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Introduction

In this article we analyze the asymptotic behavior of the energy

Est (E) := ∫
E

∫
Ec
Ps(x − y, t) dy dx (0.1)

as t → 0+ for all s ∈ (0, 1) and where Ps(z, t) is the fundamental solution of the fractional heat equation. Since
the kernel satisfies ‖Ps( ⋅ , t)‖L1(ℝn) = 1 for all t > 0, it is straightforward to verify that the functional in (0.1) is
well-defined for all measurable sets E such that E or Ec has finite measure. A simple computation shows that
Est (E) → 0 as t → 0 (see the proof of Theorem 3.1) whenever E is a set of finite measure. Our scope in this article
is to determine the first non-trivial terms in the power series expansion of such a functional under suitable
assumptions. To this end, we introduce the function

gs(t) :=
{{{
{{{
{

t if s ∈ (0, 12 ),
t log t if s = 1

2 ,
t 1
2s if s ∈ ( 12 , 1).

(0.2)

The function gs describes the leading order of Est as t → 0. Let us just synthetically state our (meta-)theorem as
follows.

Theorem 0.1. Let n ≥ 2 and s ∈ (0, 1) and define𝕏s := BV(ℝn) if s ≥ 1
2 and𝕏

s := Hs(ℝn) if s < 1
2 . Then

Γ − lim
t→0

Est (E)
gs(t)
=
{
{
{

Γn,sPmin{2s,1}(E) if χE ∈ 𝕏s ,
+∞ otherwise.

In the above theorem, P2s(E) denotes the fractional perimeter of E, defined in (1.3), P1(E) is the De Giorgi
perimeter of the set E defined in (1.1) and the constant Γn,s is given in (4.1).
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History of the problem and motivation

Without aiming at completeness, we now briefly recall related results from the literature. Our result is inspired
on an idea of De Giorgi (see [11]), where the author used the heat kernel to define the perimeter of a set. Later,
Ledoux in [24] build upon this idea to provide a new proof of the isoperimetric inequality using the heat ker-
nel semigroup, in both the Euclidean and Gaussian setting. The result in [11] was generalized in the context of
Riemannianmanifolds in [27] (see also [8] and [15] for Carnot groups), where the authors provided a generaliza-
tion of the asymptotic behavior of the heat semigroup shown in [24] and also a characterization for sets of finite
perimeter via the heat semigroup. This line of research has been developed in several directions. We mention
the contribution in [20], where the authors consider the case of Riemannian manifolds with unbounded Ricci
curvature, and [5], where the authors prove a characterization of Sobolev space using, as energy, the s-Gagliardo
seminorms, also providing pointwise convergence result as the parameter s → 1. In [10], the authors analyze
the Γ-convergence for the s-Gagliardo seminorms as s → 1, while in [21] the second-order Γ-convergence for
the second order of these seminorms is investigated. In [13], it is shown that fractional perimeters can be rigor-
ously obtained as limits of renormalized Riesz energies by subtracting the infinite core energy and letting the
core radius go to zero (see also [22]). We also mention the very recent manuscript [19], where the authors study
a problem closely related to the subject of the present paper.

When s = 1, the functions E1r has been used to construct weak solution to the mean curvature equation.
More precisely, in Bence, Merriman, and Osher in [26] constructed a time discrete approximation of the mean
curvature flow, which is known in literature as thresholding scheme or MBO scheme. Laux and Otto in [23]
proved the convergence of the thresholding scheme towards a variational solution of the mean curvature flow
under suitable assumptions. It seems natural to try to extend such a result when considering the non-local
heat equation. Our Γ-convergence result is a first step towards the understanding of the non-local thresholding
scheme from a variational point of view. We also mention that in [7], Caffarelli and Souganidis studied the
convergence of non-local threshold dynamics, showing that they approximate viscosity solutions to the mean
curvature and non-local mean curvature flow for s ∈ [ 12 , 1) and s ∈ (0,

1
2 ) respectively.

In this paper we extend the result of De Giorgi in [11]. In fact, we also provide a characterization of sets of
finite local and non-local perimeter via the fractional heat semigroup.

Outline of the proof

Wenow describe the strategy used to prove Theorem 0.1. Since we aim to prove a Γ-convergence result, we need
to prove: compactness, the Γ-lim inf inequality, the Γ-lim sup inequality.

In Section 2, we prove compactness properties. Here we encounter the first difficulty, as the first non-trivial
order in the power expansion of Est depends on the parameter s (see the definition of the function gs(t) in (0.2)).
Therefore the first step to do is to find the correct space-time scaling that ensures some basic properties, such as
compactness. Once the function gs is detected, we prove the compactness Theorem 2.1. When s ̸= 1

2 , the proof
relies on properties of the solution to the fractional heat equation. When s = 1

2 , due to the logarithmic behavior
(see the definition of the function gs), we adopt a completely different strategy, inspired by [12].

After establishing good compactness properties, we prove Γ-lim inf inequality and the Γ-lim sup inequality.
To this end, we distinguish between two cases, as the proofs differ significantly.

In Section 3 we study the case s < 1
2 . In this range, we do not need any tool geometric measure theory, as the

proof relies Fourier analysis. The main reason is that the fractional Laplacian of a characteristic function, for
s < 1

2 , is not merely a measure but an actual function. Therefore, a strategy based on Fourier analysis provides
a more direct approach – indeed, this is the case.

We continue in Section 4, where we address the problem with s ≥ 1
2 . In this range, the nature of the

functional changes, losing part of its non-local character. Consequently, we must employ tools from geomet-
ric measure theory. To prove the Γ-lim inf inequality, we follow a well established strategy based on a blow
up argument, originally used in this context by Fonseca and Muller in [16]. For the Γ-lim sup inequality, we
use the approach from [2], which studies the Γ-convergence of the fractional perimeter as the differentiation
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parameter s tends to one (see also [9], [14] for the Gaussian case). Note that the fractional heat kernel is not
explicit when s > 1

2 . Therefore, the computation of the constant Γ
n,s is not straightforward and to deal with it

we once again need to carefully use Fourier analysis. We stress that, although some decay properties are known
(see (1.7)), such a knowledge is not enough to prove Γ-convergence, because the sole use (1.7) would provide
different constant in the Γ-lim inf and Γ-lim sup.

The case s > 1
2 could, in principle, be recovered from [1], but in our case we are able to provide the explicit

form of the limit functional. For this reason, we believe it is worth highlighting this result here.We then proceed
to prove our convergence result. We do not enter into details of the proof of the equality Γn,s = Γn,s (see (4.1) and
(4.14) for the definition of these constants) as the proof follows without modification from a standard argument
(gluing lemma and calibration) as in [4].

Finally, in Section 5 we use our result to prove the isoperimetric inequality, both in the local and non-local
framework. The proof relies onHardy rearrangement inequality (the approximating kernels are L1 normalized-
functions in the space variable) and our Γ-convergence result.

We conclude this introduction with a brief heuristic interpretation of our result. By Bochner subordination
formula, one way to obtain the fractional laplacian of a function is

(−Δ)su =
∞

∫
0

etΔu − u
t1+s

dt,

where etΔu is the heat semigroup. Thus, if s < 1
2 and u = χE ,

P2s(E) = ∫
ℝn

u(−Δ)su dx = 1
Γ(−s)

∞

∫
0

1
t1+s
∫
ℝn

u(etΔu − u) dx dt

=
1

Γ(−s)

∞

∫
0

‖e t
2 Δu‖2L2 − ‖u‖

2
L2

t1+s
dt.

Hence, the fractional perimeter of a set E can be computed by evolving the characteristic function of E via the
heat equation and then computing the s-derivative (with respect to time) at time 0 of the energy of the evolving
solution at time t

2 . One of the results of this paper can be formally written as:

Γn,sP(E) = lim
t→0+

1
t ∫
ℝn

(u − e−t2s(−Δ)su)) dx = lim
t→0+

‖u‖2L2 − ‖e
− t

2 s
2 (−Δ)

su‖2L2
t

for s > 1
2 . In this sense, our result resembles the famous Bochner subordination formula for the perimeter of

a set: we show that the perimeter of a set E can be recovered by evolving the characteristic function of E via the
fractional heat equation, evaluated at time t = t2s , and then computing the derivative at time 0 of the energy
of the evolving solution at time 1

2 t
2s . Thus, we can say that for a sufficiently smooth measurable set E, if we

first compute the evolution via local heat equation and then take a non-local time derivative of an appropriate
energy, we recover the non-local perimeter. Conversely, if we first compute the evolution of χE via non-local heat
equation and then take a local time derivative of an appropriate energy, we recover the local perimeter.

1 Notation and preliminary results

1.1 Sets of finite perimeter

We recall some notation and basic results of geometric measure theory from [3]. We denote with M(ℝn) the set
of all Lebesguemeasurable subset ofℝn . For all k ∈ ℕwe denote with ωk the Lebesguemeasure of the unit ball
of ℝk . For every E ∈ M(ℝn) we denote by P(E) the De Giorgi perimeter of E defined by

P(E) = sup{∫
E

div ϕ(x) dx : ϕ ∈ C1c(ℝn ,ℝn) and ‖ϕ‖∞ ≤ 1}. (1.1)
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Thismeans that a set E is a finite perimeter if χE ∈ BV(ℝn). We also recall the classic compactness theorem in BV.

