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In this note we give an explicit characterization of the minimum value of one-dimensional integral variational
problem with gradient constraint by a positive measurable function.
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INTRODUCTION

The study of homogenization problems with gradient constraints is a widely developed
topic studied by many authors (see for example [2–5,7]). The main purpose of homoge-
nization is to understand the behavior of the so-called ‘‘limit problem’’, that can be
done in many cases via a function characterized as the minimum value of an auxiliary
variational problem on the unitary cell Y ¼ ½0, 1�n. For example a typical setting in the
quadratic case with gradient constraint in one dimension, we are lead to consider the
function f1 : R ! ½0, þ1� given by

f1ð�Þ ¼
min
u2K�

Z 1

0

aðxÞ u0ðxÞð Þ
2
dx if K� 62 6 0,

þ1 if K� 2 6 0,

8><
>:
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where

aðxÞ 2 L1ðYÞ : 0 < �1 � aðxÞ � �2 a:e: x 2 ½0, 1�,

’ : ½0, 1� ! ½0, þ1� is a measurable function
ð1Þ

and the set K� of admissible functions is given by

K� ¼ v 2 H1ð½0, 1�Þ: uð0Þ ¼ 0, uð1Þ ¼ �, ju0ðxÞj � ’ðxÞ a:e: in ½0, 1�
� �

:

A more explicit characterization of the function f1 is in general not known if one has
not further informations on a(x) and ’ðxÞ. The aim of this note is to give such a char-
acterization in the one-dimensional case when a(x) and ’ðxÞ satisfy (1).

In one dimension (about one-dimensional variational problems see [1]) another
characterization of f1 is obtained in paper [6], even replacing aðxÞ u0ðxÞð Þ

2 with a
more general integrand f ðx, u0ðxÞÞ. This characterization involves duality arguments
and it seems to us that can be effectively used to obtain our formula only when ’ is
constant.

Our arguments are effective only in the one-dimensional case and we are not aware of
explicit formulas in dimensions of more than one.

The formula we obtain is the following

f1ð�Þ ¼

Z 1

0

aðxÞ’2c� ðxÞ dx < þ1 if 0 � j�j <

Z 1

0

’ðxÞ dx,

Z 1

0

aðxÞ’2ðxÞ dx � þ1 if j�j ¼

Z 1

0

’ðxÞ dx,

þ1 if j�j >

Z 1

0

’ðxÞ dx,

8>>>>>>>><
>>>>>>>>:

where

’cðxÞ ¼ min
c

aðxÞ
, ’ðxÞ

� �
¼

c’ðxÞ

max aðxÞ’ðxÞ, c
� � , c 2 ½0, þ1Þ ð2Þ

and c� is such that Z 1

0

’c� ðxÞ dx ¼ j�j <

Z 1

0

’ðxÞ dx: ð3Þ

PRELIMINARY RESULTS

Let us denote the Lebesgue measure of a subset E � R by Ej j.

LEMMA 1 Let a(x) and ’ðxÞ verifying (1). Let us consider, fixed a measurable set
E � ½0, 1�, the problem

�� ¼ min
v2C�

Z
E

aðxÞv2ðxÞ dx ð4Þ
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where

C� ¼ v 2 L2ðEÞ: jvðxÞj � ’ðxÞ a:e: in E,

Z
E

vðxÞ dx ¼ �

� �
:

Then

(i) if C� 6¼ 6 0, problem (4) has unique solution, i.e. there exists a unique function v� 2 C�
such that

R
E aðxÞv2�ðxÞ dx ¼ ��;

(ii) C� 6¼ 6 0 if and only if

j�j <

Z
E

’ðxÞ dx or j�j ¼

Z
E

’ðxÞ dx, ’ 2 L2ðEÞ;

(iii) if C� 6¼ 6 0, then � � v�ðxÞ � 0 a.e. in E;
(iv) if ’ðxÞ ¼ þ1 a.e. in E, then

v�ðxÞ ¼
�

aðxÞ

1R
Eð1=aðxÞÞ dx

;

(v) if C� 6¼ 6 0 and

x:
j�jR

Eð1=aðxÞÞ dx
> aðxÞ’ðxÞ

� ������
����� > 0, ð5Þ

then

x: jv�ðxÞj ¼ ’ðxÞ
� ��� �� > 0:

Proof It is easy to see that C� is a closed convex subset of L2ðEÞ. Moreover the
bilinear form A : L2ðEÞ � L2ðEÞ ! ½0, þ1�

Aðu, vÞ ¼

Z
E

aðxÞuðxÞvðxÞ dx

is coercive and continuous; therefore (i) follows from Stampacchia theorem.
The proof of (ii) and (iii) is elementary.
Let us prove (iv). Let � ¼ �=ð

R
E
1=aðxÞ dxÞ and consider wðxÞ ¼ v�ðxÞ � ð�=aðxÞÞ,

and assume, by contradiction,
R
E jwðxÞj dx > 0.

