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Abstract
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also sizable, both in labor (Azar and Marinescu, 2024) and intermediate inputs (Morlacco,
2019; Dhyne et al., 2022; Alviarez et al., 2023). Moreover, input-market power has also
received attention from competition authorities, particularly in relation to labor (Kariel
et al., 2024). However, with the exceptions noted in the literature, most customarily used
models of firm-to-firm trade impose the simplifying assumption that firms are price-takers
on the input markets. In this paper, I study a strategic model of large firms connected
in an input-output network, where firms have the ability to affect prices both in input
and output markets, in an endogenously determined way. I label this feature multilateral
market power.

The main contributions of the paper are two. First, I show that, in the unique
equilibrium of the game, there is an appropriate weighted network connecting the goods
of the economy, the goods network, such that the markups and markdowns can be seen as
a measures of centrality with respect to this network. Second, I explore the implications
of multilateral market power. To do so, I compare the equilibrium of the benchmark
model with two variations: one where firms are price-takers on inputs (which I label
unilateral market power), and one where firms take as given all the prices of markets
they are not directly involved in (which I label local market power). As discussed below
in the literature section, these two types of assumptions are widespread in the production
networks literature. The key result is that, when firms take some prices as given, both
the total surplus and the way it is distributed change: the final price is lower, and more
upstream firms absorb more of the surplus. Finally, I illustrate the importance in a few
applications.

In the model, firms have a set of input goods and produce each an output. Some
outputs are the input of other firms, and these trade relationships, or input-output links,
are exogenous. Firms trade using a uniform-price double auction for each good, as in
models of the financial market (Malamud and Rostek, 2017). More specifically, firms play
a simultaneous game in which the available actions are supply and demand schedules,
relating quantities of the traded goods to prices. The realized price on every trade
relationship is the one where demand and supply cross. The key feature generating
market power is that firms, being non-infinitesimal, fully internalize the mechanism and
choose their schedules to affect prices in their favor. The classic metaphor for the price-
taking general equilibrium behavior is that a “Walrasian” auctioneer proposes prices and
collects supply and demand “bids”, until all markets clear. The approach followed in
this paper takes this metaphor one step further, applying it to non-infinitesimal firms.
The auctioneer acts as a market maker in financial markets, collecting firms’ conditional
schedules. The competition in schedules is meant not as a literal description of the
workings of the market (although they are in some cases, e.g., the electricity or financial
markets), but as an abstraction of a bargaining procedure, parsimonious but powerful

enough for the complexity of the problem. In practice (as Klemperer and Meyer (1989)



suggest), the choice of a schedule can be thought of as representing all the organizational
or managerial decisions that affect how a firm responds to different market conditions.
In some industries, e.g., natural gas (Hubbard and Weiner, 1991),contracts commonly
include clauses allowing price/quantity changes conditional on some events,

Tractability is assured by the functional form assumptions: intermediate inputs are
perfect complements,’ and consumers’ demand is linear. In the main text, I assume
that firms can only choose linear schedules. Under the technology constraint, this as-
sumption boils down to assuming that firms choose a single number, representing the
slope of the supply schedule. This considerably reduces the dimensionality of the prob-
lem and buys a lot of tractability, because the game is a supermodular potential game.
Theorem 1 exploits these properties to show that this game has a unique equilibrium.
Uniqueness is due to the potential structure and, to be best of my knowledge, is new.
In the Supplementary Material, I show that the same profile of linear schedules remains
an equilibrium even when firms are allowed to choose schedules of any functional form.
Introducing uncertainty in cost and demand, the linear equilibrium still survives, and
the linear schedule is the unique best reply to a profile of linear schedules.? Moreover,
the only result whose proof depends on the perfect complementarity assumption is the
equilibrium uniqueness. In the Supplementary material, I show that all the other results
and economic intuitions are still valid when intermediate inputs are imperfect comple-
ments or substitutes, provided the production function is such that the functional form
for the profits is still linear-quadratic (otherwise tractability is lost).

In this setting, market power cannot be captured by a single index, because firms
charge both a markup when selling and potentially heterogeneous markdowns when
buying. Markup and markdowns depend on the equilibrium slopes of residual supply
and demand, which in turn depend on all direct and indirect connections across mar-
kets. The object that summarizes these connections is the goods network, an undirected
network in which the nodes are the goods, and two goods are linked if some firms trade
both goods. The strength of a link between good i and 7 is high if the price of i is very
sensitive to the supply of j, or vice-versa. The equilibrium markup and markdowns are
proportional to the Bonacich centrality of each input and output in the goods network
(Theorem 2). This is because the network affects the price impact via the pass-through
of prices: the number of direct and indirect connections measures the strength of the

pass-through effect. In the case of a supply chain with layers, all these effects can be

!The technology generalizes slightly the Leontief functional form, because it allows the input require-
ment for labor to depend quadratically on the output quantity. This simplifies the conditions under
which an equilibrium exists.

2In the special case without the network, which is Klemperer and Meyer (1989), the linear equilibrium
is the unique one surviving the introduction of uncertainty. With the input-output network, it is still
possible to show that uncertainty makes the linear schedule the unique best reply to linear schedules,
but I am not aware of either equilibrium uniqueness proofs or counterexamples for the general case.



precisely characterized (Proposition 1): we obtain that, in the homogeneous situation
where all layers have the same size and number of firms, the markup is larger for the
more upstream firm (the farther from the consumer), while the markdown is larger for
the more downstream firm (the closer to the consumer).

To single out the effect of multilateral market power, I then generalize the model
to the “Generalized SDFE”, in which firms still choose schedules, but where the price
impact functions are a given primitive. The key property required (beyond continuity) is
that the price impact functions must be decreasing (in the positive semidefinite sense) in
the slopes of the schedules. For different choices of price impact functions, we obtain as
special cases the model of the previous paragraphs and other standard models: the classic
Cournot oligopoly (without input-output dimension) and also the sequential monopoly
a la Spengler (1950). I study in detail two relevant special cases: (i) firms take input
prices as given (which I call unilateral market power) and (ii) firms take as given all
prices of markets where they are not directly involved in (local market power). These
two sets of assumptions are relevant because they are often used in quantitative models
of input-output networks, as discussed in the Literature below.

Theorem 3 proves existence by using the fact that best replies are still increasing.
Moreover, it proves that, if the price impact function is larger (in the positive semidefi-
nite sense), the equilibrium slopes are smaller. This is the fundamental tool that allows
us to do comparative statics. Theorem 4 shows that both the unilateral and local compe-
tition models are Generalized SDFEs for the proper choice of the price impact function.
Moreover, in both cases the price impact is lower in the positive semidefinite sense, than
with multilateral market power. Corollary 5.1 yields the main economic conclusion: the
final price is larger with multilateral market power. The intuition is as follows. Whenever
a firm takes some prices throughout the network as given (which is the case both under
unilateral and local competition), that firm perceives a larger elasticity of demand and
supply and, as a consequence, is able to charge smaller markups and markdowns. This
is because, in the S&D equilibrium, the elasticity of demand depends on the schedules
chosen by directly connected firms, but also indirectly connected firms. The reason is
that, in equilibrium, a change in a price triggers a change in all other prices of connected
firms: failing to account for some of these pass-through effects means firms perceive a
different elasticity of demand.?

Moreover, multilateral market power also has consequences for the division of surplus.
Proposition 2 shows that, with unilateral market power, the upstream layers have larger
markup and profit than the downstream layers, in contrast with the multilateral case, in

which all the layers are symmetric. So, the amount of surplus extraction predicted by

3The literature on outsourcing and endogenous supply chains provides evidence that firms are aware
of their supply chain and take its structure and their position in it into account in their decisions, see
e.g. Berlingieri et al. (2021), Alfaro et al. (2019).



the model is very different.

Finally, in the context of a simple supply chain, I explore the role of multilateral
market power in connection to two classic supply chain questions: the welfare impact of
mergers and the diffusion of shocks. Proposition 3 shows that unilateral market power
has very different implications than bilateral market power, respectively for horizontal
and vertical mergers. Proposition 4 shows that unilateral market power changes the
ranking of which nodes generate more shock propagation.

These considerations suggest that, in supply chains where firms are large and poten-
tially have the ability to affect prices in both input and output markets,* assumptions
about which prices a firm can affect are not innocuous. They crucially affect the mag-
nitude of distortions and the division of surplus, which are characteristics that directly
affect the answer the model gives to policy-related questions. For some specific markets,
the details of the competition mechanism can be precisely observed. However, especially
when working with large firm networks, presumably the firms involved are very hetero-
geneous in terms of the products, bargaining procedures, and timing of the offers. In
such contexts, assumptions restricting price impact are typically a simplifying modeling
device: in this case, the Supply and Demand function equilibrium can provide a useful

tool.

Related literature

This paper contributes to three lines of literature: the literature on competition in supply
and demand functions, the literature on production networks or networked markets, and
the literature on general equilibrium oligopoly.

My contribution to the literature on competition on supply and demand functions is
to introduce the technique to the modeling of general equilibrium oligopoly, in particular
with firm-to-firm trade. The literature has studied the situation where the demand firms
receive comes from a network structure, in Wilson (2008) and Holmberg and Philpott
(2018). Holmberg et al. (2025) study the case of multi-product firms. These papers do
not consider firm-to-firm trade. Bilateral trade between two firms is studied in Weretka
(2011) and Hendricks and McAfee (2010), but they do not consider a general production
network, and do not focus on the effect of multilateral market power. In the finance liter-
ature, the model is used to study the simultaneous demand and supply of heterogeneous
assets: Malamud and Rostek (2017) show how the strategic complementarity property
extends to the network setting, and characterizes an equilibrium in a general network.
The model has a different purpose (studying centralization in financial markets) and

also two important technical differences: in my paper, the functional form is different,

4Firms that have a large dimension with respect to their own sector or the whole economy are often
called superstar firms since Autor et al. (2020), and are the subject of a large literature.



because the Leontief technology gives a different best reply equation: the difference is
important, because the proof of the uniqueness of the equilibrium relies essentially on
it. Moreover, I study the Generalized SDFE version with general price impacts. Rostek
and Yoon (2021a) and Rostek and Yoon (2021b) also analyze similar models and share
the same differences with my work. Ausubel et al. (2014) and Wittwer (2021) also study
uniform price auctions, in different settings. Vives (2011) studies market power arising
from asymmetric information, rather than network position.

My contribution to the production networks literature is to provide a model of com-
petition in an input-output network in which all firms have market power on both input
and output markets and are fully strategic, internalizing their position in the supply
chain. Many models explicitly assume that firms have the power to decide/affect prices
only on one side of the market. To this class belong the workhorse sequential oligopoly
games in Salinger (1988), Ordover et al. (1990), Hart and Tirole (1990).In another class
of models, authors assume that output prices are equal to the marginal cost times a
markup. The concept of the marginal cost itself implicitly implies price-taking in the
input market: indeed, it arises from the price-taking cost minimization problem of the
firm. Hence, it implicitly assumes unilateral market power. Examples in this category
are Grassi (2017), Bernard et al. (2022), Baqaee and Farhi (2019), Baqaee and Farhi
(2020), Magerman et al. (2020), Dhyne et al. (2022), Bizzarri and Vega-Redondo (2024).
A third class of models is those in which vertically connected firms share surplus through
some form of Nash bargaining. Toxvaerd (2024) reviews the recent work in the area, in
the context of a vertical chain. Acemoglu and Tahbaz-Salehi (2025) and Alviarez et al.
(2023) apply this idea to general networks. My results complements theirs, providing
a model that does not rely on the choice of exogenously specified bargaining weights.”
More in general, many models of networked markets have studied the network defined
by the demand: Galeotti et al. (2024), Pellegrino (2025), Bimpikis et al. (2019), but they
do not focus on input-output connections.

Except for Acemoglu and Tahbaz-Salehi (2025), all these papers also feature the
implicit or explicit assumption that firms do not internalize the effect of their decisions
on sectors/firms further downstream besides the direct customers. Sometimes this is a
consequence of the assumption of a continuum of firms in each sector (so that sector-level
aggregates are taken as given by every individual firm, as in Baqaee (2018)), other times
it is explicitly assumed (e.g., in Grassi (2017), Dhyne et al. (2022)).

I contribute to the literature on general equilibrium with market power by providing
a fully strategic model of the production side with endogenous market power and firm-

to-firm trade. The recent literature on “general oligopolistic competition” (Azar and

°The papers also differ from mine in other dimensions: Alviarez et al. (2023) study buyer-seller,
rather than input-output connections; Acemoglu and Tahbaz-Salehi (2025) is a model of endogenous
exit: in the benchmark with no exit, the equilibrium is efficient, unlike in my model.



Vives, 2021; Flynn et al., 2025) did not so far consider firm-to-firm trade.

The rest of the paper is organized as follows. Section 1 illustrates the model through
a simple example of a vertical economy. Section 2 defines the benchmark model, the
Supply and Demand Function Equilibrium (SDFE). Section 3 describes the solution
and the existence theorem. Section 4 shows the characterization of markups and the
connection with the goods network. Section 5 introduces the Generalized SDFE and
explores the effect of multilateral market power. Section 6 concludes. The main proofs

are in the Appendix.

1 A simple example

In this section, I illustrate the model and the main take-aways in the simplest network
where the concept of multilateral market power is non-trivial: a supply chain consisting
of one intermediate producer, U, and a final good producer D. This is represented in
Figure 1. The intermediate good producer U produces good U using only labor, and
sells it to both the final producer D and consumers. In turn, the final producer D uses
good U to produce the final output D. The consumers consume both goods U and D,5
with linear demands: D, p(pp) = A —pp, Dev(pu) = A — pu.
Firms have a standard linear technology: Fy(qy) =
U qu and Fp(gp) = qp, so that profits are: 7y = pyqu,
7p = (pp —pv)qp- The firms play a simultaneous game
in which the strategic variables are the (slopes of the)
<D> linear schedules connecting prices and quantities. For-
mally:

1. firm U submits a supply function Sy (py) = Bupu,

Consumers where By is any positive real number;

Figure 1: A simple vertical 2. firm D submits a function Sp(py,pp) = Bp(pp —
economy. pu) indicating both its supply of output, and its
demand for the input, where Bp is, again, any

positive real number.
Whichever choice of the firms, the prices py, pp and quantities qy, ¢p must satisfy

the market clearing conditions:

qp = A—pp = Bp(pp — pv)
qu =A—pu + Bp(pp — pu) = Bupu (1)

6The fact that consumers also consume good U is necessary for the model to have a non-trivial
equilibrium. This is a well-known technical feature of competition in schedules: a non-trivial linear
equilibrium exists if goods are traded by at least 3 agents (Malamud and Rostek, 2017).

