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Spontaneous flow in active nematics: Effects induced by annular confinement
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Within the framework of continuum mechanics for materials with relaxation, this study investigates activity-
induced laminar flow in an active nematic confined within an annular domain. Subsequent to the formulation of
the problem as a nonlinear boundary value problem, a bifurcation analysis of the governing equation demon-
strates that the critical threshold for the initiation of spontaneous flow is dependent on the aspect ratio
(thickness-to-radius) of the domain. The influence of domain curvature is twofold: firstly, it facilitates the incep-
tion of spontaneous motion by reducing the critical threshold; secondly, it resolves the indeterminacy inherent in
the planar geometry, wherein, at an equivalent critical threshold, two distinct flow configurations may manifest:
a unidirectional flow or a configuration exhibiting two counter-propagating bands. In the annular geometry,
the double-band configuration, characterized by a thicker inner layer, exhibits the lowest activation threshold.
With an augmentation of either activity or curvature, the principal motion transitions towards a predominantly
unidirectional flow, accompanied by a narrow counter-rotating band adjacent to the outer boundary, aligning
with experimental observations of confined bacterial colonies.
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I. INTRODUCTION

Active systems, composed of self-driven units that contin-
uously convert energy from their surroundings into directed
motion, represent a paradigm in contemporary physics for
modeling biological phenomena, such as the dynamics of
cytoskeleton filaments, dense bacterial suspensions, and the
collective motion of animal groups like bird flocks and fish
schools [1-6].

Continuum models for single-component suspensions of
rodlike objects offer a framework for describing active matter.
These models build upon the Ericksen-Leslie theory for pas-
sive nematic liquid crystals [7] by incorporating active stress
terms to account for the inherent activity of the constituent
particles. Among these models, the Simha-Ramaswamy
model [8] stands out for its simplicity, postulating a direct
proportionality between the active stress and the nematic or-
dering tensor, Q. The strength of the activity is governed by a
parameter, ¢, with positive values corresponding to extensile
behavior and negative values to contractile behavior. This
model has successfully predicted various notable phenomena
observed in active matter, including spontaneous flow [9,10],
motility-induced phase separation [11,12], and the sponta-
neous division of active nematic droplets [13,14].
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More recently, Turzi [15,16] developed a thermodynami-
cally consistent theory of active nematic gels that incorporates
viscoelasticity and introduces activity as a remodeling force.
This eliminates the need to add an active stress term to the
model. The active remodeling force competes with the natural
relaxation process of the passive system and drives it out of
equilibrium.

However, even for this simple channel geometry, different
models apparently predict different flow profiles. For exam-
ple, the analysis in [2,9,10,17] predicts only one bifurcation
mode in the transition. In particular, when an active gel is
confined between two channel walls and the velocity vanishes
on both walls, no net flow of particles is observed, but only
a shear flow with the formation of bands flowing in opposite
directions. In contrast, other analytical and numerical studies
[15,18-20] on similar equations show that spontaneous flow
in a single direction and banding are possible at the same
critical value of the activity. Therefore, the flow transition
seems to have two equivalent modes, a condition we refer to
as “two-fold degeneracy” of the bifurcation.

Recently, Marzorati and Turzi [21] employed equivariant
bifurcation analysis to investigate spontaneous flow and its
stability in confined active nematics between two parallel
plates, considering various material parameters. Their anal-
ysis revealed that the bifurcation diagram consists of two
coincident pitchfork bifurcations lying in orthogonal planes,
resulting in four solution branches that intersect only at the
origin. They showed that the two-fold mode degeneracy ob-
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served in previous studies is essentially dictated by the system
symmetry, so that it is robust against parameter changes and is
not specific to any particular active matter model. This implies
that two distinct modes of instability (typically spontaneous
flow and banding) should be observed in active nematics, at
the same critical value of the active parameter, contrary to the
predictions of some earlier models.

In other words, breaking this degeneracy requires breaking
the K4 symmetry of the system. One possible way to achieve
this is to study active flows in curved channels [4,5,22-27]. To
this aim, we consider the spontaneous flow of active nematics
in an annular geometry, where the curvature of the chan-
nel provides the necessary symmetry-breaking mechanism.
Specifically, we investigate spontaneous flow in an active ne-
matic gel confined within an annular domain, focusing on the
influence of the channel aspect ratio (thickness over radius)
on the onset of spontaneous motion and the resulting velocity
profile.

In addition to its mathematical significance, this prob-
lem also has numerous physical and biological implications.
Experiments are typically performed in enclosed channels.
Furthermore, confining surfaces play a crucial role in the
dynamics of biological active systems. For instance, con-
finement of bacterial colonies can facilitate the emergence
of spontaneous laminar flow, transforming turbulent-like dy-
namics of bulk active fluids into self-organized coherent
macroscopic flows that persist across length scales ranging
from micrometers to meters and over timescales of hours.
Interestingly, the transition from a turbulent to a coherently
circulating state appears to be governed by the aspect ratio of
the confining channel, rather than by an inherent length scale
of the active fluid [28].

Motivated by the importance of the aspect ratio, we inves-
tigated spontaneous flow in an active nematic gel confined
within an annular domain and studied how the annular slen-
derness influences the onset of spontaneous motion and the
resulting velocity profile. Our findings reproduce certain char-
acteristics observed in confined bacterial colonies studied
experimentally [4,5,29]. Specifically, we find that for some
activity strengths, the interplay between channel curvature,
dipolar activity, and hydrodynamics induces a thin counter-
rotating boundary layer near the outer boundary.