Theorem 1.1 (Compactness in BV). Let Ω ⊂ ℝn be an open set and let {ui}i∈ℕ ⊂ BVloc(Ω) with

sup
i∈ℕ
{∫
A

|ui(x)| dx + |Dui|(A)} < +∞ for all A ⊂⊂ Ω.

Then, there exist a subsequence {ik}k∈ℕ and a function u ∈ BVloc(Ω) such that uik → u in L1loc(Ω) as k → +∞.

For every E ⊂ ℝn with finite perimeter, the set ∂∗E ⊂ ℝn identifies the reduced boundary of E and the Borel
measurable map νE : ∂∗E → ℝn the measure theoretic outer normal vector field.

1.2 Non-local perimeter

The non-local perimeter of a set E is defined via the fractional laplacian of the function χE . Given a function
u ∈ L2(ℝn), the Fourier transform of u, denoted as F[u( ⋅ )]( ⋅ ), is defined as

F[u( ⋅ )](ξ) := 1
(2π) n2
∫
ℝn

u(x)e−i⟨x,ξ⟩ dx for all ξ ∈ ℝn .

The Fourier transform is invertible L2(ℝn) and we denote its inverse by

F−1[v( ⋅ )](x) = 1
(2π) n2
∫
ℝn

v(ξ)ei⟨x,ξ⟩ dξ.

Let s ∈ (0, 1) and u ∈ C∞(ℝn) we define the s-fractional Laplacian of u as

(−Δ)su(x) := Cn,s ∫
ℝn

u(x) − u(y)
|x − y|n+2s

dy,

where

Cn,s := ( ∫
ℝn

1 − cos(h1)
|h|n+2s

dh)
−1

(1.2)

with h = (h1 , . . . , hn) ∈ ℝn . Observe that for all u : ℝn → ℝ smooth, the fractional Laplace admits a represen-
tation in terms of Fourier transform via the following formula:

F[(−Δ)su( ⋅ )](ξ) = |ξ|2sF[u( ⋅ )](ξ).

For all s ∈ (0, 1) we define the s-fractional Gagliardo seminorm of a function u : ℝn → ℝ as

[u]2Hs(ℝn) := ∫
ℝn

∫
ℝn

|u(x) − u(y)|2

|x − y|n+2s
dx dy = 1

2Cn,s
∫
ℝn

u(−Δ)su dx

and we denote with Hs(ℝn) the space of the functions u ∈ L2(ℝn) such that [u]Hs(ℝn) < +∞. The fractional
Gagliardo seminorm can be written in Fourier as

[u]2Hs(ℝn) = 2C
−1
n,s ∫
ℝn

|ξ|2s|F[u](ξ)|2 dξ.

If s ∈ (0, 12 ) and E ∈ M(ℝ
n), we define the 2s-fractional perimeter as

P2s(E) := ∫
E

∫
Ec

1
|x − y|n+2s

dx dy (1.3)

and we observe that P2s(E) = 1
2 [χE]

2
Hs(ℝn). To conclude this subsection, we recall a compactness theorem for

fractional Sobolev spaces (see [25, Theorem 6.13] for a proof).

Theorem 1.2. Let {un}n∈ℕ be a bounded sequence in Hs(ℝn), i.e.,

sup
n∈ℕ
{‖un‖L2(ℝn) + [un]Hs(ℝn)} < +∞.

There exist a subsequence nk ⊂ ℕ and a function u ∈ Hs(ℝn) such that unk → u in L2loc.
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1.3 Fractional heat equation

Here we collect some known facts about fractional heat equation and refer to [17] for a detailed discussion.
Given u0 ∈ L∞(ℝn) let us consider the solution to fractional heat equation

{
∂tv + (−Δ)sv = 0,

v(x, 0) = u0(x).
(1.4)

We denote by Ps(z, t) the fundamental solution of the fractional heat equation. More precisely, Ps(z, t) is the
solution of the Cauchy problem

{
∂tPs(z, t) + (−Δ)sPs(z, t) = 0 t > 0, z ∈ ℝn ,

Ps( ⋅ , 0) = δ0 ,
∫
ℝn

Ps(z, t) dz = 1,

where δ0 is the Dirac delta measure inℝn with center in 0 ∈ ℝn . It is well known that for u0 ∈ Hs(ℝn) ∩ L∞(ℝn)
the solution of the problem (1.4) can be written as a convolution between the fundamental solution and the
initial data, i.e.,

v(x, t) = ∫
ℝn

Ps(x − y, t)u0(y) dy (1.5)

and v ∈ C([0, +∞), Hs(ℝn)) ∩ C1([0, +∞), L2(ℝn)) ∩ C∞((0, +∞), C∞(ℝn)). Moreover, the function Ps(z, t) sat-
isfies

F[Ps( ⋅ , t)](ξ) = 1
(2π) n2

e−t|ξ|2s

for s ∈ (0, 1). The function Ps cannot be explicitly computed unless in the particular case s = 1
2 , for which we

know
P

1
2 (z, t) = t

(|z|2 + t2) n+12
. (1.6)

When s ̸= 1
2 , it is well known that P

s(z, t) satisfies the decay estimates

c(n, s)( t
|z|n+2s
∧ t−

n
2s ) ≤ Ps(z, t) ≤ C(n, s)( t

|z|n+2s
∧ t−

n
2s ) (1.7)

and the scaling property
Ps(z, t) = t−

n
2s Ps(zt−

1
2s , 1). (1.8)

Finally, we also need the estimate for the gradient of the fractional heat kernel

|∇Ps(x − y, t)| ≤ C
t 1
2s
Ps(x − y, t). (1.9)

1.4 Technical results

In order to prove compactness when s = 1
2 , we recall the following technical lemma.

Lemma 1.3 ([18, Lemma 15]). Let Ω ⊂ ℝn be open and bounded with Lipschitz continuous boundary and |Ω| = 1.
Let {ρε}ε∈(0,1) be the standard family of Friedrichs mollifiers with support in B(0, 1). For every η ∈ (0, 1) there
exists C = C(n, Ω, ρ, η) > 0 such that

inf{1ε ∫
A

∫
Ω\A

ρε(|x − y|) dx dy : A ⊂ Ω, |A| ∈ (η, 1 − η), t ∈ (0, 1)} ≥ C.

Lemma 1.3 it is proved in [18, Lemma 15] for n = 2 and Ω = (− 12 ,
1
2 )

2, but the argument works in every dimension
and for all Ω with Lipschitz continuous boundary.

Finally, in order to compute the constant in the Γ-limit for s = 1
2 , we need the following simple lemma.
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Lemma 1.4. Let a, b ∈ ℝ and k ∈ ℕ such that b > −k and a > k + b. Then

∫
ℝk

|x|b

(1 + |x|2) a2
dx = ωk−1

2
Γ( a+k2 )Γ(

a−b−k
2 )

Γ( a+b2 )
. (1.10)

In particular,

cn := ∫
ℝn−1

1
(1 + |x|2) n+12

dx = ωn−2
2

Γ( n2 )
Γ( n+12 )

:= Γn,
1
2 , (1.11)

where Γ(t) := ∫+∞0 rt−1e−rdr is the Gamma function.

Before proving Lemma 1.4, we recall the definition of Euler’s beta function

B : (0, +∞) × (0, +∞) → ℝ, B(x, y) := 2

π
2

∫
0

(cos(θ))2x−1(sin(θ))2y−1 dθ.

The beta and the gamma function are connected by the identity

B(x, y) = Γ(x)Γ(y)Γ(x + y) . (1.12)

Proof of Lemma 1.4. We observe that the function h(x) := |x|b

(1+|x|2)
a
2
belong L1(ℝk). Integrating in polar coordi-

nate and by (1.12) we have that

∫
ℝk

|x|b

(1 + |x|2) a2
dx = ωk−1

+∞

∫
0

ρb+k−1

(1 + ρ2) a2
dρ

ρ=tan(η)
= ωk−1

π
2

∫
0

(tan(η))b+k−1

(1 + tan2(η)) a−22
dη = ωk−1

π
2

∫
0

(sin(η))b+k−1(cos(η))a−b−k−1 dη

=
ωk−1
2 B( b + k2 , a − b − k2 ) =

ωk−1
2

Γ( a+k2 )Γ(
a−b−k

2 )

Γ( a+b2 )
,

hence (1.10). Formula (1.11) follows by (1.10) with b = 0 and k = n − 1 and a = n + 1.

2 Compactness

In this section we study compactness properties of sequences {Ei}i∈ℕ of equibounded satisfying

sup
i

1
gs(ti)

Esti (Ei) < ∞, ti → 0+ as i → +∞,

where Est ( ⋅ ) is defined in (0.1) and gs(t) is defined in (0.2).
This compactness properties suggests the candidate Γ-limit: for s ∈ (0, 12 ) such a candidate is the 2s-

fractional perimeter defined in (1.3) while for s ≥ 1
2 is the classical perimeter, defined in (1.1).

The main theorem of this section is the following.

Theorem 2.1. Let U ⊂ ℝn be an open bounded set and Eti ⊂ U for all i ∈ ℕ, with ti → 0+. Assume that

Esti (χEti )
gs(ti)

≤ M. (2.1)

There exists E ⊂ U such that, up to a subsequence, χEti → χE inL1(ℝn). Moreover, if s ∈ (0, 12 ), we have P2s(E) < ∞,
while for s ∈ [ 12 , 1) it holds P(E) < ∞.

