The coupling efficiency of optical124

power can be computed as the square of this overlap integral, using the following formula:125

𝜂 =

�� ∫ 𝐸∗
1𝐸2𝑑𝐴

��2∫ ��𝐸1
��2𝑑𝐴 ∫ ��𝐸2

��2𝑑𝐴 (16)

where 𝐸1 and 𝐸2 are the complex electric fields of the two beams in a plane.126

127

We computed the Overlap Integral (OI) between the transmitted beam and the beam weakly128

diffracted by the circular aperture of radius 𝑎, using OSCAR (Optical Simulation Containing129

Ansys Results) [4], a Matlab-based FFT code.130

The waist of the diffracted beam, from Eq 15, is:131

𝑤′
0 = 1 − 𝑤0

[
𝑒
− 2𝑎2

𝑤 (𝑧)2 cos
(
𝑝

𝑎2

2𝜋𝑤(𝑧)2

)]
(17)

where we recall that 𝑝 =
√

2𝑧𝜆/𝑤2
0, 𝑤0 is the waist of the input beam , 𝑎 is the aperture radius,132

𝑤(𝑧) is the beam radius at the aperture plane, 𝑧 is the distance between the aperture and the beam133

waist.134

In this analysis, it is possible to consider the astigmatism of the beam, considering different135

beam sizes in the tangential and sagittal planes. In Fig. 9, we show the mode mismatch (MM),136

calculated as MM = 1 - OI, as a function of the ratio 𝑎/𝑤(𝑧). We observe that the mode mismatch137

is well below 1%, which is a common threshold in many experiments, for a ratio 𝑎/𝑤(𝑧) between138

2.5 and 4.139

Fig. 9. Mode mismatch as a function of aperture radius over beam size in the case of
𝑝 < 10−3, so close to the case of beam waist at the aperture plane.



4. Application in Gravitational Waves Detectors140

Among various applications, this study is helpful in the design of several components for ground-141

based gravitational wave detectors, LIGO in the United States [5], and Virgo in Europe [6]. Given142

the requirements on optical losses and mode mismatch on the propagating Gaussian beam, one143

can dimension the size of mirrors, vacuum tubes, and apertures of dumping objects (diaphragms144

and baffles). The last application is what motivated this study. In particular, a gravitational145

wave detector system particularly sensitive to optical losses and mode mismatch is the squeezing146

system that uses vacuum squeezed states to reduce quantum noise in interferometers [7]. This147

technique has been implemented by both Virgo [8] and LIGO [9] for the O3 observing run starting148

in 2019, introducing frequency-independent vacuum squeezed states. Subsequently, significant149

infrastructural and optical modifications were made to the squeezing system to achieve broadband150

quantum noise reduction in preparation for the O4 observing run, producing frequency-dependent151

squeezing by reflecting squeezed states by a suspended cavity, called filter cavity [10, 11]. In this152

case, the squeezed states propagate through a large-scale system, covering optical paths ranging153

from tens to hundreds of meters, as shown in Fig. 10 for the system in Virgo. The vacuum154

squeezed states are generated and then travel across two suspended benches linked by a 12-meter155

tube before reaching the 285-meter-long cavity after passing through a 40-meter tube. Therefore,156

it is necessary to account for the jitter carried by the beam arriving at the input mirror of the filter157

cavity. To keep the beam aligned in such an extended system, two feedback control loops operate158

simultaneously. These loops are implemented on a green beam propagating through the system,159

which overlaps with the infrared field of the squeezing. Therefore, in this analysis, we assume160

perfect beam overlap. The first loop is a wavefront sensing loop, also known as the Automatic161

Alignment (AA) loop, which is implemented in the filter cavity to maintain alignment between162

the beam axis and the cavity axis. It uses quadrant photodiodes in reflection from the filter163

cavity and acts on the suspended cavity mirrors to minimize the first misalignment mode, namely164

TEM10 or TEM01. It is necessary to keep the beam centered on the cavity mirrors, which is165

not always possible because of drifts and jitters due to temperature, mechanical settlements and166

tides. For this purpose, a second beam pointing control (BPC) loop is used. Dither lines are167

applied to the suspended mirrors of the filter cavity and subsequently demodulated to generate168

the error signal. The actuation takes place on mirrors located tens of meters away from the cavity169

in reflection. The relative drift of these control loops is measured by beam position sensors on170

the mirrors and corresponds to 0.12 mm in the horizontal direction and 0.02 mm in the vertical171

direction on the input mirror. The residual beam jitter is orders of magnitude smaller than the 2172

cm diameter of the infrared beam on the mirrors. However, it has been shown that the beam must173

be decentered on the mirrors to avoid point absorbers and therefore excessive cavity losses [12].174

The area considered on each cavity mirror is 1.7 cm, which is comparable to the diameter of175

the beam. This means that when designing diaphragms on the benches or baffles inside the176

tubes, a lateral misalignment of at least 𝑤(𝑧) must be taken into account. These considerations177

have been taken into account for the design of diaphragms and baffles to be installed in Virgo to178

block stray light. In particular, a lateral misalignment of one beam radius has been considered179

on the benches, where it is on the order of millimeters, and 1.5 times the beam radius within180

the 40-meter tube and the cavity, where it is on the order of centimeters. It should be noted that181

the optical path in the cavity must be doubled, as losses are considered in terms of round-trip182

losses [13]. For power losses, the requirement is to be of the same order of magnitude of the183

losses due to the imperfection of highly reflective mirror coatings, around 1 ppm. This value is184

one order of magnitude lower than the expected round-trip losses inside the 285 meters cavity.185

For mode mismatch, the requirement on the squeezing system is 1%. Therefore, the aperture can186

introduce a mode mismatch of one order of magnitude below, i.e. 0.1% [10].187

In this specific system, we can conclude that to achieve optical losses below 1 ppm, considering188

a lateral displacement of 1 - 1.5 w(z), the aperture-to-beam radius ratio (𝑎/𝑤(𝑧)) should be189



Fig. 10. Experimental setup of frequency-dependent squeezing system in Virgo. The
in-air bench sends the beam to a suspended bench connected to a second one by a
12-meters tube. The beam is then sent to the 285-meters filter cavity through a 40-meters
tube.

chosen as 3.5 for diaphragms and 4.0 for baffles. Since the global mode mismatch requirement for190

is 1%, and individual contributions are considered at 0.1%, we can conclude that the diffraction191

effect is negligible in this case.192

Conclusions193

We have examined the loss mechanisms affecting a Gaussian beam propagating through a circular194

aperture. We considered optical losses due to beam tail clipping and lateral misalignment, as195

well as mode mismatch losses arising from beam diffraction at the aperture. The computations196

and degradation mechanisms discussed in this paper can be applied in various contexts. Indeed,197

considering different loss thresholds, we have different aperture-to-beam size ratios. As a specific198

example, we applied these findings to determine the aperture sizes of diaphragms and baffles in199

the context of large-scale optical systems such as gravitational wave detectors.200
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