7



We look for the Nash equilibrium of this game.
Focus on firm U. For each fixed quantity of output ¢y, we can solve the system (1)

for the inverse demand:

Bp \*
=11 A—
pou(qu) ( + BD+1) ( qu)

and similarly for the inverse demands faced by firm D, that we call pp 1 (gp) and pp p(gp).
When taking the FOC for firm U, we get:

0 = dqu 1 8JI?U,U —0
9By U 9By Pu T qu dqu

Oqu
0By

From the market-clearing conditions, it is easy to conclude that > 0, and so the

0
FOC are equivalent to: py + qu gU’U = 0. Doing the analogue for firm D, we obtain the
qu
equilibrium equations:
Opuu
pu + qu — =0 2a
qu (22)

(2b)

apD,D apD,U .
Pp —Ppu +qp - =0
dqp dqp

Since schedules are linear, the derivatives are just constants: so, it is immediate to write

the best response schedules as:

op !
Sv(pv) = ( U’U) U

B Oqu
) ) -
Sp(pp,pu) = ( gc]Z)D - qul;U) (pp — pv)

So, the slopes Bj,, Bj; that constitute an equilibrium of the game must be equal to the

slope of the above functions, and satisfy:

puo\ B,
By = (-2Y =1
v ( dqu + By +1

dppp  Oppu\ 1\
BY = — — : =1 .
P ( dqp dqp ) * By, )

The expression highlights the role of the price impacts (the derivatives of the inverse

demand /supply), and in particular, the fact that firm D has a price impact on both the
input and the output market. The equations can be solved analytically, and it can be
checked that the solution is: B}, = 1/v/2, B}, = /2.

In a sense, both the buyer and the seller of good U set their “optimal price”. This



seems a contradiction, since sellers would want to raise py while buyers would want
to decrease it. The tension is resolved by the fact that firms “implement” a price by
modifying the slope of their schedule that, in turn, changes other firms’ incentives to
raise prices. The situation is represented graphically in Figure 2: firm U faces a residual
demand Dy, (py), that is the blue line in the graph, depending on the slope of consumers
and the slope chosen by D. This residual demand induces a profit as a function of the
price py. Firm U wants to charge pj;, the monopoly price for this residual demand, and
so sets a slope that achieves that price: this is the red line in Figure 2a. But, in doing
so, it affects the slope of the residual supply that firm D faces. As a consequence, firm
D changes its choice of schedule, changing the transaction price to (pj;)2, the optimal
monopsony price for firm D. This, in turn, leads to a new residual demand and a new
profit function for firm U (as in Figure 2b): as a consequence, the previous optimal price
py; is not optimal anymore, and firm U adjusts its slope again. This adjustment process
continues until the slopes are such that the optimal price sellers want to charge is equal
to the optimal price for the buyers.

In this model both firms have multilateral market power. What happens if instead we
adopt the more standard assumption that firm D is a price-taker on the input market?

This means that, from D’s perspective, its choice does not affect the input price, so
Ipp,u

S 0. The equilibrium equations (3) become:
4p

B
B** -1 D

*%
By =

Moreover, this solution is the same we would get solving the model as a standard se-
quential monopoly, as shown in Example 5.3.1. The solution in this case is B}y = 1,
Bt = 3/2. They are both higher than in the case of multilateral market power. Be-
cause welfare is increasing in both slopes, we can immediately conclude that consumer
welfare is higher in this case. The reason is again illustrated in Figure 2: the slopes are
strategic complements. This means that, when firm D increases its markdown, exploit-
ing the input-market power, firm U responds by increasing its own markup, decreasing
quantity even further. So, in this context, market power reinforces market power. This
same mechanism operates in any network, as Theorem 4 shows below, and has many

consequences for applications, as Section 5.3 illustrates.



Market for good U Market for good U

price price
Best reply of U Best reply of U
(pU>3 ”””””””
(07r)2 1+
/
Residual quantity Bestkriei)i}if oD quantity
demand

(a) (b)

Figure 2: Graphical representation of the choice of schedule by firm U. On the left (a):
the best reply for firm U to the residual demand given by the blue line. On the right
(b): the optimal choice of firm U leads other firms to adjust, modifying firm U residual
demand and optimal price: so firm U further adjusts its best reply.

2 The model

2.1 Setting

Firms and Production Network There are n firms and m goods: their sets are
respectively denoted A/ and M. Each good might be produced by more firms, but each
firm produces only one good. Each firm produces using labor and a set of inputs produced
by other firms, which I denote as N"*(i). Denote the set of all goods traded by firm i as
N (@) = N(@)"U{i} € M. The number of non-labor goods traded by i is d; = |N(4)], so
the number of intermediate inputs is d; — 1. The consumers’ utility depends potentially
only on a subset of goods, denoted C C M. Firms, goods and the connections (N())ien
defined above define the input-output network of this economy. The network must be
connected, in the sense that for each good g there is at least a buyer, either another firm

7 or the consumer.

Notation Bold symbols are used to denote vectors: p is the vector of all prices (always
in labor terms), q the vector of all output quantities. If v is a vector indexed on goods
and A is a subset of goods, v.4 = ((v,)4e4) denotes the vector that selects only the entries
relative to goods belonging to A. Similarly, if M is a matrix, M4 denotes the square
submatrix where both row and columns are indexed by goods in A; M4 denotes the
square submatrix indexed by the complement; and M4 4c denotes the off-diagonal block.

If A= N(i)™ or A = N(i), for brevity, I use the notation p; := Py, Pi* = Dpingy)

10



(the prices of all input goods of firm 4), and p?“* for the price of the output, so that
pﬁv(i) = (pg*, (pi")’). Similarly, p. := (p,)gec is the vector of prices of goods consumed
by the consumer. If B; € R%*4 is a matrix, the notation B; denotes the lifting of the
matrix B;, namely the matrix in R™*™ such that the nonzero elements are exactly those
corresponding to the elements of matrix B;, and the rest is filled with zeros. Analogously,
if v; € R%, the notation ¥; denotes the vector in R™ in which the additional elements
are filled with zeros.

For quantities, it is understood that positive quantities represent outputs and negative
quantities represent inputs. So, the vector of input and output quantities traded by firm
iis q; = (", —q"), where " = (gig)genin is the vector of input quantities. The
signs follow the standard convention that negative quantities represent inputs, positive

represent outputs. The quantity of labor used by firm i is ¢;.

Consumers The utility function of the consumers is quadratic in consumption and

(quasi-)linear in the disutility of labor L:
-1 1 /-1
Ule,L) = A'B, c—§ch c—L (4)

where ¢ = (¢g)gec is the vector of quantities consumed, A is a positive vector, and B,
is a symmetric positive definite matrix. This means that the consumer demand has the
form: D. = A — B.p,.

Technology Intermediate inputs are perfect complements, so that to produce a quan-
tity of output ¢; firm ¢ needs f;,¢; units of input h. We adopt the standard assumption
that the technology has to be viable, namely that there must exist a positive quantity

vector q such that ¢; > >, friq for each i. Denote F' € R™™ the matrix with entries

fin. To produce ¢o*

1
out units of output, the firm also needs ¢; = f; g7 + —(q?"*)? labor

! 2k;

units. This slightly generalizes the Leontief technology to allow decreasing returns: as il-
lustrated below, this facilitates the existence of an equilibrium. Formally, the production
function is: ¢?"* = min{ f;(¢;), qi;/ fi;}. If ki — o0, the technology becomes the standard

1

Leontief. Denote the vector of labor requirements f; ; as f;. The relation between ¢;
and ¢/ can be inverted as ¢** = f;(¢;), defining f;(¢;) := fi pki (\/%/( Doki) +1— 1)-
So, we can write the technology constraints of firm 7 as:

q; = fijfill;) Vje /\/Zm

5
" = fi(l:) o

It is going to be convenient to define the vector v; = (1, —f;1,..., —fin), so that the

constraints become q; = f;(¢;)v;.

11



2.2 The game

Schedules The competition among firms takes the form of a game in which firms com-
pete by choosing a supply function for the output, and demand functions for intermediate
inputs and labor, respecting the technology constraint (5). The players of the game are
the firms: ¢ = 1,..., N, and the actions available to each firm i are linear schedules, one
for the output S, and others for intermediate inputs S/™, and labor S;. Denote the
schedule of intermediate input trades of firm i as: S; = (S, —8/).” The assumption
of linearity means that there exists a matrix of coefficients B; € R%*% and a vector
Bi; € R% such that the schedule is linear:

Si(p;) = Bip; — Biy (6)

The technology constraints (5) imply that the supply function S determines the whole
input schedule, including labor, as inputs are bought in constant proportion. So, it
follows that: S; = S“'v; and S;; = f; .S + 2%2
in Lemma 3.2 below) that for the schedule (6) to be a best reply, it must be that for

some B; € [0, k;]:

(S¢ut)2. Moreover, it turns out (proven

B; = Rvivé, Bi,f = Eivifi,L' (7)

In particular, it turns out that B; is positive semidefinite and symmetric. So, it is
sufficient to restrict firms’ choice to the choice of a single coefficient B; in [0, k;]. In the
main text, I set up the game directly as a choice of this single coefficient, because it
simplifies the analysis. Sometimes, for convenience of notation, I still use the B;, B; ;
matrices defined in (7). Denote B = (B;);cn a profile of coefficient matrices, By =
(Bi.f)ien a profile of intercept vectors, and B = (B;);en a profile of slope coefficients.
When needed, we index the matrices B; directly with the relevant goods, for simplicity.
So, B; g, means the entries of the schedule relative to the effect of the price of h on
demand for the input goods g.

Most proofs also only use properties of B; directly, and so they generalize to the case

of imperfect complements and substitutes, explored in the Supplementary Material.

Prices The market prices are, by assumption, those satisfying the market-clearing

conditions. The market-clearing equations for intermediate inputs are:

S Sylp) = Deglp,) Vg€ M (8)

i:gEM

"We denote the quantities as q; when they are simply variables, with S; when they are explicit
functions of prices.

12



Since the demand derived by (4) satisfies Walras’s law, it is standard that one of the
market-clearing conditions is redundant: indeed, we leave out the labor market-clearing
equation ), Spi(p;) = L(p.). Lemma 3.1 below shows that the system has a unique
solution, a pricing function mapping coefficient matrices to prices: p : (B) — p(B).
This function is crucial: it embeds the information about competition and network in-

terconnections.

Payoffs To complete the definition of the game, it remains to define the payoffs. These
are, in short, the profits, calculated in the prices that satisfy the market-clearing condi-
tions (8):

mi(B) = pi(B)S;(p;(B)) — Sei(p;(B))

=5, (1- 5. B ) l(B) - )’ )

In particular, since B; < k;, we get that 7;(B) is always nonnegative, so we do not need

to worry about firm exit.

Definition 2.1.

A Supply and Demand Function Equilibrium (SDFE) is a Nash equilibrium of the game
G = (N, ([0, k], 7)ien’), where the players are the firms, actions are slopes, and the
payoffs are defined in (9).

Example 1. Horizontal economy/Standard Supply Function Equilibrium
Consider the case of n firms, producing the same output good, without input-output
connections (producing using only labor): v; = 1 for ¢ = 1,2,...,n. The demand
function in this case is D, = A. — B.p., where A., B. € R,. This is an instance of the
Supply Function competition by Klemperer and Meyer (1989) (in the parametric case of

the quadratic cost function).

Example 2. The vertical economy The vertical economy with an upstream and a
downstream firm illustrated in the Section 1 is an example where there are two goods, U
and D, and two firms with the same indices. The network is defined by: N (U) = {D},
N(D) = {U,D} and C = {D}. The schedules are: Sy = By(py — fyr) and Sp =
Bp(pp — foupy — fp.r). The section explores the special case with n = 2 firms and

m = 2 goods in which f;;, = 0 and k; — oo, so that the marginal costs are zero. The

10
parameters satisfy: vy = 1,vp = (1,-1), B, = (0 1>‘

We can generalize the vertical economy above to a supply chain with layers. This
example is very tractable, so I am going to use it intensively to illustrate the model in

the next sections.
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Consumers Consumers

(a) homogeneous case, with n; = ng = 2. (b) Asymmetric layers, with n; = 1, ng = 2.

Figure 3: A supply chain with 2 layers and 1 consumer good: C = {1}.

Example 3 (Supply chain with layers). A layered supply chain is a production
structure in which firms are divided in N layers, and each layer produces one of the
goods, as in Figure 3. There are n; firms in layer 7. Layers are indexed from 1 to N
moving upstream (we can consider the consumers as layer 0). Firms in layer ¢ use as
intermediate input the good produced in layer ¢ + 1, and sell to firms in layer ¢ — 1 and
possibly to the consumer. Firms in layer 1 sell only to the consumer, firms in layer N
only use labor for production. So, if firm h is in layer ¢ < N then N'(h) = {i + 1,i},
while for a firm & in layer N N (h) = {N}. The consumer may or may not consume all
the goods: C C {1,..., N}, but a particularly useful example will be with C = {1}. If
N =1, we obtain the standard Supply Function equilibrium as in Klemperer and Meyer
(1989), and the example above. For simplicity, assume that firms in each layer share the
same parameters: so f; 1, k; and f;; 41 only depend on the layer ¢ in which the firm is.
So, v; = (1,—fi41) for each layer i < N, and vy = 1 for the last layer. In this case,
firms in each layer also have identical schedules, so we can index schedules directly by
the layer index: S; = (87", —8!") for i < N. The coefficient matrix B; € R**? satisfies:

— — 1 —Jiyi
Bl' = Bi’Ui’U; = B, '27 i
_fi,i+1 fi,iJrl

or, equivalently: S = B;(p; — fiir1pie1 — fir) and S = fii01Bi(pi — fiivipisr — fir)

3 Solution: existence and uniqueness

3.1 Residual schedule and price impact

First of all, the next Lemma makes sure that the pricing function and the payoffs defined
in 2.2 is well-defined: the payoffs are indeed uniquely defined as a function of the slope

coefficients. The proof is in the Appendix A.1.
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Lemma 3.1. Define the matrices M =3 B; + B. and M; := > By fir. Then, the

market-clearing conditions (8) are the linear system:
Mp=A (10)

where 4 := A + M.
Under our assumptions, M > B; in the positive semidefinite order. In particular, M

is invertible, so this system has a unique solution.

