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1. Introduction

This article deals with nonlinear degenerate elliptic systems of double phase type:
divA(x, Du) =0 in £, (1.1)

where Q C R” with n > 2 is an open set,u:(ul,...,uN) with N >1,and A: Q x RVN>n
RN>" More precisely, let H : Q x [0, 00) — [0, 00) be defined by

H(x,t) =t +a(x)t?, (1.2)
witha : Q2 — R and 1 < p < g satisfying

aeC*™Q), 0<a<L, and L<142, (1.3)
p n

for some « € (0, 1] and L > 0. Then the nonlinearity A (x, &) satisfies the following double phase
type growth and ellipticity conditions:

|ACx, ©)| + 1§11 DA (x, &) < LH'(x, §]), (AD)
(D:ACx, N [A) = vH (x, [EDIAI%, (A2)

for every x € Q and £ e RV*" L € RVN*" and for some 0 < v < L, where H'(x, ) and H” (x, 1)
denote the first and second derivatives of + — H (x, t), respectively, and (- |-) denotes the Eu-
clidean inner product in RV > Note that in the region where a(x) = 0, we have H(x,t) = t?
so that H has a p-phase, while in the region where a(x) > 0, the function H has a (p, g)-phase.
In particular, if a(x) =0, then H(x,t) = t? and thus A(x, &) satisfies the standard p-growth
condition. We also note that (A2) implies that for every x € Q and &, &, € RNxn

(A, &) — A(x, &) |&) — &) > TH" (x, 1§, + |&:)1E, — &, (1.4)

for some ¥ > 0 depending on p, ¢ and v. We say that a function u € Wh1(Q; RY) with
H(-,|Du|) € L' (RQ) is a weak solution to (1.1) if

/(A(x,Du)|D1/f)dx=0 (1.5)

Q

holds for all ¢ € W, (2; RY) with H(-, |DY|) € L'(R).

The Holder continuity of the gradient of weak solutions for degenerate or singular elliptic
systems of the form (1.1) has been a long-standing and still active research topic. In the case of
a single equation, i.e., N = 1, if H(x,t) = Ho(t) :=t? + apt? for some constant ag > 0, and
A(x, &) satisfies conditions (A1), (A2) along with a suitable Holder continuous condition for the
x variable, then the gradient of the weak solution to (1.1) is locally Holder continuous. See [47],
and also [61,45] for the case ag = 0. (Note that the paper [47] considers a more general function
than Hy(z).) However, this everywhere regularity result does not extend to the vectorial case,
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particularly when N > 2 and n > 3, evenif A(x, &)= Ao(§) and H(x, 1) = 1. See [46] for more
discussion for vectorial problems.
Nevertheless, if the system satisfies an isotropic structure, the gradient of the weak solution is

locally Holder continuous. Uhlenbeck [60] proved that if A(x, &) = Q(|§|2)§ and o(?) ~ [¢| %
with p > 2 (see [60, (1.3) and (1.4)] for detailed conditions on ¢ which are known as the Uh-
lenbeck structure condition), then the gradient of the weak solution is locally Holder continuous.
The prototype of a system satisfying the Uhlenbeck structure is the p-Laplace system

div (|Du|1’_2Du) —0 in Q.

This result was extended to the case 1 < p < 2 by Tolksdorf [59]. We remark that the p-Laplace
system is degenerate when p > 2, and singular when 1 < p < 2, since | Du|?~? tends to 0o or 0
as | Du| — 0, respectively. Moreover, by setting o(t) = ¢’ (v/1)/+/t, where ¢’ is the derivative of
a given function ¢, we have

/
div (7"’ (|Du|)Du> =0 in

| Dul
which is the Euler-Lagrange system of the isotropic energy fQ<p(|Du|)dx. For this system,
Diening, Stroffolini and Verde [26] proved everywhere C'**-regularity by assuming a suitable
condition on ¢, which generalizes the Uhlenbeck condition [60, (1.3) and (1.4)].

Although we cannot expect everywhere Holder continuity of the gradient of weak solutions
to general degenerate system (1.1), partial Holder continuity, that is, Holder continuity except on
a Lebesgue measure zero set, can still be achieved by assuming a suitable condition on A(x, &)
. Duzaar and Mingione [29] first obtained partial Holder continuity results for the gradient of
weak solutions when A(x, &) = Ag(§) and H (x, t) = tP. The key tool in their proof is harmonic
approximation: specifically, .A-harmonic and p-harmonic approximation. The .4-harmonic ap-
proximation was first used in partial regularity theory by Duzaar and Grotwoski [28]; see also
[32]. On the other hand, the p-harmonic approximation was first obtained in [30]. Note that the
harmonic approximation results in [28,30] are proved by using contradiction argument. See [31]
for more discussion on harmonic approximation. Later, harmonic approximations in more gen-
eral settings have been obtained by Diening, Lengeler, Stroffolini and Verde [25,27], which will
be introduced in Section 2.4, where the proofs employ Lipschitz truncation argument instead
of the contradiction method. For further regularity results related to systems or relevant vari-
ational problems with p-growth, Orlicz growth and nonstandard growth, we refer to [5-8,36],
[12,35,40,53,54] and [18,22,41,48], respectively. On the other hand, for the quasiconvex (p, g)-
growth, we would like to mention the contributions [16,21,39,55-57].

The energy of the form

/|Du|p+a(x)|Du|q dx, (1.6)
Q

known as the double phase energy, and related equations and systems have been intensively
studied over the last decade, especially following sharp and comprehensive regularity results ob-
tained in the papers of Baroni, Colombo and Mingione [13,14,3,4]. The double phase energy
has been first introduced by Zhikov [62—64] in the context of Homogenization and as an exam-
ple exhibiting Lavrentiev phenomenon. Subsequently, Esposito, Leonetti and Mingione [33], as
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well as Fonseca, Maly and Mingione [34], provided further examples of double phase problems
related to Lavrentiev phenomenon, which also establish the sharpness of the condition (1.3) in
order to obtain regularity results. In particular, the latter paper also investigates some regularity
results namely, higher integrability and fractional differentiability of corresponding solutions.
Finally, a sharp and maximal regularity result has been obtained in [13,14,4]. Specifically, it was
shown that if u is a minimizer of the energy (1.6) with the condition (1.3), then Du € Cloo’cy (2)
for some y € (0, 1). For further regularity results related to double phase type problems, we refer
to [2,9,10,15,17-20,42,49-52,58] and the references therein.

Partial regularity for nondegenerate systems with double phase growth has been studied in
[50,51,58], where the term ‘nondegenerate’ for the system (1.1) means |DgA(x, 0)| ~ 1. Fur-
thermore, those papers assume the superquadratic condition, namely the smaller exponent p of
H is larger than or equal to 2. However, the general case of degenerate systems with double
phase growth has not yet been explored. In this paper, we consider degenerate systems of the
form (1.1) with double phase growth and prove partial Holder regularity of the gradient of their
weak solutions (see Theorem 1.1). Notably, we do not assume that the superquadratic condition
holds, and thus a unified approach independent of the exponent p is required.

The proof of the main theorem (Theorem 1.1) is based on the harmonic approximation ap-
proach introduced in [29], which has been further developed for the Orlicz growth case in [12,40].
The double phase growth condition presents different phenomena, as it does not imply uniform
ellipticity with respect to the gradient variable. Therefore, we need to develop the approach in
our setting. Moreover, the excess functional and methodology used in [50,51] are not working on
this paper, since we are also dealing with the degenerate case as well as both the superquadratic
(p = 2) and the subquadratic (1 < p < 2) cases at the same time. To handle this challenge, we
introduce the following new excess functional:

1
P(x0,7,Q) = ——— ][ V-
HBr(xo)(|Q|)Br(x0) Br(xo

H_ /
VH_ (Q) — ( Br(xO)) (|Q|)Q , Q c RNXn , and
woo DTV T Q)

H; t):=tP+ inf a(x)t?, t>0.
Br(xo)() e (x) >

_ B 2
(W =V (QF dr.

where

Here, the double phase function H is frozen at the infimum of the modulating coefficient a(x)
on the ball B, (xp).

We distinguish between degenerate and nondegenerate regimes using an alternative con-
dition, and prove that weak solutions to (1.1), or its variations, are almost ¢-harmonic with
o(t) = t? + at? for some a > 0, or almost .A-harmonic for some A € RNZX”2 that satisfies
the Legendre-Hadamard ellipticity condition. Note that we establish almost harmonicity through
a new approach which is applicable to the p-phase and the (p, g)-phase at the same time. This
potentially simplifies known comparison arguments such as those in [13,15,4]. Finally we apply
A-harmonic and g-harmonic approximation lemmas to derive excess decay estimates. Further-
more, we emphasize that our new excess functional depends on the radius of the ball B, (xp).
This requires a more delicate analysis in the iteration process.

4



J. Ok, G. Scilla and B. Stroffolini Journal of Differential Equations 432 (2025) 113207

The remainder of the paper is organized as follows. In Section 1.1, we present our main
result, Theorem 1.1. Section 2 introduces the necessary notation, elementary inequalities, har-
monic functions and harmonic approximation results. In Section 3, we obtain Caccioppoli type
estimates and reverse Holder type inequalities with higher integrability estimates. Section 4 pro-
vides decay estimates for both nondegenerate and degenerate regimes and iterate those decay
estimates on shrinking balls. Finally, in Section 5, we prove our main result Theorem 1.1.