As already observed in the introduction, for s ̸= 1
2 our proof strongly relies on properties of solutions to the

fractional heat equation, while for s = 1
2 amore delicate geometric argument is needed to catch the logarithmic

behavior of Eti (Ei) as the sequence ti → 0.
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2.1 Proof of Theorem 2.1 when s ∈ (0, 12) ∪ (
1
2 , 1)

Compactness for 2s < 1. Let Ei ⊂ ℝn and ti as in (2.1) and set ui = χEi , ui( ⋅ , t) = Ps( ⋅ , t) ∗ χEi , and vi( ⋅ ) = ui( ⋅ , ti).
We start observing two basic properties of solutions to (1.4): the functions

t ∈ (0,∞) → ‖u(x, t)‖L2(ℝn) and t ∈ (0,∞) → ‖u(x, t)‖Hs(ℝn) (2.2)

are not increasing. The proof of this fact is quite immediate, and we skip it. Observe that

Esti (χEti ) = ∫
ℝn

(1 − χEi (x))ui(x, ti) dx = ∫
ℝn

ui(x, 0)2 − ui(x, ti2 )
2 dx

= −

ti
2

∫
0

d
dτ ∫
ℝn

u2i (x, τ) dx dτ = −2

ti
2

∫
0

∫
ℝn

ui(x, τ)∂τui(x, τ) dx dτ

= 2

ti
2

∫
0

[ui( ⋅ , τ)]2Hs(ℝn) dτ,

where in the last equality we have used [f]2Hs(ℝn) = ∫ℝn f(x)(−Δ)
s f(x) dx. Therefore, using (2.2) we obtain

Esti (χEti ) ≥
ti
2 [ui( ⋅ , ti)]

2
Hs(ℝn) .

Recalling the definition of vi , the above inequality joint with the assumption (2.1) yields

‖vi‖Hs(ℝn) ≤
Esti (χEti )

ti
≤ M.

Moreover, since Ei ⊂ U and U is bounded, we also have

‖vi‖L2(ℝn) ≤ ‖ui‖L2(ℝn) ≤ |U|
1
2 .

Therefore, vi is a bounded sequence in Hs(ℝn). Thus, by Theorem 1.2 it contains a subsequence converging
in L2loc(ℝ

n). With an abuse of notation, we still denote such a subsequence as vi . It is immediate to show that
also ui → v in L2loc and therefore, still up to a subsequence, χEi → v almost everywhere, hence v takes only the
values 0 and 1 and is the characteristic function of a set E. To conclude, we observe that P2s(E) < ∞ is a simple
consequence of the semicontinuity of u → ‖u‖Hs(ℝn) with respect to the weak topology.

Compactness for 2s > 1. In this case the proof is similar In fact, setting again vi( ⋅ ) = Ps( ⋅ , ti) ∗ χEi , we have
that vi is smooth and

∫
ℝn

|∇vi| = ∫
ℝn

|∇Ps( ⋅ , ti) ∗ χEi dy| dx = ∫
ℝn

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∫
ℝn

∇Ps(x − y, , ti)χEi (y) dy
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
dx

= ∫
ℝn

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
∫
ℝn

∇Ps(x − y, , ti)(χEi (y) − χEi (x)) dy
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
dx

≤
1
4 ∫
ℝn

∫
ℝn

|∇Ps(x − y, , ti)|(χEi (y) − χEi (x)))2 dx dy

≤
Cn

t
1
2s
i

∫
Eci

∫
Ei

Ps(x − y, ti) dx ≤ C,

where in the second inequality we have used the gradient kernel estimate (1.9), while in the last inequality we
have used the assumption (2.1). Thus, there exists v ∈ L1(ℝn) such that, up to a subsequence, vi → v in L1loc.
Observe that it is easy to show that χEi → v in L1 as well (this is because Ei ⊂ U where U is a open bounded
set) and, arguing as in the case s < 1

2 we can extract a further subsequence to show that v = χE . Finally, by
semicontinuity of the total variation, it is immediate that v = χE is a BV(ℝn) function, which means that E has
finite perimeter.
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2.2 Proof of Theorem 2.1 when s = 1
2

This subsection is devoted to the proof of Theorem 2.1 when s = 1
2 . Our proof it is inspired to the compactness

result in [12]. The first step is to prove a non-local Poincaré–Wirtinger-type inequality. In what follows we set
Q := [0, 1)n .

Lemma 2.2. Let ξ ∈ ℝn and u ∈ L1(lQ + ξ). Then, for all 0 < t < l, we have

∫
lQ+ξ

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
u(y) − 1ln ∫

lQ+ξ

u(x) dx
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
dy ≤ lC(n) ∫

lQ+ξ

∫
lQ+ξ

|u(x) − u(y)|
(|x − y|2 + t2) n+12

dx dy. (2.3)

Proof. By translational invariance, it is enough to prove the claim only for ξ = 0. By assumption, we have

∫
lQ

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
u(y) − 1ln ∫

lQ

u(x) dx
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
dy ≤ 1

ln ∫
lQ

∫
lQ

|u(x) − u(y)| dx dy

=
1
ln ∫

lQ

∫
lQ

|u(x) − u(y)|
(|x − y|2 + t2) n+12

(|x − y|2 + t2)
n+1
2 dx dy

≤ lC(n) ∫
lQ

∫
lQ

|u(x) − u(y)|
(|x − y|2 + t2) n+12

dx dy,

i.e., (2.3).

Lemma 2.3. For every ξ ∈ ℝn and for every E ∈ M(ℝn), it holds

1
ln |(lQ + ξ) \ E||(lQ + ξ) ∩ E| ≤ ∫

lQ+ξ

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
χE(x) −

1
ln ∫

lQ+ξ

χE(y) dy
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
dx.

Proof. We can assume without loss of generality that ξ = 0. Then we have that

∫
lQ

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
χE(x) −

1
ln ∫

lQ

χE(y) dy
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
dx = ∫

lQ∩E

󵄨󵄨󵄨󵄨󵄨󵄨󵄨
1 − |lQ ∩ E|ln

󵄨󵄨󵄨󵄨󵄨󵄨󵄨
dx + ∫

lQ\E

|lQ ∩ E|
ln dx

=
1
ln( ∫

lQ∩E

|lQ \ E| dx + ∫
lQ\E

|lQ ∩ E| dx)

=
2
ln ∫

lQ\E

|lQ ∩ E| dx ≥ |lQ ∩ E||lQ \ E|ln .

The following result is a localized isoperimetric inequality for the non-local energy (0.1) when s = 1
2 .

Lemma 2.4. LetΩ ⊂ℝn be a open bounded setwith Lipschitz continuous boundary and |Ω| = 1. For every η ∈ (0, 1)
there exist t0 > 0 and C = C(n, Ω, η) > 0 such that

inf{ 1
g 1

2
(t) ∫

A

∫
Ω\A

P
1
2 (x − y, t) dx dy : A ⊂ Ω, |A| ∈ (η, 1 − η), t ∈ (0, t0)} ≥ C. (2.4)

Proof. Fix η ∈ (0, 1), t ∈ (0, 1) and let I ∈ ℕ be such that 2−I−1 ≤ t ≤ 2−I . We have that

if0 ≤ |z| ≤ 2−i , i ∈ ℕ, then 1
(|z|2 + t2) n+12

≥
2(n+1)min{i,I}

2 n+1
2

. (2.5)

Let ρ and ρε (for ε ∈ (0, 1)) be as in Lemma (1.3).
We claim that there exists C(n, ρ) > 0 such that

I
∑
i=1

2iρ2−i (z) ≤
C(n, ρ)
(|z|2 + t2) n+12

for every z ∈ ℝn . (2.6)
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Indeed, if 0 ≤ |z| ≤ 2−I , then we get

I
∑
i=0

2iρ2−i (z) ≤ ‖ρ‖∞
I
∑
i=0
(2n+1)i = ‖ρ‖∞

I
∑
i=0

(2n+1)I

(2n+1)I−i

≤ ‖ρ‖∞(2n+1)I
+∞

∑
i=0

1
(2n+1)j

= (2n+1)IC(ρ, n) ≤ C(ρ, n)
(|z|2 + t2) n+12

,

where in the last step we have used (2.5) for i = I. If 2− ̃i−1 ≤ |z| ≤ 2− ̃i for some ̃i = 0, 1, . . . , I − 1, using that
ρ2−i (z) = 0 for every i = ̃i + 1, . . . , I we have

I
∑
i=0

2iρ2−i (z) =
̃i
∑
i=0

2iρ2−i (z) ≤ ‖ρ‖∞
̃i
∑
i=0
(2n+1)i

≤ (2n+1)
̃i‖ρ‖∞

+∞

∑
i=0
(2n+1)−i = (2n+1)

̃iC(ρ, n)

≤
C(ρ, n)
(|z|2 + t2) n+12

,

where in the last inequality we used (2.5). If |z| ≥ 1, we have ρ2−i (z) = 0 for all i ∈ ℕ and

I
∑
i=0

2iρ2−i (z) = 0 ≤
C(ρ, n)
(|z|2 + t2) n+12

.

