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the latter being relevant for instance in the analysis of the
Schrodinger equation with concentrated nonlinearities in R2.
© 2017 Elsevier Inc. All rights reserved.

1. Introduction

Many mathematical models of physical phenomena deal with systems of Volterra
integral equations with singular kernels (e.g. [19,22,26]). In this paper, motivated by some
nonlinear Volterra integral equations arising in Quantum Mechanics, we investigate the
properties of convolution operators with kernels possibly more singular than the more
known Abel ones. Namely, given a generic positive, locally integrable function v, we
study the action of the operator g — J, g defined by

x

(Jog)(x) := /1/(33 —s)g(s)ds, x>0, (1)

0

on intervals [0,7], with T > 0 (this assumption being understood in the whole paper).

Precisely, we prove its regularizing effect in Holder and Lebesgue spaces and its
“contractive” effect in Sobolev spaces (where by “contractive” we mean that the Sobolev
norm of J,g on [0,7] can be estimated by the norm of g times a constant that gets
smaller as T' — 0).

It is also worth highlighting that the assumption of local integrability of v is the
minimum requirement so that definition (1) makes sense in general. In fact, the aim of
the paper (even though some results will require additional hypothesis) is to work with
the least set of assumptions that are necessary in order to detect remarkable effects from
the application of the operator J,.

A particular relevance in applications is acquired by the case

Ooxsfl
v(z) =ZI(x) := ds
O/I‘ s

(Fig. 1), where the operator J, reads

(1,9)(x) = (Ig)(x) = / I(z - )g(s)ds. 3)

We observe that, if we denote by pu(z, o, «) the Volterra functions defined by

o

a+9¢7
= d
i, 0,0) /r atst e+
0
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Fig. 1. The plot of Z(x) is in black, the plot of the first order of the asymptotic expansion of Z(x) around 0
is dotted.

then Z(z) coincides with p(z, 0, —1), which is the so-called Volterra function of order —1
(see [14], Section 18.3), that is discussed in Section 2.

In addition, recalling that a kernel m € L*(0,T) is said to be a Sonine kernel if it
is a divisor of the unit with respect to the convolution operation, that is, if there exists
another kernel ¢ € L*(0,T) such that

/E(x —s)m(s)ds =1, forae. z€[0,T],
0

then, one can prove that Z is a Sonine kernel, with ¢(z) = —y —log z, y representing the
Euler-Mascheroni constant (see Eq. (15)). The class of Sonine kernels is wide and there
are many papers (see e.g. [36] and references therein), starting with the pioneering one by
Sonine ([35]), where embedding theorems for integral operators with kernels displaying
singularities at the origin of the type

2T
a(x)z® ! log™ (—) , 0<a<l, —oo<m<oo,
x

are discussed. However, we stress that the results proved in the present paper are more
general since they take into account also kernels that are more singular in a neighborhood
of the origin, such as, indeed, the Volterra function Z, whose asymptotic expansion near
0 is given by m (see (8)).

It is also worth mentioning that a first discussion on the operator I is present in
[32], whereas similar integral operators, but with more regular kernels, have been inves-
tigated more recently in [8,31]. More in detail, in [8] it is analyzed the case of a certain
class of almost decreasing Sonine kernels in terms of weighted generalized Holder spaces,
while in [31] an “inverse” operator is discussed within the framework of L” spaces. We
also recall that in [18] some relevant features of Volterra functions are pointed out,
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such as asymptotic expansions and some striking relations with the Ramanujan inte-
grals.

The interest of the operator I is mainly due to its applications in Quantum Mechanics,
and precisely in the study of the Schrodinger equation with nonlinear point interactions
in R2.

We recall briefly that a Schrodinger equation with a linear point interaction with
strength a € R, placed at y € R?, is

i0(t) = Hath(t),

where H,, is a differential operator with domain

P(Hy) = {1/1 € L*(R?) : VA >0, ¢ = ¢x +qGan(- —y), or € H*(R?), ¢ € C,
lim ¢ (x) = (a + % log @ + %) q}
(Ga.» denoting the Green’s function of (—A + ) in R?) and action

(Ha + )\W = (7A + )‘)(ZSM Vi € Q(Ha)

For a complete discussion on the solution of this equation through the theory of self-
adjoint extension, we refer the reader to [5]. In addition, it is well known that, given an
initial datum ¥y € Z(H,), the solution of the associated Cauchy problem reads

t
%
0lt%) = Ualt)) ) + 5 [ Uilt = six — y)as)ds,
0
where Uy(t) is the propagator of the free Schrodinger equation in R? (with integral

x 2
kernel Uy(¢; [x|) = e’%/%t) and ¢(t) (with a little abuse of notation that is usual in
the literature) is a complex-valued function satisfying the so-called charge equation

t t

q(t) + /I(t —s) (dma —log4 + 2y — ) g(s)ds = 47T/I(t —8)(Uo(8)o)(y)ds. (4)
0 0

Now, a monlinear point interaction arises when one assumes that the strength of the
interaction depends in fact on the function ¢(t), and in particular when one sets o =
aolg(t)[*? (ap € R\{0}, o > 0) in (4), thus obtaining

q(t) + /I(t —3) (47T040|q(t)|2‘7 —log4 + 2y — %) q(s)ds
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—in / Z(t — 5) (Uo(s)0) (y)ds (5)
0

(see [9,10]). Since in the nonlinear case no theory of self-adjoint extensions is available,
the relevance of the operator I is clear: the well-posedness of the associated Cauchy
problem is strictly related to the study of the existence and uniqueness of solutions
of (5), which strongly depends on the properties of I.

Remark 1.1. Even though the application presented above concerns complex-valued func-
tions, this paper only manages real-valued functions. However, one can check that the
results of Section 5 (which are actually required in [9,10]) can be easily generalized to
complex-valued functions.

Another topical example of integral kernels that are included in our general framework
are the well known Abel kernels, which correspond to the choice

xa—l

I/(x):r(a>, 0<a<l, (6)

in (1). These ones are very important in the theory of fractional integration and general-
ized differentiation ([19,32]) and, again, in Quantum Mechanics. In the study of nonlinear
point interactions in R and R3, indeed, the resulting integral equations present the ker-
nel (6), with & = 1/2, in place of Z (see [1-3,6,7]).

Finally, we describe briefly the main results of the paper. They concern, as we told at
the beginning, the properties of the operator J,, in Holder spaces, LP spaces and Sobolev
spaces.

Preliminarily, since it is crucial in the following, we define the integral function of the
kernel v

x

N(z) = /V(s)ds, x> 0. (7)

0

Since v is always supposed positive and locally integrable, it turns out that N is a
positive, increasing and absolutely continuous function with N(z) — 0 as x — 0.