The paper is structured as follows. In Sec. II, we recall
the model and the equations of motion. Section III focuses
on specializing these equations to an annular domain, while
in Sec. IV, we perform a linear bifurcation analysis to in-
vestigate the onset of spontaneous flow induced by activity.
In particular, we examine the influence of the domain’s as-
pect ratio on the critical threshold and the bifurcation modes.
Section V extends our study through numerical simulations
of the nonlinear equations, providing a discussion of the
physical implications and key findings. Finally, we present
our conclusions in Sec. VI and include an Appendix with
detailed calculations for the derivation of the equations of
motion.

II. MODEL

This section outlines the active nematic theory advanced
by Turzi [15,16]. Contrary to traditional models that utilize the

ordering tensor Q to represent uniaxial nematic symmetry, this
approach employs a uniaxial, unit determinant shape tensor
characteristic of nematic elastomer theory:

1
Lp,m) =ain@n)+ —(I-n®n). (1)
0

Here, n denotes the director field and ay is a shape parameter
that measures the degree of alignment of molecules along
n. Although the shape parameter may exhibit a dependence
on the density of the material, we choose to treat it as a
constant in this specific context, in line with the assumption
of incompressibility and spatially uniform density.

Building on the framework established in [15], the model
incorporates two main components of the free energy density:
the elastomeric free energy density per unit mass,

0ei(Be, n) = %[tr(L_lBe —I)—logdet(L™'B.)], (2

representing the energy costs associated with the deformation
of the elastomeric network, where B, is the effective left-
Cauchy-Green deformation tensor and p the elastic modulus;
and the Frank energy density

K
or(Vn) = 5|Vn|2, A3)

which captures the energy associated with the distortion of
the nematic director field n, with « being the elastic modulus
under the one-constant approximation. The fluidity of the ma-
terial is taken into account by allowing the effective tensor B,
to relax the internal stress according to the equation described
below [see Eq. (6)].

Governing equations

Assuming no external forces and ignoring inertia effects,
the balance of linear momentum simplifies to

divT =0, “)

where the Cauchy stress tensor T is defined as

T=—pl+ pu(L™'Be —I) — pc(Vn)" (Vn),  (5)

with p being the Lagrange multiplier associated with the in-
compressibility constraint det B, = 1.

A distinctive aspect of this theory, as noted in [15], is
the absence of an explicit active component within the stress
tensor T. Instead, this theory accounts for stress dissipation, in
agreement with irreversible thermodynamics, via an evolution
equation for B,

30_

=T, 6
3B, L (6)

D(B.) + p

where D is a positive definite fourth-rank which con-
tains the material relaxation timescales (see Ref. [30]
for details); B := B, — (Vv)B. — B.(Vv)" is the co-
deformational derivative; and T, the active tensor.
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FIG. 1. Schematic representation of the channel geometry with
no-slip conditions at walls r = r; and r = r,, and planar boundary
conditions for the nematic director. The diagram also illustrates
our assumption of rotational invariance, indicating that all unknown
fields depend solely on the transverse variable r, with the radial
component of the velocity (v,) assumed to be zero.

Finally, the director equation can be written as

do . do
n x |:pa—n—dlv<pﬁ>] =0, (N

where 0 = o, + op. After some algebra (see Appendix for
calculation details), we find

n x [u(l —a;’)L"'Ben 4+ kAn] = 0. (8)

The problem involves two distinct timescales: Tqef, gOV-
erned by macroscopic deformation (defined by 1/|Vv|), and
Tyl Telated to material remodeling and embedded within D.
When 7, is significantly shorter than tq4.¢, the material be-
haves effectively as a fluid, and we obtain a model for an
active nematic fluid (see [15] for a comprehensive discussion).
Under these conditions, with the additional assumptions,

T,=—1pucl, D= iputl, 9)

where ¢ is the dimensionless active coefficient and t is a
relaxation time, Eq. (5) simplifies to

T = —pI — pu(zrLL + ¢L) — px(Vn) (Vn).  (10)

It’s important to note that the Cauchy stress tensor, Eq. (10),
obtained under the fast relaxation approximation, contains an
active term, specifically:

Tactive = —p/LCL, (1T)
where the shape tensor L is given by Eq. (1). This active
term can be compared to the classic formulation of active
Cauchy stress [8,10,18], where Tyeive = —¢Q, with Q being
the nematic order tensor. Since both Q and L possess the
same nematic symmetry, the two terms yield qualitatively
analogous solutions.

Furthermore, the viscous components of the Cauchy
stress — specifically, the second term in Eq. (10), which is

—putLVL — produces the standard Ericksen-Leslie stress
tensor upon proper identification of the viscosity coefficients
[30]. Within this model, the choice of a single relaxation time,
T, corresponds to establishing a particular relationship among
the Leslie viscosity coefficients, as described in detail in [30].
It is worth noting that while classical theories might adopt
alternative simplifications (for instance, considering only the
Newtonian viscosity and the tumbling coefficient), different
choices for these viscous coefficients generally do not alter
the qualitative nature of the conclusions. In fact, the nature
of the flow instabilities is mainly dictated by the underlying
symmetry of the problem [21].