As in Section 1, it is convenient to express the optimization in terms of a monopolist
optimizing against a (inverse) residual demand and supply. I use the term residual
schedule to indicate both the demand and supplies: the formal definition is below. This
formulation is useful for clarifying the role of multilateral market power, both intuitively
and in the generalization of Section 5. Moreover, it is also useful for the generalizations
in which firms are allowed to choose general coefficient matrices and general schedules

(in the Supplementary Material).
Definition 3.1.

Define the (inverse) residual schedule as the function:

p}(g; Bi) = Mi(B_i)(Ai(Bi) — q;) (11)
where Nj(B_;) : —0q.pF = [(M — éi)_l]N(i) and A; is a vector that is also a function of
B_;.

The coefficient matrix A; is called the price impact because it collects the slope
coefficients of the (inverse) supply and demand schedules, describing the effect of firm i
quantity decision on its input and output prices. It is a measure of market power: the
larger the price impact, the larger the surplus that the firm can extract from that buyer

or seller.
Lemma 3.2. 1. A; is positive definite, and is decreasing in the positive semi-definite

order in each B, for j # i.

2. Consider the monopoly problem with the inverse demand p;:
max g;p; (q;; B—i) — (i (12)
q;,t;

subject to the technology constraints (5):
q; = fi(li)v;.

The slope B; optimizes (9) if and only if the solution g of (12) is such that the pair

(g7, p}(q;; B_;)) satisfies Equation (14): ¢; = B;(vipj(q;; B_:) — fir). In other

words, the two formulations of the best reply problem are equivalent.
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Moreover, the optimal coefficient B; satisfies:

_ 1\

Note that the “monopolist” optimization (12) does not impose directly any structure
on the functional form of the price-quantity schedule. Indeed, in principle, this opti-
mization is much more general, allowing for general linear functions as in (14). However,

solving it we get that the optimal schedule is linear, and has the expression:
¢ = S (p;) = B; (vip} — fiL), (14)

for the coefficient B; in (13). In particular, this proves that considering only coefficient

matrices with the form in (7) is without loss of generality.®

3.2 The price impact and the pass-through

The price impact A; is the key object containing the information on multilateral market
power: how much each firm can affect input and output prices. The price impact in
each market depends on the slope of the residual schedule. This naturally depends on
the number of competitors, but not only. Another determinant is the pass-through effect
of a price change to indirectly connected markets. This depends on all directly and
indirectly connected customers and suppliers, and is the key mechanism that connects
the price impact to the network position.

To understand, focus on the vertical economy of Section 1. Firm D is the only
firm trading both goods, so the price impact matrix of D is diagonal, and the diagonal
elements are simply the inverse of the demand slope and supply slope. Firm U trades

only one good, so the price impact is a number:

1 1\
Ay = (BC,U + <BC,D + B—D) ) (15)

Ap = (1/ Bep ! ) (16)
0 1/<BU + Bc,U)

The more interesting term is the price impact of U. This is composed of two elements:

81t is important to observe that this optimization only constrains the schedule in the optimal point
q!, pi(q}). So, among general, possibly nonlinear, schedules there are (a continuum of) infinite best
replies (and equilibria): this is the insight of Klemperer and Meyer (1989). As specified before, in the
Supplementary Material I show that, following Klemperer and Meyer (1989), introducing uncertainty in
marginal cost and utility, the linear schedule (14) is the unique surviving best reply. In the main text I
restrict the game directly to the linear schedule for ease of exposition.
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the one coming from the vertical connection, (B;ll) + 351)—1 and the consumer demand
B.y. It is easier to understand the intuition focusing on the direct demand, which
is: A — B.ypu + Bp(pp — py). The price impact is the inverse of the derivative of
this with respect to py. However, in equilibrium, pp is determined by the market-
clearing conditions in the downstream market, so it is itself a function of py: a change

in price passes through to connected markets. So, the effective slope of the demand is

— Ipp
not B.y + Bp, but it also needs to include the pass-through term: —Bp—— 5 , Since the
py’

pass-through increases the downstream price, as a result, the demand slope is lower and

the price impact higher. The calculation yields the expression in (16). In particular,
-1

represents the demand

the harmonic average (or, more correctly, sum)

B.p Bp
from the downstream layer, adjusted for the pass—through effect, and is smaller than B, p.

So, the overall ranking of price impacts is ambiguous: the upstream price impact Ay can
be both larger or smaller than Ap, depending on whether the horizontal dimension B,
dominates the vertical.

In a general supply chain with N layers, with f;;;1 = 1, for simplicity, the price

impacts are:

——out 1 —_— _ o — —1
(nz - 1)B (Ai )"+ (i — 1)B; + Beija
Ay = ((K%”)*l + (ny —1)By + Ben) ' (17)

where the coefficients K?nt and K;n represent the slope of the “aggregate” residual sched-

ule, and are determined by the recursive relations:

-1

- ou 1 < oUu _1 S ou

A, t_ <Bc,i+ (—_ +Ait1) ) . A} t:B;l
ni—1Bi_1

A= —— +ASL, Ay=0 18
Niy1Biv1 + Beina i N (18)

These terms measure the vertical dimension connecting layers, with analogous intuition
as above. If n; > 1, the slope of the supply of competitors (n; — 1)B; adds to the

horizontal part of the effect.”

9This has an interesting analogy with the equations describing the electrical resistance: also in that
case, when resistances are set in parallel (horizontally related), their total resistance is the sum of
individual resistances, whereas when they are in sequence (vertically related), the total resistance is the
harmonic sum.
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3.3 Existence Theorem

The next Theorem formally proves the existence and uniqueness of the equilibrium (i.e.,
the fixed point of (13)). The proof is in Appendix A.3.

Theorem 1.

There exists a unique Nash equilibrium of the game G, and is in pure strategies. The
game G is supermodular, so the equilibrium is also the unique rationalizable action profile.
The equilibrium coefficients B1, ..., B, € R” satisfy (13).

Existence follows from the fact that the coefficients B; are bounded above by k;.1°
Uniqueness follows from considering a modified game G’ where firms choose (logarithm
of) the slope coefficients x; = In B;. The new game corresponds to a reparameterization
of the strategies of the original game, and a monotonic transformation of the payoffs.
As such, any Nash equilibrium of the game G corresponds to one and only one Nash
equilibrium of the game G’. The game G’ is a potential game, and the potential is
strictly concave: as a consequence, the game has a unique Nash equilibrium.

The key intuition of the fixed-point equation 13 is that the slope depends inversely
on the quadratic form v;A;v;, which is an aggregate index of the strength of the price
impact of the firm. For example, in the horizontal economy of Example 1, the price
impact is a number, so the aggregation is trivial: v;A;v; = A;. In the vertical economy
of Section 1, we have v/, Apvp = A%t + A% the equilibrium slope Bp depends inversely
on the sum of the price impacts on both the input and the output: multilateral market
power appears here.

In general, if the price impact is not diagonal, we have:
VA = AP+ FINT = 2 A

Since v; has negative elements for the inputs, the links between outputs and inputs
are negatively weighted (if the off-diagonal elements of A; are positive). This is because,
whenever input and output markets are connected, an increase in the output price reflects

negatively on the input prices. So, it “subtracts” from the aggregate price impact.

10This is the main reason why we introduce the quadratic term in the labor constraint. If we allow
k; — oo, the equilibrium may still exist, as in the vertical economy example in Section 1, but in general
the slopes of the firms may tend to infinity. This happens, in particular, if more than one firm produces
the same good. However, from an economic perspective the limit is well defined: those firms simply
behave as perfectly competitive. This is not surprising because, as highlighted by Klemperer and Meyer
(1989), with constant marginal costs the supply function equilibrium behaves as price competition.
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4 Markups, markdowns and the network

This section analyzes what the implications of the model are in terms of firms’ market

power, particularly in relation to the network of input-output connections.

4.1 Markups and markdowns

Solving the optimization in (12), calling A; the vector of multipliers of the technology
constraints, we get the FOCs:

ANig, =p;, — N\ (19)
afl /
1= '\ 2
8&-1)2)\2 (20)

The left-hand side of (19) represents the gap between the price and the shadow value
of the output and each input: in the equilibrium, each firm charges both a markup
on the output and markdowns for each intermediate input. In particular, the value
pi = pdt — A% represents the (absolute) markup, that is the gap between output price
and marginal cost; the other entries represent the (absolute) markdowns, the gap between

1

the marginal revenue product of input g and its price.!! So, the vector of (absolute)

markup and markdowns p; = (;, —jt;g) in equilibrium satisfies:
i = 47" Aivi, (21)

The magnitude of the markup and markdowns depends, not surprisingly, on the price
impact: equation (21) is nothing else but the standard equation connecting the slope
(or elasticity) of demand to the price charged. Indeed, under perfect competition, we
have A; = 0 and so u; = 0. As paragraph 3.2 illustrates, each firm has different price
impact in the different markets in which it is involved: the vector u; provides a measure
of how much surplus the firm extracts from each market. Once again, the equilibrium
slope aggregates these distortions in one index: observe that the aggregate price impact

appearing in (13) can also be rewritten as aggregate markup/markdown:

vi\iv; = (¢7) o,
where vip;, = p; + > g figlti,g aggregates the markup and markdowns: the larger this
sum, the smaller the equilibrium slope. How much surplus each firm can extract depends
on this aggregation. In the supply chain with layers it is possible to characterize this in

detail, and it is the object of the next subsection.

1Tn the Supplementary material, I show that the same values are recovered from the explicit compu-
tation of marginal cost and marginal revenue product.
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4.2 Equilibrium in the supply chain with layers

Consider the case in which only the final layer sells to consumers: C = {1, }, or equiva-
lently B.; = 0 for ¢« > 1. This is the most analytically tractable case. In this case, the

layer-level slopes in Equation (18) reduce to:

——ou 1 1
A, (—— + —
Bc j<i TLij
A = — 22
r=Y (22)

>
Using the price impact computed in (17), the first order conditions (13) are:

~1
— 1 1
B.

B (R (23)

One thing we can observe is that as the number of firms in each layer grows, n; — oo, the
aggregate price impact converges to 0, the perfect competition benchmark. It turns out

that, in the homogeneous case of k; = k and n; = n, the coefficients (22) may be quite

different, but their sum K:n + K?m only depends on the set of slopes B_;, not on their
order. As a consequence, it can be proven that equilibrium slope B; is also homogeneous:
this makes it a very tractable case.

The markup-markdown vector is:

——out

A

NERE (K:i” + Kj“t> (ni —1)B;
K = q;m Km (24)

7

g (Kz” + K;’“t> (n: — 1)B;

In the homogeneous case, KZ” +Kfm is also independent of 7. So, only the ranking of
—out

A

, and K;n matters for the markup and markdown: it immediately follows that markups

are increasing upstream, and markdowns are increasing downstream. This remains true
even if we study the relative markups and markdowns, normalizing by the relative price.

The next Proposition makes this formal.

Proposition 1.
Consider a layered supply chain where only layer 1 sells to the consumer, B.; = 0 for

1> 1. Suppose N > 2 and n; > 2, so the equilibrium slope is nonzero.

If k; =k, then:
1. If n; = n > 2 for all layers i, the markups are larger the more upstream the layer
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18, while markdowns are larger the more downstream a layer is;

2. If n; > n; then the aggregate profit of firms in layer j is larger than the aggregate
profit of firms in layer i.

Point 1 characterizes how market power connects to network position, in this simple
linear network. The mechanism is the pass-through mechanism illustrated in paragraph
3.2: more upstream firms face a smaller demand elasticity, so are more able to increase the
markup. So, the ability to extract surplus is ambiguous: upstream firms can extract more
surplus when selling, while downstream firms can extract more surplus when buying.
What is the balance? Part 2 answers. If n; is constant across layers, as in Figure 3a,
the situation is completely symmetric, and so the increase in markups and decrease in
markdowns exactly offset each other, and the firms all have the same profits. Hence,
each layer extracts the same surplus. The proof is in Appendix B.1. Otherwise, if
some layer is more competitive (n; is larger), as in as in Figure 3b, the corresponding
firms have lower profits. Not only, but the layer with less firms as a whole also extracts
less aggregate surplus than other layers. For example, if in the asymmetric example of
Figure 3b ny — o0, the upstream layer behave as price takers, and the only firm in the

downstream layer behaves as a monopolist both on the output and the input market.

4.3 The goods network

What can we say about the relation between the network position and market power in

general? We summarize the discussion in the following remarks.

Definition 4.1.
Define the goods network GN as the network whose nodes are the goods N, and whose

adjacency matriz G has elements:

Gop = =—=—2"
gh = —
Zj Bj + Begn
where M is the matriz appearing in the market-clearing conditions (10).
The goods network excluding firm i has the same set of nodes but adjacency matriz

G; with elements:

_[M — Ei]g,h
Zj Bj + Begn

Gi,gh =

A link is present when the price of h directly affects the quantities traded (to be
precise, the excess supply) of g. The denominator is a normalization, measuring the
effect of the price of g on the own excess supply. Note that the weights of the links are

endogenous and determined in equilibrium by the slopes of the schedules chosen.
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To better understand the interpretation of the link weights, let us consider the special
case in which B; = 1 for all 4, and the consumer demand satisfies B, = I (the identity).!?

In this case, the entries of the matrix M are:

M,, = |firms trading g, except ¢ + 1]
Mg, = —|firms selling h, buying g| — |firms selling ¢, buying A/
+ |firms buying both g, h|,

so, the weight of the link between g and h is high when, among the firms trading h,
many transform g and h or vice-versa, but not too many use both as inputs. This
highlights that the network effect is strong when h and g have a vertical (input-output)
connection: in such a case, when the price of one goes up the other tends to increase too.
Instead, a horizontal connection decreases the effect. This is because goods are perfect
complements, so an increase in the quantity of one triggers a decrease in the price of the

other.