Hence (2.6) holds also in case |z| ≥ 1, which concludes the proof of the claim.
We prove that (2.6) implies (2.4). We observe that

|log(t)|
log(2) − 1 ≤ I ≤

|log(t)|
log(2)

and hence
I
∑
i=0

1 = I + 1 ≥ |log(t)|log(2) .

Therefore by (2.6) and Lemma 1.3, with ε replaced by 2−i , we obtain

∫
A

∫
Ω\A

1
(|x − y|2 + t2) n+12

dx dy ≥ C(Ω, ρ, n)
I
∑
i=0

2i ∫
A

∫
Ω\A

ρ2−i (x − y) dx dy

≥ C(Ω, ρ, n, η)
I
∑
i=0

1 = C(Ω, ρ, n, η)|log(t)|

and hence recalling the very definition of g 1
2
(t) and of z → P 1

2 (z, t) we obtain (2.4).

We are now in a position to prove Theorem 2.1 when s = 1
2 .

Proof. We divide the proof into three steps. Throughout the proof, we write Ei instead of Eti .

Step 1. Let α ∈ (0, 1) and set li := tαi for every i ∈ ℕ. Let {Q
i
h}h∈ℕ be a disjoint family of cubes of sidelength li

such that ℝn = ⋃h∈ℕ Qi
h . Since |Ei| ≤ |U|, there exists H(i) ∈ ℕ such that, up to permutation of indices,

|Qi
h ∩ Ei| ≥

lni
2 for every h = 1, . . . , H(i),

|Qi
h \ Ei| >

lni
2 for every h > H(i).

(2.7)

For every i ∈ ℕ, we set

Ẽi :=
H(i)
⋃
h=1

Qi
h .
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We claim that there exists a constant C(n) > 0 such that

|ẼiΔEi| ≤ C(n)Mli|log(ti)| for every i ∈ ℕ, (2.8)

where M is the constant in (2.1). Indeed, we have

|EiΔẼi| = |Ẽi \ Ei| + |Ei \ Ẽi| =
H(i)
∑
h=1
|Qi

h \ Ei| +
+∞

∑
h=H(i)+1
|Ei ∩ Qi

h|

= 2
H(i)
∑
h=1

1
lni
|Qi

h \ Ei|
lni
2 + 2

+∞

∑
h=H(i)+1

1
lni
|Ei ∩ Qi

h|
lni
2

≤ 2
+∞

∑
h=1

1
lni
|Qi

h \ Ei||Q
n
h ∩ Ei|

≤ 2
+∞

∑
h=1
∫

Qi
h

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
χEi (x) −

1
lni
∫

Qi
h

χEi (y) dy
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨
dx

≤ C(n)
+∞

∑
h=1

li ∫
Qi
h∩Ei

∫

Qi
h\Ei

1
(|x − y|2 + t2i )

n+1
2
dx dy

≤ C(n)li|log(ti)|
E

1
2
ti (Ei)
g 1

2
(ti)
≤ C(n)Mli|log(ti)|,

where the first inequality follows by (2.7), the second from Lemma 2.3, the third from (2.3) and the last one
follows directly by (2.1).

Step 2. For every i ∈ ℕ, let li and Ẽi := ⋃H(i)h=1 Q
i
h be as in Step 1. We claim that there exists a constant C(α, n)

such that

P(Ẽi) ≤ C(α, n)
E

1
2
ti (Ei)
g 1

2
(ti)

(2.9)

holds for i large enough. We omit the dependence on i by setting t := ti , l := li , E := Ei , Qh := Qi
h , H := H(i),

Ẽ := Ẽi . LetR be the family of all the rectangles R = Q̃ ∪ Q̂ such that Q̃ and Q̂ are adjacent cubes (of the type Qh)
and Q̃ ⊂ Ẽ, Q̂ ⊂ Ẽc . We have

P(Ẽ) ≤ C(n)ln−1#R and ∑
R∈R
∫

R∩E

∫
R\E

P
1
2 (|x − y|, t) dy dx ≤ E

1
2
t (E). (2.10)

By Lemma 2.4, there exist t0 > 0 and C(n) > 0 such that for every rectangle R̄ given by the union of two adjacent
unitary cubes in ℝn , it holds

inf{ 1
g 1

2
(t) ∫

F

∫
R̄\F

P
1
2 (|x − y|, t) dy dx : 0 < t < t0 , F ⊂ R̄,

1
2 ≤ |F| ≤

3
2} := C(n) > 0. (2.11)

For every A ⊂ ℝn we set Al := A
l . By formula (2.10) and (2.11). with R̄ = Rl for every R ∈ R, for t small enough

we have
E

1
2
t (E)
g 1

2
(t) ≥

l2n

g 1
2
(t) ∑R∈R

∫
Rl∩El

∫
Rl\El

P
1
2 (l|x − y|, t) dy dx

=
C(n, α)ln−1

g 1
2
( tl )
∑
R∈R
∫

Rl∩El

∫
Rl\El

P
1
2 (|x − y|, tl ) dx dy

≥ C(n, α)ln−1#R ≥ C(n, α)P(Ẽ),

i.e., (2.9).
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Step 3. Here we conclude the proof of the compactness result. Fix α ∈ (0, 1), by (2.8) we get

|EiΔẼi| → 0 as i → +∞. (2.12)

By step 2, we have that {Ẽi}i∈ℕ satisfies the assumption of Theorem 1.1. Therefore, χẼi → χE , up to subsequence,
in L1(ℝn) with P(E) < +∞. Hence, by (2.12) we have χEi → χE in L1(ℝn).

3 Γ-convergence for s ∈ (0, 12)

The main result of this section is the following.

Theorem 3.1. Let s ∈ (0, 12 ) and let {ti}i∈ℕ ⊂ (0, 1) such that ti → 0+ as i → +∞. The following Γ-convergence
result holds true.
(i) (Lower bound) Let E ∈ M(ℝn) be a Lebesgue measurable set. For every {Ei}i∈ℕ ⊂ M(ℝn) with χEi → χE

strongly in L1(ℝn), it holds

Cn,sP2s(E) ≤ lim inf
i→+∞

Esti (Ei)
gs(ti)

. (3.1)

(ii) (Upper bound) For every E ∈ M(ℝn) there exists {Ei}i∈ℕ ⊂ M(ℝn) such that χEi → χE strongly in L1(ℝn) and

Cn,sP2s(E) ≥ lim sup
i→+∞

Esti (Ei)
gs(ti)

. (3.2)

Here Cn,s is the constant defined in (1.2).

3.1 Proof of Theorem 3.1 (i)

Recall that gs(t) = t for s ∈ (0, 12 ). Let {Ei}i∈ℕ ⊂ M(ℝ
n) such that χEi → χE in L1(ℝn) and assume

lim inf
i→+∞

Eti (Ei)
ti
< +∞

(otherwise (3.1) is trivial). To prove (3.1), we observe
Esti (Ei)
ti
=
1
2 ∫
ℝn

∫
ℝn

Ps(x − y, ti)
ti
|χEi (x) − χEi (y)|2 dx dy

=
1
2 ∫
ℝn

∫
ℝn

Ps(h, ti)
ti
|χEi (x + h) − χEi (x)|2 dx dh

= ∫
ℝn

Ps(h, ti)
ti
∫
ℝn

(1 − cos(ξ ⋅ h))| ̂χEi (ξ)|2 dξ dh,

(3.3)

where in the last step we used the Plancherel theorem and

∫
ℝn

|u(x + h) − u(x)|2 dx = ∫
ℝn

|1 − eiξ⋅h|2|û(ξ)|2 dξ = ∫
ℝn

2(1 − cos(ξ ⋅ h))|û(ξ)|2 dξ.

We recall that h 󳨃→ Ps(h, t) is a Schwartz function and F[Ps( ⋅ , t)](ξ) = 1
(2π)

n
2
e−t|ξ|2s . We define

I(ξ) := ∫
ℝn

(1 − cos(ξ ⋅ h))Ps(h, t) dh.

We observe that the function I is rotationally invariant, that is,

I(ξ) = I(|ξ|e1),

where e1 denotes the first direction vector in ℝn . Therefore, we have

∫
ℝn

(1 − cos(ξ ⋅ h))Ps(h, t) dh = ∫
ℝn

(1 − cos(|ξ|h1))Ps(h, t) dh. (3.4)
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The Fourier transform of the function α 󳨃→ cos(αa) for a ∈ ℝ is given byF[cos(a⋅ )](β) = √π√2 [δ(β − a) + δ(β + a)].
This Fourier transform should be read in the sense of the tempered distributions (that is the dual space of the
Schwartz function). Therefore, using the Plancherel theorem, we have

∫
ℝn

Ps(h, t)
t
(1 − cos(|ξ|h1)) dh =

1
t [1 − ∫

ℝn

cos(|ξ|h1)Ps(h, t) dh]

=
1
t [
1 − ∫
ℝn

1
2 (δ0(η1 − |ξ|) + δ0(η1 + |ξ|))δ0(η2) ⋅ ⋅ ⋅ δ0(ηn)e

−t|η|2sdη]

=
1
t [1 − e

−t|ξ|2s ],

(3.5)

where δ0 is the one-dimensional Dirac delta with center in 0 ∈ ℝ. By formulas (3.3), (3.4), (3.5) and for all R > 0
we obtain

lim inf
i→+∞

Esti (Ei)
ti
= lim inf

i→+∞
∫
ℝn

|F[χEi ](ξ)|2
1
t [
1 − e−ti |ξ|2s ] dξ

≥ lim inf
i→+∞

∫
B(0,R)

|F[χEi ](ξ)|2
1
ti
[1 − e−ti |ξ|2s ] dξ

= ∫
B(0,R)

|F[χE](ξ)|2|ξ|2s dξ,

(3.6)

where in the last step we used that

lim
t→0+

sup
ξ∈B(0,R)

󵄨󵄨󵄨󵄨󵄨󵄨󵄨
1
t [1 − e

−t|ξ|2s ] − |ξ|2s
󵄨󵄨󵄨󵄨󵄨󵄨󵄨
= 0.

