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Introduction

In this article we analyze the asymptotic behavior of the energy

ENE) = J J Pé(x -y, t)dy dx 0.1)
E E¢
ast — 0" forall s € (0,1) and where P5(z, t) is the fundamental solution of the fractional heat equation. Since
the kernel satisfies ||P5(-, t)ll1rny = 1 for all ¢ > 0, it is straightforward to verify that the functional in (0.1) is
well-defined for all measurable sets E such that E or E€ has finite measure. A simple computation shows that
EI(E) — 0ast — 0(see the proof of Theorem 3.1) whenever E is a set of finite measure. Our scope in this article
is to determine the first non-trivial terms in the power series expansion of such a functional under suitable
assumptions. To this end, we introduce the function

t ifs € (0,3),
gs(t) = qtlogt ifs =73, (0.2)
t5 ifse(3,1).
The function g5 describes the leading order of &7 as t — 0. Let us just synthetically state our (meta-)theorem as
follows.

Theorem 0.1. Letn > 2 and s € (0,1) and define X® := BV(R") if s > 1 and X¢ := HS(R") if s < 3. Then

—lim ELE) - I *Prings,1y(E)  if xr € X5,
=0 gs(0)

+00 otherwise.

In the above theorem, Py5(E) denotes the fractional perimeter of E, defined in (1.3), P1(E) is the De Giorgi
perimeter of the set E defined in (1.1) and the constant I'>* is given in (4.1).
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History of the problem and motivation

Without aiming at completeness, we now briefly recall related results from the literature. Our result is inspired
on an idea of De Giorgi (see [11]), where the author used the heat kernel to define the perimeter of a set. Later,
Ledoux in [24] build upon this idea to provide a new proof of the isoperimetric inequality using the heat ker-
nel semigroup, in both the Euclidean and Gaussian setting. The result in [11] was generalized in the context of
Riemannian manifolds in [27] (see also [8] and [15] for Carnot groups), where the authors provided a generaliza-
tion of the asymptotic behavior of the heat semigroup shown in [24] and also a characterization for sets of finite
perimeter via the heat semigroup. This line of research has been developed in several directions. We mention
the contribution in [20], where the authors consider the case of Riemannian manifolds with unbounded Ricci
curvature, and [5], where the authors prove a characterization of Sobolev space using, as energy, the s-Gagliardo
seminorms, also providing pointwise convergence result as the parameter s — 1. In [10], the authors analyze
the I'-convergence for the s-Gagliardo seminorms as s — 1, while in [21] the second-order I'-convergence for
the second order of these seminorms is investigated. In [13], it is shown that fractional perimeters can be rigor-
ously obtained as limits of renormalized Riesz energies by subtracting the infinite core energy and letting the
core radius go to zero (see also [22]). We also mention the very recent manuscript [19], where the authors study
a problem closely related to the subject of the present paper.

When s = 1, the functions £} has been used to construct weak solution to the mean curvature equation.
More precisely, in Bence, Merriman, and Osher in [26] constructed a time discrete approximation of the mean
curvature flow, which is known in literature as thresholding scheme or MBO scheme. Laux and Otto in [23]
proved the convergence of the thresholding scheme towards a variational solution of the mean curvature flow
under suitable assumptions. It seems natural to try to extend such a result when considering the non-local
heat equation. Our I'-convergence result is a first step towards the understanding of the non-local thresholding
scheme from a variational point of view. We also mention that in [7], Caffarelli and Souganidis studied the
convergence of non-local threshold dynamics, showing that they approximate viscosity solutions to the mean
curvature and non-local mean curvature flow for s € [%, 1) and s € (0, %) respectively.

In this paper we extend the result of De Giorgi in [11]. In fact, we also provide a characterization of sets of
finite local and non-local perimeter via the fractional heat semigroup.

Outline of the proof

We now describe the strategy used to prove Theorem 0.1. Since we aim to prove a I'-convergence result, we need
to prove: compactness, the I'-lim inf inequality, the I'-lim sup inequality.

In Section 2, we prove compactness properties. Here we encounter the first difficulty, as the first non-trivial
order in the power expansion of £; depends on the parameter s (see the definition of the function g,(t) in (0.2)).
Therefore the first step to do is to find the correct space-time scaling that ensures some basic properties, such as
compactness. Once the function g is detected, we prove the compactness Theorem 2.1. When s # % the proof
relies on properties of the solution to the fractional heat equation. When s = % due to the logarithmic behavior
(see the definition of the function g;), we adopt a completely different strategy, inspired by [12].

After establishing good compactness properties, we prove I'-lim inf inequality and the I'-lim sup inequality.
To this end, we distinguish between two cases, as the proofs differ significantly.

In Section 3 we study the case s < % In this range, we do not need any tool geometric measure theory, as the
proof relies Fourier analysis. The main reason is that the fractional Laplacian of a characteristic function, for
§< % is not merely a measure but an actual function. Therefore, a strategy based on Fourier analysis provides
a more direct approach — indeed, this is the case.

We continue in Section 4, where we address the problem with s > 1. In this range, the nature of the
functional changes, losing part of its non-local character. Consequently, we must employ tools from geomet-
ric measure theory. To prove the I'-liminf inequality, we follow a well established strategy based on a blow
up argument, originally used in this context by Fonseca and Muller in [16]. For the I'-lim sup inequality, we
use the approach from [2], which studies the I'-convergence of the fractional perimeter as the differentiation
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parameter s tends to one (see also [9], [14] for the Gaussian case). Note that the fractional heat kernel is not
explicit when s > % Therefore, the computation of the constant I'»% is not straightforward and to deal with it
we once again need to carefully use Fourier analysis. We stress that, although some decay properties are known
(see (1.7)), such a knowledge is not enough to prove I'-convergence, because the sole use (1.7) would provide
different constant in the I'-lim inf and I'-lim sup.

The case s > % could, in principle, be recovered from [1], but in our case we are able to provide the explicit
form of the limit functional. For this reason, we believe it is worth highlighting this result here. We then proceed
to prove our convergence result. We do not enter into details of the proof of the equality I'">S = I'y, 5 (see (4.1) and
(4.14) for the definition of these constants) as the proof follows without modification from a standard argument
(gluing lemma and calibration) as in [4].

Finally, in Section 5 we use our result to prove the isoperimetric inequality, both in the local and non-local
framework. The proofrelies on Hardy rearrangement inequality (the approximating kernels are L! normalized-
functions in the space variable) and our I'-convergence result.