In the case of Holder spaces, it is well known ([19], Theorem 4.2.1, p. 70) that when the
kernel is v(t) = t*~!, 0 < a < 1, the operator .J, transforms C*# functions into C%*+5
ones, improving this way the regularity of the modulus of continuity. As a consequence
of our main result of Section 3 (Theorem 3.1), we will see that more generally the
improvement is at least given by the integral function of the kernel: the phenomenon
that the power a — 1 gives as improvement the exponent « is therefore true also for any
locally integrable kernel which is assumed to be just equivalent to a decreasing function
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in a neighborhood of the origin and not blowing too much (derivative bounded above,
for instance) in its domain.

In the case of LP spaces, it is well known ([19], Theorem 4.1.4, p. 67) that when
the kernel is v(t) = t*~! the operator J, transforms LP functions, 1 < p < 1/a, into
LP/(1=ap) functions. To a minor integrability of the kernel there corresponds a minor gain
of integrability for .J,,, and apparently the gain disappears when the kernel is just L. As
a consequence of our main result of Section 4 (Theorem 4.1), we will show that any kernel
locally integrable (again, we assume that it is equivalent to a decreasing function in a
neighborhood of the origin) gives an improvement of integrability, measured in terms
of Orlicz spaces. The improvement is strictly linked to the Orlicz integrability of the
kernel, hence it always exists: a classical, remarkable theorem in Orlicz spaces theory
(see e.g. [24], p. 60) tells that any function L! is always in some Orlicz space strictly
contained in L'. Furthermore, in the case p = oo, we show (Proposition 4.2), under the
unique assumption of local integrability, that J, transforms L°° functions in continuous
functions and that the L> norm of J,g on [0,7] is controlled by the norm of g times
N(T).

Finally, in the case of Sobolev spaces, it is well known ([19], Theorem 4.2.2, p. 73)
that when the kernel is v(t) = ¢!, the operator .J,, transforms W%! functions, with
0 <6 <1—aq,in Wite—=1 functions. Analogous results for WP functions are discussed
in [3,23]. In this case, the minor integrability of the kernel yields a minor gain in the
Sobolev index, which disappears when the kernel is just L' (also the preservation of
the index is not straightforward). As a consequence of our main result of Section 5
(Theorem 5.1), we will show that when p = 2, provided 8 # 1/2, the Sobolev index
is in fact preserved and the Sobolev norm of J,g is bounded, up to a multiplicative
constant, by the norm of g times N (7). Furthermore, we will prove that (almost) the
same result holds for H'/2? functions, but just in the case v = Z (Theorem 5.2), and for
Wt functions (Theorem 5.3).

2. The Volterra kernel Z

Since the case of a kernel equal to the Volterra function Z (defined by (2), Fig. 1) is
the most relevant in the applications, it is worth stressing some basic features of Z. In
this way one can easily see that the abstract results established in the following sections
can be actually applied to this kernel.

First, we recall (see [14,32]) that Z is analytic for ¢t > 0 and that

1 1
I(z) = ——5+ |1 + O(|log z , asx — 0
(@) = Sy 1+ Olhoral™) = N
I(x) = + Oz, as T — +00.

Consequently, the first expansion shows that Z € L} (R") and that Z ¢ L} (R"), for
any p > 1.
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Also the derivative and the integral function of Z will play a crucial role in the sequel.
Hence, recalling (see again [14,32])

d
i@, 0,n) = p(z,0,n = 1), neZ n<0, (9)

and Z(z) := p(x,0,—1), we stress that

L 2@) = pla.0.-2) =

ir o g (@) L+ Ologal™)] (10)

and that

d
%M(%Oa 0) =Z(x). (11)
Furthermore, we can state the following lemma.

Lemma 2.1. The function I is convex on RT and admits a positive minimum.

Proof. The second part is immediate since Z is continuous, positive and coercive by (8).
On the other hand, in order to prove the second part, it is sufficient to show %I () > 0;
namely, by (9), that - u(x,0,0) > 0. Now, following [18] (Eq. (3.1)) and [20], we find
that

x,0,0) =€ — R(z), where R(z / ——ds
il ) (x) J Slog ST
denotes the Ramanugjan function (Fig. 2). Hence, - 33u(x 0,0) = e — 5 R(z) and, since

R is completely monotonic (i.e., for every k > 0, R*®) does exist and ( DER®E) > 0),
this entails that Wu(x, 0,0) > O and thus that Z is convex. O

It is also convenient to introduce the function

x

N(z) = /I(s)ds, x>0, (12)

0

(Fig. 3). By the properties of Z, we see that A is positive, increasing and absolutely
continuous on bounded intervals. Moreover, N'(x) — 0 as x — 0, and precisely

1
log( )

N(z) = +O(|logz|™2?), asz — 0. (13)
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Fig. 2. The plot of R(z).
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Fig. 3. Plot of A/(x) around zero.

Remark 2.1. One easily sees that, as one sets v = Z in (7), N is equal to N'. On the
other hand, from (9) one also notes that A coincides, up to an additive constant, with

,u(-,0,0).

Finally, we point out a relevant property of the operator I defined by (3), which is
strictly connected to the fact that Z is a Sonine kernel. First, define the integral operator

(®g)(z) := /qb(x — 8)g(s)ds, where ¢(z)=—vy—logz.

Then, one notes that, as ¢ € L1(0,T), ® is well defined for each function g € L'(0,T).
In addition, one can prove the following result.

Proposition 2.1. If g € L'(0,T), then
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xT

(tb(Ig))(x) = (I(@g))(m) = /g(s)ds, Va € [0,T].

0

Proof. We first observe that one has

x

/I(w —s)p(s)ds = 1. (14)

0
In [32], Lemma 32.1, it is indeed claimed that (setting o = 1, h = 0 therein)

x

[ o5 = 0(1) (e~ 5,0,0)ds = -1, (15)

0

with ¢ (1) = —, and since from (11) %u(x,0,0) =Z(x), (14) is proved.
Now, in the expression

(I(®g))(z) = / / Z(s)p(x — s — o)g(o)do ds,
00

we exchange the order of the integration, since

/z 7SI(S)¢(x — 0o —s)g(o)dods + j 7UI(S)¢(33 — o — $)g(0)ds do =
00 0 0

x

= /iI(s)¢(x — o0 —s|)g(o)dsdo = 2] 7SI(S)¢(|$ — o0 — s|)g(o)do ds,
0

0 00
and using (14), we conclude that

x

(1(@g)) () = / Tz(sw(x ~ o~ s)glo)dsdo = [ g(o)do
0 0

0

Finally, given that an easy change of variable shows (CIJ(Ig)) (x) = (I(@g)) (z), the proof
is complete. O

Remark 2.2. We note that, in view of Theorem 5.3, it is

2 (@19)) () = L (1(89) () = 9(x).
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3. Regularization in Holder spaces

Let 0 < 79 < oo and let v, 7 be absolutely continuous and positive in |0, 79]. We say
that v, U are equivalent if there exist two positive constants ¢y, co such that

av(z) <v(z) < cov(z) Yz €]0,7).