Sending R → +∞ in (3.6), we obtain (3.1).

3.2 Proof of Theorem 3.1 (ii)

Let E ∈ M(ℝn) such that P2s(E) < +∞ (otherwise the formula (3.2) is trivial) we prove that the limsup in (3.2) is
realized by the sequence Ei = E for all i ∈ ℕ and it is a limit. We recall that E has finite 2s-fractional perimeter if
χE ∈ Hs(ℝn). Let v : ℝn × [0, +∞) → ℝ be the solution to the Cauchy problem in (1.4) with u0 = χE . By the very
definition of Et(E), see (0.1), and by formula (1.5) we have

Est (u0) = ∫
ℝn

(1 − u0(x))v(x, t) dx = ∫
ℝn

v(x, t) dx − ∫
ℝn

v(x, t)u0(x) dx

= ∫
ℝn

u0(x) dx − ∫
ℝn

v(x, t)u0(x) dx

= ∫
ℝn

u0(x)2 dx − ∫
ℝn

v(x, t)u0(x) dx,

where we used that
∫
ℝn

v(x, t) dx = ∫
ℝn

∫
ℝn

Ps(x − y, t)u0(y) dy dx = ∫
ℝn

u0(y) dy

and the fact that u0(x) = χE(x) ∈ {0, 1}. Since v ∈ C1([0, +∞), L2(ℝn)), we get

∫
ℝn

u0(x)2 dx − ∫
ℝn

v(x, t)u0(x) dx = − ∫
ℝn

u0(x)
t

∫
0

∂hv(x, h) dh dx

= ∫
ℝn

t

∫
0

u0(x)(−Δ)sv(x, h) dh dx.
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At this point, we just need to use that the Fourier transform is an isometry and

F[v( ⋅ , t)](ξ) = F[u0( ⋅ )](ξ)e−t|ξ|
2s

and therefore
∫
ℝn

u0(x)(−Δ)sv(x, t) dx = ∫
ℝn

|ξ|2s 1
(2π) n2

e−t|ξ|2s |F[u0( ⋅ ))](ξ)|2 dξ.

Since u0 ∈ Hs(ℝn), we have

∫
ℝn

|ξ|2s 1
(2π) n2

e−t|ξ|2s |F[u0( ⋅ ))](ξ)|2 dξ ≤ ∫
ℝn

|ξ|2s|F[u0( ⋅ ))](ξ)|2 dξ = Cn,sP2s(E).

Finally, to conclude we just need to observe that

lim
t→0+

Et(u0)
t
= ∫
ℝn

u0(−Δ)su0 = Cn,sP2s(E).

3.3 Characterization of sets of finite 2s-fractional perimeter

As a byproduct of our Γ-convergence analysis, we prove that a set E ∈ M(ℝn) has finite 2s-fractional perimeter
if and only if

lim sup
t→0+

1
t E

s
t (E) < +∞.

Theorem 3.2. Let E ⊂ M(ℝn) and s ∈ (0, 12 ). Then

lim sup
t→0+

1
t E

s
t (E) < +∞ ⇐⇒ P2s(E) < +∞.

Proof. We notice that the implication (⇒) is a consequence of Theorem 2.1. To prove the reverse implication,
we apply Theorem 3.1 (ii) with Ei := E for all i ∈ ℕ.

4 Γ-convergence for s ∈ [12 , 1)

The main result of this section is the following Γ-convergence theorem.

Theorem 4.1. Let s ∈ [ 12 , 1) and let {ti}i∈ℕ ⊂ (0, 1) such that ti → 0+ as i → +∞. The following Γ-convergence
result holds true.
(i) (Lower bound) Let E ∈ M(ℝn) be a Lebesgue measurable set. For every {Ei}i∈ℕ ⊂ M(ℝn) with χEi → χE

strongly in L1(ℝn) it holds

Γn,sP(E) ≤ lim inf
i→+∞

Esti (Ei)
gs(ti)

.

(ii) (Upper bound) For every E ∈ M(ℝn) there exists {Ei}i∈ℕ ⊂ M(ℝn) such that χEi → χE strongly in L1(ℝn) and

Γn,sP(E) ≥ lim sup
i→+∞

Esti (Ei)
gs(ti)

.

Here

Γn,s :=
{{
{{
{

1
2π Γ(1 −

1
2s ), s ∈ ( 12 , 1),

ωn−2
2

Γ( n2 )
Γ( n+12 )

, s = 1
2 .

(4.1)

The argument to prove Theorem 4.1 is completely different from the used to show Theorem 3.1, as it relies on
geometric measure theory. We start computing the limit as t → 0 of our functional on hyperplanes.
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4.1 Estimates on cubes

Throughout this subsection, we set

Q󸀠δ := [−δ, δ]
n−1 , Q+δ := [0, δ] × Q

󸀠 and Q−δ := [−δ, 0] × Q
󸀠
δ . (4.2)

The main goal of this subsection is to prove the following result.

Proposition 4.2. Let s ∈ [ 12 , 1), let gs be the function defined in (0.2) and let Γ
n,s be the constant defined in (4.1).

Then
lim
t→0

1
gs(t)
∫
Q−
δ

∫
Q+
δ

Ps(x − y, t) dx dy = Γn,sHn−1(Q󸀠δ). (4.3)

To begin, we consider the case when s = 1
2 . This is the only instance where we have a precise formula for the

fundamental solution of the fractional heat equation.

Lemma 4.3. For any δ > 0 it holds

∫
Q−
δ

∫
Q+
δ

t
(|x − y|2 + t2) n+12

dx dy ≤ cnHn−1(Q󸀠δ)t|log t| + o(t|log t|), (4.4)

where cn is given in (4.6)

Proof. Using Fubini Theorem, we have

∫
Q−
δ

∫
Q+
δ

t
(|x − y|2 + t2) n+12

dx dy = ∫
Q󸀠
δ

δ

∫
0

0

∫
−δ

∫
Q󸀠
δ

t
(|x󸀠 − y󸀠|2 + (xn − yn)2 + t2)

n+1
2
dy󸀠 dxn dyn dx󸀠 .

We observe that
δ

∫
0

0

∫
−δ

∫
ℝn−1

P
1
2 (x − y, t) dy󸀠 dxn dyn = cn t

δ

∫
0

0

∫
−δ

1
(xn − yn)2 + t2

dxn dyn , (4.5)

where we used the change of variable

z = y󸀠 − x󸀠

√(xn − yn)2 + t2

and we have set
cn := ∫
ℝn−1

1
(1 + |z|2) n+12

dz. (4.6)

A straightforward computation gives

t
δ

∫
0

0

∫
−δ

1
(xn − yn)2 + t2

dxn dyn = 2δ(arctan
t
δ − arctan

t
2δ) − t log t + t log(

δ2 + t2

t2 + 4δ2
)

=: g(t, δ) + t|log t|

(4.7)

with
c1(δ)t ≤ g(t, δ) ≤ tc2(δ)

and c1(δ), c2(δ) → 0 as δ → 0+. Therefore, using the monotonicity of the integral and (4.7) we have

∫
Q−
δ

∫
Q+
δ

t
(|x − y|2 + t2) n+12

dx dy ≤ ∫
Q−
δ

∫
ℝn−1

t
(|x − y|2 + t2) n+12

dx dy = cn t|log t| + o(t log t),

which is exactly (4.4).

We now estimate the integral on cubes from below.
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Lemma 4.4. For any δ > 0 and for t small enough it holds true

∫
Q−
δ

∫
Q+
δ

t
(|x − y|2 + t2) n+12

dx dy ≥ cnHn−1(Q󸀠δ)(t|log t| + o(t log t)),

where cn is define in (4.6).

Proof. To prove this lemma, we just need to show that the error passing from a small cube to the hyperplane
ℝn−1 is negligible when t is small. To this aim, let x ∈ Q−δ and observe that

δ

∫
0

0

∫
−δ

∫
Q󸀠
δ

P
1
2 (x − y, t) dy󸀠 dxn dyn =

δ

∫
0

0

∫
−δ

( ∫
ℝn−1

P
1
2 (x − y, t) dy󸀠 − ∫

(Q󸀠
δ)

c

P
1
2 (x − y, t) dy󸀠) dxn dyn

to observe that, by using the change of variable z = y󸀠−x󸀠

√(xn−yn)2+t2
, we get

δ

∫
0

0

∫
−δ

∫
ℝn−1\Q󸀠

δ

Ps(x − y, t) dy󸀠 dxn dyn =
1
t

δ

∫
0

0

∫
−δ

∫
ℝn−1\Q󸀠

δ
t
(x󸀠)

1
(|z|2 + (xn−yn)

2

t2 + 1)
n+1
2
dz dxn dyn .