We conclude this introduction with a brief heuristic interpretation of our result. By Bochner subordination
formula, one way to obtain the fractional laplacian of a function is

ebu—u

—n 4t

(-A)’u = I

0
where e®u is the heat semigroup. Thus, if s < % and u = xg,

(o)

Pys(E) = J u(-A)sudx = J u(eu - u) dx dt

F(is) J t11+s

R 0 R
o0 t

1 J||€2Au||iz—||u||iz dt

CT(-s) ti+s '

0
Hence, the fractional perimeter of a set E can be computed by evolving the characteristic function of E via the
heat equation and then computing the s-derivative (with respect to time) at time 0 of the energy of the evolving
solution at time £. One of the results of this paper can be formally written as:

2 —2s(_pys 2
lullf, = lle=z C&ulf,

I sP(E) = lim + j (U - e D)) dx = lim
’ t—0+ t t—0* t
Rn

for s > % In this sense, our result resembles the famous Bochner subordination formula for the perimeter of
a set: we show that the perimeter of a set E can be recovered by evolving the characteristic function of E via the
fractional heat equation, evaluated at time ¢ = %5, and then computing the derivative at time 0 of the energy
of the evolving solution at time %tzs . Thus, we can say that for a sufficiently smooth measurable set E, if we
first compute the evolution via local heat equation and then take a non-local time derivative of an appropriate
energy, we recover the non-local perimeter. Conversely, if we first compute the evolution of y via non-local heat
equation and then take a local time derivative of an appropriate energy, we recover the local perimeter.

1 Notation and preliminary results

1.1 Sets of finite perimeter

We recall some notation and basic results of geometric measure theory from [3]. We denote with M(IR") the set
of all Lebesgue measurable subset of R™. For all k € IN we denote with wy the Lebesgue measure of the unit ball
of RX. For every E € M(IR") we denote by P(E) the De Giorgi perimeter of E defined by

P(E) = sup<“ div () dx : ¢ € CL(R", R") and [ $lleo < 1}. (L1
E
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This means that a set E is a finite perimeter if yy € BV(IR"). We also recall the classic compactness theorem in BV.

Theorem 1.1 (Compactness in BV). Let Q c R" be an open set and let {u;}ien € BVioc(R) with
sup{J |ui(x)] dx + |Dui|(A)} <+00 forall A cc Q.
ieN
A

1

loc(R) as k — +oo.

Then, there exist a subsequence {ix}rxen and a function u € BVo(Q) such that u;, — uinL

For every E ¢ R™ with finite perimeter, the set 9*E ¢ R" identifies the reduced boundary of E and the Borel
measurable map vg : 9*E — R" the measure theoretic outer normal vector field.

1.2 Non-local perimeter

The non-local perimeter of a set E is defined via the fractional laplacian of the function yr. Given a function
u € L(R"), the Fourier transform of u, denoted as F[u(-)](-), is defined as

Flu()1E) =

J u(x)e %8 dx forall £ € R™.
]Rn

n

o

1
(27)
The Fourier transform is invertible L2(R") and we denote its inverse by

1 8 g
= ]Rj v(OED dE.

FHv()I0) =

Lets € (0,1) and u € C*°(RR") we define the s-fractional Laplacian of u as

s u(x) — u(y)
-A = Cns —d 5
(AU = Cy, ]Rj s

where

|h|n+23

-1
Crs 1= < I 1= costhy) dh) 12)
]Rn

with h = (hy, ..., hy) € R™ Observe that for all u : R" — R smooth, the fractional Laplace admits a represen-
tation in terms of Fourier transform via the following formula:

FIU-B)"u()1(E) = 17 Fu(-)1(©).

For all s € (0, 1) we define the s-fractional Gagliardo seminorm of a function u: R" — R as

_ 2
[u]%s(]Rn) = j J M dx dy =
IR". IR".

S
Y e j w(=0)su dx
o

and we denote with HS(R") the space of the functions u € L2(R") such that [u]gs@n) < +0o. The fractional
Gagliardo seminorm can be written in Fourier as

(Wheey = 2C5s [ 18T 1P dé.
IR'I
If s € (0, %) and E € M(R"), we define the 2s-fractional perimeter as

1
PZS(E) = J J m dX dy (13)

E E°

and we observe that Py5(E) = %[XE]IZ-IS(]R")‘ To conclude this subsection, we recall a compactness theorem for
fractional Sobolev spaces (see [25, Theorem 6.13] for a proof).

Theorem 1.2. Let {un}nen be a bounded sequence in HS(R"), ie.,

sup{llunllrzrey + [Unlas@n)} < +00.
nelN

There exist a subsequence nix ¢ N and a function u € HS(R") such that up,, — uin leoc.
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1.3 Fractional heat equation

Here we collect some known facts about fractional heat equation and refer to [17] for a detailed discussion.
Given uy € L*°(IR") let us consider the solution to fractional heat equation

][atv + (=A)%v =0, 14)

v(x,0) = ug(x).

We denote by P5(z, t) the fundamental solution of the fractional heat equation. More precisely, P*(z, t) is the
solution of the Cauchy problem

J PS(z,t)dz =1,

{atps(z, t)+ (=A)°P%(z,t)=0 t>0,zeR"
IRIL

P*(-,0) = &o,

where & is the Dirac delta measure in R" with center in 0 € R". It is well known that for ug € HS(R") n L®(R")
the solution of the problem (1.4) can be written as a convolution between the fundamental solution and the
initial data, i.e.,
v(x, t) = J PS(x -y, ug(y) dy (1.5)
R
and v € C([0, +00), HS(RM)) n C1([0, +00), LE(IR™)) N C((0, +00), C*°(R™)). Moreover, the function P5(z, t) sat-
isfies

FIP(-, O)(E) = ——e e
(2m)2

for s € (0, 1). The function P* cannot be explicitly computed unless in the particular case s = % for which we
know

t
Pi(z,t)= — . (16)
(Iz]> + t3) =
When s # % it is well known that P%(z, t) satisfies the decay estimates
t %) <pS C ‘ % 17
C(n,S)(W/\t S)S (Z,t)S (n,s)(W/\t 5) ()
and the scaling property
PS(z,t) = t B PS(zt7 %, 1). (18)
Finally, we also need the estimate for the gradient of the fractional heat kernel
S C S
IVPP(x =y, )| < —P°(x -y, 0. 1.9)

1
t2s

1.4 Technical results

In order to prove compactness when s = % we recall the following technical lemma.

Lemma 1.3 ([18, Lemma 15]). Let Q c R" be open and bounded with Lipschitz continuous boundary and |Q| = 1.
Let {pelec(o,1) be the standard family of Friedrichs mollifiers with support in B(0, 1). For every n € (0, 1) there
exists C = C(n, Q, p, n) > 0 such that

inf{%l J pe(Ix-yldxdy :AcQ,|Ale(n,1-n), te (0,1)} >C.
A Q\A

Lemma 1.3 it is proved in [18, Lemma 15] for n = 2 and Q = (-1, 1)2, but the argument works in every dimension

202
and for all Q@ with Lipschitz continuous boundary.
Finally, in order to compute the constant in the I'-limit for s = % we need the following simple lemma.
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Lemma1.4. Leta,b € Rand k € N such thatb > -k and a > k + b. Then

J Ix? _ o TEFOT(EF
(1+1x2)? 2 [(%b)

(1.10)
Rk

In particular,

[T

(R
Cn = I L ax- O )i, (1.11)

e (LX) 2 1

whereT(t) := j0+°° rt=le="dr is the Gamma function.

Before proving Lemma 1.4, we recall the definition of Euler’s beta function

B (0,+00) x (0,+00) = R, B(x,y) = 2 | (cos(6))*(sin(8))? ! d6.