Of course any function equivalent to v in ]0, 79] is of type b, where b = b(-) is absolutely
continuous in ]0, 79] and such that

0<b” <bx)<bT <oo Vzel0,m. (16)

The statements of this section hold for certain functions v which are decreasing in
intervals of the type (0,79) and, more generally, they hold for functions equivalent to
decreasing functions in intervals of the type (0,7p). For the sake of simplicity, the func-
tions v in the statements will be always assumed equivalent to decreasing functions in
intervals of the type (0,7), and the corresponding decreasing functions will be written
as products bv, where b = b(-) is an absolutely continuous function in ]0, 7y] satisfying
(16).

Lemma 3.1. Let 0 < 3 < 1, and let v € AC(]0,T]) N LY(0,T) be positive and equivalent
to a decreasing function in (0,7) for some 0 < 79 < T. If

x

N xiﬁ /b(s)u(s)ds ., in (0,70), (17)
0
then
”]5;5(?)5 <cOl),v(),T)P " Vi<r< g,VO<E<T7 (18)

where N is defined by (7).

Remark 3.1. Inequalities coming from assumptions of monotonicity of ratios between
functions and powers are very well known among researchers working in Orlicz spaces.
Some proofs of such inequalities work also without the assumption of convexity (the
reader may compare this lemma e.g. with Theorem 3 in [30] or with the results in
Section 3 of [27]), however, the main feature of (18) is that it has been obtained from
assumptions of monotonicity which hold only in a neighborhood of the origin and not in
the whole domain of the functions involved (where, however, at least a boundedness is
required; this assumption appears implicitly in the hypothesis of continuity which holds
until the endpoint T').
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Proof. We preliminarily note that, since bv is decreasing in (0, )

v(z) < bi_b(x)l/(gc) < bi— : i/b(s)l/(s)ds < Z—_% vz € (0, 7o) (19)
0

T
Let 0<e<T, 1 <7< —.Ifer < 79, by (19) and (17) respectively,
€

<b+N(€T) € bt

N(e) b= et N() b= (e7)P TN(e)
N(e) (e ) b\

-

N b— N
To then again by (17), () > — (7o) and therefore,
B bt T()ﬁ

and, if p <erT <T,0<e <

setting v+ = max v,
[70,T]

bt vt P
0 7_571

vier)e - bT St T 1=h e b
Ne SV NG S () N(ro) ~ b= N(r)
+ o+
SZ N(T) o @)

Finally, if 19 < e < T, € > 79 then, since v > 0 implies that IV is increasing,

™' 7 (
<7 (;) N(7o) = 71=F N(70) ~ N(m)

B +1-878 +
eT) vtTi=PT v T’Tﬂ_l. (22)

v(eT)e g P
o <V R

), (22), we get (18). O

From (20), (21

The following statement is an immediate consequence of Lemma 3.1

Corollary 3.1. In the same assumptions of Lemma 5.1, for any a < 1 — 3 it is

T
/(T-i—l)a 1—V]i7(€)) dr <c(b /T—l—l”‘ LrB=1qr
1 1

<c(b(),v(), T,a+ ) < oo

uniformly ine, 0 <e < T.

The next lemma is trivially true for decreasing functions v (see the CASE (i) of the
proof), and it provides a version of the inequality in case of functions which are decreasing
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only in a neighborhood of the origin (however, as in the remark above, one can see that,
again, an assumption of boundedness has been made implicitly).

Lemma 3.2. If v € AC(]0, T])NL(0,T) is positive and equivalent to a decreasing function
in (0,79) for some 0 < 79 < T, then

y y—x

/V(s)ds <c®(),v(),T) / v(s)ds Vz,ye€ (0,T),

T 0

<z<uy. (23)

N

Proof. We examine the three cases

(i) z <y <m0
(i) o <zx<y<T
(iii) z<mo<y<T

CASE (i): Since bv is decreasing in (0, 7o),
Y :
bt Yy
v(s)ds = v(is+x)ds < — [ v(s)ds v,y € (0,79), 5 <z <uy.
T 0 0
CASE (ii): We have

/y v(s)ds < v+ (y — )

<z<y, (24

N

+
= _Vi(y —x) v(s)ds Va,y € (10, T),
YT (s J

where vt = max v.
[70,T]

There are two possibilities:
(ii)1 y—x <7
(if)y y —x >0
In the case (ii),, since bv is decreasing in (0, 79),

Yy—x

/ v(s)ds > Z%I/(To)(y —x)

0

and therefore from (24)
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—T

y
bt vt Yy
v(s)ds < — v(s)ds Va,y € (10, T), 5 <z<uy;

~ b~ v(m)
0
in the case (ii),, setting v~ = ]Iéliq%l/ > 0,
y—x

v(s)ds > Tov~

o

and then, using y —x <y/2 < T/2, from (24) we get

—T

y y
T

/V(s)ds < TOVV_ 5 v(s)ds Va,y € (10, T), % <z <uy.

T 0

CASE (iii): We have

70

/yy(s)ds - /V(s)ds+/y1/(5)ds

T T To
and applying CASE (i) with y replaced by 79 and CASE (ii) with x replaced by 79,

To—T Y—To

y
+ + ot +

/V(s)ds < Z—_ V(s)ds—i—max{b—y— i} / v(s)ds.

T 0 0

b= v(ro) 2700~

Since in our case 1y < y, it is 79 — ¢ < y — x, hence the first term can be estimated by
the right hand side of (23); similarly, since z < 79, it is y — 70 < y — = and the same
conclusion holds for the second term. O

In next theorem we are going to consider an assumption on v stronger (as we are going
to see) with respect to that one of Lemma 3.1: in the case b = 1 (a similar digression can
be done in the general case, replacing v by bv) we will assume that the positive function
v € AC(]0,T])) N L*(0,T) is such that * — z'~Pu(z) is decreasing in (0,79) for some
0<79<T,0<pB<1—a, where « is a given number in (0,1). It is easy to verify that
this latter assumption implies that the function N, defined by (7), is such that

]\;(;) N\, in (0,7),

and also that v is decreasing in (0,79) (because v(z) = z8~1 - 2'=Py(x) is product of
positive decreasing functions).
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Let us verify the first assertion. Since x — ! ~#v(x) is decreasing in (0, 79), it is (note
that, since also v is absolutely continuous, their derivatives exist a.e.)

O'%V(O’) < (B—1)v(o) forae. o€ (0,7),

hence, integrating the above inequality in (e, z), where 0 < ¢ < z < 79, and noting that
ov(o) is absolutely continuous too, we have

azv(z) —ev(e) = ]U%l/(o)da—l-/gjl/(a)da

€ S

T xT

< (B 1)/1/(U)d0 —|—/u(0)da _ ,B/xu(a)da.