1.1. Main result

Let us introduce the main result of the paper. We assume additional conditions on the nonlin-
earity A(x, &), in order to prove a partial regularity result. For the dependence on the x-variable,
we assume that

|A(x1, &) — Ax2, §)| < Lixy — x| (H'(x1, |E]) + H'(x2, 1€])) + Lla(x)) — a(x2)|1E177",
(A3)
for some By € (0, 1), for every x1, x; € Q2 and every £ € RN*"_ For the non-degenerate case, we
further require

621\ !
|DeA(x, &) — D:A(x.E3 + &)< L <|§_2| H"(x, &), whenever [&,| < §|§1|,
1
(A4)
for every x € Q and &, &, € RV*"_ For the degenerate case, instead, we assume the following:
for every § > 0, there exists x = x(§) > 0 such that

A(x,§) — H'(x, If,‘l)i

£ <8H'(x,|&]), whenever 0 < |§] <k, (A5)

for every x € Q and & € RV*",

Theorem 1.1. Let H : Q2 x [0, 00) — [0, 00) be defined as in (1.2) complying with (1.3), and
A Q x RV 5 RNX comply with (A1)—(A5). Ifu e Wh1(Q; RN) with H(-, |Du|) € L1 (Q)
is a weak solution to (1.1), then there exist § = B(n, N, p,q,v, L, a,[alco«, Po) € (0, 1) and an
open subset Qo C Q2 such that |2\ Qo| =0 and

Duec’? (Qo; ]RNX”> .

loc

Moreover, Q\ Qo C 21 U Xp where

T ={xeQ: liminf][ V- (Du)— (V- (Dw)y,,*dx>0¢ ,
r—0t By (xg) Br(xq)
By (x0)

3= 1x0 € Q: limsup ][ V- (Du)|2dx =00y,
r—0t Br (x0)
B}'(XO)
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where ng(xo)(t) and VHEr(XQ) (P) are defined as in (2.15) and (2.12) with ¢(t) = ng(xo)(t),

respectively.
Remark 1. We note from (2.15), (2.13) and (2.14) that

V-  (Duw)Pdx < IV (Du)|* dx
Br (xp)

By (x0) By (x0)

and

][ |VHE o) (Du) — (VHE (XO)(DU))xg,r|2dx S ][ Vg (Du) — (VH(DU))xg,r|2dx .

By (x0) By (x0)

Therefore, since |Vgy (Du)|2 ~ H(-,|Du|) € LY(), by Lebesgue differentiation theorem, we
see that |X1| = |X,| =0.

2. Preliminaries and auxiliary results
2.1. Basic notation
We denote by 2 an open bounded domain of R”. For xo € R” and r > 0, B, (xo) is the open

ball of radius r centered at x¢. In the case xo = 0, we will often use the shorthand B, in place of
By (x0).If f e LY(B,(x0); R™), we denote the average of f by

(f)xo,r = ][ fd-x
By (x0)
We denote by RV*" the set of all N x n matrices. For a = (@',...,aV) e RN and x =
(x1,...,x,) € R", we denote their tensor product by a ® x :={a'x;}; ; € RN*"_ For a function
ue L'(€2;RY), we denote by Du its distributional derivative in RN *" 'If p > 1, then p’ := £

p—1
denotes the Holder conjugate exponent of p. If 1 < p < n, the number p* := % stands for the
Sobolev conjugate exponent of p, whereas p* is any real number larger than p if p > n. 1y is
the characteristic function with respect to U C R”, thatis, 1y(x) =1 if x € U and 1y (x) =0 if
x€U. f < gmeans f <cg for some ¢ > 1 depending on structure constants, and f ~ g means

fSgandg S f.
2.2. Some basic facts on N—functions

We recall here some elementary definitions and basic results about Orlicz functions. The fol-
lowing definitions and results can be found, e.g., in [43,44,11,1].

A real-valued function ¢ : [0, 00) — [0, 00) is said to be an N-function if it is convex and
satisfies the following conditions: ¢(0) = 0, ¢ admits the derivative ¢’ and this derivative is right
continuous, non-decreasing and satisfies ¢’(0) = 0, ¢'(¢) > 0 for t > 0, and lim;_ o ¢'(¢) =
oo. We say that ¢ satisfies the Aj-condition if there exists ¢ > 0 such that for all # > 0 holds
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©(2t) < c@(t). We denote the smallest possible such constant by A, (¢). Since ¢(t) < ¢(2¢), the
A»s-condition is equivalent to ¢ (2t) ~ ¢(t).
For an N-function ¢, we assume that

to'(t to'(t
plfinfrp()qu o _

s 2.1
120 @(t) — gob @) @1

for some 1 < p; < ps < oco. Furthermore, we can also assume that ¢ € C2((0, 00)) satisfies

t//t t//t
0<p—1<inf 2D ¢())§p2—1. 2.2)

>0 @'(t) ~ 40 @2

Note that if ¢ satisfies (2.2), then (2.1) holds hence we have

o) ~1¢'(1) and @) ~12¢" (), t>0. (2.3)

For instance, () :=1t?, 1 < p < 00, is an N-function satisfying (2.2) with p; = p» = p. Also,
for H defined as in (1.2) and each x € Q, ¢(¢) := H(x,t) is an N-function satisfying (2.2) with
pr=pand py=gq.

We denote the Young-Fenchel-Yosida conjugate function of ¢ by ¢*(¢) := sup,~o(st — ¢(s)).
Itis again an N-function; it satisfies (2.1) with pff 7 and % in place of p; and p,, respectively.
We will denote by A (@, ¢*) constants depending on A (¢) and A (¢™). Also, it is easy to check
that (¢™*)* = ¢.

Proposition 2.1. Let ¢ : [0, 00) — [0, 00) be an N -function complying with (2.1). Then
(a) the mappings

(¢ t (¢ t
<p()’ @) and 1€ (0,00) w(), @(1)
1=l ¢p1 tp2=1" tp2

t € (0,00) —>
are nondecreasing and nonincreasing, respectively. In particular,

plat) <aP o), ¢'(at) <a”'¢'(t), O0<a<l,

2.4)

o(bt) <bPe(t), ¢'(bt) <b”7'Q'(t), b>1.

Moreover,
P P
p*at) <arTo(t), ¢*(bt) <a’ o).
(b) (Young’s inequality) for any A € (0, 1] it holds that
st < A7 o (s) + ap* (1),

(2.5

__1
st <Ap(s) +A P le*(r).
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(c) there exists a constant c = c¢(p1, p2) > 1 such that

o) <ot (1) <cp(t). (2.6)

In particular, it follows from (2.4) that both ¢ and ¢* satisfy the A,-condition with constants
A (@) and Ay (¢*) determined by p; and p».
We will use the following lemma. (see [23, Lemma 20])

Lemma 2.2. Let ¢ be a N-function with ¢, ¢* € Ay. Then for all Py, P; € RNX" with |Py| +
|[P1| > O, there holds

1
/w’(l(l — 0Py +6Pi])  ¢'(Po| +|Pi])
[(1—6)Po+ 0P| [Po| + [Py

’

where hidden constants depend only on A (@, ™).

By L?(2; RY) and W'¢(Q; RY) we denote the classical Orlicz and Orlicz—Sobolev spaces,
ie, f e LY(RY)iff fe L'(QRY) with [,o(|f)dx < oo and f € WI¥(Q; RY) iff
f e WhHQ; RYN) with |f]|,|Df| € L¥(RQ). The space W(}'“’(Q;RN) will denote the clo-
sure of C3°(S2; RY) in WI#(Q; RY). For simplicity, we write || fllze) = Il flllLe(e) for
f e L?(Q; RV,

Another important toolset is the shifted N -functions {¢,},>0 (see [23]). We define for t > 0

t

¢a(t) = / gu()ds  with @) =9 (a+1)
0

t

— Q2.7)

Note that ¢, satisfy the A-condition uniformly in a > 0, and we have the following relations:

@a(t) ~ @, ()1 (2.8)
+1) 5 ¢'la+t)
B~ " (a+ 0~ 2 LEN 2 29
walt) ~ ¢+ 08 ~ e 2.9)
pla+1)~[pat) +pa)l. (2.10)
We recall also that, by virtue of [23, Lemma 30], uniformly in A € [0, 1] and a > 0 holds
s (¢ (@) ~ W*p(a). @.11)
We define
"(|P
V,(P) = ¢|(I|,||)P, PRV, 2.12)

In particular, we write V,(P) to denote V,(P) when ¢ () = t”. We have that
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Vo (P) =V, (Q)1* ~ g1 (P — Q) (2.13)
holds uniformly for every P,Q € RVN*" (see [25, Lemma 7]). We also recall from [24,
Lemma A.2] that for g € W¢ (B, (xp); R™),

][ IV (@) — Vo (&)xy.r) I dx ~ ][ IV (@) — (Vg (8))x.r” dx. (2.14)

B (x0) By (x0)

The following version of Sobolev-Poincaré inequality for double phase problems has been
proved in [49, Theorem 2.13].

Lemma 2.3 (Sobolev-Poincaré inequality). Let H be defined as in (1.2) and (1.3). Then there
exists 0y = Op(n, p,q) € (0, 1) such that for any w € wL(Q: RY) and B, = B, (x0) C Q with

r <1, we have

fo
w— (W
fu (x, '(r#) dx e+ lalena IDWIG ) | 1 G Dwhivax |
B, B,
for some c=c(n, p,q) > 1.
Let Xyoors xO - € B, B, (x() be such that
~ =a(x, )= inf and af = s .
Uxo.r a(xx()’r) xE;? (xo)a(X) ! = a(xxo r) xEBL,lI()xO)a(X)
Then we write
Hp () =H(xg ,.1) and H; oy () = H()cx0 b)) (2.15)

In order to obtain a Sobolev-Poincaré inequality for the shifted function H|q| we need an a
priori higher integrability assumption on the gradient.

Lemma 2.4 (Sobolev-Poincaré inequality). Let H be defined as in (1.2) and (1.3), and let Q €
RN with Q # 0. Then there exist 0 =6 (n, p,q) € (0, 1) such that for any w e W-1(Q; RV)
with Dw € Lf’O(CHSO)(Q)for some so > 0, and B, € Q withr <1 satisfying ||DW||Lp(H»S())(B y =1
we have

1

0

— 0
][ Hig (xME&) dr =c ][ [H)IDWD ] dx | +ee200 + 1@ M)1QI7,

B,

for some ¢ =c(n, p,q,a,[alcoe) > 1, where a(sg) :== o — Ig[é]fg:) > 0.