3]

2]

(1]

(a) If n; =2 (as in the case of Figure 3a). (b) If ny =1 (as in the case of Figure 3b).

Figure 4: Goods network in the supply chain with 3 layers.

Example 4 (Supply chain with 3 layers).

The next Theorem characterizes the relation between prices, markups, and the net-

work.

Theorem 2.
Define D € R™™ the diagonal matriz having the same diagonal as M, and D; the

diagonal matriz having the same diagonal as M — B;. In the SDF equilibrium:

1. the prices are proportional (through D) to Bonacich centrality in the goods network:

p=D'(I-G) A (25)

12This in general is not the equilibrium, but it is always possible to find a configuration of k; such
that this is exactly the equilibrium.
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2. the markup and markdowns of each firm i are proportional (through D) to the
Bonacich centrality of the respective output and inputs, in the good network exclud-
ng firm i:

pi = g (D71 = Gi) ™ il (26)

Prices are high when a good has many direct or indirect connections with goods in
high demand A, or high cost f;. Equation (25) is also valid in perfect competition (with
different equilibrium slopes and so network weights). However, the direct and indirect
connections also determine the magnitude of market power distortions through Equation
(26).

The centralities summarize the interaction of horizontal and vertical connections de-
scribed in paragraph 3.2. To understand better Equation (26), notice that (I — G;) ™',
is the standard vector of Bonacich centralities of each good with respect to adjacency
matrix G;. We only look at centralities of goods in N (%), so the expssion selects that
subvector. The entry g, h of (I —G;)~! counts the weighted number of direct and indirect
connections between ¢ and h, while ©; is nonzero only for inputs and output of 7. So,
what matters in that expression is the only the weighted number of direct and indirect
connections with start and endpoint in N (i), but intermediate steps anywhere in the
good network. The diagonal matrix D); is a normalization.

The expression simplifies a lot if when removing firm ¢, the goods network becomes
disconnected. This is the case, for example, in the supply chain with layers when n; =1
in Figure 4b. In this case, the matrix (I — G;)™! is diagonal, and the diagonal entries
count the number of cycles centered in the output good ¢ in the output subnetwork, and
the number of cycles of the input 7+ 1 in the input subnetwork. In the case of Figure 4b,
the centrality is (I — G;)"'0; = (1, —(1 — G12)~'). The output subnetwork is composed
only of good 1, so the number of cycles is 1. The number of cycles out of 2 in the input
subnetwork is (1 — Gy23)7"!, where the weight G123 is equal to: noBy/(nyBy + n3Bs).
The number of cycles in the input subnetwork is larger than 1, measuring the fact that
with a vertical dimension, the price impact is stronger because of the presence of the
pass-through effect. In general, we can see the number of cycles is a measure of size of
the subnetwork, and the higher the weights, the higher the measure. This number is the
general network statistics measuring the strength of the pass-through effect, described
in 3.2.

In a more general case, as in Figure 4a the goods network may not become discon-
nected when removing a firm: this is the case of considering the goods network excluding
a firm in layer 1, when n; > 1. In this case, the connection between good 1 and 2 re-
mains, it simply is weaker than the other (but it depends on equilibrium parameters). In
this case, the markup is not only counting the number of cycles in the output good, but

also the number of indirect links between the output and input. These are negatively
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weighted and subtract from the markup, because a decrease in output quantity triggers
a price increase, which means the competitor sells and buys more, increasing the input

price: this puts a limit to the firm ability to increase the price.

5 The role of multilateral market power

5.1 General price impacts

The key feature of the model studied so far is that firms have multilateral market power:
they can affect prices in all the markets they are involved in. What are the implications
of multilateral market power? To answer this question, in this section, I introduce a
model that simultaneously generalizes the supply and demand function competition and

various other classic models of oligopolistic competition, with and without networks.

Definition 5.1.
Consider a profile of functions A = (Ay,...,A\,,), where:

A; E—z‘ — AZ(Eil) c Réixd:i

such that, for all i and B_;, N;(B_;) is positive semidefinite, and the function A; is
continuous and decreasing in the positive semidefinite ordering in each Ej with j # 1.
A Generalized SDFE a profile of slopes B such that for each firm i:

1. B; satisfies Equation (13) were A; is the above price impact function;

2. equilibrium prices and quantities are determined by the market-clearing conditions

(10).

In other words, a Generalized SDFE is a model in which firms choose their slopes op-
timizing against a modified residual schedule, that satisfies: Jg.p}(q;, B—;) = —Ai(B_;),
where A; is now a primitive. The Supply and Demand function competition of the previ-
ous sections is a Generalized SDFE, because A; derived in Lemma 3.2 is continuous and
decreasing. Many other standard models are also special cases. For example, Walrasian
equilibrium is the special case where A; = 0 for each i. Cournot oligopoly is also a special

case.

Example 5. Cournot
In the SDF equilibrium in the horizontal economy of 1 the price impact (18) with

N =1 becomes:

A= (Bc + ZE) _ (27)
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Consider the Generalized SDFE with:

— 1
B) -3 (25)
This yields the FOC:
pout _ i out __ iqqut =0
B. i kz i

The own slope B; disappears, and this is exactly the FOC of Cournot competition. This
is not surprising, because the price impact function (28) is exactly the one obtained
from (27) by assuming that other firms choose schedules with zero slope B; = 0: but a

schedule with zero slope is a quantity commitment, as in Cournot competition.

What is perhaps more striking is that some sequential models are also special cases
of the Generalized SDFE, as shown in Remark 5.2.
The next Theorem proves the existence of a Generalized SDFE, and the fundamental

comparative statics result on the price impacts.

Theorem 3. 1. A Generalized SDFFE exists. Moreover, it is a game of strategic com-
plements, and as such it always has a mazimal and a minimal equilibrium (possibly
identical).

2. Consider two profiles of price impact functions A* and A* such that, for each profile
B, we have AN(B_;) > A2(B_;) for all firms i (in the p.s.d. ordering). Then, in
the mazimal and the minimal equilibrium, the slope coefficients are lower in the
first case: E; < E? (in the p.s.d. ordering) for each firm i.

The key idea for the proof of both part 1) and 2) comes once again by strategic
complementarity: a lower price impact means higher slopes that, in turn, trigger higher
best responses, and equilibrium slopes. The proof is in Appendix C.1.

The economic content of the Theorem is in point 2, essentially stating that distortions
are lower when the price impact is lower. This shows that countervailing market power
actually harms consumers. Out of equilibrium, it is true that buyer power makes the
seller less willing to increase the price, but this does not consider the fact that the
increase in price is passed through to consumers. As a result, in equilibrium, high buyer
power results in a higher final price. Technically, the result refers to equilibrium slopes,
because it is the result available in higher generality. Adding more structure, assuming
that there is only one final good consumed by consumers, it is possible to show more

precise implications on the final price, in the next Corollary.

Corollary 5.1. Suppose for simplicity that f; = 0. Consider two profiles of price impact
functions A! and A? ordered as in Theorem 3, part 2. Suppose that the consumer only
consumes one good, say good 0: C = {0}, then the price of the final good p, is smaller

in the model with smaller price impacts A%
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5.2 Comparison with unilateral and local market power

As discussed in the Literature section, many papers in the production network literature
assume as a simplification that input prices are taken as given, and that prices in other

markets are taken as given. Let us first define these two assumptions.

Definition 5.2. 1. The SDFFE with unilateral market power is the model in which
firms optimize (12) with the additional constraint that they take input prices as
given, or the output price as given. For consistency, in the former case, firms also
neglect the direct effect of input quantities on output price and, in the latter, they

neglect the direct effect of output quantity on input prices.

2. The SDFE with local market power is the model in which firms optimize (12) with
the additional constraint that they take as given the prices of all goods that are not

their output or inputs.

Part 1 deserves a clarification: in the price impact derived in Proposition (3.2) we
have two connected features: input prices change as a result of a quantity change, but
also the output price (potentially) changes as a result to both input and output quantity
changes, as in the supply chain with layers in Equation (17). This is due to the fact that
a change in input demanded changes the equilibrium prices for other firms that also may
be connected with the output market: this is the case for example for direct competitors
belonging to the same layer in the supply chain. Here different choices are possible, but
it seems very artificial to assume that a firm ignores that input prices are affected by
the quantity demanded, and at the same time realizes that the quantity demanded has
indirect network effects that affect the output price. So, I assume that this is not the
case. '

The next Theorem is the main result of the Section.

Theorem 4.
The models of Definition 5.2 are special cases of the Generalized SDFE, for different

choices of the price impact functions A;:

1. Unilateral market power: for all firms ¢ using intermediate inputs:

Aynilateral _ (M - BZ);I 0’
’ 0 O

B Crucially, the effect is not due to the technology constraint of the firm, because the price impact
only depends on the residual schedule. So, the effect on the output price we are analyzing does not
represent considerations of the type “if I buy more, I sell more”, which are present in the optimization
through the technology constraint, but not in the price impact.
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2. Local market power:

All-ocal(B_i) — (M./\/'(i) . Bi)_l

Moreover, in both cases, the price impacts are smaller than with multilateral market

power: for all i € N and all profiles B we have:

Alocal(B ) < Amultilateml(B )
i —i) > 1Y —1
A?mlateml(B_i) S A;(nultilateml(B_i)

In words, the Theorem shows that assuming price-taking on some markets means to
use a GSDFE with price-impact function that is lower in the positive semi-definite order.
With one input market that is disconnected from the output market, as in Figure 4b,
the result would be immediate: it means that the price impact on the input decreases
from a positive value to zero. The Theorem shows that this remains true for the relevant
matrix order also when we consider multiple inputs.

Using Corollary 5.1, we can also conclude:

Corollary 5.2. For any network such that there is only one final good, with unilateral
or local market power, the final price is smaller than in the benchmark SDFE with

multilateral market power.

Example 6. Unilateral market power in the vertical economy Consider the set-
ting of the vertical economy of Section 1; and suppose we want to compute the Gener-
alized SDFE with unilateral market power. According to Theorem 4, we simply have to

modify the equilibrium equations by changing the price impact of Equation (16) to:

. 10
A%mlateral — <O O>

while Ay, having no intermediate inputs, is unaffected. Since Aupilateral < pmultilateral

in the p.s.d order, Theorem 3 implies that in equilibrium the slopes are higher in the

unilateral model, consistently with the direct computation in Section 1.

Example 7. Unilateral market power in the layered supply chain

With unilateral market power, using Theorem (4), we get either:

-1

A1 4 (ny — 1)3) 0

unilateral ( i
A i =
0 0

(29)
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or, if the unilateral market power is on inputs rather than outputs:

0 0

in

0 (@ + (- 1)3)1

unilateral __
Al —

In this case, we can characterize precisely markups and profits in equilibrium.

Proposition 2. 1. If firms take the input price as given (the price impact is as in
(29) ), markups are still increasing going upstream, while there are no markdowns:

as a consequence, profits are increasing upstream.

2. If firms take the output price as given (the price impact is as in (30)), then mark-
downs are increasing going downstream, while there are no markups: as a conse-

quence, profits are increasing downstream.

The proof is in Appendix C.4. The key mechanisms remain those of paragraph 4.2.
However, here the symmetry is broken, because firms consider the effect of network
position on the elasticity of demand only on the output side (in case 1) or the input side
(in case 2). As a result, we get the asymmetric outcomes described above. Note that the

setting is identical: the only thing that changes is the type of competition model.

Remark 5.1 (The general network interpretation). In terms of the network in-
terpretation of Section 4, unilateral market power can be understood as the situation
where only the subnetwork containing the output good is considered. In Figure 4b,
this amounts to canceling the subnetwork containing the input good (the subnetwork
containing 2 and 3). Local market power amounts to the situation in which only the

subnetwork containing direct inputs and the output is considered.

Remark 5.2 (Sequential Monopoly is a Generalized SDFE). The most standard
way to model price setting in the context of the vertical economy is perhaps the Sequential
Monopoly a la Spengler (1950), that is a sequential game where firms set output prices
sequentially, starting upstream with U and then D, and D (by construction) takes the
input price pp as given. It turns out that the first-order conditions of the Sequential
Monopoly thus defined imply ezactly the same equilibrium price and quantity of the
Generalized SDFE with unilateral market power. To understand why, let’s write the
first-order conditions of the sequential model. Since it is a monopoly, setting quantities
or prices is exactly equivalent. By backward induction, start from firm D. The inverse
demand is as in Section 1: pp = A — qp. Maximizing the profit of D while taking py as
given produces the FOCs for the downstream firm:
Ipp

Pp —pu + %QD =0 (31)
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0
Notice that this is precisely the same as Equation (2b) when api = 0. That Equation

represents the FOC of the Generalized SDFE with unilateral marljzet power. The mecha-
nism is the same: since the firm does not internalize the price impact on the input, that
term disappears from the FOC.

To understand why the FOC for the upstream firm mimics the SDFE is a bit more
subtle. In the sequential monopoly model, the (inverse) demand for firm U, in equilib-
rium, is given by the equilibrium choice of firm D as a function of py. But this means
exactly to use equation (31) and the consumer demands, to back up pf;: this is exactly the
same as solving the market-clearing conditions for a given choice of schedule of firm D.
So, we get that the equilibrium demand for firm U is exactly the same in the Sequential
Competition, and in the Generalized SDFE with unilateral market power!

In the Supplementary Appendix, I prove that the analogy does not stop at the Se-
quential Monopoly but it also extends to Sequential Cournot, which falls under the case
of unilateral market power, with the additional “Cournot” assumption that firms consider

flat the schedules chosen by direct competitors.

5.3 Applications

We conclude the section showing that multilateral market power has implications for the

evaluation of the welfare impact of mergers and the diffusion of shocks.

5.3.1 Welfare impact of vertical mergers

In this paragraph, we analyze a vertical merger in the supply chain illustrated in Figure
5. In particular, suppose that there is a merger between the upstream firm and one of

the downstream firms.

Proposition 3.