Using the integration in polar coordinate, we obtain

δ

∫
0

0

∫
−δ

∫
ℝn−1\Q󸀠

δ
t
(x󸀠)

dz dxn dyn
(|z|2 + (xn−yn)

2

t2 + 1)
n+1
2
≤

δ

∫
0

0

∫
−δ

∫
ℝn−1\Q󸀠

δ
t
(x󸀠)

dz dxn dyn
(|z|2 + 1) n+12

≤ (n − 1)ωn−1

δ

∫
0

0

∫
−δ

∞

∫
δ
t

ρn−2

(ρ2 + 1) n+12
dρ dxn dyn

≤ (n − 1)ωn−1δ2
∞

∫
δ
t2

ρ
(ρ2 + 1)2

dρ

=
(n − 1)ωn−1δ2

δ2 + t2
t2 .

(4.8)

The conclusion follows by (4.5), (4.7) and (4.8).

Remark 4.5. Thanks to Lemma 1.4 we get Γn, 12 = cn .

We now proceed performing the same computation for s > 1
2 . We stress that in this instance we do not have the

precise expression of the kernel, as it is not known. However, the Fourier transform of the function Ps( ⋅ , t) is
explicit and can be used to perform the computations thatweneed. Inwhat follows.we setℝn+ := ℝn−1 × [0, +∞)
and Rδ := {(x󸀠 , xn) : x󸀠 ∈ ℝn−1 , xn ∈ (0, δ)} for all δ > 0.

Lemma 4.6. Let δ > 0, s ∈ ( 12 , 1). For t > 0 it holds true

∫
Q−
δ

∫
ℝn+

Ps(x − y, t) dx dy = 1
2π Γ(1 −

1
2s)t

1
2s (Hn−1(Q󸀠δ) + o(1)). (4.9)

Proof. We start by observing that
∫
Q−
δ

∫
ℝn+\Rδ

Ps(x − y, t) dx dy = o(1).

We claim that

∫
ℝn−1

Ps((z󸀠 , zn), t) dz󸀠 = 2
∞

∫
0

e−t|r|2s cos(znr) dr. (4.10)
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For all zn ∈ ℝ, we set vzn (z󸀠 , t) := Ps((z󸀠 , zn), t). We have

Ps(z, t) = F−1[ 1
(2π) n2

e−t|⋅|2s](z) = ∫
ℝn

1
(2π)n e

−t|ξ|2s ei⟨z,ξ⟩ dξ

= ∫
ℝn−1

1
(2π) n−12

ei⟨z󸀠 ,ξ󸀠⟩ ∫
ℝ

1
(2π)1+ n−12

e−t|ξ|2s eiznξn dξn dξ.

Since the Fourier transform is an isometry, we have

vzn (z󸀠 , t) = F−1[F[vzn ( ⋅ , t)]](z󸀠) =
1
(2π) n−12

∫
ℝn−1

ei⟨z󸀠 ,ξ󸀠⟩F[vzn ( ⋅ , t)](ξ󸀠) dξ󸀠 ,

where with a little abuse of notation we denoted the Fourier transform in ℝn−1 still by F[ ⋅ ]. Therefore, by
uniqueness of the Fourier transform we get

F[vzn ( ⋅ , t)](ξ󸀠) =
1

(2π)1+ n−12
∫
ℝ

e−t|ξ|2s eiznξn dξn

=
1

(2π)1+ n−12
∫
ℝ

e−t|ξ|2s cos(znξn) dξn

=
1

(2π)1+ n−12
∫
ℝ

e−t(|ξ󸀠|2+ξ2n)s cos(znξn) dξn .

From the above formula and by

∫
ℝn−1

Ps((z󸀠 , zn), t) dz󸀠 = ∫
ℝn−1

vzn (z󸀠 , t) dz󸀠

= (2π)
n−1
2 F[vzn ( ⋅ , t)](0)

=
1
π

∞

∫
0

e−t|ξn |2s cos(znξn) dξn ,

we obtain (4.10).
Now, using Fubini Theorem and (4.10) with zn = xn − yn , we obtain

∫
Q−
δ

∫
Rδ

Ps(x − y, t) dx dy = ∫
Q󸀠
δ

0

∫
−δ

∫
ℝn−1

δ

∫
0

Ps((x󸀠 − y󸀠 , xn − yn), t) dx󸀠 dy󸀠 dxn dyn

=
Hn−1(Q󸀠δ)

π

0

∫
−δ

δ

∫
0

∞

∫
0

e−tr2s cos(r(xn − yn))) dr dxn dyn .

(4.11)

We use basic trigonometry to get

0

∫
−δ

δ

∫
0

cos(r(xn − yn))) dr dxn dyn =
sin2(δr) − (1 − cos(δr))2

r2

= 2 cos(δr) (1 − cos(δr))
r2

.

Thus, using the above formula, we have that (4.11) becomes

∫
Q−
δ

∫
ℝn+

Ps(x − y, t) dx dy =
Hn−1(Q󸀠δ)

π

∞

∫
0

e−tr2s cos(δr) (1 − cos(δr))
r2

dr.
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We observe that
∞

∫
0

e−tr2s cos(δr) (1 − cos(δr))
r2

dr =
∞

∫
0

e−tr2s (cos(δr)) − 1
r2

dr +
∞

∫
0

e−tr2s (1 − cos
2(δr))

r2
dr

=
∞

∫
0

e−tr2s (cos(δr)) − 1
r2

dr + 12

∞

∫
0

e−tr2s (1 − cos(2δr)
r2

dr

=
∞

∫
0

e−tr2s (cos(δr)) − 1
r2

dr +
∞

∫
0

e
−tr2s
22s
(1 − cos(δr)

r2
dr

=
∞

∫
0

(1 − cos(δr)
r2
(e

−tr2s
22s − e−tr2s ) dr = t

1
2s h(t),

where in the last equality we have used a change of variable r󸀠 = rt 1
2s and we have set

h(t) :=
∞

∫
0

1 − cos( δr
t
1
2s
)

r2
(e

−r2s
22s − e−r2s ) dr.

It is quite easy to show that h is bounded and h ≥ 0. Applying the Riemann–Lebesgue lemma, we finally have

lim
t→0

h(t) =
∞

∫
0

e
−r2s
22s − e−r2s

r2
dr = 12

∞

∫
0

1 − e−r2s

r2
dr = 1

4s

∞

∫
0

1 − e−r

r1+ 12 s
dr =

Γ(1 − 1
2s )

4 ,

which gives (4.9).

The next lemma is an obvious consequence of the previous one.

Lemma 4.7. For s ∈ ( 12 , 1) and for t small enough it holds true

∫
Q−
δ

∫
Q+
δ

Ps(x − y, t) dx dy ≤
Γ(1 − 1

2s )
2π t

1
2s (Hn−1(Q󸀠δ) + o(1)),

where Q+δ , Q
−
δ and Q

󸀠
δ are defined in (4.2).

Finally, we prove the crucial estimate to prove the Γ-lim inf inequality when s ∈ ( 12 , 1).

Lemma 4.8. For s ∈ ( 12 , 1) it holds true

∫
Q−
δ

∫
Q+
δ

Ps(x − y, t) dx dy ≥
Γ(1 − 1

2s )
2π t

1
2s (Hn−1(Q󸀠δ) + o(1)) (4.12)

where Q+δ , Q
−
δ and Q

󸀠
δ are defined in (4.2).

Proof. To prove this lemma, we just need to show that the error passing from a small cube to the hyperplane
ℝn−1 is negligible when t is small. To do that, we start decomposing the integral

δ

∫
0

0

∫
−δ

∫
Q󸀠
δ

Ps(x − y, t) dxn dy =
δ

∫
0

0

∫
−δ

∫
ℝn−1

Ps(x − y, t) dxn dy −
δ

∫
0

0

∫
−δ

∫
ℝn−1\Q󸀠

δ

Ps(x − y, t) dxn dy

and observe that, by (1.8) and using a change of variable, we have
δ

∫
0

0

∫
−δ

∫
ℝn−1\Q󸀠

δ

P(x − y, t) dxn dy = t−
n
2s

δ

∫
0

0

∫
−δ

∫
ℝn−1\Q󸀠

δ

Ps( x − y
t 1
2s

, 1) dxn dy

=
1
t 1
2s

δ

∫
0

0

∫
−δ

∫
ℝn−1\Q󸀠

δ
t
(x󸀠)

Ps((z, yn − xn
t 1
2s
), 1) dz dxn dyn .
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Using (1.7), we have

t−
1
2s

δ

∫
0

0

∫
−δ

∫
ℝn−1\Q󸀠

δ

t
1
2s

(x󸀠)

Ps(z, yn − xn
t 1
2s

, 1) dz dxn dyn ≤ t−
1
2s

δ

∫
0

0

∫
−δ

∫
ℝn−1\B δ

t
1
2s

(x󸀠)

1
|z|n+2s

dz dxn dyn

≤ (n − 1)ωn−1t−
1
2s

δ

∫
0

0

∫
−δ

∞

∫
δ

t
1
2s

ρ−2−2s dρ dxn dyn

= (n − 1)ωn−1δ1−2s t = o(t
1
2s ).