9
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Proof. Since

Higi(x. 1) ~ (t + QP> + a(x)(t + QDI
SE+1QDP 2 +ag (t+1QNT7 % 4+ %t +1QDIT
S (Hp) () + (17 +1Q17),

we can estimate, by using the Sobolev-Poincar¢ inequality for shifted N-function (Hp )|q|(?)
(see, e.g., [23, Theorem 7]) and for function ¢ () =19,

][H‘Q| <x, M_f’&> dx
B,

— _ q
5][(Hl;r)m(Iw fw)3,|> d)er,),][(lw ;W)B,-|) dx + Q[
B,

r r

1 q
0 *

1 q
01
| f [atmeaow] ar | e[ fioweac] 4,
B, B,

where 61 € (0,1) and g, := min{l, n’fq} < p. Set 6 := max{61, g«/p} € (0, 1). Note that by
Holder’s inequality

q=p
p(1+s0)

Dl—

4
qx
re ][|Dw|q*dx <r ][|Dw|1’9dx ][|Dw|”(1+‘m)dx
By B,

B

(g=p)n

<r" 0 [Dw T, E ][ | Dw|"” dx
By

Lp(1+s0)(3r)

Using this and the facts that ||Dw||Lp(1+s0)(Br) <1 and ¢(t) S @) + ¢(|QI) with ¢(r) =17,
we obtain

][HIQ\ (x, M_iﬂ> dx < <1 +ra—f;‘<’1—f3§>) ][[(Hz;,)\Q|(|DW|)]9 "

B, B,

=

(g—pn

)
+ 0T P00 |QIP + Q).

This completes the proof. O

The following lemma is useful to derive a higher integrability result. It is a variant of the
results by Gehring [37] and Giaquinta-Modica [38, Theorem 6.6].

10
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Lemma 2.5. Let By C R" be a ball, f € L'(By), and g € L*0(By) for some so > 1. Assume that
for some y € (0, 1), c; > 0 and all balls B with 2B C By

1/y
][Ifldqu ][Ifl”dx +][|g|dx.
B B 2B

Then there exist s1 > 1 and ¢y > 1 such that g € LféC(B) and for all 53 € [1, 51]

1/s2 1/s2

][IfI” dx 562][|f|dx +er ][W dx
B 2B B

We conclude this section with the following useful lemma about an almost concave condition,
see [50, Lemma 2.2].

Lemma 2.6. Let V¥ : [0,00) — [0,00) be non-decreasing and such that t — @ be non-
increasing. Then there exists a concave function WV : [0, 00) — [0, 00) such that

%‘3(5) <W(r)<W(@t) forallt>0.

2.3. A-harmonic and @-harmonic functions

Let A be a bilinear form on RY*”. We say that A is strongly elliptic in the sense of Legendre-
Hadamard if for all b € RN and z € R", it holds that

vaAlb*1z1? < (Ab ®2) | (b ® 2)) < L 4|b|*|z|? (2.16)

for some L 4 > v 4 > 0. We say that a Sobolev function w on a ball Bg(xp) is A-harmonic on
Br(xp) if it satisfies —div(ADw) = 0 in the sense of distributions; i.e.,

/ (ADW|Dy)dx =0, forall ¢ € CS°(Br(xo); RY).
Bg(x0)

It is well known from the classical theory (see, e.g. [38, Chapter 10]) that w is smooth in the
interior of Br(xg), and it satisfies the estimate

sup [Dw|+ R sup |D*w|<c(n,N,va, L) ][ |Dw|dx . 2.17)

Brya(x0) BRry2(x0) B tro)
R (X0

Moreover, if u € WI'W(BR; RN), where ¢ is an N-function with ¢, ¢* € A», then there exists

a unique .A-harmonic mapping w € u + W(}’W(BR; RY) and we have the following Calderén-
Zygmund type estimate (see for instance [25, Theorem 18 and Remark 19]):

11
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][ p(IDW]) <c(n, N,va, La, Da(f, ¥™)) ][ ¢(|Dul)dx. (2.18)
Bgr(x0) Br(x0)

Letg € C'([0, 00)) be an N-function satisfying (2.1). We say that a map w € WL (Bg(x0):
RN is @-harmonic on By, (xp) if w is a weak solution to the system

div(so (IDw))

DW) =0 in Bgr(xp), (2.19)
[Dwl

that is,

(D
/<%DW‘DV/>M=O, for all ¥ € CS°(Bg(x0); RY).
BRr(x0)

We notice that if ¢ (t) =t + at?, then ¢ satisfies (2.2), and Dw and V,(Dw) are locally Holder
continuous due to the following results, see [26, Proposition 2.4 and Theorem 2.5].

Proposition 2.7. Let
o) =t +at! with l <p<gq and a>0,
and V, be defined as in (2.12). Then there exist a constant ¢ > 0 and an exponent y, € (0, 1)

depending only on n, N, p and q (independent of a) such that if w € W9 (Bg(x0), RY) is a
weak solution to (2.19), then for every t € (0, 1], there hold

sup  p(IDW]) <c ][ o(1DW]) dx
Br /2 (x0)
B r(x0)

and

][ [V (DW) — (Vi (DW)) x> dx < cT?0 ][ [V (DW) — (Vi (DW)) 5o g 1% dx .
B r(x0) Bg(x0)
(2.20)

2.4. Harmonic type approximation results

We recall here two different harmonic type approximation results. The first one is the A-
harmonic approximation, which addresses the problem of finding an .4-harmonic function w
which is close to a given a Sobolev function u on a ball B,. Such a function is the .4-harmonic
function with the same boundary values as u; i.e., a Sobolev function w which satisfies

—div(ADw) =0 on B,

2.21
w=u on J B, ( )

in the sense of distribution.

12
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The following is the version of the .A-harmonic approximation stated in [12, Lemma 2.7],
which relies on [25, Theorem 14]. It is obtained, coupling the .4-harmonic approximation result
proven in [25, Theorem 14] with the higher integrability result coming from Caccioppoli and
Poincaré inequalities.

Lemma 2.8. Let A be a strongly elliptic (in the sense of Legendre-Hadamard) bilinear form on
RN*" ¢ be an N-function with ¢, ¢* € Ay, and let s > 1 and ju > 0. Then for every & > 0,
there exists 8 > O depending on n, N, v 4, L 4, Ax(p, ¢*) and s such that the following holds. If
ue Wh9(B,; RN) satisfies

1

K

][ o(|Dul)dx < ][ o(Du) dx | <o),

B, B,

and is an almost A-harmonic in B, in the sense that

‘f(ADuwwax < 51| DY o,
B,

forall € C°(By; RN), then there holds

][¢<|“:W|)dx+][§0(|Du—Dw|)dxSSQD(M),

r r

where w € W19 (B,; RN) is the unique weak solution of (2.21).

Now, moving on to ¢-harmonic mappings, the following ¢-harmonic approximation lemma
([27, Lemma 1.1]) is the extension to general convex functions of the p-harmonic approximation
lemma [29], [30, Lemma 1], and allows to approximate “almost ¢-harmonic” mappings by ¢-
harmonic ones. In particular, we present the version introduced in [12, Corollary 2.10].

Lemma 2.9. Let ¢ be an N-function satisfying (2.1), s > 1, and cq > 0. For every ¢ > 0 there
exists 8§ > 0 depending only on €, n, N, p, q, s and cy such that the following holds. If u €
Wb (B,; RN) satisfies

][w<|Du|>sdx < co][sa(lDUI)dx,

B, B,

and is almost g-harmonic in the sense that

"(|D
ﬂ%l)“‘ D¢> dr <3 ][¢(|Du|)dx + (DYoo)
B, Bar

13
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forall ¥ € C3°(By; RN), then the unique p-harmonic w € u + Wol’w(Br; RN) satisfies
][|V¢<Du> —V (Dw)Pdx <e ][ ¢(|Dul)dx,
By By,

where V, is as in (2.12).
3. Caccioppoli and reverse Holder type estimates

Throughout this section, let H : Q x [0, co) — [0, 00) be defined as in (1.2) complying with
(1.3),and A : @ x RV>" — RN comply with (A1)—(A4).

3.1. Caccioppoli type estimates

Let B, = By (xg) C 2, Q e RV*" and Ly,.r,@ be the affine function defined as

exo,r,Q(x) = (u)xo,r +Qkx —xp), xe€ R™.
The first key tool is the following Caccioppoli type estimate for u — £, , q.

Lemma 3.1. (Caccioppoli estimates) Let u € W1 (S RN) with H(-, |Du|) € L' (Q) be a weak
solution to (1.1). Then for By, (xo) C Q with r <1 and Q € RN*" with 2r)*|Q|4~P < 1, we

have
H |ll - exo,r,Ql
Q(x, [Du—-Q)dx <c Hq x,T dx
B, (x0) Bar(x0) (3.1

+
HBzr(X())(lQ') ’

e+ 1QITr

q
1

for some constant c =c(n, N, p, q, [alco«, v, L) > 0, where a and By are as in (1.3) and (A4),
respectively.

Proof. The proof scheme is nowadays standard, compare, e.g., with the argument of [50,
Lemma 4.1]. We use the shorthands ¢,, B, and x,~ for £, , @, Br(xo) and Xyors respectively. We
consider a cut-off function 7 € Cgo(Bzr) suchthat 0 <n <1,n=1on B, and |Dn| <c(n)/r,
and, correspondingly, we define the function ¥ := n?(u — £,.). Note that

DY =n'D—4,)+qn?'(u—4)® Dy. 3.2)
Taking ¥ as a test function in (1.1) and using the identity

][(A(xgr,Q)IDlﬁ)dx =0 (3.3)

BZr

we get

14
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0= ][<A<x, Du) — A(x;.. Q) | DY) dx = ][<A<x, Du) — A(x, Q) | DY) dx

By, By

+ ][(A(x,Q) _AGG. Q)| DY) dx,

By
whence, taking into account (3.2),
Jii= f 1A Dw) - A, Q) Du - Q) dx
Boy

_ ][<A(x2;, Q) —A(x. Q)| Dy)dx — g ][ 74~ (AGr, Du) — A(x. Q)| (u— &) ® Diy) d

By, By,
=L+ /3.
3.4
Now, we proceed to estimate each term above separately. With (1.4) and (2.9) we get
1 q
Ji = T Hq(x, [Du—Q|)dx (3.5)

BZr

for some ¢ > 1. To estimate J3 we use (Al), (2.7), Lemma 2.2, Young’s inequality with ¢(¢) =
Hg|(x,1),(2.6) and (2.8) and we get

1
u—~¢
|J3|§c][ /|D5A(x,r(Du—Q)+Q)|dT Du-Q|' 2rr|dx
By, 0
H' Du — —¢
e (x,]Q| + | Du Q|)|Du—Q||u r|dx
(1Ql + [Du—Q|) 2r
By, (36)
H , | Du — -
Sc][ ‘Q|(x [Du—Q)) [u erldx
[Du — Q| 2r
BZr
<1][H (x,|Du— Q) dx + ][H bl
¥ Q| (x, ¢ QI * 5, X
Bo, By,