Let wþðxÞ ¼ maxf0,wðxÞg and w�ðxÞ ¼ �minf0,wðxÞg. Since
R
E wðxÞ dx ¼ 0, we have

Z
E

wþðxÞ dx ¼

Z
E

w�ðxÞ dx ¼
1

2

Z
E

jwðxÞj dx > 0: ð6Þ

Then there exist " > 0 and two measurable subsets of positive measure F1, F2 of E
such that wþðxÞ � " in F1 and w�ðxÞ � " in F2.
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We can assume, without loss of generality, that jF1j ¼ jF2j > 0. We have

aðxÞv�ðxÞ � �þ "aðxÞ � �þ "�1 on F1,

aðxÞv�ðxÞ � �� "aðxÞ � �� "�1 on F2:

Then let � > 0 and v�,� defined by

v�,�ðxÞ ¼

v�ðxÞ � � if x 2 F1,

v�ðxÞ þ � if x 2 F2,

v�ðxÞ otherwise:

8><
>:

We have

Z
E

aðxÞ v2�,�ðxÞ � v2�ðxÞ
� �

dx ¼ �2�

Z
F1

aðxÞv�ðxÞ dx

þ 2�

Z
F2

aðxÞv�ðxÞ dxþ �2

Z
F1[F2

aðxÞv2�ðxÞ dx

� �2�"�1jF1j þ �
2

Z
F1[F2

aðxÞv2�ðxÞ dx

that for a suitable choice of � > 0 is negative, that is a contradiction.
Let us prove (v). Let �� 0 (the other case is analogous). By (iii) we have

v�ðxÞ � 0 a:e: in E: ð7Þ

Again by contradiction, let us assume

v�ðxÞ < ’ðxÞ a:e: in E: ð8Þ

Let us set, as in the proof of (iv)

� ¼
�Z

E

ð1=aðxÞÞ dx

and

wðxÞ ¼ v�ðxÞ �
�

aðxÞ
:

Then

Z
E

wðxÞ dx ¼ 0:

750 G. CARDONE et al.
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If wðxÞ ¼ 0 a.e. on E, we will have v�ðxÞ ¼ ð�=aðxÞÞ a.e. in E, and therefore

j�j

aðxÞ

Z
E

ð1=aðxÞÞ dx
¼ jv�ðxÞj � ’ðxÞ a:e: in E,

that contradicts (5).
Arguing as in (6) and by (8) we have

x 2 E: wþðxÞ > 0, ’ðxÞ > 0
� ��� �� ¼ x 2 E: wþðxÞ > 0

� ��� �� > 0

x 2 E: w�ðxÞ < 0, v�ðxÞ < ’ðxÞ
� ��� �� ¼ x 2 E: w�ðxÞ > 0

� ��� �� > 0: ð9Þ

Then there exist " > 0 and two measurable subsets of positive measure F1, F2 of E
such that

’ðxÞ � " and wþðxÞ � " if x 2 F1,

w�ðxÞ � " and v�ðxÞ � ’ðxÞ � " if x 2 F2

:

We can assume jF1j ¼ jF2j > 0. Let " > � > 0 and

v�,�ðxÞ ¼

v�ðxÞ � � if x 2 F1,

v�ðxÞ þ � if x 2 F2,

v�ðxÞ if x 62 F1 [ F2:

8><
>:

Therefore by (9) and (7)

�’ðxÞ < �� � v�,�ðxÞ � ’ðxÞ if x 2 F1,

0 � v�,�ðxÞ � ’ðxÞ if x 2 F2,

jv�,�ðxÞj ¼ jv�ðxÞj � ’ðxÞ if x 62 F1 [ F2

and Z
E

v�,�ðxÞ dx ¼ �� �jF1j þ �jF2j ¼ �:

So v�,� 2 C�. Then in the same way as in the proof of (iv), we can proveZ
E

aðxÞv2�,�ðxÞ dx <

Z
E

aðxÞv2�ðxÞ dx,

if � is small enough. g

COROLLARY 1 Let a(x), ’ðxÞ satisfy (1). Let us consider the problem

min
u2K�

Z 1

0

aðxÞðu0ðxÞÞ2 dx ð10Þ
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where

K� ¼ u 2 H1ð½0, 1�Þ: uð0Þ ¼ 0, uð1Þ ¼ �, ju0ðxÞj � ’ðxÞ a:e: in ½0, 1�
� �

:

Then

(i) if K� 6¼ 6 0, problem (10) has unique solution, i.e. there exists a unique function u�ðxÞ
such that f1ð�Þ ¼

R 1

0 aðxÞðu0�ðxÞÞ
2 dx;

(ii) K� 6¼ 6 0 if and only if

j�j <

Z
E

’ðxÞ dx or j�j ¼

Z
E

’ðxÞ dx,’ 2 L2ð½0, 1�Þ;

(iii) if K� 6¼ 6 0, then � � u�ðxÞ � 0 a.e. in E;
(iv) if ’ðxÞ ¼ þ1, then

u0�ðxÞ ¼
�

aðxÞ

1R 1

0 ð1=aðxÞÞ dx
;

(v) if K� 6¼ 6 0 and

x:
j�jR 1

0
ð1=aðxÞÞ dx

> aðxÞ’ðxÞ

( )�����
����� > 0, ð11Þ

then

x: ju0�ðxÞj ¼ ’ðxÞ
n o��� ��� > 0:

Proof Let E ¼ ½0, 1�, � ¼ � and let us consider minimum problem (4). Then it is easy
to see that K� 6¼ 6 0 if and only if C� 6¼ 6 0, and u� is solution of problem (10) if and only if
u0� is solution of problem (4). Then the thesis follows from Lemma 1. g

LEMMA 2 Let a(x) and ’ðxÞ satisfy (1), c 2 ½0, þ1�, ’cðxÞ defined in (2) and

 ðcÞ ¼

Z 1

0

’cðxÞ dx: ð12Þ

Let c0 be defined by

c0 ¼
a � ’

�� ��
1

if ’ 2 L1ð½0, 1�Þ,

þ1 if ’ 62 L1ð½0, 1�Þ:

(

Then  is strictly increasing and Lipschitz in ½0, c0Þ,  ð0Þ ¼ 0 and limc!c�
0
 ðcÞ ¼R 1

0
’ðxÞ dx.

Proof The proof is elementary. g
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PROOF OF THE FORMULA

It is easy to verify the formula if

j�j >

Z 1

0

’ðxÞ dx, ðin this case K� ¼ 6 0Þ

or

j�j ¼

Z 1

0

’ðxÞ dx,

since in this case

K� ¼
6 0 if ’ 62 L2ð½0, 1�Þ,

fu�g otherwise

(

where u�ðxÞ ¼ signð�Þ
R x

0
’ðtÞ dt.

Let 0 � j�j <
R 1

0 ’ðxÞ dx.
By Lemma 2 there exists a unique c� such that  ðc�Þ ¼ j�j.

We claim that the solution u�ðxÞ of the problem (10) is

u�ðxÞ ¼ sign ð�Þ

Z x

0

’c�ðtÞdt ð13Þ

and therefore

f1ð�Þ ¼

Z 1

0

aðxÞ’2c�ðxÞ dx: ð14Þ

It is trivial to verify that the function signð�Þ
R x

0 ’c� ðtÞ dt 2 K� and so K� 6¼ 6 0.
Assume now �� 0 (the proof is analogous if � < 0). By (iii) of Lemma 1, u0�ðxÞ � 0

a.e. in ½0, 1�.
Let us observe that if u� is the solution of problem (10), fixed a measurable set

E � ½0, 1�, then u0� is the solution of problem (4) in E with � ¼
R
E u0�ðxÞ dx.

If not, let v�ðxÞ the solution of problem (4) and ~uu� defined by

~uu0�ðxÞ ¼
u0�ðxÞ in ½0, 1� n E,

v�ðxÞ in E,

�

and

~uu�ð0Þ ¼ 0:

Then it is easy to verify that ~uu� 2 K�. We have

Z 1

0

aðxÞ ~uu0�ðxÞ
� �2

dx ¼

Z
½0, 1�nE

aðxÞ ~uu0�ðxÞ
� �2

dxþ

Z
E

aðxÞv2�ðxÞ dx <

Z 1

0

aðxÞ u0�ðxÞ
� �2

dx

that is a contradiction.
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Let us set E ¼ fx: u0�ðxÞ < ’ðxÞg, � ¼
R
E u0�ðxÞ dx and � ¼ ð�=

R
Eð1=aðxÞÞ dxÞ.