Suppose that ny = 1. Suppose that the merged firm does not sell its intermediate good
to others, but it keeps it all to produce the final output, so that the economy becomes a
monopoly. There is an interval (n,,n*) such that if ny € (n.,n*) the merger is welfare-
increasing with multilateral market power, but welfare-decreasing with unilateral market

power.

In this setting, a vertical merger features the standard trade-off between decreasing
double marginalization and decreasing competition through foreclosure. The former
effect dominates for small ny, while the latter effect dominates for large n,. If market
power is multilateral, the vertical distortion is very strong, and so decreasing double
marginalization is more important than in the unilateral case. As a result, for some n,

the merger may be welfare-decreasing when evaluated with unilateral market power, and
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Merged firm

Consumers Consumers

Figure 5: Left: pre-merger economy. The blue circle indicated the merging firms 2 and
la. Right: the economy after the merger: 1b and 1c are driven out of the market because
the merged firm does not sell them the necessary input anymore, and the merged firm
becomes a monopolist.

welfare-improving under multilateral market power. The formal proof is in Appendix
C.5.

5.3.2 Diffusion of productivity shocks

Consider a “productivity shock” in the form of a change in the cost parameter k;. A
standard question in the production network literature has been to characterize the
impact and implications of the diffusion of productivity shocks throughout the network
(Acemoglu and Tahbaz-Salehi, 2025; Grassi, 2017; Bizzarri, 2024). In this paragraph,
I show how multilateral market power can qualitatively affect the predictions on the

diffusion of productivity shocks.

Proposition 4.
Consider a layered supply chain with N =2, n; = n, and k; = k. Call Q the equilibrium
quantity of output.

dQ dqQ

In the standard SDFFE, d_k:l k== d_l@ |y =k -

In the unilateral model of Definition (5.2), the effect of a shock downstream is stronger:
dQunilateml d unilateral

> — .
dk, 1= dk, o=

The proof is a direct calculation using the equilibrium conditions and the implicit
function theorem, and is in the Supplementary Material. An increase in the cost coef-
ficient k; reduces the price impact of the targeted firm, because the cost is smaller and
the firm reduces the markup. The reason for the result once again depends on the fact
that, in the unilateral model, the output price impact is the only relevant one, and it
only depends on the downstream firms. As a consequence, a change in ks does not affect

layer 1 firms’ best reply. Instead, a change in k; reduces also the price impact of the
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firms in the upstream layer, and so it has a larger effect on the equilibrium quantity (and
welfare). Instead, in the standard SDFE, both changes affect the price impact of the

other firm, and so the effect is symmetric.

6 Conclusion

This paper provides a way to model oligopoly in general equilibrium as a game in which
firms fully internalize their position in the supply chain and have market power both
over inputs and outputs, in an endogenously determined way. I show that such features
are desirable in an input-output model with market power: if absent, both the aggregate
and the relative ranking of distortions due to imperfect competition is crucially affected.
This suggests that, when modeling complex networks of large firms with market power,

simplifying assumptions might affect the results in a sizable way.

Appendix

A Proofs of Section 3

A.1 Proof of Lemma 3.1

We prove that it is always possible to invert the market clearing conditions (10).

Consider the quadratic form @’ Max. This is equal to:
Mz = ZCL"BZQ? +x'B,x.

Restrict attention to a subset of m firms, chosen such that each firm produces a distinct
good: for each good g, denote i, the firm producing g that is chosen. Define F the
square matrix with elements f; 5. By the assumption of viability, I — Fisan M-matrix,
and in particular is invertible (Horn et al., 1994). Moreover, the columns of I — F are
the v;, vectors: so, they must be linearly independent. So, there are at least m linearly
independent v; vectors.

We want to prove that x’ (M — BZ> x = 0 implies * = 0: so M — B, is positive

definite, hence invertible. Now, x’ (M — §Z> x =z B.x, + Z#i Ej:c’@j’i);-:c. For this
to be zero, it must either be £ = 0, or « orthogonal to all ©; for j # 4. Since the v,
vectors include a basis, this means that & is orthogonal to all v; for all j # ¢. If the
v; for all j # i contain a basis, then & = 0. If not, by the above reasoning we know
that they must at least span the m — 1 dimensional space. This means that there is just

one subspace orthogonal to all of them. So, & by construction must be parallel to the
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i—th column of the inverse matrix (I — F )~!. Since F is an M-matrix, & must either be
nonnegative or nonpositive. Now, if v; is linearly independent from some other vector,
it must be that the network is nontrivial, so there is at least one firm, say h, that has an
intermediate input. Without loss of generality, consider one such a firm that sells to the
consumer. Suppose vy, is linearly independent from v;. Since . = 0, it must be that the
entry relative to good h is ., = 0. So, 'v), = — de/\/in(i) frgTeg =0, but since all z,
must have the same sign, this implies ., = 0 for all g € N""(i). Iterating the reasoning,
we find that all other z., must be zero for all goods g connected to the consumer, which
implies € = 0. We conclude that M — B; is positive definite, which is what we wanted

to show.

]

A.2 Proof of Lemma 3.2

Part 1 By Lemma 3.1, M — B; is positive definite, so the inverse exists and is positive-
definite. Then, A; is positive definite because it is a principal submatrix of a positive-
definite matrix.

Concerning the monotonicity, Bj = ij)j’i);, SO Bj is increasing in the coefficient Ej.
Moreover, (M — B;)™! = (> B; + B.)7! is decreasing in each B;, and passing to a
principal submatrix preserves the positive semidefinite ordering, so A; is decreasing in
each Bj.

Part 2 The system (10) can equivalently be rewritten as:

@+ (M- B)p=A4, (32)
q;, = Bipz' - Bi7f (33)

where A .= A+ M 7. By construction, we can rewrite the optimization of (9) by writing

the market clearing and the linear schedule (14) as constraints:

maxq,p; — ; (34)
4;p;
subject to:
q; = Ei(vipi — fir) (35)
q+(M-B)p=A4A (36)
q; = fi(li)vi (37)

because Equations (36) and (35) imply the pricing function in 3.1, and so the functional
form in (9).

We can further simplify the problem inverting the market clearing constraint (36) to
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define the residual demand p]. From Lemma 3.1, M — B; is positive definite, so we can

invert it and write:
p'(q;) = (M — Bz‘)_l(z —q;)
Reordering the equations so to have all the rows associated with inputs and ouputs of ¢

first, we can write the matrix M in blocks as:

- My —B: Mypwor
M_Bi:< NG) NN G) )
My iy nviye  Mwgye

Using the rule for block matrix inversion:
p; = [(M — By) ey (An) — @ — My (Maiye) ™ Aniye)

Defining A; := [(M—Bi)_l]_/\/(i) and Al = ZN(@ _M./\/’(i),./\/’(i)c (MN(i)c)_IZN(i)c, we obtain

the equivalent formulation:

maxq;p;(q;) — i (38)
subject to: (39)
q; = Bi(vip; — fi1) (40)
q; = fi(l;)v; (41)

This differs from the problem (12) in the text of the Lemma only for the presence of the
schedule constraint (40). To show that it is redundant, we solve the relaxed problem
(12) and we show that the solution satisfies the constraint.

The optimization 12 is concave with a linear constraint, because the Hessian matrix
A, O ,
is — 0 1), so the FOCs (19) are sufficient. To solve the system of FOCs (19) note

that:

af ki ki (

1 1
= fir + —qzout)
o; 2,k; + f2 k2 ~ forkit f

k.

Then, from the FOC and the constraint q; = ¢?"*v} we get:

VN = (vip; — VN (42)
ofi\ "
= 'm. — L 43
(vzpl (5 ) (43)
= (vip; — fir — @'k ) (44)
which implies Equation (14) and (13). O
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A.3 Proof of Theorem 1

Now, consider the game G’ = (N, (X, U;)ien) with payoffs U; = Inm; (e, ... e*™), where
X; = R. Since both In(-) and exp(-) are monotone, a profile B is a pure Nash equilibrium
of G if and only if the profile z = (In By,...,In B,) is a pure Nash equilibrium of G'. It
follows that the Nash equilibrium of G’ is unique if and only if the Nash equilibrium of G
is unique. Moreover, since the log is order-preserving, the game G is also supermodular.

In the following, we analyze the game G'.

Existence The best reply equation (13) shows that B; € [0, k;] and is continuous. So,

by Brouwer’s fixed-point theorem, there exists an equilibrium.

Potential To show that the modified game G’ is a potential game, we show that the
second cross-derivatives of the payoffs are equal. Since the supply is S; = B;vv'p;, the
profit can be rewritten as:To compute the derivative of the payoffs, we must differentiate
the matrix M ~!:

0 0 — .
— M=M= Bid; ' ;+ B, | M = —M 'o,0";M~!
o (5w 2)
Since Mf = Zj Bj,ffj,L and ijf = Fj’Uj, we have: Mf = Zj Ej'i)jfj,L = Zj Ej'i)jéjf[,a
where €; is the j-th canonical basis vector in R". So:

0
OB,

0 = . . L
My = o= > Bjveif, =v:€if;
Moreover, ¥;p = v;M (A + M;). So:

—ip = — ;MO0 M (A + My) + 0, M oelf
= —o;M~'0;(0;p — fir) (45)

Using this, the derivative of the profit is:

om  — 1=\, 1 - Bi/k; .
8% = Bz (1 — ok B7,> ('U;p — fi,L)2 ]/- - 2U;M 1’UZ'
‘ ’ B, [1-—B;
2k;
— oU; Oln; :
Notice that with our reparameterization B; = €% and = nf Since m; =
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— 1 —
B (1 ~ o7 Bi) (9ip — fi.r)?, the derivative of U; becomes:

oU; 1 . R 1 B; — .
S 20" M My =1 — — 1d,

—_ 6331 - i

2%k; 2k;

Using again 45:

- 2B;B;o;M ' 0;0,M "0, = 2B: B, (o, M~1%;)° Iy
i 1 B, - ) L, )
Oz ;j0x; 2. 1 2 2Bz'U;M71Uz + 23?( ;M71v2)2 =
(3 1 _ El
2k;
0?U; B 0*U;

Since

, the game is a potential game. This means that there exists

axjﬁxi N 8@8%

ov oU; .
a twice differentiable function ¥ such that: 9~ 3 for each i and each profile x.
€T; ZT;
In particular, this means that, even without knowing the expression of ¥, we know its
0*w 0?U;

Hessian matrix H, we have H;; = = .
" 8:(:@(995] 89518%

Uniqueness Now, we prove that the potential is strictly concave. This proves that the
game can have at most one Nash equilibrium. To prove it, we prove that the Hessian
matrix H is negative definite, by proving that —H is strictly diagonally dominant. Sum

the off-diagonal entries:

=

(M = B~ Byose) M e

= 2B;0{ M~ MM "0, — 2B,/ M~ (B.+ Byo;0)) M9,
< 2B;d M~ 'o; — 2B;d M~ (Bjo;0)) M~ ',

- 2§j’lA),-M71’IA)j (1 - Ej’l};Mil’lAJj)

J

where the strict inequality is because B, is positive semidefinite, and there must be at

least a path from each firm j to the consumer, so that [M~'9;]_ # 0. Since the expression
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above is a sum of positive terms, it follows that H;; < 0, and —H,; > Zi# |H.;|, so —H
is strictly diagonally dominant and H is negative definite. Hence, ¥ is strictly concave
and the Nash equilibrium is unique.

Moreover, since the diagonal of H is negative, it follows that the payoffs are concave,
so the FOCs (13) are necessary and sufficient for the equilibrium. Since the payoffs are
concave and the cross derivatives are positive, the game is also a supermodular game,
and we can conclude that the unique Nash equilibrium is also the unique rationalizable
action profile.

O

B Proofs of Section 4

B.1 Proof of Proposition 1

The proof follows from the following lemmas, proven in the Supplementary Appendix.

Lemma B.1. Define BR(A,n, k) as the unique positive solution of:
L -1
X = (k:‘l + A+ (n— 1)X)‘1>

Then, BR is increasing in n and k, and decreasing in A.
——out

Moreover, define A;(B_;) := A, + K;n The best reply equations (23) can be ex-

pressed as, for all i:

Lemma B.2. In equilibrium, each B; is increasing in each n; and k;.
Moreover, if k; = k for all 4, then for all ¢, j n; > n; implies B > E* If n; = n* for
all ¢, then for all 7, j k; > k; implies B > Fj*

Lemma B.3. If N =1 or N > 2 and n; > 2, then the equilibrium slopes are nonzero.

To obtain the price impact expressions in (17), notice that for firms in layer 1, the
slope of the residual demand is B.; + (n; — 1)B;. Firms in the upstream layer 2 face a
demand ny B1(py — p2) + Ay — Beapa + (ng — 1) By(py — ps3), where it is now necessary to

solve the first layer equations for p; as a function of p,. Proceeding iteratively, we can
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rewrite the market-clearing conditions for goods 7 and 7 + 1 as:

——out\ _ —
q; = SA?" ) 1(A —p,-)l—\(ni —1)Bi(pi — pix1 — fi,L)
De;:and Sup;ﬁy of
from customers competitors
¢it1 = (Kzn)_lpi—i-ll_ (ni = 1)Bi(pi — piv1 — fi) (46)
Su?)?)ly Dem;;d of
from suppliers competitors

where (K?ut) and (ij) satisfy (18). The right-hand sides of Equations 46 constitute the
(direct) residual demand and supply. The inverse Jacobian of this is schedule is exactly

1. Suppose n; = n; := n*. Denote () the quantity consumed by the consumer in

equilibrium. By Lemma B.2 in equilibrium B; = Fj := B*. By homogeneity

out out

and market clearing ¢/** = ¢f** := @Q/n* for any 4, j. As a consequence, by

the expressions of the price impact in Equation (17), we have that the quantity
——out

A= Kin-H\i = B '+(n*)7! Z:#i(B*)*1 is independent of 7. Using the expression

for markups computed in (24), we get:

——out
quut — Az Q
' 1+ A(n* —1)B*n*
Hi =

1+ A(nr—1)Brn*

From Equation (18) we have that K?m is increasing in ¢ (i.e., increasing upstream)

while Kzn is decreasing in i (i.e., increasing downstream). By the above expressions,

the same is true of, respectively, the markup and markdown. The same is true for
——out

the relative markup 7¢"* = u¢™ /p;, because since Q = n*B*(p; — pit1) > 0, p; is

increasing in the layer i. Moreover, p;y; = Kan + fn, so the relative markdown

satisfies: ,
. in A
Wt = Hi cost X ———t——
Pit1 AN Q+ fn

which again is increasing downstream.