(4.13)

The proof of (4.12) is now direct consequence of Lemma 4.6 and inequality (4.13).

Proof of Proposition 4.2. Formula (4.3) is now a direct consequence of Lemma 4.3 and Lemma 4.4 when s = 1
2 ,

while it comes from Lemma 4.7 and Lemma 4.8 when s ∈ ( 12 , 1).

We are now ready to prove our Γ-convergence theorem.

4.2 Proof of Theorem 4.1 (i)

Proposition 4.9. Let s ∈ [ 12 , 1), Q = [−1, 1]
n , gs(t) defined in (0.2) and let E be a set of finite perimeter. Set

Γn,s = inf{lim inf
t→0

1
gs(t)
∫

Ect∩Q

∫
Et∩Q

Ps(x − y, t) dx dy : Et → ℝn+ in L1(ℝn)}. (4.14)

Then, for any sequence Ei → E and ti → 0 as i → +∞ we have

lim inf
i→∞

1
gs(ti)
∫
Ei

∫
Eci

Ps(x − y, t) dx dy ≥ Γn,sP(E), (4.15)

where the constant Γn,s is defined in (4.14).

Proof. We set H := ℝn+ = ℝn−1 × [0, +∞). We prove (4.15) using a blow up argument. Denote by C the family of
all n-cubes in ℝn

C := {R(x + rQ) : x ∈ ℝn , r > 0, R ∈ SO(n)}.

Since the set E is of finite perimeter, for |∇χE|-a.e. x0 ∈ ℝn there exists Rx0 ∈ SO(n) such that 1
r (E − x0) locally

converge in measure to Rx0H as r → 0 and

lim
r→0

|∇χE|(x0 + rRx0Q)
rn−1

= 1 for |∇χE|-a.e. x0 . (4.16)

Now, given a cube C ∈ C, we set

αi(C) :=
1

g(ti)
∫

Eci ∩C

∫
Ei∩C

Ps(x − y, ti) dx dy

and
α(C) := lim inf

i→∞
αi(C).

We claim that, setting Cr(x0) := x0 + rRx0Q, where Rx0 is as in (4.16), for |∇χE|-a.e. x0 we have

Γn,s ≤ lim inf
r→0

α(Cr(x0))
rn−1

for |∇χE|-a.e. x ∈ ℝn . (4.17)

Without loss of generality, we assume Rx0 = I, so that the limit hyperplane is H and the cubes Cr(x0) are the
standard ones x0 + rQ. Let us choose a sequence rk → 0 such that

lim inf
r→0

α(Cr(x0))
rn−1

= lim
k→∞

α(Crk (x0))
rn−1k

.
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For all k ∈ ℕ, we can pick a subsequence ik so large that the following conditions hold:

{{{
{{{
{

αik (Crk (x0)) ≤ α(Crk (x0)) + rnk ,

∫
Crk (x)

|χEik − χE| dx <
|Crk |
k

.

Then we infer
α(Crk (x0))

rn−1k
≥
αi(k)(Crk (x0))

rn−1k
− rk

=
1

g(tik )rn−1k
∫

Ecik∩Crk (x0)

∫
Eik∩Crk (x0)

Ps(x − y, tik ) dx dy − rk .
(4.18)

Now, we distinguish between the case s = 1
2 and s ∈ (

1
2 , 1).

Case s = 1
2 . The inequality (4.18) becomes

α(Crk (x0))
rn−1k

≥
1
|log tik |

∫
(Eik−x0)/rk∩C

∫
(Eik−x0)/rk∩C

1

(|x − y|2 +
t2ik
r2k
)

n+1
2
dx dy. (4.19)

Up to extract a further subsequence, we assume that tik ≤ rk+1k and therefore

log 1
tik
= log rk

tik
+

1
k + 1 log

1
rkk
≤ log rktik

+
1
k log

1
rkk
≤ (1 + 1k) log

rk
tik

.

Using that 1
rk (Eik − x) → H, by the above inequality and (4.19) we obtain

lim inf
r→0

α(Cr(x0))
rn−1k

≥ Γn,s ,

where the constant Γn,s is defined in (4.14). This concludes the proof of (4.17) when s = 1
2 .

Case s ∈ ( 12 , 1). In this case, we recall that g(t) = t 1
2s (see (0.2)). Using the scaling property (1.8), we have that

inequality (4.18) becomes

α(Crk (x0))
rn−1k

=
t−

n+1
2s

ik

rn−1k
∫

Ecik∩Crk (x0)

∫
E∩ik Crk (x0)

Ps((x − y)t−
1
2s , 1) dx dy − rk .

= (t−
1
2s

ik rk)n+1 ∫
(Eik−x0)/rk∩C

∫
(Eik−x0)/rk∩C)

Ps((x − y)rk t
− 1
2s

ik , 1) dx dy − rk

= (tik r−2sk )
− 1
2s ∫
(Eik−x0)/rk∩C

∫
(Eik−x0)/rk∩C)

Ps((x − y), tik r−2sk ) dx dy − rk .

Up to extract a further subsequence, we can assume tik r−2sk → 0. Thus, we get
α(Crk (x0))

rn−1k
≥ Γn,s

with Γn,s defined in (4.14). Hence, we have (4.17) also when s ∈ ( 12 , 1). The proof of Proposition 4.9 follows from
(4.17) and using a suitable version of the Vitali Covering Theorem.

We are now in a position to prove Theorem 4.1 (i).

Proof of Theorem 4.1 (i). To conclude the proof, we need to show that Γn,s = Γn,s . The proof of this fact is the
same as in [2, Lemma 13]. We decide to not reproduce it here in details but to just sketch it. First, via a gluing
argument, which is possible since a coarea formula holds for our functional, one can show that the infimum
in the definition of Γn,s can be taken among sets which coincide with H outside a smaller cube Qδ and then,
via a non-local calibration argument, one also gets the minimality of the halfspace (see [6, 28]), which readily
provides Γn,s = Γn,s .
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4.3 Proof of Theorem 4.1 (ii)

Proof of Theorem 4.1 (ii). We start by proving that for a polyhedron Π it holds

lim sup
t→0

1
gs(t)
∫
Π

∫
Πc

Ps(x − y, t) dx dy ≤ Γn,sP(Π). (4.20)

For any ε > 0 there exists δ0 such that for any δ ∈ (0, δ0) there exists a collection of Nδ cubes of volume
(2δ)n centered at xi ∈ ∂Π such that each cubes Qδ(xi) intersect one and only one face of ∂Π and
∙ if Q̃δ(xi) denotes the dilation of Qδ(xi) by a factor (1 + δ), then each cube Q̃δ(xi) intersects exactly one face

Σ of ∂Π and each of its sides is either parallel or orthogonal to Σ,
∙ |Hn−1(∂Π) − Nδ(2δ)n−1| < ε.
Moreover, since we are interested in the limit as t → 0, we can assume that t < δ. For all δ > 0, we set

(∂Π)δ := {x ∈ ℝn : d(x, ∂Π) < δ}, (∂Π)−δ := (∂Π)δ ∩ Π.

For x ∈ Π, we define
I(x, t) = ∫

Πc

Ps(x − y, t) dy.

We now have to distinguish among many cases.

Case one: x ∈ Π \ (Π)−δ . In this case, we note that (1.7) implies the existence of a constant cn,s such that

Ps(x − y, t) ≤ cn,s t
(|x − y|2 + t 1s ) n+2s2

and therefore

Is(x, t) ≤ cn,s ∫
Πc

t
(|x − y|2 + t 1s ) n+2s2

≤ nωn t
∞

∫
δ

ρn−1

(ρ2 + t 1s ) n+2s2
dρ

≤ nωn t
∞

∫
δ

ρ
(ρ2 + t 1s )1+s

dρ

=
δt

2s(δ2 + t 1s )s
.

(4.21)

Case two: x ∈ Π−δ \ ⋃i Qδ(xi). In this case, we write

∂Π =
J
⋃
j=1

Σj ,

and define
(∂Π)−δ,j := {x ∈ (∂Π)

−
δ : d(x, Π

c) = d(x, Σj)}.

Clearly, (∂Π)−δ = ⋃
J
j=1(∂Π)

−
δ,j and

(∂Π)−δ,j ⊂ {x + tν : x ∈ Σδ,j , t ∈ (0, δ), ν is the interior unit normal to Σδ,j},

and Σδ,j is the set of points x belonging to the same hyperplane as Σj andwith d(x, Σj) ≤ δ. Set d(x) := dist(x, Πc)
and observe that Bd(x)(x) ⊂ Π. Therefore,

I(x, t) ≤ ∫
Bcd(x)(x)

Ps(x − y, t) dy ≤ nωn t
∞

∫
d(x)

ρn−1

(ρ2 + t 1s ) n+2s2
dρ

≤
nωn
2s

t
(d(x)2 + t 1s )s

.
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Integrating the above inequality on the set (∂Π)−δ \ ⋃
Nδ
i=1 Q

δ
i gives

∫

(∂Π)−δ \⋃
Nδ
i=1 Qδ(xi)

I(x, t) dx ≤ nωn
s

J
∑
j=1

∫

(∂Π)−δ,j\⋃
Nδ
i=1 Qδ(xi)

t
(d(x)2 + t 1s )s

dx

≤
nωn
s

J
∑
j=1

∫

(∂Π)−δ,j\⋃
Nδ
i=1 Qδ(xi)

t
[dist(x, Σδ,j)]s

dx

≤
nωn t
s

J
∑
j=1

∫

(Σδ,j)\⋃
Nδ
i=1 Qδ(xi)

(
δ

∫
0

dr
(r2 + t 1s )s

) dHn−1

=
nωn t

1
2s

s

J
∑
j=1

∫

(Σδ,j)\⋃
Nδ
i=1 Qδ(xi)

(
δt−

1
2s

∫
0

dr
(r2 + 1)s

) dHn−1 .