As for J,, from (A3) and using Young’s inequalities (2.5) for ¢(t) = H|q|(x, t) for each x € Q
and ¢(t) = ¢|q|(t) with ¢(t) =7, (2.11), we obtain

121 S ][ (B (x, 1QD +r1QI7") IDY| dx

B2r

15
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S ][ {rPo+r*1QI7" 7} (Hiq))' (x. |QD| DY | dx

BZr

I _q
sf n? Hyg(x, | Du — Q|)dx+c][HQ|< '"zr |)dx 3.7)

Boy

te ][ (Hig* (x. {r# + r*|QI") (Hig)) (x. QD)) dx

By

1 —¢
=52 1 " Hatx, |Du—Q|)dx+c][H‘Q| <x, lu 5 r') dx

Boy Boy

H(x3,,1Ql).

q
—1

+e(rP +r|QITTP)

Plugging the estimates (3.5), (3.6) and (3.7) into (3.4) and reabsorbing some terms we obtain
(3.1). The proof of (3.1) is then concluded. O

As a consequence of Sobolev-Poincaré inequality Lemma 2.3, Lemma 3.1 for Q = 0 and
Gehring’s lemma with increasing supports (Lemma 2.5), we deduce a higher integrability result
for H(x,|Du|):

Lemma 3.2. (Higher integrability) Let u € W1 (Q; RN) with H(-,|Du|) € L' (Q) be a weak

solution to (1.1). There exist constants og > 0 and ¢ > 0 depending on n, N, p, q, v, L, a and
lalcoe such that for any By C Q2 with ||H (-, |Dul)|| 1,y < 1, we have

1
( ][ [H (x, |Dul)]' dx) R ][ H(x, |Dul)dx.

B, (x0) Bor (x0)

Moreover, for every t € (0, 1] there exists c; =c,(n, N, p,q,v, L,, [alcoq, t) > 0 such that

T !
( ][ [H(x, | Dul)] 0 dx) sa( ][ H(x,|Du|)’dx) . (3.8)

By (x0) By (x0)

Remark 2. Lemma 3.2 implies H(-, |Du|) € Lng"" (2). Then for each Q' € , there exists r( €
(0, 17 such that for any By, (xg) C ' with r € (0, ro],

|B2r(x0)] <1 and / H(x,|Du))!Todx <1. 3.9

By (x0)
Lemma 3.3. Letu € Wh1(Q; RN) with H(-, |Du|) € L' () be a weak solution to (1.1), and let
oo > 0 be the exponent of Lemma 3.2. There exists a constantc =c(n, N, p,q,v, L, o, [a]coe) >

0 such that for any By, (xo) € 2 satisfying (3.9) with r < 1/2, we have

16
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1
Hee | Dup)Fode ) < cH; Duld
[H (x,|Dul)] =CHp, (xo) |Duldx ). (3.10)
B, (x0) By (x0)
In particular, we have
][ (Hg, () (IDul)dx < c(HB—WO))/( ][ | Dul dx) . (3.11)
By (xo0) Bay (x0)

Proof. For simplicity, we omit writing the center xq in the proof, and use the shorthands H;f in
place of H;:Zr (xo)- Ve first note that (3.9) and Young’s inequality imply

1
/H(x, |Dul) dx < /H(x, |Du|)!+o0 dx +
1+o09

B, By,

[20]
1+ 09

By | <1. (3.12)
Therefore, we obtain (3.8) which yields, for r = é,

1
= q
(f[H(x, | Dujy]'+e0 dx) o Sc(][[H;unmi dx) . (3.13)
B Boy

1
Now, since the function ¥(¢) := [H;; (t)]7 complies with the assumptions of Lemma 2.6, by
Jensen’s inequality we conclude that

q
(][[Hzt(wumi dx)

By
g (3.14)
< H;(][ |Du|dx) < H2;<][ |Du|dx) +r°‘<][ |Du|dx) )
Boy By, By,
On the other hand, using Holder’s inequality, (3.9) and (1.3) we have
ep T —n—4=P_
r¥(IDu))3 " <r*(IDul?),” <r® (IDu|1’“+"0))2’ 0 < pTIF < (3.15)
r

Consequently, applying the previous inequalities (3.14) and (3.15) to (3.13), we obtain (3.10).
Furthermore, since

1

- Vo —\—1 ~ !
((Hy,)'o H))O~ miy ™ 1 Gy

is non-increasing,

by Lemma 2.6 with W(z) = t/(sz)’] (1), Jensen’s inequality and (3.10), the estimate (3.11)
follows as:

17



J. Ok, G. Scilla and B. Stroffolini Journal of Differential Equations 432 (2025) 113207

ey apuax e (i, o (1)) (f H2,<|Du|>dx>
B, B,
<c ((Hz;)’ o (Hz_r)_1> <][H(x, |Du|)dx)
BV
< c(Hz_r)’<][ | Du| dx) .

Boy

This completes the proof. O

Now, we are in position to establish a higher integrability result for H|q|(x, |Du—QJ), Q # 0.
By Lemma 3.2 we know that Du € Lf:)(cl+a°) (2; ]RNX”), and, in view of Remark 2, we can find
balls By, such that || Dul|| Lr0+00) (gy) = 1. Thus, for such balls the Sobolev-Poincaré inequality
of Lemma 2.4 holds with so = o9. Recall the constant «(sg) in the lemma. The following higher
integrability result then follows again from Lemma 3.1 and Lemma 2.5:

Lemma 3.4. (Improved higher integrability) Let u € W1 (Q; RN) with H(-, |Du|) € LY (Q) be
a weak solution to (1.1). There exist constants o > 0 and ¢ > 0 depending on n, N, p, q, v,
L, a and [a]coe such that for any By C Q with ||H (-, [Dua])|[L1p,) <1 and Q € RN>M with
0 < 2r%|Ql9~? < 1, we have

1

( ][ [H|Q\(x, |Du — Q|)]1+o dx) T+o

By (x0)
_4q
<c ][ Hig/(x, 1Du = QN dx + ¢ [ 4 QI ™) 7T 470 1 QU7 | 1y 1D,
B (xo)
(3.16)
where

(g—pn
ap =) =00 — ———. 3.17)

p(1+o00)

Moreover, for every t € (0, 1] there exists c; =c;(n, N, p,q,v, L,a, [alcoe, t) > 0 such that
e
1+ +o
( ][ [Hiq(x, 1Du—QD] ™ dx)
By (x0)

1
< < ][ HQ|(x,|Du—Q|)’dx>t (3.18)

By (x0)
'S -
[0 4 1QIET 0 QI | Hz?z,«xo)(lQl)} :

18
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3.2. Reverse Holder type estimates

By the higher integrability result in Lemma 3.4, under assumption (3.9), we can obtain the
following reverse Holder type estimates for |[Du — Q| with the shifted N-function H|q, when
Q = (Du)x0,2r-

Lemma 3.5. Let u € W1 (Q: RN) with H(-, |Du|) € L' (Q) be a weak solution to (1.1), and let
o > 0 be the exponent of Lemma 3.4. There exists a constantc =c(n, N, p,q,v, L, a, [a]co«) >
0 such that for any By, € 2 satisfying (3.9) withr < 1/2 and for Q = (Du), 2, we have

1
][ [Hig(x, |Du—Q]'* dx)

By (x0)

(3.19)
SC(I-II_‘32,()C()))|Q|< ][ |Du—Q|dx) +cr™ ngr(xO)OQDa
By (x0)
where
@y = min{ Pog ,050}, (3.20)
qg—1

and the constants q, Bo and ag are from (1.2), (A4) and (3.17), respectively.

Proof. We adopt here the same notation and perform a similar argument as for Lemma 3.3.
Again, as in (3.12), Young’s inequality implies |, Bay (x0) H(x,|Du|)dx < 1. From this we also
deduce that ||Du||;r(p,,) < 1, whence using Holder’s inequality, (1.3) and the facts that 2r < 1
and |B;| > 1, we obtain

qa—p

@r1QI1™P < r*(IDul?),” < @r)* "7 |B)|”

q—

= ’
=

<I.

Therefore, when Q = (Du),,, we obtain (3.18) which yields, for t = ql,

<][ [Hig(x.|1Du— Q] dx) v

B,

q
< c( fueou- Qo dx) e[ @0 4 QI TT 41 4+ 1 IQIY | H (1QD
By,
(3.21)

1
Now, since the function W(z) := [(HZJ;)|Q‘ (1)]¢ complies with the assumptions of Lemma 2.6,
by Jensen’s inequality we conclude that
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q
( ]1 [(H )0 (1Du — QD14 dx)

By
q
< (He (][ |Du - QIdX> < (Ha (f Du—Q) dx) +r“<][ |Du—Qldx + |Q|> .
By, By, Bay
(3.22)
On the other hand, using Holder’s inequality, (3.9) and (1.3) we have
a=pr q=p q—p
rIQITY < r (DD < (DulP),] < r (IDugP e ) TV < SR o
2,
' (3.23)
Thus, using (2.10) it holds that
q p
r(][ |Du—Qldx + |Q|> 5r“0<][ Du— Qldx + IQI)
By, By,
: g (3.24)
< r"‘O{(H;,)q( ][ |Du— Qldx> + (H,;ZV(XO))(IQI)}
Bor (x0)

Consequently, applying the previous inequalities (3.22), (3.23) and (3.24) to (3.21), we obtain
(3.19). This concludes the proof. O

Finally, we derive comparison estimates concerned with the functions H (x,t) and H By, ().
Note that H (x, 1) — Hp, () = (a(x) —a,,)t¢ and H'(x,t) — (HEZr)/(t) =gq(a(x) — az_r)t‘/_l.

Lemma 3.6. Let u € W1 (Q: RY) with H(-, |Du|) € LY(2) be a weak solution to (1.1). There
exists ap = ap(n, N, p,q,v, L,a, [alco«) > O such that for any B, (xo) € Q2 satisfying (3.9)
with r <1/2, we have

][ (a(x) —a, ,,)|Dul!" dx < cr"‘z(HBzr(xO))’< ][ |Du|dx> (3.25)
By (x0) Boy (x0)
and
(a(x) —a,, ,,)|Dul? dx < cr“Zng,‘uo)( ][ |Du|dx> (3.26)
B, (x0) Boy (x0)

for some c=c(n,N, p,q,v,L,a,[a]coe«) > 0.