O iy

The beta and the gamma function are connected by the identity
_ Tre)
T(x+y)’
Proof of Lemma 1.4. We observe that the function h(x) := ng belong L!(IR¥). Integrating in polar coordi-
(1+1x12) 2
nate and by (1.12) we have that

J Ix|? o j’o phHk- do
a = k_l a
2)3 AV
o A 1X9 3 (L+p?)

B(x,y)

(1.12)

3
—t ( ) tan b+k-1
pa:nnw_lj%dq:wk_l

— (sin())*** (cos(n))* """ dp
(1+tan*(n))

O e

0
B wk_lB<b+k a—b—k)  wgg T T(ELE)
T2 2 72 ) r(%bh)

hence (1.10). Formula (1.11) follows by (1.10) withb =0and k=n-1anda =n+1. O

2 Compactness

In this section we study compactness properties of sequences {E;};cn of equibounded satisfying
1
sup —— &5 (E;) < 0o, ti —» 0" asi— +oo,
ip gs(ti) e '

where €3(+) is defined in (0.1) and g5(t) is defined in (0.2).

This compactness properties suggests the candidate I-limit: for s € (0, %) such a candidate is the 2s-
fractional perimeter defined in (1.3) while for s > % is the classical perimeter, defined in (1.1).

The main theorem of this section is the following.

Theorem 2.1. Let U c R" be an open bounded set and E;, c U for all i € N, with t; — 0*. Assume that
& (e,
gs(ti)

Thereexists E c U suchthat, up to a subsequence, XE, — XE inLY(R"). Moreover, ifs € (0, %), we have Pys(E) < oo,
while for s € [1,1) it holds P(E) < co.

<M. (VAN)

As already observed in the introduction, for s + % our proof strongly relies on properties of solutions to the
fractional heat equation, while for s = % amore delicate geometric argument is needed to catch the logarithmic
behavior of £,(E;) as the sequence t; — 0.
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2.1 Proof of Theorem 2.1 when s € (0, 3) U (3, 1)

Compactness for 2s < 1. Let E; c R" and ¢; asin (2.1) and set u; = yg,, ui(-,t) = PS(-, t) = yg,,and v;(-) = u;(-, t;).
We start observing two basic properties of solutions to (1.4): the functions

te (0, OO) - ||u(X, t)"LZ(]Rn) and te (0, OO) - ||u(X, t)"HS(]R") (22)

are not increasing. The proof of this fact is quite immediate, and we skip it. Observe that

&50ts,) = | (= s 0nutn t dx = [ w00 - wx, §)% dx

R R

;
=- J' % J u?(x, 7)dxdt = —ZJ J ui(x, 7)0-ui(x, 7)dxdrt
0 R 0 R™

i

=2 | [wi(-, T)]Iz{s(]Rn) dr,

O

where in the last equality we have used [f] %IS Ry = IR" f(X)(=A)*f(x) dx. Therefore, using (2.2) we obtain
t.
€50z, 2 5 Ui 1) gy-

Recalling the definition of v;, the above inequality joint with the assumption (2.1) yields

&8 (e,
t.

4

Villgs ey < <M.

Moreover, since E; ¢ U and U is bounded, we also have
1
IillLzrey < luillpzgey < 1U]2.

Therefore, v; is a bounded sequence in H¥(R"). Thus, by Theorem 1.2 it contains a subsequence converging
in LIZOC(IR"). With an abuse of notation, we still denote such a subsequence as v;. It is immediate to show that
also u; — vin leOC and therefore, still up to a subsequence, yg, — v almost everywhere, hence v takes only the
values 0 and 1 and is the characteristic function of a set E. To conclude, we observe that Pys(E) < oo is a simple

consequence of the semicontinuity of u — [ullgs(r) with respect to the weak topology. O

Compactness for 2s > 1. In this case the proof is similar In fact, setting again v;(-) = P5(-, t;) * yg,, we have
that v; is smooth and

J il = J IVPS(-, ti) » xe, dyl dx = J JVPS(X—)’,,ti)XEi(Y) dy| dx
R" R Rr e
= J j VP (x = y,, t)(Xe,(¥) — XE, (X)) dy| dx
R 'R"
1
<1 j I IVPS (X =y, , t)(XE, () = x£,(X)))? dx dy
R" R"
Cn
ST JJPS(X—y,ti)dst,
t ek

where in the second inequality we have used the gradient kernel estimate (1.9), while in the last inequality we
have used the assumption (2.1). Thus, there exists v € L1(R") such that, up to a subsequence, v; — v in Llloc.
Observe that it is easy to show that yg, — v in L! as well (this is because E; ¢ U where U is a open bounded
set) and, arguing as in the case s < % we can extract a further subsequence to show that v = yr. Finally, by
semicontinuity of the total variation, it is immediate that v = yr is a BV(R") function, which means that E has
finite perimeter. O



8 —— A Kubinand D.A. La Manna, Fractional heat equation and perimeters DE GRUYTER

2.2 Proof of Theorem 2.1 when s = %
This subsection is devoted to the proof of Theorem 2.1 when s = % Our proof it is inspired to the compactness
result in [12]. The first step is to prove a non-local Poincaré-Wirtinger-type inequality. In what follows we set

Q:=1[0,1)™
Lemma22. Letéc R'andu ¢ Ll(lQ + &). Then, for all0 < t < I, we have

J uy) - 1 J u(x) dx|dy < IC(n) J Lu(y)rlw dx dy. (2.3)
lQ+¢ Q+¢ [Q+§ 1Q+¢

(Ix-yP+)=

Proof. By translational invariance, it is enough to prove the claim only for ¢ = 0. By assumption, we have

J u(y) - ll" J u(x)dxjdy < ll" J J [u(x) — u(y)| dx dy
10 10 101Q
1 JJ [uC) - u@)

(

_l_n oy

_yl2 4 g2
0 i [x -yl +t%) 2

lutx) —u@)l
<lcm | | 22 axay,
llli (x -y + )"

ie, (2.3). O

(Ix—yl* + 4" dxdy

Lemma 2.3. For every ¢ € R™ and for every E € M(R"), it holds

1 1
Al \EIQ+anE < | Peo- 5 | xemdy)ax.

10+ 10+

Proof. We can assume without loss of generality that ¢ = 0. Then we have that

J dx = J |1—|lQnE||dx+ J QN E| dx

1
XE(X) - i JXE(Y) dy

I I
10 10 IQNE IQ\E
=lln< J 10\ E| dx + J |lQnE|dx)
10nE 10\E

1Q NENIQ\ El

_2 J 110 N E| dx = p

ln
IQ\E
The following result is a localized isoperimetric inequality for the non-local energy (0.1) when s = %

Lemma 2.4. Let Q c R" be a open bounded set with Lipschitz continuous boundary and |Q| = 1. For every n € (0,1)
there exist ty > 0 and C = C(n, Q, n) > 0 such that

inf{gL(t)J j Pr(x—y,t)dxdy:AcQ |Ale(1-n), te (O,tg)} > C. 24)
27 AQ\A

Proof. Fixn € (0,1),t € (0,1) and let I € N be such that 277~ < t < 271, We have that