Finally, we note that the physical nature of the active term
does not originate from jet-like propulsion generated by an
internal chemical reaction, as studied, for example, in recent
molecular simulations [25], but rather exhibits a dipolar char-
acter.

III. EQUATIONS OF MOTION IN AN ANNULAR RING

To explore the laminar flow of an active liquid crystal
confined within a curved planar domain 2, we detail the
governing equations in polar planar coordinates. Specifically,
the domain €2 is shaped as an annular ring, bounded by two
concentric circles with radii »; and r, (see Fig. 1). The defini-
tion of Q2 is given by:

Q={rne) eR?: rn<r<m 0<p <2} (12

Axial symmetry is assumed, with the fields dependent only
on the radial coordinate r. To further simplify the analysis,
we posit a purely azimuthal flow profile, characterized by
a velocity field of the form v = v,(r)e,. Furthermore, we
represent the director field n(7) in terms of the angle 6(r),
which measures the deviation of n(r) from e,, such that we
write:

n = sinf(r)e, + cosO(r)e,. (13)
In accordance with the no-slip boundary conditions, the az-

imuthal velocity is constrained to zero at both the inner and
outer boundaries:

Uy (r1) = vy (r2) = 0. (14)

Additionally, we impose strong planar anchoring for the di-
rector field:

0(r1) =06(r;) =0. (15)
Given the aforementioned assumptions, Eq. (4) reduces to

Tr/r + ril(Trr + T(p(p) - 0»
T, +r ' (Tyr — Ty) = 0.

(16a)
(16b)
These equations, in conjunction with the explicit ex-

pressions for the stress tensor components T, which are
defined in terms of the fields p, v,, and 6, as detailed in
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Appendix, yield:

212 11T cos(40)(ay — 1)°0'(v — rv') + 2r2p cos(20) (2z ap(af — 1) — (a§ — 1)6'(v — 1))

—l—%upt sin(40)(a8 — l)z(v —r(W +rv") +rup sin(29)(a(3) — 1)(3vr(a(3) +1)+r(- 31(a8 + 1)

—4r¢agd’ + rrv’(ay + 1)) — 4ay(rp’ + kp(—1 4 r*0'(0' +2r8"))) = 0, (17a)
dicag(0' +r0") + 4r¢ pag(l — ay) (sin(20) + r6’ cos(20)) — 2t cos (2 sin> (v — rv')(cos & — 479’ sin )
+1?v” c0s (=3 + c0s(26))) — urag((v — rv')(3 + cos(48) — 4r6’ sin(40)) — r*v” (=1 + cos(46)))
—2utalsinf(2cos? H(v — rv')(sin@ + 4r6’ cos ) — r*v” sinB(3 + cos(26))) = 0. (17b)
Furthermore, the director Eq. (7) can be expressed in terms of the fields v, and 6 as follows:
vt ((ag — 1)2 —cos(20)(af — 1)) + rv'ut(ay — 1)(1 + cos(20) — 2ag sin® 0) + 2kag(®’ +r6”) = 0. (18)

Equations (17) and (18) are to be considered in conjunction with the boundary conditions (14) and (15).

Dimensionless equations

Let us define the channel thickness 4 := r, — r; and the
dimensionless radial variable

r—r;

§i=—

0<é<1 19)

Our problem has three characteristic lengths: &, r; and the
intrinsic length ¢ defined by

£ = (20)

K
i .

Consequently, Eqgs. (17b) and (18) are rewritten as

[
Hence, it is beneficial to introduce the dimensionless parame-
ters

, 2

. h . h
o= o ni=
which give the ratio of these lengths. The parameter « de-
notes the aspect ratio of the channel, and we will specifically
analyze how both the solutions and the critical threshold are
influenced by . We also introduce the dimensionless func-

tions V(&) and g(&¢) such that

h
v(r) = =V(§) )
T E=(r—r)/h

0(r) = q&)le=¢r—r)/n-

(22a)

(22b)

daay(at + 1)q" + ¢ (4o’ ag — dag(aj — 1)¢n* (@& + 1)* cos(2q)) — daag(ay — 1)¢n*(a& + 1) sin(2q)

1
+ V’[8n2(a3 — l)(oté +1)%q sin(2q)(a8 cos? g + sin® q) + Eomz(af;‘ + 1)( — (ag — 1)2 cos(4q) + ag + 6a8 + 1):|

+ V[-8an* (a3 — 1) (@& + 1)q’ sin(2q)(ag cos® g + sin” g) — a*n*(af sin*(2q) + aj(cos(4q) + 3) + sin*(2¢)) ]

- %nz(ozé + 1)*V"((ag — 1)* cos(4q) + 4(a§ — 1) cos(2q) — Saf + 2a; — 5) = 0, (23)

2a}(ag + 1)q" + 2aaq + 2772(618 —1)(aé + l)V’(cos2 q — ajsin® q) + otn2V((a8 — 1)2 — (ag —1)cos(2g)) =0. (24)

These two equations must be solved together with the
boundary conditions

V0)=v(1) =0, ¢(0)=gq(1)=0. (25)

(

The parameter @ governs the aspect ratio of the channel, and
the flat-channel limit, as studied in Ref. [15], is recovered
when o = 0.
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FIG. 2. Schematic profiles illustrating bifurcation modes in a straight channel case, as given by Eq. (33). The blue lines represent the
velocity profiles, while the orange lines pertain to the director field. The figures correspond to: (a) One-directional flow, C; = 1 and G, = 0;

(b) Bi-directional flow, C; = 0 and C, = 1.