(4.22)

Now we need to distinguish between the case s = 1
2 and s >

1
2 . In the former case we have

δt−1

∫
0

1
r2 + 1

dr = log(δ + √δ2 + t2) − log(t) ≤ |log t|.

Therefore, (4.22) becomes

∫

(∂Π)−δ \⋃
Nδ
i=1 Qδ(xi)

I(x, t) dx ≤ 2nωn t|log t|Hn−1((
J
⋃
j=1

Σδ,j) \
Nδ

⋃
i=1

Qδ(xi)).

While, for s > 1
2 , from (4.22) we get

∫

(∂Π)−δ \⋃
Nδ
i=1 Q

δ
i

I(x, t) dx ≤ nωnCt
1
2s

s Hn−1((
J
⋃
j=1

Σδ,j) \
Nδ

⋃
i=1

Qδ
i ),

where

C =
∞

∫
0

1
(r2 + 1)s

dr.

Therefore, in any case we found that for s ≥ 1
2 it holds

1
gs(t)

∫

(∂Π)−δ \⋃
Nδ
i=1 Qδ(xi)

I(x, t) ≤ C2n,sHn−1((
J
⋃
j=1

Σδ,j) \
Nδ

⋃
i=1

Qδ(xi)) ≤ C2n,sε.

Case three: x ∈ Π− ∩ ⋃ Qδ(xi). In this case, we write

I(x, t) = ∫
Πc∩{y:|x−y|≥δ2}

Ps(x − y, t) dy + ∫
Πc∩{y:|x−y|<δ2}

Ps(x − y, t) dy.

For the first integral, arguing as in (4.21), we have

∫
Πc∩{y:|x−y|≥δ2}

Ps(x − y, t) dy ≤ δ2t
2s(δ4 + t2)s

.

Therefore, for each 1 ≤ i ≤ Nδ we have

∫
Qδ(xi)∩Π

∫
Πc∩{y:|x−y|<δ2}

Ps(x − y, t) dy = ∫
Qδ(xi)∩Π

∫
Qδ+δ2 (xi)∩Πc

Ps(x − y, t) dy

≤ ∫
Qδ+δ2 (xi)∩Π

∫
Qδ+δ2 (xi)∩Πc

Ps(x − y, t) dy

≤ Γn,s(gs(t) + o(gs(t)))Hn−1(Qδ+δ2 ).

(4.23)
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Summing (4.23) for 1 ≤ i ≤ Nδ , we get
1

gs(t)
∫

⋃i Qδ(xi)

∫
Πc

Ps(x − y, t) dx dy ≤ Γn,sNδ(δ + δ2)n−1 ≤ Γn,sHn−1(∂Π) + ε). (4.24)

Collecting (4.21), (4.22), (4.24), (4.23) and sending t → 0 first and ε → 0 secondly, we get

lim sup
t→0

1
gs(t)
∫
Π

∫
Πc

Ps(x − y, t) dx dy ≤ Γn,sP(Π).

The argument for a generic set E of finite perimeter follows by density of the polyhedral sets in the class of the
sets with finite perimeter.

4.4 Characterization of sets of finite perimeter

As a consequence of our Γ-convergence analysis, we prove that a set E ∈ M(ℝn) has finite perimeter if and only
if for all s ∈ [ 12 , 1)

lim sup
t→0

Est (E)
gs(t) < +∞.

Theorem 4.10. Let E ∈ M(ℝn).
(i) If lim supt→0

Es
t (E)
gs(t) < +∞ for some s ∈ [ 12 , 1), then E is a set of finite perimeter.

(ii) If E is a set of finite perimeter, then

lim sup
t→0

Est (E)
gs(t)
< +∞ for every s ∈ [12 , 1). (4.25)

Proof. To prove (i), we just need to apply Theorem 2.1 to the constant sequence Ei = E for every i ∈ ℕ.
We prove (ii). First, we observe that a simple approximation argument provides

∫
ℝn

|χE(x + h) − χE(x)| dx ≤ |h|P(E). (4.26)

Let s ∈ ( 12 , 1). By the very definition of E
s
t (E) and (4.26), we have

Est (E)
gs(t)
=

1
gs(t)
∫
E

∫
Ec
Ps(h, t) dh dx

=
1

2gs(t)
∫
ℝn

∫
ℝn

|χE(x + h) − χE(x)|Ps(h, t) dh dx

≤
P(E)
2gs(t)
∫
ℝn

|h|Ps(h, t) dh.

(4.27)

By (4.27) and the decay estimate for Ps(h, t) in (1.7), we obtain

lim sup
t→0+

Est (E)
gs(t)
≤ lim sup

t→0+

P(E)
2 [

1
gs(t)
∫

B
t
1
2s

|h|t−
n
2s dh + 1

gs(t)
∫

Bc
t
1
2s

|h| t
|h|n+2s

dh] = P(E)2 [
nωn
n − 1 +

nωn
2s − 1].

Hence, we have that (4.25) is true for all s ∈ ( 12 , 1).
Let now s = 1

2 . Using Fubini Theorem and (4.26), we get

∫
ℝn

∫
ℝn

|χE(x + h) − χE(x)|P
1
2 (h, t)dh dx = ∫

B1

P
1
2 (h, t) ∫

ℝn

|χE(x + h) − χE(x)| dx dh

+ ∫
Bc1

P
1
2 (h, t) ∫

ℝn

|χE(x + h) − χE(x)| dx dh

≤ P(E) ∫
B1

|h|P
1
2 (h, t) dh + 2|E| ∫

Bc1

P
1
2 (h, t) dh.
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Hence, using the very definition of P 1
2 (see (1.6)), we have

lim sup
t→0+

E
1
2
t (E)
gs(t)
=

1
g 1

2
(t) ∫

E

∫
Ec
P

1
2 (x − y, t) dy dx

= lim sup
t→0+

1
2g 1

2
(t) ∫
ℝn

∫
ℝn

|χE(x + h) − χE(x)|P
1
2 (h, t) dh dx

≤ lim sup
t→0+

1
2t|log(t)|[P(E) ∫

B1

t|h|
(|h|2 + t2) n+12

dh + 2|E| ∫
Bc1

t
(|h|2 + t2) n+12

dh]

= lim sup
t→0+

1
2|log(t)|[P(E) ∫

B 1
t

|η|
(|η|2 + 1) n+12

dη + 2 |E|
t ∫

Bc1
t

1
(|η|2 + 1) n+12

dη]

= lim sup
t→0+

nωn
2|log(t)|[P(E)

1
t

∫
0

ρn

(ρ2 + 1) n+12
dρ + 2|E|

t

+∞

∫
1
t

ρn−1

(ρ2 + 1) n+12
dρ]

= C(n)P(E),

(4.28)

where in the last step we have used the L’Hôpital’s rule and the fact that

1
t

+∞

∫
1
t

ρn−1

(ρ2 + 1) n+12
dρ ≤ 1t

+∞

∫
1
t

ρ
(ρ2 + 1) 32

dρ ≤ C.

Hence, by (4.28), we obtain (4.25) for s = 1
2 .

5 Application: The local and the non-local isoperimetric inequality

As a consequence of the Γ-convergence result, we have a short proof of the isoperimetric inequality. Recall that
∫ℝn P

s(z, t) dz = 1 and Ps(|z|, t) is a decreasing function of the modulus of z. Given a measurable set E of finite
measure and any s ∈ (0, 1), it is a straightforward application of Riesz rearrangement inequality that

∫
E

∫
Ec
Ps(x − y, t) dx dy = |E| − ∫

E

∫
E

Ps(x − y, t) dx dy

≥ |E∗| − ∫
E∗
∫
E∗
Ps(x − y) dx dy

= ∫
E∗
∫
(E∗)c

Ps(x − y, t) dx dy,

where E∗ denotes the ball centered at the origin such that |E∗| = |E|. Therefore, if Π ⊂ ℝn is a polyhedron, we
have

1
gs(t)
(∫

Π

∫
Πc

Ps(x − y, t) dx dy − ∫
B

∫
Bc
Ps(x − y, t) dx dy) ≥ 0,

where |B| = |Π|. Recalling (4.20), (4.15) and the fact Γn,s = Γn,s , we take the lim sup as t → 0 in the above inequal-
ity for s ∈ [ 12 , 1) to infer

P(Π) ≥ P(B) = nω
1
n
n |Π|

n−1
n

and by density of the polyhedral sets in the class of the sets with finite perimeter we recover the isoperimet-
ric inequality for all sets of finite perimeter. For s ∈ (0, 12 ) we even have pointwise convergence, hence it is
immediate to get that any set E with finite 2s-perimeter it holds

P2s(E) − P2s(B) ≥ 0,

which is the fractional isoperimetric inequality.
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