. 1 2(n+1)min{i,l}
if0o < |z| <27, i € N, then — > — (2.5
(12 + )" 2%
Let p and p, (for € € (0, 1)) be as in Lemma (1.3).
We claim that there exists C(n, p) > 0 such that
I
Z 2'py-i(2) < Lﬂ)m for every z € R". (2.6)

i=1 (Iz]* + t3) =
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Indeed, if 0 < |z| < 271, then we get

izipz—i(z) < ploo ZI: (Zml)i = [lplloo ZI: ﬂ
i=0 =0 = (2 )™
1Pl (@) S L = @y, < ST
izo (ane1y (Iz[2 + ¢2) "%
where in the last step we have used (2.5) for i = I. If 271 < |z] < 2-1 for some i = 0,1,...,I-1, using that

py-i(z) = 0 for every i = i+1,...,Iwehave

I i i )
Y 2pyi(2) =) 2'py-i(2) < lpllo Y. (271
i=0 i=0 i=0

+00

< (2n+1);”p"00 z (2n+1)—i _ (2n+1)7C(p’ n)

i=0
C(p, n)
DR
where in the last inequality we used (2.5). If |z| > 1, we have p,-i(z) = 0 for alli € N and
Clp, n)

I
2ipyi(z) =0 —2 .
Zo (121 + 2)"F

Hence (2.6) holds also in case |z| > 1, which concludes the proof of the claim.
We prove that (2.6) implies (2.4). We observe that

llog(®l , _, _ log()]
log(2) log(2)

and hence

I
Yi1=I+1> llog()]
2 log(2)

Therefore by (2.6) and Lemma 1.3, with ¢ replaced by 2, we obtain

I
J J ;MdXd)’ZC(Q,P,n)ZZiJ J po-i(x —y) dx dy
AQ\A (b-ylt+ )= =0 4 0\a

I
> C(Q,p,n, ) Y 1=C(Q,p,n,llog(0)]
i=0
and hence recalling the very definition of g1 (t)and of z — p: (z, t) we obtain (2.4). O
We are now in a position to prove Theorem 2.1 when s = %
Proof. We divide the proof into three steps. Throughout the proof, we write E; instead of E;,.

Step 1. Leta € (0,1) and set [; := t{ for every i € N. Let {Q;'l}heN be a disjoint family of cubes of sidelength [;
such that R" = Upen Q;l. Since |E;| < |U|, there exists H(i) € N such that, up to permutation of indices,
. n
|Q), NEil > é forevery h =1,..., H(i),
2.7

n

. K
|Q}, \ Eil > 71 for every h > H(i).

For every i € IN, we set

Uy
Ei=[] Q)
h=1
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We claim that there exists a constant C(n) > 0 such that
|E;AE;| < C(n)MT;[log(t;)| foreveryie N, (2.8)

where M is the constant in (2.1). Indeed, we have

_ ~ _ H(i) ) +00 )
|E:MEi| = |Ei\ Eil + |Ei \Eil = ) 1Qu \Eil+ ) |EinQjl
h=1 h=H(i)+1
H(i) n +00 n
1 [ 1 i
=zh_1E|Q;\Ei|7l+zh_; i Qyl
= =H(i)+1 1

+00 1 ; .
<2} 10, \EillQ; nEil
h=1"i

+00
<2y J Jxﬁi(y) dy
h=1 3 [
Qh Qh

+00
<cm Y I j J 1 axay

- v . X-y2+tHT
h=1 0inE O\ (Ix =yl )

1
EaBD) _ c(n)Ml;[log(t))]
g%(t,) = 1 g /s

XE(X) — — dx

1
l

< C(n)li|log(t;)]

where the first inequality follows by (2.7), the second from Lemma 2.3, the third from (2.3) and the last one
follows directly by (2.1).

Step 2. For every i € N, let I; and E; := 1;11:(11) Q;: be as in Step 1. We claim that there exists a constant C(a, n)

such that )

Etzi E))
g1 (t)
holds for i large enough. We omit the dependence on i by setting t :=¢t;, L :=l;, E := E;, Qp := Q}l, H = H(i),
E := E;. Let R be the family of all the rectangles R = Q U Q such that Q and Q are adjacent cubes (of the type Qy)
and Q c E, Q c E¢. We have

P(E;) < C(a, n) (2.9)

~ 1
P(E) < COI™ R and Y J J PE(x—yl, t) dy dx < €1 (E). 210)
ReRpAE R\E
By Lemma 2.4, there exist t; > 0 and C(n) > 0 such that for every rectangle R given by the union of two adjacent
unitary cubes in R", it holds

inf{gL(t) J J PH(x-yl,t)dydx:0<t <ty FCR, % <|F < ;} - C(n) > 0, @11)
1

2 FRF

For every A ¢ R" we set A! := 4. By formula (2.10) and (2.11). with R = R for every R € R, for ¢ small enough
we have

Y j J PE(llx ~yl, ) dy dx
RINE! RI\E!
_ C(n, )™ Z

1 t
Pz(|x-y|, - )dxdy
g%(%) ReR ( l>

RINE! R\E!

> C(n, )" R > C(n, a)P(E),
ie. (2.9).
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Step 3. Here we conclude the proof of the compactness result. Fix a € (0, 1), by (2.8) we get
|E;AE;| — 0asi — +oo. (2.12)

By step 2, we have that {E;};c satisfies the assumption of Theorem 1.1. Therefore, XE, — XE» up to subsequence,
in L1(R") with P(E) < +oo. Hence, by (2.12) we have yg, — g in LY(R"). O

3 r-convergence for s € (0, 3)

The main result of this section is the following.

Theorem 3.1. Let s € (0, %) and let {t;}ien € (0,1) such that t; — 0* as i — +oco. The following T-convergence
result holds true.
(i) (Lower bound) Let E € M(RR") be a Lebesgue measurable set. For every {Ei}ien € M(R") with g, — Xk
strongly in LY(R™), it holds
Ey)

Cn,sPas(E) < lim mf (3.1)
i—+00 gs(t )
(ii) (Upper bound) For every E € M(R") there exists {E;}iex € M(R") such that yg, — yg strongly in LY(R") and
&4 (ED)
Cn sPys(E) > limsu (3.2)
n,sP2s(E) leOp gs(tz)
Here Cy s is the constant defined in (1.2).
3.1 Proof of Theorem 3.1 (i)
Recall that g(t) = t for s € (0, %). Let {Ei}ien € M(R") such that yg, — y¢ in L!(R") and assume
liminf Eulfo) < +00
1—+00 i
(otherwise (3.1) is trivial). To prove (3.1), we observe
ES(EN 1 PS(x -y, t;
w0 P2 00 - e o dxay
13 1
R R"
1 PS(h, t;
=5 | ] 52 bm0x b - axan 63
R* R"
PS(h, t; .
- [ j(l — cos(E- W)y, (O dE dh,
R ! R
where in the last step we used the Plancherel theorem and
[ 1utcs - w0l dx = [ 1= e PEa@PR d = | 20 - coste - W)@ dé.
R? R R?
We recall that h — PS(h, t) is a Schwartz function and F[P5(-, t)](§) = —)e‘“‘ﬂzs We define
5(E) = J(1 _cos(£- h)PS(h, t) dh.
]Rn
We observe that the function J is rotationally invariant, that is,
3(§) = I(I¢ler),
where e; denotes the first direction vector in R". Therefore, we have
j (1 - cos(& - h)PS(h, t) dh = J(1 _ cos(|€/hy)P (h, ©) dh. (34)