2. If the quantity sold by firm ¢ is ¢;, by market clearing, it must be @ = n;q;.
Moreover, p; — piy1 = ¢i/Bi, so the aggregate profit in layer i is:

| /1 1
I = niqi(pi — piv1) — %QE = <§ - %) ;

and the expression is valid also for firm 1. So, by Lemma B.2, II; <1I; if and only

it n; > n;.
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C Proofs of Section 5

C.1 Proof of Theorem 3

Part 1 The assumptions on A and Equation 13 show that B; € [0, %;] and A; is con-
tinuous, so the best reply map is also continuous. So, by Brouwer’s fixed point theorem,
there exists an equilibrium. Moreover, the best reply is increasing in the profile of slopes
of other firms B_;. By Topkis’ Theorem, the equilibrium set is a lattice, so it has a

maximal and minimal element.

Part 2 Define BR', BR* : [[,[0,k;] — [I,[0, k;] the best reply maps for, respectively,
model 1 and 2. We know that for any profile B we have, entrywise, BR'(B) > BR*(B).
Call (B*)! the maximal equilibrium in model 1 and (B*)? the maximal equilibrium in
model 2. We have:

(BY) = BRI((B)") > BRA(B))

Since the best reply is monotonic, we have that iterating the best reply of model 2

starting from (B*)! we eventually reach the maximal equilibrium of model 2, so:
(B*)' > BR*((B*)") > --- > (B*)?

which is what we wanted to show. The case of the minimal equilibrium works analogously.
O

C.2 Proof of Theorem 4

1. In the unilateral case, the best reply equation is:

/
max q,;p; — ¥;
qiygi

st g, + (M — Bl)p = A. From this, we get the residual demand. Now, instead,
the prices of inputs are fixed. Only the output price is allowed to change. For
consistency, only the output quantity can affect it. We can express the equations

more conveniently by decomposing the matrix M as follows:

My o My
M — ( /Mn() Mn,out( )>
MMn,out(i) MNO“‘t(Z')
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where, after reordering, N (i) contains the subset of all goods that are inputs of 4,
or all goods that are directly or indirectly connected to inputs of i. N“!(i) contains
the remaining goods: the output of ¢, and possibly all downstream goods that are

not connected to any inputs.

The equations involving q; are:

q, + (MNm(i) - BMn(z‘))PNmm + (MNouf(i) - BNO“t(i))pNout(i) = A;

We can solve only for the downstream prices:

A

Pvout(iy = (Mprou(sy — Bjproue(iy) ™" (Zi —q; — (Mni, ) — Bi,Mnm)PNm(i))

In particular, focusing only on the output good of firm i:

A

pi" = [(Mpvou(sy — Biprour(i)) ™ is(Ai — ") + const

where [-];; denotes the diagonal element of the matrix inside the square brackets:

A

[(Mprout 3y — Bi,./\f"“t(i))_l]ii = [(My — By — M} M= owon M down) i

i,down*"* —i, down

So, we get:
Opi - .
dgeet [(Myouiy = Bowy) ™ i

Hence, the price impact is:

0q; 0 0

7

% — Aunilateral _ ([(MND“t(Z) - B/\/"“t(i))_l]ii 0)

Amultilateral pote that we can also decompose Amwtilateral 5.

—1
multilateral __ Mi,down Mi,downfup A
A = ) — B,
Mi,downfup Mi,up

For simplicity, from now on denote the blocks of the matrix M — B; as:

MoB =
RV

To compare with

Ni
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Using block inversion, A¢materal can also be written as:

-1

A A A

A;Lmlateral :,Illm ,1 2 (47)
—00 A2 TAg

Ni

Now note that, for T" > 1:
A A, B Ay Ay} (O 0
Al A, AL TAs)  \0 (T —1)4s

—1
: A A
is positive semidefinite for T > 1. Since Amwtilateral — b by
A, A 7
2 Az
inverting and passing to the limit we obtain A¥nilateral < Amultilateral wwhich is what

we wanted to show.

2. If q¢; + (M — E’Z)p = A, but the prices of the other markets are to be taken as

given, then the equations involving g, are:

q; + (MN(z') — Bi)p, + MN(i),N(i)CpN’(i)C = A,
Inverting, we obtain:
P; = (Mywy — Bi) ™" (Ai = @ = My wiiy Paciey)
Since pyy(;)e are to be considered constants, the price impact is:

Aéocal — (MN(Z) o Bi)_l,

So, it is immediate to conclude:

AP = (Mo =B) ™ < (Mu) = Bi = My Mty (Muvar)') = Ao,

as we wanted to show.

C.3 Proof of Corollary 5.1

If there is a unique final good, say good 0, then the vector A has just one nonzero entry,

corresponding to good 0. So, A'p = Agpy, and as a consequence:

1
= —A'M'A
Po A
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Since M is increasing in each B, pg is decreasing in each B;. O]
Now we know that M is increasing in each B;, and so we obtain that pg is decreasing
in each B;. O

C.4 Proof of Proposition 2

1. Consider first unilateral market power on output. Plugging the price impact (29)

in the best reply equation we get:

-1
—unilatera 1 BR(A"
B lateral _ (k‘_l i ) = BR(A, t,k,n) (48)
( (n—1)

K?Ut)_l + Ez
where BR is the same function defined in Lemma B.1. By Lemma B.1 and the fact
that A% is increasing upstream we conclude that, in equilibrium, B; is decreasing

upstream. The markup/markdown vector is:

1
;= QA;Lnilate'ral,out _ Q (K?ut)—l + Ez (n . 1)
n n 0

Using the best reply equation (48), we can rewrite the expression as:

K?ut _
lu;mt - Q —outz— = Q (Bz - k_l)
n\1+X"Bn—-1)) =n

out

So we conclude that both u

1

and the profit are increasing upstream.

2. Analogously to the previous case, we obtain that B; is increasing downstream, the

markup is zero and the markdown is:

. AT __
"1+ A B(n—1) n

As a consequence, both markdown and profits are increasing downstream. O

C.5 Proof of Proposition 3

The monopoly price in the after-merger setting is:

1 -1
"= A(B.+ By) ' = A(Bet ————
4 (Be+ Bu) < C+k1+1/Bc)

where B, is the equilibrium coefficient of the supply of the only firm, and the best reply
yields By = (1{3_1 + AM)_l

_ 1
Tk~ '41/Bc
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In the pre-merger equilibrium instead the final price is:

-1
A 1
)
1 1 Z
Bc + ( =+ _—) 1/BC * n1B1
n131 B2

where the last equality is obtained using the best reply equation for Bs:

B, =B.'+ (mBy)™
These expressions are valid under both unilateral and bilateral market power.

Hence we get that the price is higher after the merger if and only if 2k < n; B;. Now in
both cases, ny By (n;) is increasing, so the equation 2k = ny By (n;) has a unique solution.
Moreover, if n; = 2 the RHS is lower, while for n; sufficiently large the RHS is higher.
Define n* as the solution in case of multilateral market power, and n, as the solution
with unilateral market power. By Theorem 3 for any nq, Ellmﬂateral(nl) > Ellnultﬂateral( 1),
so that n, < n*. Hence, it follows that for n € (n.,n*) the merger is welfare-increasing
with multilateral market power, but welfare-decreasing with unilateral market power,

which is what we wanted to show.
O
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Supplementary Appendix of

“Multilateral market power in input-output networks”

D General model: non-linear schedules and uncer-
tainty

In this section I show that the linear equilibrium analyzed in the main text remains an
equilibrium even if firms are free to choose any nonlinear schedule. Moreover, it also
survives introducing uncertainty in the intercept of the consumer demand A and the
labor cost parameters f;. Specifically, we assume that the vector € := (A, f,) has a
joint distribution F, with finite mean. We assume that € has support £, which we leave

generic for now.*

D.1 The general game

The technology is the one defined by the Equations (5). The key difference is that the
vectors A and f; are stochastic. The schedules chosen by the firms S; = (S, —Si")
now are maps from R% x R, — R% mapping p;, fi.r to Si(p;, fi.r), and the schedules
are chosen before the realization of the vectors A and f;. Firms can condition their
schedule on their value f; 1: this can be equivalently interpreted by saying that firms are
able to observe their own realization of the cost f; ;. In this context, the market clearing
conditions are analogous to (8), remembering that schedules are also functions of A and

fi.L, now:
Zsz(pa fi,L) = Dc(pv A) (49)

The set of feasible schedules for firm i is denoted A;, and A =[]\, Ai. The set A;
is the set of schedules that:

1. satisfy Equations (5);

For the uniqueness result in Lemma 52, we need £ to be large: so, in this section, traded quantities
may not be positive. Since trade has a direction, negative quantities can simply be interpreted as trade
flowing in the opposite direction. This amounts to assuming that the production process is reversible,
as in classic treatments of production theory. In the case of the consumer, this can be interpreted as
the consumer holding some endowment of the relevant good. In this context, the primary input can be
thought of as something else than labor (e.g., energy), for which the reversibility is more natural. This
approach simplifies the analysis because it rules out corner solutions in which firms decide not to buy
some inputs (or sell some outputs) at all. Notice that the constraints (5) are well-defined, because if

by = foLag" +
qg"t < 0.

—(qg"")

o 2 then the square root in f,(/,) always has a nonnegative argument even if
g
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2. are such that the market-clearing conditions (49) uniquely define a pricing func-

tion.'?

Formally, we have the following definition.

Definition D.1 (Pricing function and payoffs).
A function p: € x A — R™ that solves (49) is called a pricing function.

The payoff of firm (player) i is the mapping from supply and demand schedules in A;
to real numbers defined by the expected profits:

Ti(Si, S=i) = Er (pi(e)Si(pi(€), fi) — Sei(pi(e), fi) | £i)

D.2 Equilibrium

Linear equilibrium We look for an equilibrium in which the schedules are linear,

namely they have the expression of Equation (6):

Si(p;, fir) = Bip; — BirfiL (50)

with the difference that f; ; is interpreted as a stochastic variable unknown to other

firms.

Market clearing and residual demand The best reply problem of firm ¢ is:

Inax 7 (S;i, S-i) (51)
If the schedules of other players S_; are linear as in Equation (50), then the market
clearing equations and the residual schedule follow, respectively Equation (10), (11) of
the main text, with the only difference that the intercept A; is stochastic.

The key result is the following, that generalizes Lemma 3.2. It shows that the linear
schedules represent the unique best reply among all the schedules satisfying the assump-
tions for which the game is well defined. The reason is the same as in Klemperer and
Meyer (1989): with support large enough, uncertainty forces the firms to choose a spe-
cific locus of prices and quantities, and all the choices are relevant for some realization

of the stochastic parameters.

Lemma D.1. The schedule S; solves the best reply problem (51) if and only if for any

15Here we do not state explicitly sufficient conditions for this to be the case: in the parallel paper
Bizzarri (2025), the reader can find a set of sufficient conditions.
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e the quantity vector g = S/ (p;(€), f;) solves:

max q;p; (q;,€; B—;) — ; (52)
subject to the technology constraint (5). Moreover, it is the unique such schedule if the
support & is such that for all 4, [M ' A]; spans R%.

The condition on the support is satisfied if, for example & = R"*™  corresponding
to the case in which all goods are directly sold to the consumer. However, this is not
necessary, for example for the Supply chain with layers the condition is easier to satisfy,
it is sufficient that the consumer intercept Ay and the cost parameter for the last layer
fn have full support.

Now the solution of (52) is immediate, as in the main text, and yields:
Si(p;, i) = Bi(vip; — fi)vs (53)

where the coefficient B; satisfies (13).

So, we conclude that the linear equilibrium of the generalized model of this section
is unique and identical to the equilibrium of the main text, characterized by Equations
(13) for all i. Moreover, since it solves (52), it is an ex-post equilibrium: firms would not

want to revise their schedule even if they learned the realization of €.

D.3 Proof of Lemma D.1

The proof uses the following Lemma, stating in words that optimizing over a schedule
ex-ante is equivalent to pointwise optimizing ex-post, provided the stochastic parameters
span the whole domain of the schedule: this is the same property used in Klemperer and
Meyer (1989) and Malamud and Rostek (2017).

Lemma D.2. If the distribution of the random variable ¢ has full support, optimizing
over a function of € is equivalent to optimizing ex-post after the realizations of the
stochastic variables. Formally, if ¥ C {f: & — R"}:

f* = arg r}lea]?_dEeg(f(g)v 5)

if and only if:

*(e) = arg max , €
/ ( ) gye (g)g(y )
except pOSSibly on a set of measure zero.

Proof. The second condition is equivalent to: g(f*(¢),e) > g(y,¢) for all y € F(E), e.
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Hence, it follows that for any function f € F:

/ o(f*(2).)dF(2) > / 9(f(e), £)dF(e)

which is the first condition.

For the vice-versa, suppose f* = argmaxserE.g(f(¢),e), but for some set A of
positive measure, for all ¢’ € A there is a y € F(€) such that g(y,e’) > g(f*(€),e’).
Since all the y belong to &, there is a function y € F with this property. Then, define
y*(e) as identical to f* except on A, where it is defined as y. By definition, also y* € F.

Hence, since the distribution has full support:

c

= /A g(y(e),e)dF(e) + / 9(f*(2),©)dF(e) (55)
> / g(f*(e),e)dF(e) (56)

/ oy (2), e)dF(e) = / oy (2), e)dF(e) + / oy (¢), e)dF () (54)

which is a contradiction. So, it must be f*(¢) = arg maxyc ) 9(y, €), which is what we

wanted to show. O

First, we observe that by the proof in the main text, if S;(p;, fi.z) = @;, then:
Sip;(Si,e; B_;) — Ui = q;p; (q;,€; B_i) — {s.