: : _ + _ + + . g+ +k .
Proof. To enlighten the notation, set B, = B, (xo), a, =day ,» Hp = HBp(xO) and Hp =

(HI;; (xo))*' Leto = ﬁ > 0, where o¢ > 0 is from Lemma 3.2, and set positive constants
q—p oo(p—1)

o =a+(—n+o0) p(1+00)'

and 07 :={nop — & (1 + 0p)}
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Now, we have to distinguish between two cases, depending on whether condition H (x,
|Du|) < r~"%9 is satisfied or not. Set

E:={H(x,|Du)) <r""°}NB, and F:=B,\E,
and split the integral on the left hand side of (3.25) as
][ (a(x) — a5,)| Dul? " dx = ][ 1) (@(x) —az)| Dult~" dr
B, B,

+][1F(X)(a(X) —a{,)lDulq‘ldx (3.27)
B,

= Jg+JF.

Note that on E it holds that | Du|?” < r~"%%_ We then have, with (3.11),

— —p [e5]
k| g][ 15 (o)r O  pupldx < % ][ (H;,)'(|Dul) dx

B, B,

<cr (H;,)/( ][ |Du|dx)-

By

(3.28)

Now, we turn to the estimate of Jr. Using Jensen’s inequality for Hzt’*, the fact that H;’*(t) <
H*(x,t) for every x € By, and ¢ > 0, and recalling that ¢(¢) := H (x, t), with fixed x, complies
with (2.6) and (2.3), we get

| sfﬂFoc)H’(x, |Dul) dx
B,

< (HH! <][ L () Hy, ™ (H' (x, IDul))dx>

B,
< (Hy ! (][ 1p(x)H(x, |Du|)dx> )
B,

Now, on the set F we have r*~° H(x, |Du|) > 1. This, combined with (3.10) and the second
inequality in (3.9) gives

IJFl S (Hy ™! <][1F<x)H<x, |Du|)dx)

B,
< (Hy ™! (r“°<"—“> ][ [H (x, |Dul)] "+ dx)
By
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1 %0
- T+o +l+a
=c(H, ") (r(’o("") ( ][ [H(x, |Du)]"+o dx) ’ °>
B,

1
— noy ﬁ
< (H ! (r"(’("”)”go (][[H(x, | Dul)]' o0 dx) ’ 0)
B,
< roz(Hz-i;,*)—l (Hz_r<][ | Du| dX))
<o (™ o 1Y) <][ |Du|dx>

Boy

Moreover, since (H;;’*)_l(Hzt (1)) ~ (H;;)/(t) by (2.6), using (3.23) we have

(H,H™! (H;<][ | Du| dx)) < (HZ;)/<][ | Dul dx) :
B, B

We then have

r] 5r"2<H2:>’( ][ |Du|dx) . (3.29)

By,

Therefore, combining the above estimates (3.27), (3.28) and (3.29), and letting oy < min{o1, o2},
we obtain (3.25). The estimate (3.26) follows by a similar, and even slightly simpler, argument.
Hence, we omit its proof. O

4. Decay estimates for excess functionals
Let u € WH(Q; RN) with H(-, |Du|) € L'(R2) be a weak solution to (1.1), where H :

Q x [0, 00) — [0, 00) is defined in (1.2) complying with (1.3) and A satisfies (A1)—-(A5). We
introduce the following Campanato-type excess functionals, measuring the oscillations of Du:

E(xo,1r,Q) := V- (Dll) - VHf (Q)I dx, 4.1)
Br(xq
By (x0)
and
E(xo,7,Q)
qj(-an r, Q) = (42)
Hy o (1QD
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If Q = (Du)y,,,, we will use the shorthand E(xo,7) = E(xo,r, (Du)y, ) and @(xp,r) =
D (x0, 1, (Du)y,, ). Note that, by (2.14), it holds that

E(xo,r) ~ Vy- (D) — (V= (Dw)y, [*dx. (4.3)
Br (xp) Br(xg)
By (x0)

Furthermore, we fix any By, (xg) C Q' € Q satisfying (3.9) with r < 1/2. We first consider
the nondegenerate regime.

4.1. Non degenerate regime: almost A-harmonic functions

We can start with the linearization procedure for system (1.1). Let us set

D:A(x;, Q)

A = ,
@ H" (x,,,1Ql)

QGRNXH.

Note that the bilinear form A(Q) satisfies the Legendre-Hadamard condition (2.16) by virtue of
(A1)—~(A2). We aim to prove that the function u — £, », @ is approximately .4-harmonic. This
fact, together with the higher integrability result (3.16) will allow us to apply the .A-harmonic

approximation lemma: Lemma 2.8. We also note that in this regime we do not use the assumption
(AS).

Lemma 4.1. Let ay be the exponent of Lemma 3.6, and By be from (A4). Then there exists ¢ =
c(n,N,p,q,v,L,a, [alco«) > 0 such that

‘ ][ (AQ)(Du— Q)| DY) dx
By (x0)

1+ q—1

=clQl {qﬁ(xo, 2r,Q) + [P (x0,2r, Q1 7 + (r* +rP)[1 + D (x0, 2r, Q1 7 } 1D lloo
(4.4)

for every ¥ € Ci°(By(x0); RM).

Proof. It will suffice to prove (4.4) for ¥ € C3° (B, (x0); RN) with | DY ||s < 1, since the gen-
eral case will follow by a standard normalization argument. To enlighten notation, we omit the

explicit dependence on xq, and write Hzir t)=H Ii - (x0) (t). From the definitions of A and w we
have
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H' (x5 Q) ][ (AQ)(Dw — Q)| Dy} dx

B,

- ][<D§A(x;,, Q(Du— Q)| DY) dx
BV
1
:][/([DgA(xz_r,Q) — D;A(xy. Q+1(Du—Q)I(Du— Q)| Dy) dr dx

B, 0

4.5)

1
+ ][/([DsA(x{,, Q+1(Du—Q))](Du— Q)| DY) dr dx

B, 0
=J1+ /2.

In order to estimate Jq, we first observe that

1
J =][ 12(r) / ([DeA(xy. Q) — DeA(xy. Q + 1 (Du— Q)](Du — Q)| Dy) dr dx
0

B,

1
+][]lf(x)/([DgA(x2_r, Q) — D:A(x,,,Q+t(Du—Q)[(Du— Q)| Dy)drdx
0

B,

= E+IIF

where E ;=[x € B, : |Du(x) — Q| > 1|Q|}, and F := B,\E.
We start with the estimate of J; z. From (A1) and (2.3),

1
e f ﬂgm( [ [ezaQn + iz, 1@+ 1ou - Q)| dr>|Du— Qldx
0

B,

< ][ 1) [(H5,)"(1QD) + (H5)"(1Q| + [Du])] |Du — Q| dx
By
|Du— Q|

dx.
QI

S ][ 1z(x)(Hy)'(1Q| + [Dul)

B,
Forae. x € E, it holds
Q|+ |Du| < [Du— Q| +2|Q| <5|Du—Q|,

whence
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N (H5,)'(1Ql + |Du — Q))
< r —
(Hy)'(1Q1+ Dul) § = m e == |Du — Q.

Now, using (2.7), (2.8) and (2.3) for ¢(¢) := H,, (t), we finally get

1
/1.5l S @][Hm\(xz_,, |Du—Q)dx < 1QI(H,,)"(1IQNP(2r, Q).
B,

For what concerns Jl) 7, by assumption (A4) we note that, for every ¢ € [0, 1],

Du — Bo
|DeA(x5,, Q) — DA (x5, Q+1(Du— Q)| < (Hy)"(1Q) <|1|17|Q|) |
so that
Du—Q 1+Bo
1FIS |Q|(Hz_r)”(|Q|)][ﬂﬁ(x) <%) .

For a.e. x € F, we have

3
Q|+ [Du—Q| < EIQI,
whence, using again (2.7), (2.8) for ¢ = H,_, we obtain

|Du— QP _ (H)'1QD |Du— QI _ (H,)'(1QI+ |Du—Q)|Du—QP
QI (H,,)"(1Q0) Q1 ¥ H;(QN(QI+|Du—-Q)

1
~ ————H)q|(x,,, |[Du—QJ).
Hy(IQ)
Combining the previous estimates and using Jensen’s inequality with @ <1, we get

1+8y
2

i Fl S IQI(HZ,)”(IQI)][ ( Hq|(xy,, [Du — QI)) dx

- (1QD

S IQI(H,) " (1Q) (@ 2r, Q)7

Collecting the estimates for J; z and J; 7, we then infer

11 S 1QICHY (@D [(@2r, Q) + @2, Q)] (4.6)

In order to estimate J,, we use Lagrange’s Mean Value Theorem, (3.3) combined with the
definition of weak solution, (A3) and we preliminary obtain
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|2l = ‘ ][(A(xz_r, Du) — A(x, Du) | DY) dx
Br

(4.7)
<rfo ][ H'(x, |Dul)dx + ][ la(x;,) — a@)|[Dul? ™ dx =: J3 + Ja.
B, B,

To estimate J3 and J4, we observe that, since on E it holds that |Du— Q| > %IDu —-Q|+ %IQI,

|Dul?” S 15(x)|Du— QP +QI”

. -1
P LoL el PPN

|Du — Q|+ Q| QI

(Hz )’(|Dll - Ql+1QD 2 1Ql” !
T o ()4 —2r Du—Q  ————— +1|Q|” 4.8
=1EW [Du— Q|+ Q| | | (H,,)'(1QD) Q @9

) Q17!
S Lp)4Hg) (xy,.. [Du = Ql) - — =" == + QI
F()4H||(xy,, [Du —Ql) (H,,)'(1QI) <

+1Ql”

1
S1Q17 (IE(X)4HQ|(x2,, |Du—Q)) - =00 + 1) ’
2r

where we used (2.7) and (2.3) for ¢ = H, (¢). For J3, using (3.11) with Holder’s inequality, (4.8)
and (2.13) and (2.3) for ¢ = H,,_, we have

1/p
3 sr*“O(H{,)/([ ][ |Du|de} )
By
I/p
][HZr(|Du Q|)dx+1] )

(ol
S (Hy ) 1Q Q)
Srivfecr, Q)% +1](H;,)'(1Q) ~ rPo[®(2r, Q)% +1](H,)"(1QDIQ!-

For J4, by (3.25) and the previous estimation, we have

VRS r‘“(H{,)/<][ | Du| dX> Sreefer, Q)% +1](H,)"(1Qh1Ql,

Boy

so that, taking into account (4.7), we finally get

q=1 _
|l S P +r)[@@2r,Q) 7 +1](H;)(1QDIQI. (4.9)
Therefore, inserting (4.6) and (4.9) into (4.5), the proof of (4.4) is completed. O
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We now set

a3 :=min {ap, a1, a2, o}, (4.10)

where o, a1, a2 and By are from (3.17), (3.20), Lemma 3.6 and (A4), respectively, and

@3
Ei(x0, p) :=E(x0,p) +p2 HBp(XO)(KDu)xo,B,)(xo)D
4.11)

— a3
= Hy, (0 (D04 5,00 (P G0 0) + 07 ) .

where the excess E(xg, p) was introduced in (4.1). For the ease of reading, we also recall the
definition of V Hy o given in (2.12); namely,
p (X0

Hg ) (IP])
By (x0) Nxn
- P=,—2"" P, PeR .
VHBp<xo>() \ P , Pe

Now, we can prove the excess decay estimate in the non-degenerate regime.