R" R"
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The Fourier transform of the function a — cos(aa) for a € R is given by F[cos(a-)](f) = % [6(B-a)+6(B+a)l.
This Fourier transform should be read in the sense of the tempered distributions (that is the dual space of the
Schwartz function). Therefore, using the Plancherel theorem, we have

[ P00 —cosgny an - %[1 - [ costetypcr, 0 dn
R R
. | (6 5 5 Sotnwe M dp| B9
= 2|1~ E( o(n1 = 1) + So(n1 + 1€1))80(n2) - - So(nn)e n
]RTI
- 1[1 - e,

t

where & is the one-dimensional Dirac delta with center in 0 € R. By formulas (3.3), (3.4), (3.5) and for all R > 0
we obtain

€5 (E; i
lim inf S0 EV =limian e @R [1 - e 6" d
i—+00 i i—+00 t
IR".
1 2s
i 2 —tilé
> liminf j )@ (1 - e 5 dg G6)
B(O,R)
- j Tl OIE dE,
B(O,R)

where in the last step we used that

. 1 s
lim sup l—[l —e ] g% = 0.
t=0* gcpo,ry | €

Sending R — +o0o0 in (3.6), we obtain (3.1).

3.2 Proof of Theorem 3.1 (ii)

Let E € M(R"™) such that Pys(E) < +0o (otherwise the formula (3.2) is trivial) we prove that the limsup in (3.2) is
realized by the sequence E; = Eforall i € N and it is a limit. We recall that E has finite 2s-fractional perimeter if
xe € HS(R"). Let v : R" x [0, +00) — R be the solution to the Cauchy problem in (1.4) with uy = yg. By the very
definition of &;(E), see (0.1), and by formula (1.5) we have

& (up) = J(l —up(xX))v(x, t)dx = I v(x, t)dx — J v(x, t)ug(x) dx

]Rn ]Rn ]Rn
= J uo(x) dx — J v(x, t)ug(x) dx
IRI[ IRI[
= I uo(x)% dx - J v(x, t)ug(x) dx,
R" R"

where we used that

J v(x, t)dx = J J Pi(x -y, up(y) dy dx = J up(y) dy
R R RN R
and the fact that ug(x) = yg(x) € {0, 1}. Since v € C'([0, +00), L2(R")), we get

t
j uo(x)% dx - J v(x, Hug(x) dx = - J up(x) j onv(x, h) dh dx
0

R R" R"

t
j uo(x)(=A)*v(x, h) dh dx.
0

R
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At this point, we just need to use that the Fourier transform is an isometry and

FW(-, D1 = Fluo(-))(He ™"

and therefore 1
[ uotoe-ayvex o dx = [ 1655 e T 3Tu( @1 de.
(2m)2
R R
Since ug € HS(R"), we have
1 2s
[ 1625 e o (@ dE < [ 11T DIOP dE = CusPas(E)
RN (2”) 2 Rn
Finally, to conclude we just need to observe that
lim w = J uo(—A)suo = Cn,sPZS(E)-

t—0*
]RT(

3.3 Characterization of sets of finite 2s-fractional perimeter

As a byproduct of our I'-convergence analysis, we prove that a set E € M(IR") has finite 2s-fractional perimeter
if and only if

1
lim sup ?Sﬁ(E) < +00.
t—0+

Theorem 3.2. Let E ¢ M(R") and s € (0, 3). Then

. 1
lim sup ?Sf(E) < +00 & Py(E) < +0co0.

t—0*

Proof. We notice that the implication (=) is a consequence of Theorem 2.1. To prove the reverse implication,
we apply Theorem 3.1(ii) with E; := E for all i € IN. O

4 T-convergence fors € [3,1)

The main result of this section is the following I'-convergence theorem.

Theorem 4.1. Let s € [%, 1) and let {t;}iew < (0,1) such that t; — 0" as i — +oo. The following T-convergence
result holds true.
(i) (Lower bound) Let E € M(RR") be a Lebesgue measurable set. For every {Ei}iexn € M(R") with g, — Xk
strongly in LY(R™) it holds
.. EL(EY
I"™SP(E) < liminf ——.

i—+00 gs(ti)

(i) (Upper bound) For every E € M(R") there exists {E;}ien € M(R") such that yg, — yg strongly in LY(R") and

8‘;_ E))

["“SP(E) > lim sup :

i—+00 S(tl) '

Here
Fn,s . %-[r(l - %)1 Se (l) 1)1 41
S T 4.1
2 Ty A

The argument to prove Theorem 4.1 is completely different from the used to show Theorem 3.1, as it relies on
geometric measure theory. We start computing the limit as ¢ — 0 of our functional on hyperplanes.
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4.1 Estimates on cubes

Throughout this subsection, we set
Q5 :=[-6, 811, Q;:=10,61xQ" and Qj:=[-6,0]x Q. (4.2)
The main goal of this subsection is to prove the following result.

Proposition 4.2. Let s € [1,1), let g5 be the function defined in (0.2) and let I"™° be the constant defined in (4.1).
Then

1
lim —— PS(x -y, t)dxdy = T™S3H"1(Q)). 43
0 8s(t) J j (=Y, dxdy Q) (*3)
Q5 Q5
To begin, we consider the case when s = % This is the only instance where we have a precise formula for the
fundamental solution of the fractional heat equation.

Lemma 4.3. For any § > 0 it holds
I j b dxdy < 3@ ellog t] + o(tllog £, 4.4)
L (x=ylF+ )T
Qs Qs
where ¢ is given in (4.6)

Proof. Using Fubini Theorem, we have

60
J J Zt 2 L dXdy= Jj ' "2 ‘ 2 ) n+1 dy, an dyn dX,.
Q5 Q5 (b=yF+ = Q4 0 -89, (X" =Y'% + (Xn = yn)* + t5) 2

We observe that

50 50
J J J P (x -y, )dy’ dx, dy, = cntJ J 5 dx,, dyn, (4.5)
(Xn = Yn )
0 -§ R 0-6§
where we used the change of variable
y/ —x
7= —
VO =yn)? + 2
and we have set 1
Cp = —dz. (4.6)
LA+

A straightforward computation gives

§0
2 2
toj L o )2 dxn dyn = 26<arctan :; arctan %) —tlogt + tlog<5;t>

t2 + 462 4.7
=: g(t, 8) + t|log t|
with
c1(8)t < g(t, 6) < tca(6)
and c¢1(6), c2(8) — 0as § — 0*. Therefore, using the monotonicity of the integral and (4.7) we have
I j % dxdy < J J % dx dy = catllog t] + o(tlog ),
0 0 (Ix-yl=+t%) = 0; R (Ix=-yl*+t4) =
which is exactly (4.4). O

We now estimate the integral on cubes from below.
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Lemma 4.4. For any § > 0 and for t small enough it holds true

J J ;1 dxdy > ca "1 (Q%)(tllog t| + o(tlogt)),
o0 (Ix-yP2+t)=
5 X6

where cy, is define in (4.6).