€ €

If we let ¢ — 0, since v is decreasing, it is
0<ev(e)< /y(a)da — 0,
0

and therefore we get
zv(z) < BN(z) Vz € (0,7),

from which the assertion follows.
On the other hand, the fact that the assumption is really stronger is shown by the
following

Example 3.1. Let 1 < 79 < o0, and let

1 .
ﬁ if o € (0, 1)
v(o) =
1 .
3 if o €(1,7)
so that
NZ if x € (0,1)
N(z) = 1
Tt if x € (1,70)
Then
N(x)

.1?’8 \l in (077—0)
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is satisfied for 3 = 79/(79 + 1), while for the same 3 the function x — !=#v(x) is not
decreasing in (0,79) (because it is not decreasing in (1,79)).

Before the statement of the main theorem of this section, we observe that the kernels
v of our interest are such that their difference quotients are bounded above, i.e. there
exists a constant K > 0 such that

v(y) —v(z) < K(y —x) Va,y € (0,T),z < y.

This property (which holds automatically, in particular, for all the kernels v which are
decreasing in the whole (0,7")) is expressed in an equivalent way in the assumption (26)
below.

Theorem 3.1. If g € C%*([0,7]), 0 < a < 1, 0 < T < o0, g(0) = 0, and if v €
AC(J0, T)) N LY(0,T), v > 0, is such that
z — 2 Pb(x)v(x) is decreasing in (0,7)) (25)
for some 0 <79 <T,0<B<1—a, be AC(]0,70[), 0 < b~ <b(x) < b < o0,

lv(z) — v(y)| < v(z) —v(y) + Koy — ) for some Ky >0, Va,y€ (0,T),x <y,

(26)
then, setting
(Lo)t) = [vlt=9g(s)ds  te ©.7)
0

it s

[(Jvg)(@) = (Jug) (W)

<c(b(),v(), T, B) [glalz — y|*N(lz — y|) Va,y € (0,T), % <z <y, (27)
where

N(z) = / v(0)do.
0

Proof. Let 2,y € (0,T),% <z <y.Itis

x

(Jvg)(y) — / s)ds — / (z — s)g(s)ds

0



R. Carlone et al. / Journal of Functional Analysis 273 (2017) 1258-129/ 1273

v(s)g(y — s)ds — / v(s —y+x)g(y — s)ds

=g(y) /V(S)ds - / v(s)lg(y) — g(y — s)lds — / v(s)g(y) — gy — s)]ds

Therefore

|<Jug)(y) - (Jug)(Qj)'

—x

<

<l9(y)IN(y) — N(2)]| + v(s)lg(y) — gy — s)lds

o

/ (s —y +2) — (s)]lg(w) — gy — 9))ds

y—x

+ =A+B+C.

We estimate each term in turn. Since g € C%%([0,77), g(0) = 0, and since N is increasing
and 0 < a < 1,
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By (25) the function bv is decreasing in (0, 7p), hence by (23)

x

N(y) - N(z) = / (s)ds — [ vls)ds = / v(s)ds

<c((),v(),T) / v(s)ds = ¢ (b(-),v(-),T) N(y — x)

and therefore

A<ce(),v(),T)[glaly — )*N(y — x) + [glaz®[N(y) — N(z)].

The first term can be estimated by the right hand side of (27). As to the second term,
we begin observing that

(y—z)=2v(€)(y — 2),

for some & € (z,y).
We consider first the case £ < ¢, so that

P )y — ) = bE) Oy — ) < -2 ba)la)y — )
(because bv is decreasing in (0,79)). Since o < 1 — 3, by (25)

x — xb(x)v(x) is decreasing in (0, 7o)

and therefore, since 79 > = > % >

by (a)(y — z) < ( .

:Qba@—xf@<y;$>y<y;
(

N
|
8
N~
Q
>
/N
NS
||
8
~_
AN
/N
NS
||
S
5 ~—
—
<
|
8
S~—

(y—=x)/2
<217y —a)? / b(s)v(s)ds < 2'7b* (y — 2) " N(y — x).
0

Now we consider the case £ > 7. Setting 7+ = max_ z%v(z), 7_ = min 2% (z) > 0,
z€[70,T| z€]0,T]

it is
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« « —+ ﬁ+ o e
V() — ) <EWEOW —2) Ty — 1) = v-2) [ svis)ds
o sov(s)ds /

Now there are two possibilities: y — x < 79, y — & > 7p. In the first possibility,

y—x —x

/

and therefore

<

1

s v(s)ds > o

o

Yy—x

sov(s)ds w-2) sv(s)ds <

o+

y—x
0

y—x

= / (=) w(s)ds =

b+ 728

~ 1§b(10)V

in the second possibility,

(To)v(70

sb(s)v(s)ds > bérg‘b(ro)z/(m)(y — )

Yy—x

) 0/ s%v(s)ds

b+ ﬁ"r

780 (T0)V

+ﬁ+
b )(y—x)“N(y—x);

y—x
/ sv(s)ds > 19 - T_
0
; T
and therefore, using y —z < 4 < 3,
Yy—x Yy—x
s 7T T
P . (y—z) / s%v(s)ds < V_ C= / s*v(s)ds
O svw(s)ds ToU— 2
0 0
Tot
< —z)*N(y — z).
S 9y W) Ny~ @)

We have therefore shown that also the second term can be estimated by the right hand

side of (27).
On the other hand, it is quite easy to check that
way, in fact

B = v(s)lg(y) — gy — s)]ds
< [gla / v(3)(y — 2)*ds = [ga

also B can be estimated in the same

o



1276 R. Carlone et al. / Journal of Functional Analysis 273 (2017) 1258-129/

It remains to estimate C. It is

Il Kl

C=| [ s =yt~ vo)loty) ~ gty = s)lds| < lgla [ Iols —y+2) = vls)sds

y—x y—x
We now use the assumption (26), so that

V(s —y+x)—v(s))s¥ds + [g]a / Koy — x)s“ds.

y—x

C < [gla

Y

&Iz\c

Making the change of variables o =

in the first term, we have

y—z
ygm Yy
C < [glaly —2)** / [v((y —z)(o = 1)) —v((y — z)o)] o%do + [g]a / Ko(y —x)s%ds.
1 y—x
Yy T, . Y
We observe that > 5 > 5 implies > 2, therefore
-z

2

€ < lglaly -2 8 [y =)o = 1) = vlly — 2)o)] o dor+

)

—x

<

+

o

Wy —2)(o — 1) — (g — 2)0)] o%do § + [gla / Koly — z)sds

=C1 4+ Cy + Cs.

We observe that the sign of C and the sign of Cy are not necessarily positive; both
C, and C5 will be split into more terms, each of them being not necessarily positive;
however, all of them will be shown to be smaller than the right hand side of (27).

The first term can be estimated as follows:

2
Cr = [glaly — o)™+ / (Y - 2)(0 — 1)) — (y — )o)] edo
2

< 2 [glaly — )2 / v((y — 2)(o — 1))do

—2°(glaly - 2)* [ v(r)ir

o
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=2%[gla(y —2)*N(y — 2).