Lemma 4.2. For every ¢ > 0, there exist small 61, 87 € (0, 1) depending onn, N, p, q, v, L, «a,
[alcoe, Po and e such that if

2 2
][ 'VH— (Du) — (VH— (Du)) dx <3 ][ Vi, o PW| dx 412)
By, (x0) By (x) X0,2r Bar (xo)
By (x0) By (x0)
and
r3 <6, 4.13)
then for every T € (0, 1/4)
2
_ 2 &
][ VH;rr(xo) (DU) (VHBrr(xo) (DU))XO’U, dx =ct (1 + ‘L'n+2) E* (-xO, zr) ’

Bry(x0)

Proof. In order to enlighten the notation, we will omit the dependence on xp and write V HE

and Hz:f in place of VHZC o and HI;—LZ o)’ respectively. Set Q = (Du);, and denote by £, :=
2r (%0 "

Lo.0r ( Du)y o, - We first observe from (2.14) and (4.12) that
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][ ’VHZ—,_(Du)F < 2][ ‘VHZ;(Du) ~ Vi, (Q)‘2 dx +2 ‘VH{, (Q))z
Boy By,
<c ][ ‘VHZ;(DU) — (Vi (D“))zr’2 dx+2 ‘Vﬂi (Q)‘z
By,
< ¢8 ][ 'VH{,- (Du)‘2 dx +2 ‘VH{, (Q)‘2
By

We choose §; € (0, 1) small, so that ¢§; < 1/2, hence, using the definition of V H;, and the fact
2 - - '
that |VH2_r (P)|* ~ H,, (|P|), we obtain

][Hz_,(lDlll)dx =cH, (1QD). (4.14)
By

Using (4.4), (4.2), (4.11) and the fact that @ (2r) <8 < 1 by (4.3) and (4.12), we get

1

E.Q2 2
¥> QDY [l

A Du — Dyr)dx
‘f( (Q(Du—Q)| Dy) H.(1Q)

gc{qS(Zr)% +orn)? +r°‘73} <

(4.15)

1

R E.2r) \°
<4 {af s +52} (%) QDY
2r

for every ¥ € CJ°(B,; RN).
We next define an N-function ¢ by

(Hy)Q() — Hy, (1QI+1) 5

1) =
CO= T aQ) T L 1QD(Ql 12

>0, (4.16)

where the equivalence follows by (2.9). Then we have

t\? H;, (|Q|+1) B
L) <4 2r 12 <& 1 €10,1Qll,
(IQI) =Yz qQnQ et SO relb il

for some ¢, > 1. Moreover, we observe from Lemma 3.5 and (2.13) that

1 1
Du—QNItod )Ha <][ D 1+“dx>
(f[m u— QDI d (IQI) (H;)0/(1Du - Q))
C _ o
= m ][(HZr)‘Q|(|Du—Q|)dx+cr
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E.(2
<& «(2r)

H,,(1QI)

holds for some constant ¢3 > 1.
With the constants ¢, ¢, ¢3 > 1 determined above and ¢s5 > 1 determined below, we define

1

E.2
2 —max{cl,\/C2C3(205)l/p] |:H E|(r))|)i| Q.
2r

Then, choosing §; (i =1, 2) sufficiently small, we see that
- = < - 1
M < max {61, \/6263(265)1/”} (qd1 +62)21Ql < |QI. (4.17)

Combining the previous estimates, we obtain

e \TT L E20) 1 w1

(4.18)
For given ¢ and ¢ defined as above, we determine the constant § as the one in Lemma 2.8. Then
choosing §; (i =1, 2) sufficiently small such that

T
8P +87 +8, <6 (4.19)

and inserting (4.17) and (4.19) into (4.15), we obtain

1 Bo
G1(82 +82 +6
][<A(Du—0>|Dw>dx QOLEN 1) Dy e < 51 DV e

<
J max {51, Vb (255)1/p]

Therefore, we can apply Lemma 2.8 to the function u — £, in place of u and ¢ = ¢, so that
recalling the definition of ¢ in (4.16) we have

Hg,(IQI) ][( H, )1 (|IDu—Q — Dw|)dx <e&l(un),

where w is the A-harmonic function in B, with w =u — £, on 9 B,.. Moreover, since

t(n) <c

H;, (1Q] + ) 2<c(i)2<cE*(2”
1, Qb+ ~\ial) = “H, Q)

by (4.17), we obtain
][(HZ_r)|Q| (IDu—Q — Dw|)dx < 46 E«(2r) (4.20)
B,
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for a suitable constant ¢4 > 0. We further notice from the gradient estimates for w in (2.17) and
(2.18), and Jensen’s inequality, that

sup |Dw| < c¢ ™! (][<:<|Dw|>dx> <és¢! (][mDu - Ql)dx>
B2 K F

for some ¢s5 > 1. Therefore, by (4.18) and (4.17), we see that

1 1
sup [Dw| < ~p < 5[Q. 4.21)
B2 2 2

Fix t € (0, 1/4). Note that the previous estimate yields %|Q| <|1Q+ (DW);,| < %|Q|, from
which, using also (2.13), we have

][ ‘VH;(Du) - (VH;(Du))” (2dx
By

2
< Vi 0w =V @+ Dwon [ ax

B,
< ][(H;r)\Q—i-(Dw)nlﬂDu —Q— (DW)¢|)dx
By,

~ ][(H;)\Q|(|Du —Q— (DW)/|)dx
B

r

< ][ [(H2)j01(1Du — Q — Dwl) — (H;)j0/(1Du— Q — Dw)] dx
Bz,

+ ][(Hz_,)|Q|(|Dll —Q—Dw|dx + ][(HT;)|Q\(|DW — (DW)|) dx
B, By,

=h+h+1.

We estimate I, I> and I3, separately. Note that by (4.20),

L Set™EQ2r).

For I, using the gradient estimates for win (2.17) and (2.18) with v () = ¢?, Holder’s inequality,
(3.26), (4.14), and the smallness assumption (4.13) with choosing §, < &, we have
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I s ][(a(X) — ay,)(|IDul? + [(Dw)y|? + [Dw|?) dx

Ber

<t ][(a(x) — az)|Dul? dx +r|(Dw)y | + (| Du|?)/ ][(a(x) —ay,)dx

B By,
1 (ql:—p )
<t ][ (a(x) — ay)|Du|? dx + r* (| Du|P TN 0 (- (| Dul))o,
B,
< r2 " (H,y, (|Dul)) g, + r® (Hy, (|Dul)))ar
St H; (1QD) S et El(2r),

where we used also estimate (3.23) and the definition of a3 in (4.10). For I3, by (2.9), the regu-
larity estimates for w in (2.17), (4.21) and (2.18) with ¢(¢t) =t?

I3 < (H;,) o (zr sup |D*w|) < (H;,) (T sup |DW|) ~ T2 (H,,)|q| (sup |Dw|>
By 4 B2 B2

1 1
<A(H ) ((|Dw|p)3/r”) <2Hj ((lDu - Q|”)B/f’> :
Moreover, by (3.23) and (4.14), we have

157 [(1Du = QI") g, +a5,(1Du = QNG +r(1Du = QM7 | < 7 Hy (1QI)
<T2EL(2r).
Consequently, combining the above results, we obtain the desired estimate. [
4.2. Degenerate regime: almost g-harmonic functions

Now, we deal with the degenerate regime. Here, we use the assumption (A5), in place of (A4).
Fix By, = By, (x0) C &/, for some Q' € , satisfying (3.9). We further introduce the Morrey-
type excess

WY(xg, p) := ][ HEP(XO)(|DU|)dx. 4.22)

By (x0)

The first result is that every weak solution to (1.5) is almost Hy -harmonic.
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Lemma 4.3. For every § € (0, 1), the inequality

][ <( ) (|Du|>|D |‘ >x

r(x0) (4.23)
(Hg, )" (W(xo,2r))
<c, (8 + Bar (x0) +r

K

) (W0 20) + Hy, () 1DV 1))

holds for every ¥ € CgO(B, (x0); R™) and for some constant cy = cx(n, N, p,q,v,L,«q,
[alcow) > 0, where k =« (8) > 0 is given in (AS) and ay is the exponent in Lemma 3.6.