Proof. To prove this lemma, we just need to show that the error passing from a small cube to the hyperplane
R""! is negligible when ¢ is small. To this aim, let x € Q; and observe that

0 50
jj Phx— y,t)dy’dxndyn=”<
-5 0 -§

Qs
to observe that, by using the change of variable z = e S get

\ (Xn=yn)?+t? ’

5§ 0 1
dz dx, dy,.
JI J (l |2 (Xn y") +1)"T+1 n J/n
0 S R=1\Q's (x")
T

O%o;

j Pi(x-y,t)dy - j P%(x—y,ody’)dxndyn

Rt Q5

50
JJ J PS(x -y, t)dy" dx, dy, =
0.8

Using the integration in polar coordinate, we obtain

§0 50
JJ J dz dxy dyn jj J dz dxy dyn
0 (22 + Lol gy ] ) (122 + 1)

— IR"’l\Qlé(X’ ]R"’l\Q'é (X’)
§ 0 o pn_z
<(n-1Dwn 1J J j—mdpdxndyn
053 PP 4.8)
(o)
2 p
< (n - 1)wn,16 J m dp
z
(n-1Dwp16*
82 + t2 '
The conclusion follows by (4.5), (4.7) and (4.8). O

Remark 4.5. Thanks to Lemma 1.4 we get T2 = cp.

We now proceed performing the same computation for s > % We stress that in this instance we do not have the
precise expression of the kernel, as it is not known. However, the Fourier transform of the function PS(-, t) is
explicit and can be used to perform the computations that we need. In what follows. we set R” := R x [0, +00)
and Rs = {(x', xp) : X' € R*1, x, € (0,8)} forall § > 0.

Lemma4.6. Let § > 0, s € (},1). For t > 0 it holds true

1 1\ 1
S(x — - _ =\t (1!
J Ip (x—y, ) dx dy 2ﬂr(l ZS)tz @1Q)) + o(1)). 4.9)
Q5 R
Proof. We start by observing that
J j P¥(x -y, t)dxdy = o(1).
Q; RI\Rs
We claim that -
J PS((2',zp), t)dz' =2 J et cos(z,r) dr. (4.10)
0

Rn-1
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Forall z, € R, we set vz, (z', t) := P5((Z, zn), t). We have

P(z,0) = 5-1[—(21)n @ - | —(zi)ne-ﬂf'“e“z@ ds
)2
IR’(

_ J _ b i I L -tk gt g, g,

i @ R @O

Since the Fourier transform is an isometry, we have

v, (2, 0) = F T v, (-, O = j e F v, (-, 01(&) dE,

Rn-1

@en)'T

where with a little abuse of notation we denoted the Fourier transform in R"! still by F7-]. Therefore, by
uniqueness of the Fourier transform we get

g’ 2 — — —t|f|5 lznfnd
Vi (L ONE) = )m ﬁ[ &

1

= (Z)ﬁ e cos(zn&n) dén
T 2

R —

e )1+71 I eI+ cos(z08y) A
it

From the above formula and by

J PS((z',zp), t)dzZ' = I v, (2, t)dzZ’

]Rnfl ]Rnfl
= (27T Flv,, (-, D](0)
_1 i )&
-~ J €6 Cos(z20Er) dén,

we obtain (4.10).
Now, using Fubini Theorem and (4.10) with z, = x, — y,, we obtain

0 s
J JPs(x—y, tydxdy = J J J JPS((X’ v, Xn = yn), ) dx' dy' dx, dyn
Q; ks Q=61 0

:}(n 1(0(s JO
s

4.11)

O l—

j e cos(r(Xn - yn))) dr dxn dyn.
0

We use basic trigonometry to get

sin?(8r) - (1 - cos(8r))?

cos(r(xn = yn))) dr dxn dyn = 2

L—o
Ol

= 2cos(ér )(1+s(6r))

Thus, using the above formula, we have that (4.11) becomes

Q) Te_trzS s (L= COS6T)
T

j J PS(x -y, t)dxdy = 0s(Sr) 2

Q0 R!
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We observe that

(o)
J e~ cos(8r)

0

1- cozs(ar)) dr .
r

Il
St—— g O——g O ——g S——3

[o0]
_tr2s (cos(6g)) -1 dr+ J o-ir 1- Coiz(m) d
r r

o

o-tr® (cos(8r)) -1 dr+ % J ot (1 - cos(28r) d

r2 r2

e

P (cos(&r))— J —rr“ (1 cos(6r) dr
0

(1 —cos(8r) —rr

e —e ™) dr = t¥ h(t),

where in the last equality we have used a change of variable r' = rt= and we have set

or
Plocos() Lo
hﬂ%=l———7r——wﬂ5—e ydr.
r
0
It is quite easy to show that h is bounded and h > 0. Applying the Riemann-Lebesgue lemma, we finally have

2
oo rss 2

- _ A (5 _pls 00 _ 1
e= —e T 1(1-e7 1 (1-e7 r(1-5)
limh(t)= | ———dr= = dr=— dr = 257
20 ® _[ r ZJ r2 4sj pl+is 4
0 0

0
which gives (4.9). O

The next lemma is an obvious consequence of the previous one.

Lemma 4.7. Fors € (1,1) and for t small enough it holds true

r(1- 4
| [Py naxay < %t%(%"-l(og) +o(1)),
Q5 Q5
where Q;, Q5 and Q,,s are defined in (4.2).
Finally, we prove the crucial estimate to prove the I'-lim inf inequality when s € (%, 1).

Lemma4.8. Fors € (},1) it holds true

r(1-4) .
I J PS(x -y, t)ydxdy > %tﬂ(ﬂ{"‘l(%) +0(1)) (4.12)
Q5 O3
where Q;, Q5 and Qg are defined in (4.2).

Proof. To prove this lemma, we just need to show that the error passing from a small cube to the hyperplane
R is negligible when ¢ is small. To do that, we start decomposing the integral

50 50 50
JJ JPS(x—y,t)dxndysz J Ps(x—y,t)dxndy—JJ j PS(x -y, t) dx, dy
0-§ Q:S 0 -6 R*1 0-§ ]Rn—l\Q:s

and observe that, by (1.8) and using a change of variable, we have
50 50

JJ I P(x—y,t)dxndy:t’%jj I PS<Xt;sy,1)dx,,dy

0 -6 ]an\Qg 0 -6 IRn—l\Qg

1 fj’ J PS<<z,y":X"),1>dzdxndyn.
o 0 s e

R-1\Q'; (x')
t

&=
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Using (1.7), we have

50 50
- X
% J j J Ps<z,y"t% ",1) dz dxp dyn < 5 j J J |z|"+25 dz dx, dyn
0 s 0 s

- ]Rn—l\Q’L (X’) - ]Rn_l\BLl(X,)
t% t2s
5§ 0 o (413)
< M-Vt > J j J p % dp dx, dyn
0-85_6
1
t2s
= (N = Dwp18Y725¢t = o(t5).
The proof of (4.12) is now direct consequence of Lemma 4.6 and inequality (4.13). O
Proof of Proposition 4.2. Formula (4.3) is now a direct consequence of Lemma 4.3 and Lemma 4.4 when s = %
while it comes from Lemma 4.7 and Lemma 4.8 when s € (2, 1). O
We are now ready to prove our I'-convergence theorem.
4.2 Proof of Theorem 4.1 (i)
Proposition4.9. Lets € [1,1), Q = [-1,1]", gs(t) defined in (0.2) and let E be a set of finite perimeter: Set
Tps = 1nf{hm1nf © j J PS(x-y,t)dxdy :E; —» R} in Ll(lR")]». (4.14)
&s E{nQ E:NQ
Then, for any sequence E; — E and t; — 0 as i — +co we have
lim inf J j PS(x -y, t)dxdy = Ty sP(E), (4.15)

imco  gs(t;)
Ei ES

where the constant I'y s is defined in (4.14).