Setting « = 0 in Egs. (23) and (24), we obtain

q'[8(aj — 1)(ag cos® g + sin® q) sin(2q)V' — 4ao(ag — 1)¢ cos(2q)]

+V"[aj(cos(dq) — 1) + 2a3(cos(2q) + 3) sin® ¢ — 2(cos(2q) — 3)] cos” ¢ = 0,
2a3q" + n°V'[(af — 1) cos(2q) — (aj — 1)*] =0,

which are equivalent to the Egs. (27a) and (27b) in Ref. [15].

IV. BIFURCATION ANALYSIS

The problem under consideration possesses a principal
branch of solutions, namely a trivial solution with V = 0 and
q = 0, for all values of the parameters «, 1, and {. We aim to

J

(26a)
(26b)

(

investigate the existence of nontrivial solutions that represent
small perturbations of V =0 and g = 0. To this end, we
consider the linear approximation of Eqs. (23) and (24) for
small V and ¢. It is feasible to utilize Eq. (24) to eliminate
q" from Eq. (23), yielding, after algebraic manipulation, the

following:

aV’ o’V 2a§a0(a3 - 1)
VvV’ + — —tag(ad —1)g - ——2L _J4=0, 27
Trod  (rary  Folo =7 =g @0

/ 3 2 3
” oq 24 — 1 ’ on ap — 1

— V =0. 28
q—i_l—i-ozé—H7 aj l14+a d} 28)

We initially examine the near-planar case, specifically
when o = h/r; < 1 and employ the following asymptotic
expansion:

V(&) =V(é) + aVi(§) + o),
q(§) = qo(§) + aqi1(§) + o(a).

(29a)
(29b)

A. Straight-channel case

The leading-order equations are obtained by setting « = 0
in Egs. (27) and (28). We find

Vo —¢ ao(ag - 1)q6 =0,
3
7 2610 —
+
qO n a(z)

(30a)

1
V) = 0. (30b)

(

These correspond to the equations for a perfectly flat
domain, that is, the case in which the nematic is confined
between two parallel planes separated by a distance 7. When
solving Eqgs. (30a) and (30b), subject to the boundary con-
ditions V5(0) = Vp(1) =0 and ¢o(0) = go(1) = 0, only the
trivial solution is obtained unless the activity ¢ assumes one
of the critical values:

4 2
f=—" 2 neZ\{o). G1)
(a5 — 1)
We choose the smallest value and set
472q,
fo=—"—, (32)
(@ — 1)’
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in which case the bifurcating branches have the solutions

477(1(2) .2 .
Vo(§) = Cl— 0 sin (7 £) + Casin(2 £). (33a)
n (“o - 1)
20,3 _
g0() = Cy sin(27 §) — CZM sin’(r £), (33b)

0

where C; and C, are two arbitrary integration constants. A
detailed analysis of the system through weakly nonlinear
methods, as outlined in [15], reveals precisely two distinct
flow behaviors:

(a) One-directional flow: Occurs when C; # 0 and C, =
0. This configuration results in a net flow moving consistently
in one direction.

(b) Bi-directional flow: Emerges when C; = 0 and C, #
0. This condition leads to the development of two opposing
flow bands, each moving in opposite directions.

These findings reveal that, under identical critical condi-
tions, the system can exhibit two fundamentally different flow

J

2,2
4 ag

, _ 4m’Ci(2mv cos(2mé) + sin(2m€))ag

and alignment director patterns (see Fig. 2). The authors in
Ref. [21] show that this degeneracy is due to the geometric
and physical symmetry inherent in the planar problem.

B. Small aspect-ratio limit

To account for the first-order corrections due to the channel
curvature, let us consider the next order of approximation in
the expansion of the Eqgs. (27) and (28) with respect to the
channel aspect ratio «. To find the first order correction to the
critical activity we posit

¢ =l +av)+ o), 34)

where v is yet to be determined, and retain the O(«) terms in
the expansion of Egs. (23) and (24). After the substitution of
Vo(€) and gy (&), as given in Eqs. (33a) and (33b), we are led to
consider the following system of linear differential equations

"
Vi —

Pl -1~ 7@ — 1)

1

20°Cy sin(2mé)(af — 1)

—2mCy(2 — cos(2mé) 4+ 2y sin(2w€)), (35a)

2ap— 1,
q, +n " Vi =2nCi(2cos(2ré) — 1) +

0

which is to be solved with respect to the unknown functions
Vi(&), q1(§), and the parameter v, together with the boundary
conditions

Vi(0)=vi(1)=0, ¢:1(0) =4:1(1)=0. (36)
The mathematical structure of Eq. (35) can be expressed
as Lx =b, where x = (Vy, q;) is the vector of unknown
functions, L : (H'(0, 1))*> — (L*(0, 1))? is a linear operator
defined by the left-hand side of Egs. (35a) and (35b) [which
is identical to that of Egs. (30)], and b is the vector defined by
the right-hand side of Eqgs. (35a) and (35b). According to the
Fredholm alternative, the system is solvable for x if and only if
the right-hand side, b, is orthogonal to the null space, ker(LY),
of the adjoint operator L'. By a repeated use of integration
by parts, the formal adjoint of L, with respect to the L>(0, 1)?
inner product, is found to be