Proof. For simplicity, we write B, = B,(xo) and H (1) := ng(xo)(t), and W(p) = ¥(xg, p)
for p € (0,2r]. Let ¢ € C(C)’O(Br; R"™) be such that || DY ||sc < 1. Then, by the definition of weak
solution, we have

Du
ﬂ( )(|Du|>—‘Dw>dx—B][<< )('D“')W_H( Du) o va>dx

+][<H (x, |Du|)W — A(x, Du)

D¥ Jax

=h+1I.
We start with the estimate of I;. Observe that
| <6 ][ H'(x, |Du|) x{|puj<«} dx +C][H/(X, |Du|) x{|Du|>x) dx
B, By

< 5][H/(x, |Dul) dx + EJ[H(x, |Dul)dx
K

where we used (A5) on the set {|Du| < «}, while we exploited the growth assumption (A1)
combined with (2.3) for ¢(¢) := H(x, 1), for every fixed x, elsewhere. Note that from (3.10),
(3.11) and Jensen’s inequality with (4.22),

f H(x,|Dul)dx < cH, (D)) < c(Hy) ™' (W(2r)) ((Hy) o (Hy) ™Y (¥(2r))
Br

and

][H/(x, |Du))dx < c((Hy) o (Hy)™H)(¥(2r)).
By

Therefore, we have
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H) w2
L <c (5 + M) ((Hy) o (Hy) ™1 (W(2r)).

Moreover, we have from (3.25) that
|| < er®((Hy,) o (Hy) ™) (9(2r)).
Collecting all the previous estimates, we obtain

_y Du
'][(HZr) (IDul)lD—u| : D'lde‘
B,

~
K

H; )~ L (w2
< (5 L W) (W@ +raz) ((H3y) o (H3) ™) (W(2r)) | DY [l oo -

To conclude, we use (2.6) and Young’s inequality, to obtain
((Hg,)' o (Hy, )™ (W) 1D¥ oo = e(Hz)* (((H3) o (H3) ™) (W) + Hy (ID¥ o)
=c¥2r)+ H, (DYoo) . O

We recall the exponent y, € (0, 1) from Proposition 2.7. We are now in position to prove the
excess decay estimate in the degenerate regime.

Lemma 4.4. For every y € (0, yo) and x > 0, there exists t, §3, 84 > 0 depending onn, N, p, q,
v, L, o, [a]coe, y and x such that if

2 2
X [V (D] dr < Vi (D = (V, (Dw) dx, (4.24)
2r 2r 2r X0,2r
B, (x0) Boy (x0)
2
][ ’VHZV(Du)—<VH2,(Du)>XO’2r dx <43, (4.25)
Bay (x0)
and
re2 < 8y, (4.26)
then
2
][ }VH(Du)—<VH(Du)) dx
Tr Tr XO,-["
Ber(xO)
. 4.27)
2y _ — _
<z ][ ‘VHZr(Du) (VHZr(Du)>x0’2r dx .
By (x0)
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Here, Hz_r = HI;Zr(XO).

Proof. To enlighten notation, we omit the explicit dependence xg.
We first determine T =t(n, N, p,q, v, L, o, [a]coe, v, x) > 0 small so that

1
4

-1

<> and ety <1, (4.28)

where ¢g =Cg(n, N, p,q, v, L, o, [a]coe) > 0 will be determined later. Set

g =g2ntn, (4.29)

For this ¢, we denote the constant § in Lemma 2.9, when ¢ = H, ., s = 1 + o (o is the constant
determined in Lemma 3.4), and ¢y is the constant ¢ given in Lemma 3.5, by §p. We then choose
& such that

o
cxd < 51

where ¢, denotes the constant in (4.23), and hence x = «(8) in (A5) is also determined. More-
over, by the first two assumptions (4.24) and (4.25) we have

W(2r) < c][ ‘V,,;r(Du)‘2 dx < ; ][ ’V,E(Du) - <VH27(D“))2,‘2 o < %33.
By By

Hence, with (4.26), we have

H; )~ (w2 8 _1 1 (H;)@
C*(HMMZ)S;MM{X N )
K K

We choose 83 and &4 such that

1 1 (Hy) TN b
C*maX{X PLX q}MJ{_ 0
K

C*84 < 5

Therefore, by Lemma 2.9 with ¢ = H,, we have

][ ‘VHz_r (Du) — VHZ_r (Dw) ? dx < ceV(2r), (4.30)

B,

1ILH . . _ . . L .
where w € u+ W,," > (B,) is the unique H, -harmonic mapping coinciding with u on 9B,
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Therefore, for T € (0, 1/4),

2 2
][ Vi, (0w = (Vi (DW), | dr < ][‘VHM(D“)‘ (Vi o), | dx
Boqr Boer
2 2
<4 ][ ‘VHQU(DI])—VH”(DU) dx +4 ][ ‘VHW(DU)_VHZr(DW) dx 4.31)
2 20
2

dx.

r

+2 ][ ‘VHz-r(Dw)— (VHz—r(Dw))h

By

Note that, since |/1+ 11 — /T + 12]> < |t] — 12| for 11, 1o > 0, for every P € RV *" we have

2 2
Vi @)=V, @) =P

g5 “ 4 o
\/1+a2”;|1>|q P—\/1+a2r;|P|‘l P

<L (az,, —az)P.

SEL]

Using this, (3.26) and (4.26), we have

][ )VH{”(Du) - VHZ;(Du))z dx <¢ ][ (az,, —a3,)|Duf dx
By B¢y
<ct™" ][(a(x) —a,,)|Du|? dx
B,
. (4.32)
<t ][ ‘VHZ;(Du)) dx
By
2
5561—"54][ ‘VH{r(Du)‘ dx
By,

for some constant ¢¢ > 0. We further choose 8, such that 84 < 2% Inserting (2.20), (4.30)
with (4.29), and (4.32) into (4.31) and using assumption (4.24) and (4.28), we finally obtain

][ ’VH{”(Du) - (VH;(Du)>2 2 dx <& ][ ‘VH{r(Du))2 dx

r

Bory By
2
<&yl ][ ’VHZ:(Du) - (VHZ:(Du))h’ dx
By,
< ‘V 7(Du)—<V 7(Du)> ‘zdx
- HZr H2r 2r ’
BZr
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This concludes the proof of (4.27). O
4.3. Iteration in the nondegenerate regime

In this section we set up the iteration scheme which proves the partial regularity of the weak
solution u to the system (1.1). First we consider the nondegenerate case and, from Lemma 4.2,
prove the following result.
Lemma 4.5. Let Bar(x0) € Q2 with R € (0, 1/4) satisfy (3.9) withr = R, and 0 < 8 < a3 /4,

where a3 € (0, 1) is given by (4.10). There exist 85,86 > 0 depending on n, N, p, q, v, L, «,
[alco.w, Bo and B such that the following property holds: if

2 2
][ )VHBR<XO)(DH)—(VHBR(XO)(Du))XO’R‘ dx <65 ][ ‘VHER(XO)(Du) dx  (433)

Bg(x0) Bg(x0)

and

R7 <5, (4.34)
then we have

v D \Y D 2dx
][ ‘ HI;r(X())( u)—( HEAxm( u)>XOr
By (x0) ’
< (r)zﬁ ][ ‘V (Du)— (V (Du) ‘de+ 2 ][ ‘V (ow/’ d
<c R Hy oo u Hi oo u o cr Hy o u x
Br(x0) ' BR(x0)
(4.35)

foreveryr € (0, R).

Proof. As usual, throughout the proof we omit the dependence on the point xg, and write
+ g+

H By (x) = HZ.
Step 1. Choice of parameters. Choose the parameters t and ¢ in Lemma 4.2 as follows

I \TF [ 1\7F 1+
T:=mini| — | — and &= , (4.36)
2c* 16 2c*

where the constant ¢* > 0 will be determined below. This determines §; and & in Lemma 4.2.
We next choose §5 and 8¢ as follows:

1 (V2= 1)2(1 = h)2"
8(1+1—m)’ 2

85 ;= min {51, } and 8¢ :=min {5y, &5} . 4.37)
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Step 2. Induction. We prove by induction that the following inequalities hold

][ V(D) — (Vi (Du)) i > dx < 72Pkss ][ |Vi(Du)|? dx; (4.38a)

BrkR BrkR

][ V(D) — (Ve (D) 2 dx < r(+H ][ Vo(Du) — (Vo(Du)g > dx

BrkR

1 — (=P
lilu"mzﬁ ﬁvo(Dunzdx;
-7 BR
(4.38b)
][ |Vi(Du)|*dx < 2][ [Vo(Du)|? dx (4.38¢)

BrkR

for every k > 0, where V; :=V HY . For convenience, in the sequel we shall write (4.38a),

(4.38b); and (4.38¢); to denote (4 38;1) (4.38b) and (4.38c) for a specific value of k. Clearly,
(4.38a), (4.38b) and (4.38c¢) hold for k = 0 by (4.33).

We next suppose that (4.38a),,, (4.38b);, and (4.38c),, hold for h =0, 1,2, ...,k — 1 for some
k > 1 and then prove (4.38a), (4.38b); and (4.38¢);. By (4.37), (4.34) and (4.38a);_1, we see
that (4.12) and (4.13) hold for r = t8~1 R /2. Hence, we can apply Lemma 4.2 with r = *=1R/2
and replacing 7 by 27 to get

][ [Vi(Du) — (Vi (D)) kg | dx

BrkR

§c*rz(l+8r_"_2)< ][ [Vi_1(Du) — (Vi_1(Du)), i1 | dx

Brk_] R

+ (@ IR)T ][ |Vk1(Du>|2dx>

Brk*IR

1

for some constant ¢* > 0. Note that since ¢*t!=# < % by (4.36), c*er P71 = 5 and
2A+ et ) =Bt TP p crer A < 1B
Hence, recalling the facts that 8 < a3/4, 8¢ < 85 by (4.37) and 7' ~# % by (4.36), and using

(4.38a);_1, (4.34), we see that
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][ [Vi(Du) — (Vi (D)) kg |* dx

BrkR

sr”ﬂ( ][ Vi1 (D) — (Vi_1 (DW)) i1 [P dx + (7' R) 7 ][ |Vk1<Du)|2dx)

B B

rk*lR rk*lR
grl—ﬂﬁﬂ(ﬂﬂ("—l)as ][ [Vi—1(Du)|? dx 4 t2P*=Dgg ][ |Vk_1(Du)|2dx>
Bi—1p B i—1g
1
< gy ][ Vi1 (Dw[2dx.