Proof. We set H := R" = R"! x [0, +00). We prove (4.15) using a blow up argument. Denote by C the family of
all n-cubes in R"
={R(x+1rQ): xeR", r>0, R €S0(n)}.

Since the set E is of finite perimeter, for [Vyg|-a.e. xo € R" there exists Ry, € SO(n) such that %(E — Xp) locally
converge in measure to Ry,H asr — 0 and

IV)(EI(Xo + TRy, Q)

r 0 o =1 for |Vygl-a.e. xo. (4.16)

Now, given a cube C € C, we set

PS(x -y, t;

a;(C) := g(t)J I (x -y, t))dxdy
E{nCEiNC

and

a(C) :=liminf a;(C).
1—00
We claim that, setting Cr(Xo) := Xo + 'Ry, Q, where Ry, is as in (4.16), for |Vyg|-a.e. xo we have

[ps < lim 151f w
r—

for |[Vygl-a.e. x € R 4.17)

Without loss of generality, we assume Ry, = I, so that the limit hyperplane is H and the cubes C,(xp) are the
standard ones xo + rQ. Let us choose a sequence rx — 0 such that

liminf 2600 _ i 8(Crn(X0)
r—0 rn-t k—o00 rz—l
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For all k € IN, we can pick a subsequence iy so large that the following conditions hold:

a;, (Cr, (x0)) < a(Cr, (x0)) + 1y,

|Crk|
J e, —Xeldx < T
Crk(x)
Then we infer
a(Cr,(X0)) _ @itk (Cr, (X0))
n-1 2 n-1 Tk
Tk Tk
1 S (4.18)
=—> J J P(x -y, ti)dxdy —r.
g(tik)rk c
Eiknc‘rk(xo)EikﬂCrk(xO)
Now, we distinguish between the case s = 3 and s € (3, 1).
Cases = % The inequality (4.18) becomes
a(Cr, (x 1 1
( ”(l LS —_dxdy. (4.19)
ri [log t;,| (|X— |2+i)7
(Eiy=x0)/TkNC (Eij,—Xo)/TkNC Yy r
Up to extract a further subsequence, we assume that ¢;, < r’,j*l and therefore
1 Ik 1 1 rg 1 1 1 Tk
log— =log— + ——1log— <log— + —1lo —s(1+—>lo —.
gtik gtl‘k k+1 grlli gtl‘k k gri k gtik
Using that rlk(El-k - X) — H, by the above inequality and (4.19) we obtain
C
lim inf X&) S o
r—0 I’Z_l ’

where the constant I'y, s is defined in (4.14). This concludes the proof of (4.17) when s = %

Case s € (%, 1). In this case, we recall that g(t) = t (see (0.2). Using the scaling property (1.8), we have that
inequality (4.18) becomes

n+l

a(Cr(x0) _ Gy

PS((x—y)t%,1) dx dy - .

rn—l ’,Jl—l
k KBS nCry (00) E] Cry (x0)
_1 o
= (6 F J J P((x=y)rety,”, 1) dxdy - 1k
(Eig=X0)/TkNC (Ef =X0)/TC)
Casvo K
= (tikrkZS) 25 J J Pi((x -y, tikrkzs) dxdy - .

(Eig=x0)/TkNC (Eij,—X0)/TkNC)

Up to extract a further subsequence, we can assume t;, ;>

a(Cr(x0))
et

— 0. Thus, we get

1—‘n,s

with ' ¢ defined in (4.14). Hence, we have (4.17) also when s € (%, 1). The proof of Proposition 4.9 follows from
(4.17) and using a suitable version of the Vitali Covering Theorem. O

We are now in a position to prove Theorem 4.1 (i).

Proof of Theorem 4.1 (). To conclude the proof, we need to show that I', s = I">. The proof of this fact is the
same as in [2, Lemma 13]. We decide to not reproduce it here in details but to just sketch it. First, via a gluing
argument, which is possible since a coarea formula holds for our functional, one can show that the infimum
in the definition of T' s can be taken among sets which coincide with H outside a smaller cube Qs and then,
via a non-local calibration argument, one also gets the minimality of the halfspace (see [6, 28]), which readily
provides 'S = T, . O
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4.3 Proof of Theorem 4.1 (ii)
Proof of Theorem 4.1 (ii). We start by proving that for a polyhedron II it holds

lim su !
t—0 p gs(t)

J J P¥(x -y, t)dx dy < T™°P(II). (4.20)
I ¢
For any ¢ > 0 there exists §y such that for any § € (0, 6p) there exists a collection of Ns cubes of volume
(26)™ centered at x; € 91l such that each cubes Qs(x;) intersect one and only one face of 41T and
« if Qs(x;) denotes the dilation of Qs(x;) by a factor (1 + &), then each cube Qs(x;) intersects exactly one face
¥ of 911 and each of its sides is either parallel or orthogonal to £,
o |H™Y(AII) - Ns(28)" 1] < &.
Moreover, since we are interested in the limit as t — 0, we can assume that ¢t < §. For all § > 0, we set

(0I)s := {x e R" : d(x,0M) < 8}, (dIl); := (8TI)s N II.

For x € II, we define

Ix,t) = J P5(x -y, t)dy.
HC

We now have to distinguish among many cases.

Case one: x € N\ (M);. In this case, we note that (1.7) implies the existence of a constant c;,s such that

t
PP(x-y,t) < Cn—slz
(Ix-yl2+ts) 2
and therefore
t @ pn—l
IS(X, t) < Cn,s j W < nwntj m dp
qe (X=YI*+t5) = 3 (PP+t5)2
< nwpt J + d (4.21)
3 (pz +t§)l+s
St

C2s(82+ )

Case two: x € My \ |J; Qs(x;). In this case, we write

J
om = Jx;,
j=1

and define
(8I0);, = {x € (3TN)j : d(x, II) = d(x, L))}

Clearly, (01I); = Uf:lwmg,} and
(0I)g;  {x+ tv:x € Lsj, t € (0, 6), vis the interior unit normal to %s,;},

and Xs ; is the set of points x belonging to the same hyperplane as X; and with d(x, £;) < 8. Set d(x) := dist(x, II¢)
and observe that By(x)(x) c II. Therefore,

n-1
p n+2s dp

Ix,t) < J Pi(x -y, t)dy < nwnt J _—
(p2+t5) 2

B;(X)(x) d(x)
- Nwn t
T 28 (d(x0? + £5)




DE GRUYTER A. Kubin and D. A. La Manna, Fractional heat equation and perimeters = 21