Let us observe that jEj > 0. Otherwise

Z 1

0

u0�ðxÞ dx

����
���� ¼

Z 1

0

’ðxÞ dx > j�j,

that is a contradiction.
We know that u0�ðxÞ ¼ v�ðxÞ < ’ðxÞ a.e. in E. Then by (v) of Lemma 1

�Z
E

ð1=aðxÞÞ dx
� aðxÞ’ðxÞ a:e: in E

therefore

�

aðxÞ
� ’ðxÞ a:e: in E: ð15Þ

Since
R
Eð�=aðxÞÞ dx ¼ � by (iv) of Lemma 1 and (15) we have v�ðxÞ ¼ ð�=aðxÞÞ and

u0�ðxÞ ¼ ð�=aðxÞÞ a.e. in E. Then, by definition of E, we have

�

aðxÞ
< ’ðxÞ a:e: in E: ð16Þ

Let us now show that � ¼ c�.
By (16) it follows

ju0�ðxÞj � ’�ðxÞ a:e: in ½0, 1�:

If � > c� then

� ¼

Z 1

0

u0�ðxÞ dx �

Z 1

0

’�ðxÞ dx ¼  ð�Þ >  ðc�Þ ¼ �

that is a contradiction.
If � < c�, let G ¼ x: ð�=aðxÞÞ < ’ðxÞ

� �
. By (16) we have jE nGj ¼ 0.

Moreover jG nEj > 0; if not, we have

� ¼

Z 1

0

u0�ðxÞ dx ¼

Z
E

�

aðxÞ
dxþ

Z
½0, 1�nE

’ðxÞ dx ¼

Z
G

�

aðxÞ
dxþ

Z
½0, 1�nG

’ðxÞ dx ¼  ð�Þ < �:

Therefore

jEj ¼ x: u0�ðxÞ ¼
�

aðxÞ
< ’ðxÞ

� �����
���� > 0 and jG n Ej ¼ x: u0�ðxÞ ¼ ’ðxÞ >

�

aðxÞ

� �����
���� > 0:

754 G. CARDONE et al.

D
ow

nl
oa

de
d 

by
 [

D
ip

ar
tm

en
to

 d
i S

tu
di

 E
 R

ei
ce

rc
he

] 
at

 0
7:

00
 2

7 
A

pr
il 

20
13

 



Then there exist " > 0 and two measurable sets of positive measure F1 and F2 such that

u0�ðxÞ ¼
�

aðxÞ
� ’ðxÞ � " a:e: in F1,

u0�ðxÞ ¼ ’ðxÞ >
�

aðxÞ
þ " a:e: in F2:

Without loss of generality we can assume jF1j ¼ jF2j > 0.
Let � < " and ~uu� defined by ~uu�ð0Þ ¼ 0 and

~uu0�ðxÞ ¼

u0�ðxÞ þ � if x 2 F1,

u0�ðxÞ � � if x 2 F2,

u0�ðxÞ if x 62 F1 [ F2:

8><
>:

We observe that ~uu� is an admissible function. Moreover

Z 1

0

aðxÞ ~uu0�ðxÞ
� �2

dx�

Z 1

0

aðxÞ u0�ðxÞ
� �2

dx ¼

Z
F1

aðxÞ
�

aðxÞ
þ �

	 
2

�
�

aðxÞ

	 
2
" #

dx

þ

Z
F2

aðxÞ ’ðxÞ � �ð Þ
2
� ’2ðxÞ

� �
dx

� 2��jF1j � 2�

Z
F2

aðxÞ’ðxÞ dx

þ �2

Z
F1[F2

aðxÞ dx

� �2��"�1 þ �
2

Z
F1[F2

aðxÞ dx

that for a suitable choice of � > 0 is negative, that is a contradiction.
Then

aðxÞ’ðxÞ > �þ "aðxÞ > �þ "�1:

Once proved � ¼ c�, denoted by G ¼ x: ðc�=aðxÞÞ < ’ðxÞ
� �

, as above it is easy to see that

jG n Ej þ jE n Gj ¼ 0; ð17Þ

by (17) we get

u0�ðxÞ ¼ ’c� ðxÞ a:e in ½0, 1�,

and so the thesis. g
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