(#)=(5724)
L (¢2> = (¢g b ) 37

with Q@ = 772“‘31;] , and boundary conditions ¢;(0) = ¢;(1) =
0

0, $2(0) = ¢»(1) = 0. Hence, ker(L") is generated by the two

vectors

u; = (uy, u2) = (Siﬂ(2ﬂ§)7 - 247”1 Sin2(”§)>,
3

2
eV
n? (a5 — 1)
a3 -1
w = (uz1, up) = ('7(0—2
na

) sin?( &), sin(2mé )) ,
0

, 35b
2 (35b)

(

and we get two solvability conditions, (b,u;);2 =0 and
(b, uy);2 = 0, more explicitly written as

1
/ (brur1 + brup)dé =0, (382)
0
1
/ (biuzy + bauxn)dé = 0. (38b)
0
After some algebra, these conditions rewrite as
3a(2)
Ci+vG =0, (39a)
n?(ay — 1)
3n*(ag — 1)
C G =0. 39b
vCi+ prEpR (39b)

At the critical point, the leading-order amplitudes, C,
and C,, cannot both be equal to zero. This implies that the
coefficient matrix of Egs. (39a) and (39b) must have a zero
determinant. This condition yields and equation for v, given
by

9
2 _
VT

which also introduces two distinct corrections to the critical
threshold ¢, thereby breaking the degeneracy observed in
the planar case. Furthermore, the linear system described in
Eq. (39) establishes relationships between the leading-order
amplitudes of the solution (33). Therefore, we identify two
possible solutions:

(40)

3 271(1(2)
vo=— GCG=——0C, 41)

n?(ag — 1)
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FIG. 3. Schematic profiles of linear bifurcation modes in the small aspect-ratio limit. The blue lines depict the velocity profiles, and
the orange lines represent the director field. The figures illustrate: (a) the lower critical threshold solution as specified in Eq. (44), featuring a
counter-propagating layer near the outer boundary; (b) the higher critical threshold solution as specified in Eq. (46), with a counter-propagating

layer near the inner boundary.

and

3 c 27m%
V=5 O=——r—
2w n?(a3 — 1)
In contrast to the planar problem discussed in [15], the
first-order correction introduces a distinction in the critical
threshold, resulting in two distinct critical values:
(a) The lower critical threshold (which is the actual critical
value):

C. (42)

2w (2mry — 3h)kag

é-cr_ = ; (l +O‘V*) =
’ h2ur (ag - 1)2

(43)

Corresponding to this threshold, the leading order solution
is given by:

271(1% . .
Vo(§) = C 23—(2 sin“(w&) + sin(2w&)), (44a)
n (“o - 1)
qo(§) = Ci(sin(2m&) — 2sin* (7§)). (44b)
(b) The higher critical threshold:
fo. = Lol +avy) = 2r (2mr + 3h)/<a0- 45)

R pr(af — 1)2

Corresponding to this threshold, the leading order solution
is given by:

2al
n*(ag — 1)
qo(§) = Ci(sin(2m§) + 2sin*(7w§)).

The velocity and director profiles are shown in Fig. 3. We
can, therefore, conclude that the curved wall breaks the double
degeneracy of the solution at the bifurcation threshold set for
the plane case discussed in [15]. The critical threshold, up to
O(w), is given by Eq. (43), and the solution profile, up to a
constant, is given by Eqgs. (44a) and (44b). The red lines in
Fig. 4 show how the critical thresholds, given by Eq. (43) and
Eq. (45), branch off from the straight-channel case.

Vo(§) = G (2sin’(w&) — sin(27€)), (46a)

(46b)

C. Large aspect-ratio limit

When « is large, the regular expansion in terms of o em-
ployed in the previous paragraph becomes inapplicable. To
investigate the trend of the critical threshold as the channel
curvature varies, we introduce a change of variables to sim-
plify Egs. (27) and (28).

Equation (27) is used to derive V”, while Eq. (28) is
employed to determine V’. Subsequently, we differentiate
Eq. (28) and substitute the expressions obtained previously for

1.5 S Numerical (.,
,' ——Small «
U Large o
A T
11 E N el |
3
=
S
0 5 7 \ _
Ao
o\ | |
0 5 10 15

(07

FIG. 4. This figure illustrates the variation of the critical thresh-
old (normalized to the planar case threshold) with the aspect ratio,
«. The dashed lines show the higher critical threshold. The two
blue lines represent the thresholds for the first and second bifurca-
tion modes. These thresholds coincide at o = 0; the curvature of
the domain thus separates them. The red lines, given by Egs. (43)
(solid) and (45) (dashed), respectively, show the approximations of
these thresholds for small « (very narrow channel). The yellow line
represents the lower threshold in the large o« limit (thick domain),
as given by Eq. (58). The horizontal green line indicates the lower
bound of the critical activity as « tends to infinity.
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V” and V’. In doing so, we eliminate the variable V, resulting
in a third-order equation solely in terms of g:

2
a aq” (ag - 1) {nz _ az !
! +as+1+< a0 @t +17 )7
2aLn (a — 1)

=0, (47)
ap(aé + 1)
while the velocity field V can be determined using one of the
previous equations.
By defining the rescaled variable x and the functions y(x)
and z(x) as follows:

A=/t xi= 2m/X<§ + é) (48)
y) = q(s)@:hxﬁ (49)
z(x) = ————— ( (é)‘ (50)

2

é_hﬁ o

where ¢ is the critical threshold in the planar case, as defined
in Eq. (32), all geometric and material parameters can be
absorbed into the definition of the unknown functions. Con-

J

sequently, the linearized Eqs. (47) and (28) can be rewritten
as:

3y 1 2y
'+ = +<1+ >y +Z =0, 51)

z’———i—y’—l——:O. (52)
x x

The (homogeneous) boundary conditions at§ = O and § =
1 become, respectively,

y2r/Aja) = 22 /AJa) = 0, (53)

yaNVA(1 + 1)) = z2aVA(1 + 1/a)) =0.  (54)

Although the general solution of Egs. (51) and (52) can be
expressed in terms of special functions, this representation
can become cumbersome. A more convenient approach is to
approximate the solutions using a Frobenius series expansion
about the singular point x = 0 (see [31]). Since the integra-
tion interval is defined by the domain limits x; = 27 VA /o
and x, = 271\/z(1 + 1/a), and as the two equations do not
exhibit finite singularities other than zero, the Frobenius series
possesses an infinite radius of convergence. Consequently, we
expect the truncated series to yield an accurate approximation
of the solution, particularly in the limit of o > 1.
Truncating the expansion to O(x%), we find

2304

y(x) =k (1 -

|: 97x° 23x*  3x2 ( 11x%  3x*
3 + -

T55296 T 512 8 " \eo2 64

73
1024

2(x) =k (L(x

756 —32)x* +xlog x) + ky (—

x2(x* — 36x% + 576) Lk (11x* — 324x% 4 3456)x2
: 13824

X X2 (x*
> logx+ {1 -

(s X2(x* = 36x2 + 576) o
— X
2304 £

— 36x% + 576)
2304

)(10gx)2:| + o(x®), (55)

(x —32)x° logx + —x(logx)z)

Y S T £ LSl W BV +e L D og? |+ kx4 008, (56)
- _ —_— — (0] (0] .
X 1033 g 2 =D ogx 756 X x” (log x x g X 4X + o(x

Imposing the homogeneous boundary conditions (54), yields a homogeneous linear system for the unknown parameters
ki, ka, k3, and k4. The bifurcation condition arises from the requirement that this system possess nontrivial solutions, i.e., the
determinant of the coefficient matrix must vanish. For brevity, the explicit calculations, while straightforwardly obtainable using
symbolic manipulation software, such as Mathematica, are omitted here.

The leading order of the bifurcation equation is given by

72a(117*2% — 81724 + 216) —

6(7%23 —

97422 4 36724 — 36)log(1 + ) = 0, (57)

which implicitly defines the relationship between the critical threshold A, (o) = ¢ (e)/&o and the aspect ratio parameter «.

An explicit expression for the critical threshold can be
obtained by performing an asymptotic expansion of Eq. (57)
in terms of the gauge function (log(1 + @))%, with k € N.
For o — +o00, this yields

gcr(a)w )\1 + )MZ
%o U log(l+a)  (log(l +a))?’

(58)

where numerical evaluation yields Ao, & 0.144889, A; ~
0.180674, and 1, ~ 0.187739. Here, A, represents the finite
limiting value of the critical threshold, as the curvature param-

(

eter « tends to infinity. Hence, curvature is shown to promote
spontaneous flow, lowering the critical threshold.

V. DISCUSSION

We performed numerical simulations of the fully nonlinear
problem using MATLAB’s bvp4c function to validate our pre-
vious analytical results and analyze solution behavior far from
the critical threshold at high activity levels. Specifically, we
numerically solved the nonlinear problem defined by Egs. (23)
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FIG. 5. Numerically obtained velocity (a) and director (b) profiles for the principal mode (lower threshold) from the nonlinear problem.
Profiles are shown for different values of the activity coefficient, with fixed parameters « = 1, ap = 1.8, and n = 0.01.

and (24) with the boundary conditions in Eq. (25). The bifur-
cation threshold was determined using Eqgs. (27) and (28).

Figure 5 illustrates typical velocity and director profiles
of the principal mode (the one with the lower threshold),
which were derived from numerical solutions to the nonlinear
problem using o = 1, ap = 1.8, and n = 0.01. The profiles
are shown for various values of the activity coefficient and are
intended for comparison with the linear solutions in Fig. 3.

Numerical solutions allow us to study the behavior of the
critical threshold in the intermediate regime of « (see Fig. 4)
and confirm the analytical results of Sec. IV in the cases of
small and large o.

Furthermore, we observe that, in line with the analyti-
cal predictions, the presence of a curved profile breaks the
symmetry of the planar case. In other words, the planar con-
figuration represents a degenerate case in which the critical
thresholds of the first two modes coincide. As a result, in the
planar case, two distinct solution branches emerge at the same
critical threshold: one characterized by the onset of motion
in a single direction, and the other exhibiting two counter-
propagating bands. The curvature of the domain induces a
separation between the thresholds, and this effect increases
with o, thus promoting the spontaneous flow represented by
the mode corresponding to the smallest critical threshold.
However, as shown in Eq. (58), there is a lower bound Ao,
for the critical threshold, in the limit of vanishing internal
radius. The numerical curve slowly tends towards this limit,
with logarithmic convergence, as « increases.