So, the objective function in (51) can be substituted by the one above. Using the Lemma
D.2, we obtain that the optimization (51) is equivalent to the pointwise ex-post opti-
mization:

ma o .’8;871. _gl
qivéiE}%{(f/‘) q;P; (qz )

under the relevant constraints, and denoting F;(€) the codomain of the schedule of firm
i
Fi(€) ={aq;, li | Fe s.t. Si(pi(e), fir) = q;, 6 = Siu(p;(€), fir), and (5)}
Now, the above optimization has a unique solution, which is the schedule (53). How-
ever, to prove uniqueness, we need to ensure that the e parameters span the whole
domain of S;, or F;(£) = R%: the optimal quantity is not constrained for those prices

that are out of the support. The prices follow Equation (10), and so the schedule S; has
full support if [M~1A] ~G) spans R%, which is what we wanted to show. O
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E Markups and markdowns

We show that the markups defined in Equation (21) agree with the standard approach

of computing the gap between price and marginal cost, or marginal revenue products.

Definition E.1.
The total cost of firm i is: Ci(gf™) = 3,1y (q;) fijaf™ +

out

¢")?, where everything is

2k; (
expressed as a function of ¢/ using the technology constraints, including the prices where

we write explicitly the argument of the residual inverse schedule: pf (¢¢**v;). Define the

oC;
(absolute) markup as p; 1= p; — St

4q;

1
The revenue product of input g is: Rig(qig) = p¢*'ai™ >, 05 (@) fija7"" — % (go)*
where, again, everything must be expressed as a function of gy using the technology con-
straints. The markdown on input g s: pg := D0, Py -
Qig

Lemma E.1. The vector p; = (1;, —ftig) satisfies:

pi = ¢ Awi = Mg, (57)

E.1 Proof of Lemma E.1

out

The total cost to produce g5

Cilgi™) = Y Pyla)ag+0 (58)
geN (i)™

_ Z pr (qlout ) OUtfzg + fz quut o7 <qlout) (59)
ge'/\/'(i)in

out

where everything is expressed as a function of ¢f** using the technology constraints, in-

cluding the prices where we write explicitly the argument of the residual inverse schedule:

out

P! (¢¢"'v;). In particular, 9p} (¢¢"*v;) /0¢¢"* = —A x v;. Analogously, the (net) revenue
product generated by input g is:

ou out) 2
Rig(ng . Zp]q” f _qu +ngzg szq b q; t)

(
J#g 2%

oy T oy 1 ou 2
_Qz ¢ '/Lpz +pgq19 f’LLq t 2]{: (qz t)

2
ng / T 1 7 -1 Qig 1 Qig
U;P; <q1, Jie Uz‘) +p (Qi, i ’Uz')%' —fir — = <—) )
fzg i g 979 g fig 2k; fig
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where again everything is expressed as a function of ¢, using the technology constraint

@t = fzg ¢ig- Now, compute the marginal cost and the marginal revenue product:

oC; . o 1 o
aqout :Zpgfig_z zvz] fzgq t""sz"‘k t
g g

1
— _’Uzpz +p;)ut + U;szzq;mt [AZ’UZ] out + sz + k q;)ut

1
= —vip! + fiL + )" + (U;Aﬂ)i 5 ) " — [Awy), ¢

=— (vépl fir + B, qo“t) + p?t — [Nvil, ¢ = PPt — [Avy); ¢

IR, 1 Qg fiL Qig 1
= —vp; — HUNv;, — 7= — —& — — [Avy] Gig + 1)
8Qig f’ig ig fig klffg fig 939 g
1 ng ( : 1 ))
zpz fz ’UZ‘Ai/Uz' + — iVil, qi +p
flg ( fig kl fzg [ } g g

1 1
p; — fir— B, q@- )— [Aivil, gig + Py = ——— [Awil , qig + Dy,
fzg< fig g g fig g g

where, in both calculations, the terms with B; disappear because of the best reply equa-

tion. So, the markup and markdowns are:

out out aC
MZ pl aqout

= pPt = (p" — [Awdl; @)

= [Aiqi]i
mn aRZQ
1,9 ang pg
1
= _F [Aivi]g Qig +Dg | — Dy
ig
== [Az"Uz] q;mt = [Aiqi]g
So, the markup-markdown vector is: A;q,;. O

F Substitute intermediate inputs

In this section, I show that the main results of the paper generalize to the case of
intermediate inputs that are imperfect complements or substitutes. To keep tractability,
we need the equilibrium to be in linear schedules. This means that we must preserve the
linear-quadratic nature of the objective function in (12). Here, I introduce a parametric
functional form for the technology that allows inputs to be imperfect complements or

substitutes, while keeping tractability.
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Denote w; = (wij)j_n- a nonnegative parameter vector, representing the intensity of
each input j in the technology of firm i, and denote u; = (1, —w;). Assume that total
labor hired #; can be allocated to different tasks: ¢ is allocated to dealing with the
production inputs, while ¢Z is used for other production tasks unrelated to intermediate
inputs (e.g. management). The quantity ¢2 represents the “handling costs” and can be
interpreted as all the costs connected with storage, transportation, inventory, and tasks

that have to be performed in order to use that input.

Assumption T: Technology constraints There is a positive definite matrix >; €
R@=1x(di=1) and a vector w; € R%~! such that the handling costs for the input
vector S are: (4 = (8)'%;(S™).16 Moreover, from the intermediate input vector
§™ and labor £ firm i produces a quantity S{** = 37 wi; S + ain/267. f{elabel
the labor allocated to generic tasks as: ¢; = /2(P; in this way: (F = 56? In

summary, the technology constraints are:

!/

- ) . 1
L=t 00 = (@Sl + 50 (60)
where wu; is the vector (1, —w;).

The matrix ¥; codifies the (purely technological) patterns of substitutability and
complementarity. For example, ¥; jr > 0 means that, for the same input prices, using
both inputs j and k& has a higher cost than only using one of the two: this captures
substitutability; on the contrary, ¥; j; < 0 captures complementarity. When ¥; = I; (the
identity), inputs are nor substitutes nor complements.

This is the same assumption followed in Bimpikis et al. (2019), and can be seen as the
extension to an input-output setting of the standard quadratic cost function commonly
used: if a firm uses no intermediate inputs but only labor, the costs reduce to the standard
out

form 1%, and ¢

i = CYZ&

Microfoundation of handling costs The structure for the labor costs above can be
rationalized via a standard neoclassical production function. Define £; = (£;);jepin(),

where (4 = ; Uiy a labor allocation. Suppose the production function of firm ¢ is:

(ID(qgn, ZZ) = max wi; min{ o (£:), qij} + ciy/ 208 (61)
J

£;: Zj 6”—1—(;“:@

16We could also include a linear term in the handling cost, that would result in a linear labor cost
fi,r analogous to the main text. I don’t do that here for simplicity.
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where the functions (¢;;(¥;)); are implicitly (and uniquely) defined by the equations:
lij = wijdij + Z i in@ijGin Y (62)
h

This generates the expressions of the previous paragraph, as proven by the next Propo-
sition.

The interpretation is as follows. The firm hires a number of workers ¢;. Such number
of workers have to be allocated to different “tasks”: ¢;1, €0, .... Suppose first that 3; =
%Ii, so that inputs are neither complements nor substitutes. In this case the Equations
(62) are independent, and can be explicitly solved as: ¢;; = \/M This means
that tasks and inputs are in direct correspondence: each input, to be used in production,
needs to be combined with a quantity of labor ¢;;. The efficiency of this quantity of labor
depends on the parameter k;'", and is equal to ¢;; = \/M . Since each intermediate
input is perfectly complementary with the function of labor, at the optimum it must be

1
Gij = ¢i; = +/2kil;;, and so {;; = %qu Summing over j we recover the expression
(2
1

of the handling costs: (' = 7.4y = Q_kzzj q;;. If instead X; # I;, labor tasks and
intermediate inputs are not in one-to-one association, but each input, to be used in
production, needs a specific combination of labor tasks. The combination of labor tasks
needed to complement input j is given by a function ¢;;(¢;), that may depend on all
the labor tasks. Specifically, if the quantity of labor allocated to task h increases both
¢i; and ¢y, this creates complementarity between inputs j and k; otherwise, it creates
substitutability. The proof is in F.5.

Proposition 5.

The production function in Equation (61) is equivalent to the relation in Equation (60).

F.1 The game

The game is the same defined in Section 2.2, with the only difference that the technology
constraints are given by the Equations 5, so that the coefficient matrices are not restricted

to have rank 1. We make the following assumption, instead.
Assumption A : for all 7, B; is symmetric and positive definite.

Call B = (B;);en the profile of coefficients chosen by firms, and B; the set of matrices
satisfying the above assumptions, so that the set of feasible action profiles is B =[], B;.

1"The parameter k; can be thought as capital. Under this interpretation, the technology here defined
has costant returns to scale. In this case, the analysis of the paper can be thought as analysing a short
run in which capital is fixed.
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The definition of Generalized SDFE is the same as Definition 5.1, where the price
impact function A; now has to be decreasing in each B; in the positive semidefinite

ordering.

F.2 Results

The following Lemma has the role of Lemma 3.1. The proof is in F.3.
Lemma F.1. The matrix M — B; is positive definite, so invertible.

Given this, the proof of Lemma 3.2 is still valid, because it only uses the linearity of the
schedules. In particular, this shows that the special case of the standard SDFE realizes for
A; with the same expression as in Lemma 3.2. So, the best reply problem is analogous to
(12), with different technology constraints. In particular, using the technology constraint

(60) to eliminate ZZ;, the best reply problem can be written as:

max(p])'q; — (q/")Tig" — 56 (63)
q;,ti

subject to ulq; = a;¢;. Since o; > 0, we can further eliminate the variable ¢; using the

constraints and rewrite the problem as:

max(p;)'q; - (¢;")Ciqi", (64)
where we define:
1 1, -1
- — W
: of ai
Ci=11 1

/
Q; a;

which thanks to the assumption on Y; is a positive definite matrix. The Hessian of the

problem is —A; — C; !, so the problem is concave. The FOCs are:
p; — Mg, —Ci'q, =0

So, we get:
Si= (07 + M),

So the coefficient matrix of firm 4, in equilibrium, satisfies the expression:
B; = (Gt +A)™ (65)

Notice that C; is the matrix of coefficients of the schedules that represent the competitive

equilibrium of the economy, because price-taking corresponds to A; = 0.
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Existence of a solution of (65) needs a different proof. In particular, action spaces
are not unidimensional, which means that the supermodular and potential structures are
lost. However, the best replies are still increasing in the positive semidefinite ordering
(by the assumption on A;). The following theorem states conditions for existence and a
characterization of the equilibrium, generalizing Part 1 of Theorem 3. The proof is in
F.4.

Theorem 5. 1. The first-order condition for the best reply problem are:

1 =X\l (67)

where \; is the multiplier on the technology constraint.

2. The best reply of firm i is (65). Moreover, it is increasing in B_; in the positive

semidefinite ordering.
3. There exist a minimal and a maximal Nash equilibrium.

In this context, the markup-markdown vector is A\;u;, so we can see that the charac-
terization of markups in terms of centrality in the goods network is still valid: u;, = A;q;,
and also Theorem 2. What changes are possibly the signs of the entries of the matrix
M, because intermediate inputs are possibly substitutes.

Theorems 3, part 2 and 4 are all valid under the more general model. This is because
their proofs only rely on the fact that each coefficient matrix B;, A;, and M — B; are

symmetric and positive semi-definite, and A; is decreasing as a function of each B;.

F.3 Proof of Lemma F.1

If B, is positive definite (which is the case when B, = B., that is all goods are consumed
by the consumer), the thesis follows immediately. If B, has some zero rows, consider
a nonzero vector @ such that '’ Mx = 0. For every subset x;, it must be x; = 0 or
x; = \u;, A # 0 for some firm ¢ with o; = 0. Moreover, it must be . = 0 because B, is
positive definite.

Consider any good g. Since the network is connected it must exist a sequence
J1,---,9s such that g = g, g5 € C and for every pair g;,¢;11 in the sequence there
is a firm that produces g;+; and for which g¢; is an input. Without loss of generality,
choose this sequence so that the length s is minimal. Then, by induction on s, we can
prove that x, = 0.

If s =1, g € C and so z;, = 0 by the reasoning above. Now suppose the thesis

holds for s, and consider a good for which the minimal sequence has length s + 1. By
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assumption, z,, = 0, so for each firm ¢ producing g, it must be x; = 0. By assumption,
there is a firm using g as input and producing g», and so it follows that x, = 0. Then,
by induction we proved that z, = 0 for all goods g.

Now, suppose that each good is traded by at least three agents, and consider M — B;.
This corresponds to the matrix of a network from which firm ¢ has been removed. But
if each good is traded by at least 3 firms, the network is still connected even when
removing a firm. So, the reasoning above still holds, and we conclude that M — B; is
positive definite. ]

m

F.4 Proof of Theorem 5

The payoffs are strictly concave, so Equation (65) is necessary and sufficient for opti-
mization. We have to show that a profile of matrices satisfying it exists.

The best reply map BR; defined by equation (65) is increasing and continuous, by the
assumption on A;. Moreover, the best reply belongs to the set {B; € B; | || Bi|| < ||Cill},
so it is bounded. Because of this, we have that the profile of best replies to (C;)ien
satisfies BR;(C_;) < C;. Iterating the best reply, we find that it must converge to a
profile B, that is the maximal equilibrium. Analogously, if BY = 0 for all i, we have
BR;(B,) > BY, and iterating again we find that the sequence converges to the minimal

equilibrium B, .. So, there are a maximal and a minimal equilibrium, possibly identical.

F.5 Proof of Proposition 5

First, we have to prove that the function (¢;;); : R%~! — R%~1 implicitly defined by:
1 )
lij = % zh:Ui,jh¢ij¢ih A
is well defined. We can rewrite this expression as: Fj;(€;, ¢;) = 0, for all j, where:
1
Fij(li, &) = —bij + o > indiidm
Y h

We want to prove that this function of ¢, has a zero for any £;. We use the intermediate
value theorem, in the generalized form of the Poincaré-Miranda Theorem, Kulpa (1997).
By this theorem, if for all j, when ¢;; = 0 then F;(£4;,¢,;) < 0, independently of the
other ¢, k # j, and when ¢;; = F then Fy;(£;, ¢»,) > 0, independently of the other ¢,
k # j, then there is a vector of zeros ¢; such that 0 < ¢7; < F for all j.