In order to estimate C5, we need to use the following inequality, which, as we are
going to see, follows easily from the fact that the positive bv € AC(]0,T]) is decreasing
in (0,79):

1 r bt vt
= v(s)ds < = —I—V—_ v(x) Va,y € (0,T),z <y, (28)
where vt = max v and v~ = min v > 0.
[T0,T7] [70,T1]

In order to show (28), let us fix z,y € (0,T),z < y. If y < 79, using that bv is
decreasing in (0, 7), we have

The last case is * < 79 < y, where the following inequalities hold:

) T0 Yy
1 1 1
_Z/V(s)dSZy_w/l/(s)ds—l—y_x/u(s)ds
T T To
< 1]0<>d+ /y<>d<5<>+ﬂ<>
< v(s)ds = v(s)ds < c—v(z) + ——v(z
x To

~(F+2) v

Using the change of variable 0 = 7 + 1, the integration by parts formula, v > 0, (28)
and Lemma 3.2, we now estimate Cy as follows:

Cy = [glaly — 2)**! / w((y —z)(c—1)) —v((y —x)o)]o%do
2

~llely= 21 [ =2~y = o)+ D) e+ D
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) (y—z)7
= [g]a "+1/ (t4+ 1) = / v(s)ds
1 (y—z)(T+1)
cene P T
_ o a+1 T— d
gty =) LS [ sgas
(y x (T+1 =1
(y z)T
s)ds | a(r 4+ 1) tdr
(y—z (T+1
(y—z)T
—loty =)y T+ [ vl
(y—a)(r+1) -
vz [ (y—z)(7+1)
—|—/ / v(s)ds | a(r +1)* tdr
1 (y=o)r
a % vz
Yy
—lola(y — 2)° ds — 2° d
oty -0 (L) [utss-2 [ v
y 2(y—=)
vz | (y—=z)(7+1)
+ / / v(s)ds| afr +1)* tdr
1 (y—z)T
2(3!_74) yiw
lglaw—0 027 [ vs)ds 40O [ - iy - Dr)atr+ )2 dr
y—x 1

< [glaly —2)* {2%¢(b(), v (), T) N(y — x)

+ C(b()7y()) (y—x)aw /<T+1)a_1y<(y &(xy)T) Sj)—x)dT

By Corollary 3.1 the integral inside the parenthesis is bounded by a constant independent
of y — z, depending only on b(-), v(+), T, a + 5. Hence the estimate becomes

Ca < [gla(y — =) {2% (b(-), v ("), T) N(y — ) + ac(b(-),v(),T,a + B) N(y — )}

and therefore also Cs is estimated by the right hand side of (27).
Finally, we need to estimate Cj.
We have
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Yy T
C3 = [gla / Ko(y — x)s%ds < [g]aKo/S“dS(y —x)
y—x 0

=c((),T,a)[glaly —x) = c(v(-),T,) [g]a%
<c(b(),v(-),T,)[gla(y — )*N(y — z)

where the last inequality follows from the fact that from (25) and from § < 1 — « it
follows that

xllia /b(s)u(s)ds N in (0,79),

0

hence N(z)/z'~% is bounded below in (0,T) by a positive constant, i.e. its reciprocal is
bounded above by a positive constant (depending only on b, v and «). O

Remark 3.2. In the case b = 1, v(o) = oP=1 19 = T, Theorem 3.1 gives back Theo-
rem 4.2.1 in [19]. Another interesting case is

1

Y0) = Sog (1/o)

o small (29)
which satisfies the assumption (25) of Theorem 3.1 for any 0 < a < 1, for any 0 <
B < 1—a, with b = 1. Of course those positive functions v € AC(]0,T]) N L*(0,T),
which are just equivalent to the right hand side of (29) only in a neighborhood of the
origin, and then not blowing up “too much” (as, for instance, the function Z(¢) in (2),
whose derivative — see (10) — is again a Volterra function which is bounded above), are
examples for Theorem 3.1 and in such cases the resulting regularity for J, is the same
as that one given for (29).

Remark 3.3. From the proof of Theorem 3.1 it is clear that the assumption (26) can be
weakened as follows:

v(z) = v(y)]

<wv(z)—v(y)+ Koy — 2)*N(y — ) for some Ky > 0, Va,y € (0,7),= <z <y.

<

Remark 3.4. For a given v satisfying the assumptions of Theorem 3.1 one may look
for the best regularity action for J,, i.e. one may look for the greatest o satisfying the
assumptions of the theorem or, equivalently, for the smallest 5 satisfying (25) (in the case
of the classical spaces of Holder continuous functions, the inclusions between the spaces
are easy and well known; for a recent book on this topic see [15]): this problem is linked
to the notion of Boyd indices (see e.g. [27]). For a short survey including a bibliography
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on this topic, and for a “concrete” way to compute them for explicit examples, see e.g.
[16,17].

Remark 3.5. It is interesting to note that in the paper [33] (see also [8]) the authors prove
a result of the same type as Theorem 3.1, where kernels more general than powers are
considered. However, in [33] the assumption to belong to a certain class Vy, 0 < A < 1,
implies that the kernel enjoys a higher integrability property (in fact, if k& € Vj, it
is k(z) < cz~ around zero), hence kernels like our model example Z, discussed in
Section 2, cannot be considered.

4. Regularization in LP spaces

We begin with some background on Young’s functions and Orlicz spaces. In the follow-
ing a convex function A defined on [0, oo is said to be a Young’s function if it is convex
and such that A(0) = 0, A(xz) > 0 for > 0. This assumption implies that Young’s
functions are strictly increasing and invertible, so that it makes sense to consider its
inverse A~!, defined in [0, oo[. The Orlicz space LA(0,T) (here T is a fixed positive real
number) is the Banach function space of all real-valued (Lebesgue) measurable functions
f on (0,T) such that

T
t
Iflza) = £l == int A>0:/A(%”)dtg1 < o0
0

(here we use the convention inf ) = +oc). In the special case A(t) =P, 1 < p < oo, the
Orlicz space reduces to the familiar Lebesgue space. For essentials about Orlicz spaces
and Banach function spaces the reader may refer to [11], Sections 2.10.2 and 2.10.3 (and
references therein for extensive treatments). A well known result of the theory is that if
two Young’s functions A, B are such that

A(ciz) < B(x) < A(czx) for x large,

then, in spite || - ||4, || - || may be different, the spaces themselves (namely, the set
of the functions such that the norms are finite) coincide. In particular, the spaces are
completely determined by the values of the Young’s functions assumed for z large.