Brk_lR
4.39)
On the other hand, by (4.38a),_; and the fact that 4(1 + 777)85 < % by (4.37), we have

][ Vioi(DwPdx < 4 ][ Vo1 (D) — (Vi1 (Dw) 1 dx
B i-1p B i-1p

+4|(Vi—1 (DW) k-1 g — (V=1 (DW) i g |* + 4 ][ IVi—1(Dw)|? dx

Brk R

<a(1477) f Vi (DW= (Vi (Dw) 4 d

Brk’IR

+4 ][ Vo1 (Dw)P dx

B'rkR

<4(1+77")85 ][ |Vk,1(Du)|2dx+4][|Vk,1(Du)|2dx
Brk’IR BrkR
< ][ Vi1 (D)2 dx +4 ][ Vi1 (Du) dx

Brk’I R BrkR

N =

which implies that

][ Vio1 (Dw[2dx <38 ][ Vo1 (DwPdx <38 ][ Ve(Du)P d

Brk’IR BrkR BrkR

since clearly a;{,lR < a;{R and this gives (H;,HR)’ < (Hr_kR)/' Inserting this into (4.39), we
obtain (4.38a)y.
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We next show that (4.38b); holds. From (4.39), (4.38b);_; and (4.38c);_1, we have

][ IVi(Du) — (Vi (Du)) i g dx

BTkR

rl+’3( ][ Vi1 (Du) — (Ve (Dw) 1 g dx + (F1R) 7 ][ |Vk-1(Du)|2dx>

Bi—1g B i—1p

!th ][ [Vi—1(Du) — (Vi1 (Dw)) i1 g [ dx + 7' P R)?P ][ Vi1 (Dw)|* dx

Brk_l R Brk_l R

< P L [Vo(Dw) — VoDl d

Br
1 — (=BA)k=1) -
eI @R Vowar + (R VoDwPax
-7
Br Br
1+ 2 A Ty 2
—: Vo(Du) — (VoD s dx + - (R { Vo(Dwl*ax
Br Bpr

which is (4.38b)y.
Finally, by (4.38a);, and (4.38c);, with h=0, 1,2, ..., k—1 and the fact that 73 (283)% N !

V2-1 by (4.37), we obtain

= <
‘[/3

1 1

( ][ |Vk(Du)|2dx)zsr 5% ( ][ Vis1 (D) — (Vi (DW)i g dx)
5 h=0

kR hR
1

( ][ [Vo(Du)| dx)
—1 % %
L .32 ( ][ Vi (Dw)| dx) +< ][ |Vo<Du>|2dx)
~ ]
1 3
— ﬁ~|—1>(][|Vo(Du)|2dx)

Bg

< (r—%ass)%l
1

2
< (2 ][ |Vo<Du>|2dx>
Br

which implies (4.38¢)y.
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Step 3. Decay estimates. Let r € (0, R). Then IR <y < 7% R for some k > (. Therefore,
by the same estimation as in (4.32) we have

][ IV (Du) — (V- (D)), [P dx < ][ IV 41~ (D) = (Vi(Dw) k| dx
B, B,

< 2][|va (Du) — Vi(Dw)|* dx + 2][ IVi(Du) — (Vi (D)) i g dx
B, B,

ct M (TFR)® ][ IVi(Dw)|>dx + ct ™" ][ |Vi(Du) — (Vi(Duw))« |? dx

B kg B kg

=:1+1I.

For I, using (4.38c), we have

[ <preEktig? ][ IVo(Dw)[>dx < v 7"~ F ][ [Vo(Du)[?dx .

For 11, by (4.38b), we have

(1-B)k
II§I‘”I(1+ﬁ)k][|V0(Du)—(Vo(Du))R|2dx+r_” ; 5 R)zﬂ][|VO(Du)| dx
Br Bpr
.L_fn7172/3
< pn-i- ﬂ ][|V0(Du)—(Vo(Du))R| dx+171ﬂ ][IVO(Du)| dx.

Bg

Consequently, recalling the definition (4.36) of 7, we obtain (4.35). O
5. Proof of Theorem 1.1
We are now in position to prove Theorem 1.1.

Proof of Theorem 1.1. Let y; be the exponent of Lemma 2.7, and fix y € (0, y1), where

(Y Ot3}
pi= mm{z 4

With this 8, we find 85 and §¢ in Lemma 4.5. We also choose x = 5 and y = § in Lemma 4.4.
Consequently, §5 and §¢ in Lemma 4.5 and §3, §4 and t in Lemma 4.4 are determined and depend
only on the structure constants.

Now, choose any point x; € €2 satisfying

2
lim inf ][ )VHEr(X”(Du)—(VHEMI)(Du))XM dx =0

r—07t
By (x1)
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and

2
M :=limsup ][ ‘VH— (Du)| dx < +o00.
r—>0+ Brp)
By (x1)

Fix Q' € Q such that x; € '. Note that there exists o € (0, 1/4) such that the inequalities in
(3.9) hold whenever By, (xg) C ' and r € (0, rg). Moreover, we can find Ry € (0, r9/2) such
that Bag,(x1) C €, and moreover

3

Ry < min{

3

83
4M+1)

o

, 86, 54} ) (5.1)

o< ana
X — an
=%

vV, . .(Duy—(V,- (D
. gy o PW = Vige (DW) i,
Brg (x1)

2
][ Vi (Dw|dx=M+1.
By GD)
Biy(x1)

Therefore, by the continuity of the integrals above with respect to the translation of the domain
of integration, there exists Ry € (0, Ro) such that for every xo € Bg, (x1) we have

/

By (x0)

2
8
(Du)— (V- (Dw)yy | dx <= and
x0) BR (x0) ’ 2

HER (
0

X (5.2)
][ Vi (Dw| dx=2M+1).

BRO (xg)
By (x0)

Now, we fix an arbitrary point xo € Bg, (x1), and write

Vi(P): =V, (P), PeRM,

BrkRO (xp)

As usual, throughout the remaining part we omit the dependence on the point xg and write HrjE =
H;r (x0)" We first suppose that

85 ][ |Vi(Du)|*dx < ][ IVi(Du) — (Vi(DW) kg, [*dx  foreveryk>0.  (5.3)
BrkRO BrkRO
In view of (5.1) and (5.2), applying Lemma 4.4 inductively for » = t¥Ry/2, we have
][ Vi (D) — (Ve(DW) e g dx
BrkRO
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< ][ IVi—1(Dw) — (Vi—1 (DW) 1, |* dx (5.4)

Brk_lRO

1)
<..<g% ][ IVo(Du) — (Vo(Du)) gyl dx < v*f §

Bg,

holds for every k > 0. Hence, for r € (0, Rg) there exists k > 0 such that rk“Ro <r< TkRo
and so, by arguing as in (4.32) and using (5.4),

][ IV (Du) — (V- (D)), > dx < ][ V- (Du) — (Vi(Dw) i g, |* dx
B, B,

< 2][ IV (Du) — Vi(Du)|* dx + 2][ [Vi(Dw) — (Vi(DW)) i g, |* dx
B, B,

< et (* Ry ][ Ve(DwPdx +cr ™" ][ [Vi(Du) — (Ve(Dw) g,

B B

ok Ry ok R

<+ D ][ V(D) — (Vi(DW)) g, P dx

BrkRO

2B
<ed3065 + D" <esy 5 + D" (%) '
0

Therefore, we have

][ IV~ (Du) = (V- (DW),, , (1) o< 8365+ 1)

B, 0
We next suppose that (5.3) does not hold. Then, there exists ko > O such that
35 ][ |Vi(Du)|? dx < ][ [Vi(Du) — (Vi(DW)) i g, |* dx (5.6)
B‘[kRO BthO
forevery k =0, ..., ko — 1 (when kg =0, (5.6) is meaningless) and
][ [Vio (D) — (Vg (D)) g | dx < 83 ][ Vi, (Dw)|?dx . (5.7)

Brko Ry B.[ko Ry
If ko =0, in view of Lemma 4.5 with R = Ry and of (5.2), for every r € (0, Ry) we have
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][ IV~ (Du) = (V- (D)), |* dx
B

)

(Y’ Vo(Du) — (Vo(D 2dx +cr? 4 Vo(Du)2d
<c Ry [Vo(Du) — (Vo(Du))g,| +cr [Vo(Du)|~dx

BRO BRO
28

r 28

<cd3 (—) +crP(M+1)
Ro
and so
[V - (Du) — (V- (D)), |? 8
][ H e T dx<c —§ﬂ+M+1 . (5.8)
r RO

B,

It remains the case when (5.6) and (5.7) hold for some ky > 1. For r € [T Ry, Rg), we ob-
tain (5.5) by the very same argument already used when (5.3) holds. On the other hand, if
r € (0, T8 Ry), by Lemma 4.5 with R = t%0 Ry and (5.5) with r = tX0 Ry, we have

][ V- (D) — (V- (D), > dx
B,

28
_c( 4 ) ][ [Vig(Du) — (Viy (DW)) 1g g, | dx + cr?” ][ |Vi, (Du)|? dx

ko Ry
BrkORO BrkORO
53 r\2# 28 2
_C21j"—+2.3 <R—O) +cr ][ |Vk0(Du)| dx.
BrkORO

Moreover, by arguing as in (4.32) and (5.4) for k = kg — 1 and using (5.6) for k = ko — 1,

][ Vi (Du)|* dx <2 ][ Vi (D) — Viy—1(Du)|* dx +2 ][ [Vig—1(Du)|* dx

Btko Rg B1k0 Ry Brko Ry

s Vil

Brk071 Ro

<ct85 ! ][ [Vig—1(Du) = (Vi1 (D)) ig-1 5 |* dix

Brk071 R
<ct871s
= 5 03.
Therefore, for every r € (0, Ry) we have
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r r

V,—(Du) — (V- (D)), |?
][l H (Du) — ( H, (Dw)), | dx < cd3 +ct_n85_133. (5.9

X
728 T ont2B R(z)ﬂ
By

Consequently, by (5.5), (5.8) and (5.9) we conclude that the inequality

|VH§ ) (Dll) - (VHE ) (Du))xo,r |2

pT; dx <C

By (xo0)

holds for every ball B, (xg) with xo € Bg,(x1) and for every r € (0, Rp). Moreover, since we
have from (2.13) that

IV~ (P1) = V- (P[> ~ (H) ey ([P — P2)
~|V,(P1) — V,(P2) > +a, |V, (P) — V, (P2) ]
> [V, (P) — V,(Py)|?,

the previous inequality together with (2.14) implies

][ [V, (Du) — (V,(Dw))y, 12 & <C.

2P
By (x0)

Hence V,(Du) € CO”B(BR1 (x1); R¥>™) and this concludes the proof. O
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