Suppose ¢;; > 0 for all j. Note that if ¢;; = 0 then Fj;(€;, ¢;) < 0, independently
of the other ¢;,, k # j. Now suppose there is an upper bound F on the ¢ij- We
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can write: Y, 0 inPin > 0 jiPij — Zh# |ai,jh|F. Since ¥; is diagonally dominant, the
latter expression is positive if ¢;; = F: so, if ¢;; = F, it follows ), 0; jnin > 0.
Now it is sufficient to choose F(¥;) large enough, and we obtain that for Oij = F then
F;;(;,¢;) > 0, independently of the other ¢;,, k& # j. So, by the Poncaré-Miranda
Theorem, there is a solution.

Now suppose that ¢;; = 0 for some j: ¢;; = 0 solves the corresponding equation, and
we can simply apply the above reasoning to the remaining equations and variables. We
conclude that the above equations implicitly define a map ¢; : R‘fj — Ri".

For uniqueness, we want to use the Theorem 4 in Gale and Nikaido (1965) stating
that if the Jacobian of a map is a P-matrix on a rectangular region, then the map is
invertible. The domain of ¢; is ]Rﬁlj, a rectangular region.

The Jacobian of the function F; defined above, with respect to ¢, is the matrix with
in position j, h the value Q%Z.Uz‘,jh@j + Q%l_éjhamjgbij. This is:

1 1

J; = Q—kiEidmg(qbi) + o

diag(3; 1)diag(¢p;)

The term diag(%;)diag(¢;) is diagonal and positive. Moreover, we focus on the case in
which the g; are small enough, so we neglect the first part.

Focus on the case in which ¢;; > 0. The only non-diagonal part of this matrix
is ¥;diag(¢,;): this is the product of the positive definite matrix ¥;, and the positive
diagonal matrix diag(¢;). A positive definite matrix is a P-matrix (see Gale and Nikaido
(1965)). Moreover, an equivalent definition for A being a P-matrix is that for any vector
x there exist a positive diagonal matrix D such that &’ DAz > 0 (Horn et al. (1994), Ch
2). This means that if E;, Fy are positive diagonal matrices and A is a P-matrix, then
also By A+ Ej is a P-matrix. Indeed, ' DE; ' (EyA+ Ey))x = 2’ DAz +x' DE; ' Exx > 0,
so the definition is satisfied.

So, J; is a P-matrix and so, by Theorem 4 in Gale and Nikaido (1965), it follows that
the map Fj;(-) is injective. Hence, the implicit equation has only one solution.

If ¢;; = 0 for some j, this can only be a solution if /;; = 0. We can esclude all
the equations relative to zero labor, and apply the previous reasoning on the remaining

variables: it follows that the solution is unique on the whole of Rﬁlj.

G Sequential Cournot

The Sequential Oligopoly is a textbook model in Industrial organization (as in Salinger
(1988), or Belleflamme and Peitz (2015)), both with Cournot or Bertrand or mixed
approaches, used in various classic papers such as Spengler (1950) (monopoly), Salinger

(1988) (Bertrand). Here I focus on Cournot, for simplicity.
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Definition G.1 (Sequential Cournot).

Consider the setting of the layered supply chain of Fxample 3. Solve it as a standard
Sequential Oligopoly as in Belleflamme and Peitz (2015): firms in layer 1 play a Cournot
game on outputs, taking the input price ps as given. Then, compute the demand for good
2 from layer 1 implied by the Cournot equilibrium between downstream firms. Finally,
firms in layer 2 play a Cournot game in outputs. If there are more layers, Firms take as

given the input price ps, and so on for all the layers.

Proposition 6.
The Sequential Cournot model is a Generalized SDFFE where, for all i < N:

——out
A§equential — Az 0
’ 0 O

G.1 Proof of Proposition 6

Consider first the downstream layer, 1. The inverse demand is: Pi(}_; ;1) = (A —

>_; 1) The FOC is:

0
0¢;

1 1 1
((P1 — Py)gin — 2—]{:1(]121> =P —P— EQi,l - k_l%,l =0

So, the quantity and the price have the relation:

1 1\ !
Qi:(E‘i‘k—i) (P, — Py)

11\
This is a linear schedule with slope (g + k_) , which is exactly Equation (13), where

the price impact is modified so that A" = 0 and the slope of competitors are set to 0,

——out
A§equential _ A'L 0
' 0 0

Finally, the demand from layer 1 to the upstream layer can be obtained by solving

so that the price impact is:

the market-clearing conditions:

P (Z %,1) = B% <A - Z%‘,l) (68)

1 1

G = (E ¥ k—) (P, - Py) (69)
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which, since they are linear, have the same solution as the market clearing in the com-

petition in schedules, and it is linear:
P, = A, _EQZQJ',Q
J

Since the demand has the same form as the first layer, just with different coefficients,
the reasoning can be repeated for all layers.
O

H Additional Proofs

H.1 Proof of Lemma B.1

. 1
The equation X = (k’_l + (A s (n — 1)X)_1> is equivalent to the quadratic equa-
tion:

—1

m—DX*+ (R "= (n—2k)X —A, k=0 (70)

— 1\ 2 —
A= ((n—2)k—A 1) 4t — 1A k>0
The quadratic formula gives:

((n )k — K‘l) + VA
X = 2(n—1) (7)

2
and since n > 2, we have that A > <(n —2)k—A 1) , so this has a positive and a
negative root. So, the positive root is unique and the function BR is well-defined.

The monotonicity follows from the implicit function theorem applied to the function

_ - _ N1
F(BR,n,k):= BR to (k:_l + (A Ly (n — 1)BR> ) In particular, since:

OF

B ~BR *+(n—1) (K_l + (n — 1)@%) -

_12BR’
—BR | -1+ 11 _En 1>BR_2
n- (A’ +(n—1)BR>

<0,
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we have:

OBR k2 0
ok  Hp-2 +1 N
BRE >~ (n—1) (A +(n— 1)BR)
S —N\N"2___
9BR (A + (n — 1)BR> BR
5= 5 >0

CBE - (n-1) (K” +(n— 1)@3)_

___ —\2___
9BR (A" +(m-1)BR) X~
— = — — 5 < 0
OA BR>—(n—1) (A_ +(n— 1)BR)

from which the monotonicities follow.

H.2 Proof of Lemma B.2
The proof needs the following Lemma.

Lemma H.1. Suppose k; = k for all layers 7. Consider a profile B. If n; > n; and
X S B_R(KJ (X, B*i,j)? nj, k), then B_R(KZ(X, B*i,j)? ng, k) > B_R(K](X, B*i,j)a nj, k)

Proof. By definition we have:

1 — 1
AZ(X, B—i,j) - £ + 5 Aj(X, B—i,j) - L +

an TLZX

1 — _
where £ = Zk;ﬁi,j m SO, Al(X, B—i,j) Z Aj(X, B—i,j) if and OIlly if n; 2 n;. We

want to prove that BR(A;(X, B, ), n;, k) > BR(A;(X, B*, ), n;, k). Now define An =

n; —nj, A(h) = L+ m, and the function F'(h) as:

F(h) := BR (A(h),n; + hAn, k)
For h = 0, we have F'(0) = BR;(A;,n;, k), while for h = 1 we have F(1) = BR;(A;, n;, k).
Now we are going to prove that F' is increasing in h when n; > n; and X < F(0), so

proving our thesis. Using the calculations in Lemma B.1:

OF OBR 0BR An
o~ on T TOR (i han)’X
An (A(h)~ + (n; + hAn — D) F(h)) ™ (F(h) A )
(n; + hAn —1)

2 F(h)_2
(K*l(h) + (n; + hAn — 1)F(h))
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Because of Lemma B.1, the first fraction is positive when An is positive. So, this is

positive if and only if

A(h)~2

b > (n; — hAn)* X (72
1 - 1

- (E L hAn)X) (n; — hAn)* X (73)

- o (74)

((n; — hAR)X L+ 1)

Since £ > 0, this condition is always satisfied if X < F'(h). If this is true for a specific
h*, since F' is increasing in h* with continuous derivative, it must be increasing in an
interval including h*. Call A’ the sup of the interval where F' is increasing. So, it must
be that for some h’ > h* we have F'(h') > F(h*) > X. But then, the condition is still
true, so we can repeat the reasoning, so A’ cannot be the supremum. So, if X < F'(h*)
for some h*, then it is increasing for all h € [h*,1]. In particular, choosing X < F(0)
implies F' is increasing for all h € [0,1] and so we can conclude F(0) < F(1), which is
the thesis.

O

Consider the equilibrium profile B*. The best reply function (23) is increasing in k;
and n; by Lemma B.1. So, since the game is supermodular, it follows that in equilibrium
each coefficient Ej is increasing in each k; and n;.

To compare the equilibrium values of the coefficients, we apply the theory of monotone
comparative statics to modified best reply functions. The argument will follow Lemma
1 of Lazzati (2013), using the ranking of best replies provided in Lemma H.1 above.!®

Consider the unique equilibrium profile B*. All firms in the same layer are identi-
cal, and use an identical coefficient: so, we index the profile directly with the layers.
Assume n; > n;. Suppose by contradiction that Bf < B. Now using Lemma H.1
and letting X = B;, we have BR(A;(X,B*,.),n;,k) = B;, and so the assumption
X < BR(Aj(X, B*;;),nj, k) is satisfied by assumption. So, we can conclude that:

m(Al(B:7B* )7nlvk)> R(KJ(Bz*ﬂB* )7nj7k) (75)

_7/7] _7'7]
Moreover, since the best reply is increasing we get:

_7/7]

18The argument is a slight modification of Lazzati (2013), because in our context we cannot assume,
as in that paper, that BR;(X, B_; ;) > BR;(X,B_; ;) for all X and B ; (this is, in general, false). It
turns out that the proof works with the weaker assumption that BR;(X, B*; ;) > BR;(X, B*, ;) for all
X < B}, By, that is what Lemma H.1 provides.
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Using again the assumption, we also conclude that:

_17.7
Combining the last two inequalities we find:

B (Kj(ng?B* )7nj’k)2 R(Ki(B:>B* )7niak)7

_17] _IL?]

that contradicts Equation (75). Hence, it cannot be that B} < B} and so we conclude
that B} > B;. An analogous reasoning proves that the same is true when n; = n; = n*

and we vary k;. O

H.3 Proof of Lemma B.3

To see that the equilibrium slopes are nonzero, consider the profile in which for all ¢

_ . 1 1 1
B; = e. In this case, A?"* + A" = B D ik n_] + i So, the best reply is:

C

1
1
=c|ek'+ (Zn_+§> + (n; — 1)

g#i 7

1 —
IfN:L then Z]#Zn_]:()’ SO Bl—)k}
IftN>1: .
. B 1
% () e
j#i Y
and if n; > 2 then the above is larger than 1, meaning that F; > ¢. Iterating the best

reply, we obtain an increasing sequence that must converge to the equilibrium B;. So,

there exists an € > 0 such that for all i B; > ¢, and so the equilibrium is nonzero. O

H.4 Proof of Proposition 4

We need the computation in the following Lemma, proven below.

Lemma H.2. Assume n; > 2 for all layers, so that the equilibrium is interior. Denote
OB, ... OBR(A{(B_;),n, k;)
— the derivative o

Lemma B.1. Both in the multilateral and unilateral case, the impact of a productivity

., where BR and A; are the functions defined in
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shock is:

Ok A 0B, 0\ 0B, 04, nB, B, 0N 9B; ) \ ki
A, 9B, 0N, 0B,

The expression of —— depends on whether market power is uni or multilateral. With

multilateral market power:

oA\, 1

an B TL]Ej ’

so that:

@_QQBC 1 1 B 1 8B_Ry 1 (5)2
Ok~ A 0B, 0K 0B;0h; \nik? o B 0N n B \

~ 0A, 9B, 01\, 9B,

Q*B, 1 1 1 0BR; 1
- . 9N AR, AN 27 T =2 g% 2 (76)
ok, 9B, 9h, OB,
d d
So, under homogeneity, we conclude —Q lky == —Q ko—k-
dk, dks
With unilateral market power, we have:
9N, 1 oA 0
831 a nle’ 832 o
and so:
0Q @B.( 1 1 0BR, 1 (B\’
5’k1 N A nlk‘% n2B22 8K2 nle ]{31
0Q @B, 1
. OBR; . .
Since by Lemma B.1 ——— < 0, with unilateral market power, the effect of a decrease
2 unilateral dQunilateral
in cost upstream is smaller: ——— |, x> ———— |,k
dky dko -
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H.5 Proof of Lemma H.2

The quantity consumed can be written as:

1 1
g —_— A = p—
Q ABCAC_I_la C anB

So, the response to a shock is:

Q B.  dA.

dk; " (BoAe + 1)2 dk;

_ B < LB 1 dBj>
(BA.+1)%2 \ n;B? dk; nijz dk;

Express the equilibrium equations using Lemma B.1. Then, totally differentiate:

dB. _ 0BT, 0BT, 0, B,
iB, OBR, OBR,dR,dB,

dk; Ok | ok, OB; dk;

The direct impact of k; is:

0BR; (B’ OBR; _
ok,  \k /) = Ok

Solving the linear system, we get:

dB; 1 B 6§i A, B 2
di; | _ _ 0\ 0B, T
dB; | = | 0B, 94, X :

" O, 0B; 0, 0B; \0A; 0B
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Where the inverse matrix exists because, using the calculations in B.1:

—1 —2_ 9
OB; 0A; (Az’ + (1 — 1)Bi> A; 1
A o S -2 ., R2
ON OB g =) (K 4 (- 1)B)
B A’ 1
= — . X
(Ai —l—(ni—l)Bi) ~ (- 1)B2"
A’ 11
: —<—x<1

R+ 28, (= DB+ [(n - 12— (g — 1) B2

since (n; —1)2 —(n; — 1) =n?—3n+2= (n; —2)(n; — 1) > 0 if n; > 2, and at least one

between i, j must have n > 2 otherwise the interior equilibrium does not exist. O
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