For measurable functions f # 0 on (0,7T), the decreasing rearrangement f* is defined
by the right continuous inverse of ¢ — p(t) = meas(s € (0,T) : |f(s)| > t), i.e. f*(t) =
inf{\ >0 : pu(\) < t}. Orlicz spaces LA(0, T') are rearrangement-invariant: this means, in
particular, that the norm is not affected after the action of the decreasing rearrangement

operator: || f|la = [[f*[|a-
We may state the following

Theorem 4.1. Let 1 < p < 00, 0 < T < o0, and let A be a Young’s function. If v €
LY0,T), v > 0, is such that
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x — v(x) is decreasing in (0,79) for some 0 < 79 < T, (30)

x — v(x) is bounded in (19, T) (in the case 1o < T), (31)
1

N(t) <c, tA™! (;) for some ¢, >0, Vte (0,7), (32)

where

then, setting

(Jug)(t) = [ vt —s)g(s)ds  te(0,T),

o

it s
[Jvglle < c(w(-), AC),p,T) |lgllp, (33)

where C is the Young’s function (Proof of Lemma 4.2 in [29]) defined by

CMx) = /t*”%A—l(t)dt, x> 0. (34)
0

Before giving the proof of the theorem, which is a quite easy consequence (in fact, an
application) of a classical result about fractional integration in Orlicz spaces, we highlight
a couple of examples which are relevant for this paper.

Example 4.1. Let 1 < p < oo and 0 < a < 1/p, and let v(s) = s>~ € L"(0,T) C
LY0,T), for all 1 <7 < 1/(1 — ). Then A(z) = 2/~ satisfies (32), hence C' given
by (34) is C(x) = zP/(1=P) "and .J,g € LP/(0=2P) for all g € LP. This special case gives
back the refined version of the continuity property for the Abel operator in LP spaces,
see Theorem 4.1.3 in [19].

Notice that when « approaches 0, the exponent r of integrability of v approaches 1,
and the exponent p/(1— ap) of integrability of J, g approaches p, which means no gain of
integrability: in the framework of the Lebesgue spaces, kernels in L! which do not possess
the higher integrability property (see e.g. next two examples and, in particular, the
Volterra function Z(t)) are not able to improve the integrability through the operator J,.

Example 4.2. Let 1 < p < oo and let 8 > 1, and let v(s) = m € LY(0,1/2). Then
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t
_ 1 _ 1 1-8 (1)
N(t) O/Ulogﬂ (%)da 71 log 2 )

hence
Alz) ~ zlog’ 'z for x large
satisfies (32). The Young’s function C' given by (34) is
C(z) ~ 2P logP*~Y & for x large,

and J,g € L for all g € LP. It is interesting to note that the kernel does not belong to
any Lebesgue space LP with p > 1, and that the logarithm in the expression of C' (which
has a positive power and therefore it is divergent at infinity) represents an Orlicz gain
of integrability for J,g.

For any kernel considered in Theorem 4.1, the existence of a Young function A satis-
fying (32) can be easily established; moreover, for any v the function J,g always enjoys
an Orlicz gain of integrability with respect to g: this is the heart of the following simple
result, which is a consequence of standard statements of Orlicz spaces theory, namely,
of the fact that any function L'(0,T) is always in some Orlicz space LY (0,7 strictly
contained in L1(0,T) (see e.g. [24], p. 60), of the Hélder’s inequality in Orlicz spaces (see
e.g. [4], 8.11, p. 234)

T
/ fads < 2| fllvlglls (35)
0

where ¥ is the Young function defined by W(s) = max;>o(st — ¥(t)), of the equivalences
(see e.g. [4], (7), p. 230 and [34], respectively)

- t
O)~Ht) ~ t
(0O~ gy >0 (36)
1
1 = <T
Monlle == ) 0<t<T, (37)
and finally of
LE(0,T) ¢ LY(0,T) < W(t) < C(kt) for some k > 0, for ¢ large. (38)

Proposition 4.1. In the assumptions of Theorem .1, for every v there exists a Young
function A satisfying (32), and therefore L€ (0,T) is strictly contained in LP(0,T).
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Proof. Let A be a Young function such that v € LA4(0,T), A(x)/x being increasing and
divergent at infinity. By (35), (37), (36) respectively,

t T
1 1
N(t) = 0/l/(a)ala = O/V(a)ﬂm,t)da < 2lvllalonls = e =y ~ eotd™ (;) -

As to the second part of the statement, from (34) we get that setting, for large s, z = C(s)
and t = A~1(x) (note that z and ¢ are large as well)

U st~ () ~ ) (42

and using both implications in (38), we get the assertion. O

Example 4.3. It is immediate to realize that the statement of Theorem 4.1 remains true
if v is replaced by any function equivalent to v in a neighborhood of the origin. Hence
all the previous remark still holds if v is replaced by the function Z(t) in (2).

The proof of Theorem 4.1 will follow as a consequence of the following result appeared
in Sharpley ([34, Theorem 3.8]), in the more abstract setting of general convolution
operators, defined in [29]. In this latter paper our operator J,, which goes back to [21],
is explicitly mentioned as example (see the end of the Section IV therein). Here we state
it in a more convenient form, and using our notation:

Theorem 4.2. Suppose that A, B are Young’s functions such that

xB'(z) < cpB(x) for some cg > 1, for x large (39)
and

ccC(z) < zC'(x) for some cc > 1, for x large, (40)

where C' is the Young’s function defined by

1 1 1

2C—1(z) = A1(z) : Bi2) for x large. (41)
Then
I/vglle < capsup {;1((?)} lgll 5 (42)

where (J, is defined by (1) and) v** denotes the averaged rearrangement of v, defined
by
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Proof of Theorem 4.1. Setting B(t) = P, (39) is obviously satisfied with equality and
¢ = 1; from (41) we get that if C' is defined by

1 1
wC—l(x)_A—l(x) xl/p

for x large,

i.e. if (34) holds, then (40) is satisfied: in fact, from the convexity of the Young function A,
the function A=!(x)/x is decreasing, hence from (34) we deduce that also the following
ones are decreasing:

C—1(x) x aP
2V/r 7 C(x)V/r’ C(x)’

and therefore C(z)/z? is increasing, from which (40) is satisfied with cc = p. We are
therefore allowed to apply Theorem 4.2.

From (30) and (31) it follows that for small values of ¢ it is v(t) = v*(t), hence, by
(32), for z small it is

= S CD;

and of course the same conclusion holds (for a possibly different ¢,) for all x € (0,7T).
Hence the supremum in the right hand side of (42) is a finite constant ¢ (v(+), A(-),p, T),
from which (33) follows. O

Finally, the case p = oo is considered in the next result, where the regularizing effect
of J, is expressed through continuity.

Proposition 4.2. If v > 0 and v € L'(0,T), then for any g € L>(0,T) there results
Jvg € C°([0,T])
and
709l o= 0,7y < N(D)||gll o= (0,7) (43)
where N is the integral function of v defined by (7).