To highlight the differences between the modes of the
curved channel and those of the planar case, we project
the numerical solution onto the planes spanned by the lin-
ear solutions in the planar case. More precisely, the Fourier
components of the planar-channel modes contained in the nu-
merical solutions are calculated by taking the L-inner product
of the numerical solution with the two linear planar solutions,
as given in Egs. (33a) and (33b), suitably normalized. The
results for « =0 and o = 0.2 are shown in Fig. 6, while
the corresponding orthogonal projections onto the horizontal,
vertical, and A A, planes are presented in Fig. 7.

The fact that the vertices of the two branches do not co-
incide stems from the threshold separation in the nonplanar

case, see Figs. 7(d) and 7(e). Furthermore, the observation that
the curves do not lie within the planes A; =0 and A, =0
shows that, in the nonplanar solution, mode mixing occurs
already at the bifurcation point, as explicitly inferred from
Eqgs. (44) and (46).

The numerical solution clearly highlights the presence of
a counter-propagating layer near the outer boundary of the
circular domain, as predicted by the solutions of Eq. (44) for
the linearized problem and confirmed by the velocity profile
shown in Fig. 3(a). The thickness &, of this layer is influenced
both by the activity and by the value of «. This result is
qualitatively in agreement with the experimental findings of
[4,5,29], where the formation of a counter-propagating layer
near the outer boundary of the domain is observed in some
circumstances. A more realistic representation of the exper-
iments should incorporate an analysis with varied boundary
conditions, such as applying Neumann conditions at the inner
boundary for both the velocity and director fields. In addition,
more complex models could be considered including, for ex-
ample, concentration as an additional field. This could be an
objective for future research.

|

T~

/// o
0.5 0.5
1 _— 1 ——
Ay

/

o P o P A,

(a) (b)

FIG. 6. Bifurcation diagrams for n = 0.01, and ay = 1.8, com-
paring the cases (a) « = 0 and (b) @ = 0.2. In (a) the bifurcation
follows a standard pitchfork structure, while in (b) the introduction
of o = 0.2 deforms the diagram, leading to two nonplanar pitch-
fork with different vertices. This deformation indicates a coupling
between the two modes, resulting in a different solution landscape.
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FIG. 7. Amplitude diagrams for n = 0.01, and ay = 1.8, projected onto the vertical, horizontal, and A;A, planes for (a)—(c) @ = 0 and
(d)—(f) « = 0.2. These projections reveal the separation and relative shift of the two pitchfork branches, illustrating the breaking of degeneracy

in the critical activity. As a result, two bifurcations result at distinct lower

and higher critical values. Plots (c) and (f) also reveal that the planar

modes mixes at the bifurcation value, so that red and black lines do not have vertical and horizontal tangent in the origin.

To gain a deeper understanding of this phenomenon, we
investigated how its thickness depends on the activity and the
aspect ratio of the annular region; the results are presented
in Fig. 8. High values of activity or « tend to suppress the
layer, to the point where it may no longer be practically
observable. However, for a given value of «, the layer reaches

0.25
"""" o
B P TN 0.2
NP ¥ T a e e NN
RS B A e N YA
N O A e N N LU 0.15
Alr//// \‘\\\;\‘ -
AN RN W
DRERNY RN NN 0.1
TR I
R RN 2N NS
VAN NN S = A Ty |
R P AP 0-05
N S g S S Al g
A - x e U e i G g .V/ # 0

wwwwwww

its maximum extent at the critical threshold. Nevertheless, the
counter-propagating layer never exceeds 25% of the thickness
of the annular region, as can be deduced from Fig. 8, Fig. 3(a),
and Eq. (44a).

Interestingly, Figure 3(b) suggests a possible opposite sce-
nario, where the counter-propagating layer forms near the

1 1.5

¢/Go
(b)

0.5

FIG. 8. (a) Schematic representation of the velocity and director profiles. The blue arrows indicate the velocity field, while the orange
lines depict the director field. The red dashed line marks the separation between the counter-propagating regions. The dimensionless parameter
& measures the ratio between the depth of the counter-propagating layer near the outer boundary and the annulus thickness 4. (b) Counter-
propagating layer thickness & as a function of activity for different values of the aspect-ratio o, with 7 = 0.01 and ay = 1.8. The red dashed
line marks the boundary of the critical region, beyond which no spontaneous flow occurs.
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inner boundary of the domain. However, this effect involves
the second bifurcation mode and, therefore, would occur only
at a higher critical activity threshold.

Counter-propagating boundary-layers have also been ob-
served in other experimental and numerical studies. For
example, Hardoiiin et al. [24] study spontaneous flow in
filamentous bundles of microtubules and kinesin molecular
motors at the water/oil interface. They observe distinct flow
patterns near the boundary, which they term ’active bound-
ary layers’ (ABLs). These ABLs are characterized by the
accumulation of negative topological defects at the wall, a
phenomenon they attribute to bend instabilities leading to
defect pair unbinding, where 41/2 defects are ejected into
the bulk while negative defects remain at the boundary.

The importance of confinement is also apparent in other
numerical and analytical works [26,27]. Joshi er al. [26]
explore active nematic dynamics in annular geometries us-
ing simulations and reveal curvature-driven states which
embodies corotating defects. Luo et al. [27] examines active
Couette flows in channels with external shear, finding that
shear can stabilize extensile or destabilize contractile fluids,
leading to unidirectional, oscillatory, or dancing flows. Cur-
vature in annular channels further modifies these flow states
compared to straight channels.