Integrating the above inequality on the set (9II); \ Uﬁ % Qf gives

]
J I, dx < 2y J U
y = ’ (d(0? + t3)s
(OM;\US Qs(x) (0T AU Qs(x0)
]
nwn t
< ————dx
s ; J [dist(x, Zs,j)]°

]_
@M AU 0sx0)

] s J 4.22)
S nwnt z J J r . df]-["’l
s & (r2 + ts)s
J=1 Ns 0
(Zs)\U7 Qs(xi)
1
5t
3 Nwnts i J J dr 491
s A (rz2 +1)s '
EsNUL Qstx)  ©
Now we need to distinguish between the case s = % and s > % In the former case we have
Stt 1
J - dr =10g(8 + V& + &) - log(®) < llog .
+
Therefore, (4.22) becomes
J Ns
J I(x, t) dx < 2nwpt(log t|ﬂ-C"‘1<( U z,;,j> \UJ Q,;(xi)).
Ng j=1 i=1
(0M3z\U;5 Qs (xi)
While, for s > 1, from (4.22) we get
= ] N
nwnCts _ . 4 S
J 106 B dx < — ——3(" (( Uza,j> \ U Qs )
N, j=1 i=1
(OM;\US5 0}
where
1
C=| ———dr
J (r2 +1)s
0
Therefore, in any case we found that for s > % it holds
1 2 qen-1 / e 2
G I I(x, t) < Ci K JZsj )\ JQs(xi) ) < Chse.
$ j=1 i=1
@I;\ULS Qs(x) ! ’
Case three: x € M~ N J Qs(x;). In this case, we write
I(x, t) = J PS(x -y, t)dy + J Pi(x -y, t)dy.
Ien{y:[x-y|=6%} endy:|x—y|<§%}
For the first integral, arguing as in (4.21), we have
8%t
Ps(x-y,t)dy < —————.
=204y < 5 5iy 2y
nen{y:|x-y|=6%}
Therefore, for each 1 < i < Ns we have
Pu-yody= [ [ Poeyod
Qs (xi)NIT e Nfy:|x—y|<82} Qs (xi)NII Q5 52 (xi)NIIC

Q52 (X)NIL Qg s2 (X)NIIE

< T™(gs(0) + 0(gs(1)) H" ' (Qs452).
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Summing (4.23) for 1 < i < N, we get

ﬁ PS(x -y, t)dxdy < T"Ng(8 + 65" 1 < TMSHL(BII) + ¢). (4.24)
N

Ui Qs(xi) TI€
Collecting (4.21), (4.22), (4.24), (4.23) and sending t — 0 first and € — 0 secondly, we get

lim sup !
t—0  &s(b)

J J P3(x -y, t)dx dy < T™°P(II).

Il T

The argument for a generic set E of finite perimeter follows by density of the polyhedral sets in the class of the
sets with finite perimeter. O

4.4 Characterization of sets of finite perimeter

As a consequence of our T-convergence analysis, we prove that a set E € M(R") has finite perimeter if and only
ifforalls € [,1)

lim su 8?(}7)
Cor (D)

< +090.

Theorem 4.10. Let E € M(RR").
() If limsup,_, % < +oo0 for some s € [%, 1), then E is a set of finite perimeter.

(i) If Eis a set of finite perimeter; then
N

. & (E) 1
luls(:lp 2.0 < +o0o foreverys e [§,1>. 4.25)

Proof. To prove (i), we just need to apply Theorem 2.1 to the constant sequence E; = E for every i € IN.
We prove (ii). First, we observe that a simple approximation argument provides

[ 1xsr s ) - s 001 dx < Ihipce) (4.26)
]Rn
Let s € (1,1). By the very definition of £$(E) and (4.26), we have
e _ 1
gs(t)  gs(t)
_ 1
- 2g5(t)
< P(E)
285(t)

J JPS(h, t) dh dx
E E¢
j j|xE<x+h)— XECOIPS(h, ©) dh dx 427
R R"
J (hIPS(h, ©) dh.
]Rn
By (4.27) and the decay estimate for PS(h, t) in (1.7), we obtain
. ENE) . P(E)[ 1 n 1 ¢ ] P(E)[ nw, nwy
limsup St < lim sup —-2 J hie% dh+ J h dh =—[ + .
P e <SP g ) 50 I s 2 ln-1'25-1

B
t

c
L

t2s

B

Hence, we have that (4.25) is true for all s € (%, 1).
Letnow s = % Using Fubini Theorem and (4.26), we get

J J XECe+ h) — xe(OIPE (h, )dh dx = J Pi(h, 1) J eOc+ 1) - xe(0l dx dh
R" R By K
+ Jp%(h, t) J lxe(x + h) = ye(x)| dx dh

B R"

<P(E) J \hP} (. t) dh + 2|E| J P, t) dh.
By B
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Hence, using the very definition of Pi (see (1.6)), we have

1
, EL(E) 1 1
limsup —-—~ = JJPZ X -y, t)dydx
Lot g0 g )oY
= lim sup ! J J |)(E(x+h)—XE(x)|P%(h, t)dhdx
t—0+  281(t)
2 R R
< limsup ———— [P(E) j N g j _t dh]
o+ 2t|log(t)] F (|h)? + £2)F | (h)?+ )T
! Bi (4.28)
i 1 In| IE| 1
= limsu P(E)j—md +2—j—"+d]
e leog“)l[ 5 (nP+ 1% S 4 P+ !
T T
lt n 2|E oo n-1
= lim sup " [P(E)j P _ap+ 215 J N dp]
-0+ 2|log(t)] 5 P*+1)7 t . (P2 +1)7
T
= C(n)P(E),
where in the last step we have used the I’Hopital’s rule and the fact that
n-1 +00
1 J P gp<l J p <c
EL )T T (R
Hence, by (4.28), we obtain (4.25) for s = . O

5 Application: The local and the non-local isoperimetric inequality

As a consequence of the I'-convergence result, we have a short proof of the isoperimetric inequality. Recall that
f]R" P5(z,t)dz =1 and P5(|z|, t) is a decreasing function of the modulus of z. Given a measurable set E of finite
measure and any s € (0, 1), it is a straightforward application of Riesz rearrangement inequality that

J IPS(X -y, t)ydxdy = |E| - J jPS(X—y, t) dx dy
E Ec EE
> |E¥| - J JPS(x—y)dxdy
E* E*
= J j PS(x -y, t)dxdy,
E* (E*)c
where E* denotes the ball centered at the origin such that |E*| = |E|. Therefore, if IT ¢ R" is a polyhedron, we
have

L (Jjps(x—y,t)dxdy—Jjps(x‘y’t)‘b‘dy>20’

&s(0)
II 1¢ B B
where |B| = [II|. Recalling (4.20), (4.15) and the fact 'S = T'j, 5, we take the lim sup as t — 0in the above inequal-
ity for s € [3,1) to infer
1
P(IT) > P(B) = nw} [0|'*

and by density of the polyhedral sets in the class of the sets with finite perimeter we recover the isoperimet-
ric inequality for all sets of finite perimeter. For s € (0, 1) we even have pointwise convergence, hence it is
immediate to get that any set E with finite 2s-perimeter it holds

PZS(E) - PZS(B) = O;

which is the fractional isoperimetric inequality.
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