Proof. Recalling (3) and (13), (43) is immediate. Then, it is left to prove that J,g is
continuous. To this aim, fix z¢ € [0,T] and x € |zg, T]. Easy computations yield
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T

(1,9)(@) — (Jug)(z0) = / V(5 — )Ly 21 (5)9(5)ds +

/ v(izg—s —1/(37—8))]1[0 0] (8)g(s)ds

and hence

T
[(Jvg)(2) = (Jog)(20)| < /V(ﬂc = 8) Lz (s)]9(s)lds +
0

T
+ [ o = 5) = vla = 5) L0 (5 lds
0
< N(z - 20)llgll =1 + lgll (0.1 / Velzo — 8) — vele — s)|ds,
where

Ve(s) =

v(s), ifse]0,T7,
0, ifseR\]0,T[

Therefore the first term converges to zero by the continuity of N and the second term

converges to zero by the mean continuity property (see [28]). Since the same holds if
x < g, one has (J,g)(x) = (J,g)(zo), which concludes the proof. O

5. Contraction in Sobolev spaces

We start with some basics on Sobolev spaces with fractional index. Let —oco < a <
b < +oc and @ € (0,1). We denote by H?(a,b) the Sobolev space defined by

H%(a,b) := {g € L*(a,b) : [g]fqg(ayb) < 00},

where

2 ,, lg(x) — g(y)I?
[g]H"(a,b) '_ / |z — y[1+20 dydz.

[a,

This is a Hilbert space with the natural norm

||9H§{9(a,b) H9||L2 (ap) T L9 ]He(a by
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When a = —oco and b = 400, H?(R) can be equivalently defined using the Fourier
transform (see [13]); that is, if we define the Fourier transform as

then there exist two constants c; g, c2,9 > 0 such that

c1,l|(1+ kQ)G/Q/Q\HL?(R) < gllmem) < c2,0ll(1+ k2)0/2§||L2(R)- (44)

Remark 5.1. We recall that with § = 1 we mean the Sobolev space H', with the usual
definition, whereas, with a little abuse, § = 0 is an equivalent notation for L?.

Now, before stating the main theorem of this section, we recall a result on truncation/
extension of functions in H?(0,T).

Lemma 5.1. Let g € H?(0,T), 0 <6 <1, and set

g9(z), if x € (0,77,
ge(z) = g(2T — z), if x €]T,27), (45)
0, if z € R\[0,2T].

The following holds:

(i) if 0 €10,1/2[, then g. € HY(R);
(ii) if 0 € ]1/2,1] and g(0) = 0, then g. € H?(R).

Moreover, in both cases, there exists a constant cg > 0 (independent of g and T ) such
that

gell zrowy < collgll oo, 1)- (46)

Proof. The proof is a straightforward application of Lemma 2.1 in [7]. Cases § = 0,1
are trivial. Consider, then, an arbitrary 6 €]0,1[. First, we can easily check that
||ge||2L2(072T) = 2||g||i2(07T) and that, with some change of variables,

2 Cor2 l9(z) — g(y)I?
[ge]He(o,QT) = 2[9]H0(0,T) +2 / |z +y — 2T|1+20
[0,7]?

dydzx.

Moreover, since |z +y — 27| > |x — y| for every (y,z) € [0,T)?,

/ lg(x) — g(y)I? dyd < [g]?

|z +y — 27|1+20 H9(0,T)"

[0,7]?
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2

2
H9(0,2T) < 4[9]H9(07T), so that

Hence [g.]

gellz6 0,21y < 2[l9| 20 0,77)- (47)

Now, from Lemma 2.1 of [7], we know that if § € ]0,1/2[, then there exists ¢y > 0 such
that

Igellzre ) < collgellreo,2m)- (48)
On the other hand, the same lemma shows that (48) holds even if 8 € ]1/2, 1], provided
that ¢g(0) = 0 (since this entails by definition g.(0) = ¢.(2T") = 0). Combining (48) and
(47), the proof is complete. O

Remark 5.2. Note that, when 6 > 1/2, the assumption ¢(0) = 0 is meaningful as g is con-
tinuous by Sobolev embeddings ([12,13]). What is more, this requirement is mandatory,
since otherwise g. might not preserve continuity on R.
Remark 5.3. We also stress that the case # = 1/2 is not managed by Lemma 5.1 since
Lemma 2.1 in [7] is not valid in general for this choice of 0, due to the failure of Hardy
inequality (see e.g. [25]).

Then, we can state the main result of this section. We recall that, as in the previous
sections, J,, denotes the operator defined by (1) and N the integral function of the kernel
defined by (7).

Theorem 5.1. If 6 € [0,1] and v > 0, v € L'(0,T), then there exists a constant cg > 0
such that

I 7vgllzoco,ry < coN(T)|gllroo,ry, Vg € H?(0,T), 6 <1/2. (49)
Moreover, (49) is valid also when 6 > 1/2, provided that g satisfies g(0) = 0.

Proof. Fix 0 € [0,1]\{1/2}. Then, let again

vel() = v(z), ifze€]0,T,
o, it eR\]0, T

and, for any g € H%(0,T), define

f(z) = / Ve( — 8)ge(s)ds,
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where g, is the extension of g obtained via Lemma 5.1. Note that (46) applies if either
6 < 1/2or 6 > 1/2 with, in this second case, the further assumption that g(0) = 0. As
f(x) = (Jug)(z) for all x € [0,T],

I Jvgllezeo,r) = 1 flze0,r) < 1 lae m)- (50)
Now, by definition
f(k) L e_“”/l/ (x — 5)ge(s)Ljg 21 (s)ds dx
\/ﬂ e Ge [0,x] :
R R

Since 19 41(s) = H(s) — H(s — x), where H denotes the Heaviside function,

~ — —

f = Ve * (geH) - (VeHr) * Je,

with H,.(s) = H(—s). Consequently, by well known properties of the Fourier transform,

~

f=c(vigH —viH,g.).

Thus, noting that g.(x)H (z) = g.(z) and v.(x)H,(x) =0,

~

f=cg. 61)
Then, combining (50), (44) and (51),
9oslBir) < ¢ [ (14 B 1 W |5 (0 d. (52)
R

Moreover, we observe that |7, (k)| < ¢N(T) and, plugging into (52), that

19290300,y < € N2 (D)l 9el Fro -
Combining with (46), (49) follows. O

Remark 5.4. We observe that the “contractive” effect of J,, pointed out in the Intro-
duction, is in the fact that N(T) — 0, as T — 0. It entails that on small intervals
the operator “shrinks” the norm of the argument function by a factor that gets smaller
whenever T gets smaller.

Remark 5.5. Note that in the previous theorem, when ¢ > 1/2 the assumption g(0) =0
cannot be removed, since otherwise the result is false. If one dropped this requirement,
indeed, then the statement would imply that N(z) = (J,1)(x) belongs to H?(0,T),
which cannot hold in general. A remarkable counterexample is given by the case v =7,
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where one can prove that N = A does not belong to H?(0,T) for any 0 > 1/2 (see
Lemma 5.2).