However, the phenomena described [24,26,27] are fun-
damentally different from ours, since we analyze a laminar
motion, in the absence of defects or externally imposed shear,
but in agreement with Wioland’s work on bacterial motion
[4,5], where a turbulent regime is not typically observed.

Therefore, these phenomena appear to be essentially dis-
tinct. This divergence could be attributed to several factors,
including the level of activity studied (as turbulence generally
emerges at higher activity levels) or the specific type of active
nematic system analyzed. For instance, the microtubule-based
system used by Hardoiiin e al. might have different propen-
sities for turbulence and defect formation compared to other
systems, such as bacteria colonies.

VI. CONCLUSIONS

In this work, we have analyzed the spontaneous flow of ac-
tive nematics confined within an annular domain, employing a
continuum mechanics approach for materials with relaxation.
Our investigation focused on the influence of the channel’s
aspect ratio on the onset of spontaneous motion and the
emerging velocity profile. Through a combination of bifur-
cation analysis and numerical simulations, we have provided
a comprehensive characterization of the role of curvature in
breaking the degeneracy observed in the planar case.

Specifically, we demonstrated that the presence of curva-
ture lowers the activity threshold required for the onset of
spontaneous flow. This effect becomes more pronounced as
the aspect ratio « increases, facilitating spontaneous motion
compared to the flat channel case.

In a planar channel, two distinct flow configurations—
a unidirectional flow and a counter-propagating banded
structure—emerge at the same critical threshold, leading to a
degeneracy in the bifurcation structure. In contrast, the curved
geometry introduces a separation in the critical thresholds of

these two modes, favoring the emergence of a solution with a
thinner counter-propagating band near the outer boundary.

By performing a systematic asymptotic expansion for both
small and large aspect-ratio limits, we derived explicit correc-
tions to the critical activity threshold. For large o, we showed
that the threshold asymptotically approaches a lower bound,
scaling as ¢.,/¢o &~ 0.144889 + O(1/log(1 + «)), indicating
that curvature has a fundamental role in promoting sponta-
neous flow. These analytical predictions are also confirmed
by numerical simulations.

Furthermore, the numerical results clearly show the pres-
ence of a counter-propagating layer near the outer boundary
of the domain. The thickness of this layer is influenced by
both activity and aspect ratio.

Our findings provide insight into the interplay between
confinement, curvature, and spontaneous flow in active nemat-
ics. They are particularly relevant in the context of biological
systems, where curvature-induced flow phenomena are fre-
quently observed, such as in confined bacterial colonies.
Future research directions include extending this framework
to incorporate order parameter variations, topological defects,
and turbulent active flows in more complex geometries.
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APPENDIX: STRESS TENSOR

In this Appendix, we detail the calculations leading to the
expression for the stress tensor as a function of the velocity
field, v, and the angle, 6. By selecting v to represent a shear
motion along the azimuthal direction, specifically v = v(r)e,,
we can readily derive the following results:

v
Vv=1'(e,Qe,) — ;(eq) ®e,). (A1)
The director field is parametrized as
n = sinf(r)e, + cos6(r)ey, (A2)
so that its spatial gradient may then be expressed as
, sin 6
Vn =20 cost (e, ®e,)+ — (e, ®e,)
r
cos 0 .
— (e, ®e,)—0'sinb (e, @ e,). (A3)

r

025401-11



A. ARAMINI, G. NAPOLI, AND S. TURZI

PHYSICAL REVIEW E 112, 025401 (2025)

By substituting Eq. (13) into Eq. (1), we obtain an expression
for the shape tensor:

1 <(a(3) — 1)sin29 +1

L=- cos 6 sinO(aé — 1)

cos @ sinf(aj — 1) (Ad)
ao ’

(ag — 1) cos? 6 + 1

To determine the stress tensor, we need the codeformational
derivative of L, defined as

v oL T
LY .= — 4+ (VL)v— (Vv)L — L(Vv) .

oL
T

Lv=v—rv/( 0

In a steady state, i.e. = 0, this simplifies to

(a3 — 1) sin? 6 + 1)

rag \(aj—1)sin®0 +1  (aj —1)sin(26)

(A6)

Finally, substituting Eq. (A6) into Eq. (10) yields the Cauchy

o (AS) stress tensor, with the following components:
J
T, = —p— pK6” — zf;’jr[(ag — 1) sin20 + 1][2a0¢r + (a3 — 1)7 sin(20)(w — rv))], (A7)
0
9/
Ty = pK— = %[ao(ag — 1)¢rsin(20) + 27 ((a — 1) sin® @ + 1) ((ag — 1) cos® 6 + 1) (v — rv")], (A8)
0
0" pu 3 . 3 2 2, 1.5 2.2 /
T, = p/{7 - ao(ao — 1){rsm(29) + 27 ((ao — 1) sin“ 0 + 1) + E(ao — 1) sin“(20) | (v — rv") |, (A9)
aglr
Ty = —p = 5 = 25 [2a0r((a) = 1) cos>6 + 1) + = (a} — 1) sin@0)((a} — 1) cos(20) + 3(a3 + 1)) (v = )] (A10)
v — 2 2a(2)r 0 0 5 @0 0 0 .
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