The case § = 1/2 is far more awkward since no “extension-to-zero” result, such as
Lemma 5.1, is available. However, in the case v = Z, we can state an analog for Theo-
rem 5.1. In order to prove it, it is though required a further investigation of the behavior
of the integral function Z.

Lemma 5.2. The function N defined by (12) does not belong to H?(0,T) for any 6 €
]1/2,1]. On the other hand, it belongs to H?(0,T) for every 6 € [0,1/2].

Proof. The first part is immediate. In fact, if N' € H?(0,T), then it should be Hélder
continuous in [0,7] as well (see [12]). However, one can easily see that this is not the
case by (13).

On the other hand, one easily checks that N' € L?(0,T), so that it is left to prove
that [N 1/2(0y < 00 (since H?(0,T) € H'/2(0,T) for all 6 € [0,1/2], by [13]). An easy
computation shows that

x/2 T

T
N(z) = N(y) N(z
N H1/2(OT 2//‘ vy dydx+2//‘ Ty
0 0

0 z/2
Looking at the first integral and recalling that N is increasing, we find

dy dz.

2
< N2 (z)
z2

‘J\/(a:) - N(y) Vy € (0,2/2).

-y

Hence, combining with (13) and (8),
T T/\/2 T

2/ dydx<c/ﬂdx~c/1(x)dx<oo.
0

x
Concerning the second integral, Jensen inequality yields
2

//‘N pra—y N@) dydx—// pr—y / (s)ds| dydzx

0 z/2 0 z/2

// /12 Yds dy da.
-y

0 z/2

2

’N (y)

2

o\i

Furthermore, since Z is positive and convex by Lemma 2.1, it is Z%(s) < Z?(x) + Z?(y)
for every s € [y, x], so that
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//x_ /12 dsdydx<//12 )+ Z%(x))dy da.

0 z/2 0 z/2

Now, noting that log=*(1/y) < log™*(1/z) for all y € (x/2,z) and using again (8),

T =z
//Ig(y)dydxw// 1 dydaz<c/ dr < o0,
2log = xlog ( )
0 z/2 0 z/2
whereas, on the other hand,

T =z T T
//I2 dydx<c/x12 da:wc/ dx<oo.
0 z/2 0 0 zl

Thus

/T/T|N—(x)N(y) 2dydm<oo

r—=y

0 /2
and, summing up, it is [N}Hl/Z(O’T) < 00, which concludes the proof. O
Therefore, we can claim the following result on the operator I defined in (3).

Theorem 5.2. If g € H'/2(0,T) N L>(0,T), then

||Ig||H1/2(O,T) <c: maX{HN||H1/2(O,T)7N(T)} (||g||L°°(O,T) + ||g||H1/2(0,T)) (53)
(where ¢ > 0 is independent of g and T ).

Proof. Since § = 1/2, (46) does not hold. However, defining g. as in (45), ||gellz2®) =
V2 llgllz2(0,7) and hence, arguing as in the proof of Theorem 5.1 (with v = ), one can
check that

119l 20,7y < ¢- N(T)lgll20,1)- (54)
Then, it is left to estimate [Ig]g1/2(q 7). First, we note that for every 0 <y <z <T

x Y

(19)@) - 1)) = [ Z(s)gta = 9)ds — [ Z(s)(gla =) = gly — s))ds.

Y 0

Hence,
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2

Lg%/, )§4/Tj xiy/xl(s)g(x—s)ds dy da +
0 0 y
4O/TZ O/yI(s)g(xsz_g(ys)dSZdydx. (55)

Now, one can easily see that, since g € L>(0,T),

T x x 2 T x
1 N(x) =N |
4 7 — 8)ds| dydx < 4]g||? ——— | dyd
[ [15 [2ete -9 avte <alalfon [ [ |20 a0
0 0 Y 0 0
_2 2 N2'
- ||g||L°°(O,T)[ ]H1/2(O,T)
< 2||9H%°°(0,T)||NH?L'11/2(0,T) (56)

(where ||N| /20,7 is finite by Lemma 5.2). On the other hand, by Jensen inequality
and monotonicity of N,

4/Tj /yI(s)g(x—si:g(y—s)dS dydx <
00 10

8

A 2
g(x —s) —gly —s)

T
///I ds dy dx.
r—=y
000
From the Fubini Theorem and a change of variables
T =y
r—=y
000
T T—s x 2
:/I(s) / /‘g(z—s)—g(y—s) dy dz ds
T—Y
0 0 0
< g]ip/z(o T)N(T)
Consequently,
Pl pase=s—ow=9,|
T—S)— -5
[ [ 20220 dyde < VDol (67
0 o0 |o

and plugging (57) and (56) into (55),
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[Ig]zl/z(oﬂﬂ) <c- maX{HNqul/z(O’T)aNQ(T)} (HQH%"O(O,T) + ||g||21/2(07T)> .
Finally, combining with (54), (53) follows. O

Remark 5.6. Note that, again, the contractive effect is preserved since both A (T) and
[Nl 71720, 1) converge to 0, as T — 0.

Remark 5.7. It is also worth stressing that Theorem 5.2 holds as well for any positive
and integrable kernel v whose integral function N € H'/?(0,T) (such as, for instance,
Abel kernels). However, since this is a very specific assumption, we preferred to present
it in the relevant case of the Volterra kernel, where N' € H'/2(0,T) can be clearly shown,
leaving to the reader further generalizations.

Finally, we show that a version of Theorem 5.1 holds also in W11(0,T). This result
could seem disconnected from the framework of our paper, but nevertheless it further
clarifies some specific features of .J,, and, then, we mention it for the sake of completeness.
Theorem 5.3. If v > 0 and v € L*(0,T), then

[ ugllwraomy < N(T) (l90) + llgllwraor) . Vg€ WH(0,T). (58)
Proof. Recalling (1) and arguing as in the proof of Theorem 5.1, one finds that

(Jvg)(x) = f(x) Ve [0,T],

where

f(z) = / vr( — 8)g7(5) 0.0 (5)ds, (59)
R

with

g(z), ifze]0,T],

vr(z) = v(z), ifze€]0,T],
e 0, ifzeR\]0,T].

0, ifzeR\]0,T], and - gr(z) = {

Now, recalling that 1 ,)(s) = H(s) — H(s—x) (H denoting the Heaviside function) and
that vr(s)H(—s) =0, (59) reads

f(@) = (vr * g7)(2).

Then, by well known properties of the convolution product

IJvgllrory < Nl < llvrllzr@llgriiei e = N(T)glleo,1)-
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On the other hand, by (1),

and thus

Consequently, since % g € LY(0,T), arguing as before one finds (58). O

Remark 5.8. The proof of the previous theorem stresses a relevant difference between the
cases Whl and H!, that arises in fact from the lack of further integrability (of “power
type”) of v. Indeed, if v belongs only to L'(0,T) the additional assumption g(0) = 0
clearly cannot be removed in H', whereas it is not necessary in W1,
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