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A B S T R A C T   

The random walk path method (RWP) is a stochastic model that transforms the solution of the unsteady open 
channel flow equations into a probability problem. In this paper, this method is introduced to solve the dis-
cretized Saint-Venant equations, with probabilistic representation of the water levels at junctions. Different 
boundary conditions, which specify either water levels or discharge hydrographs, can be implemented by 
specifying how walkers react when arriving at the boundaries. The pointwise solution at river junctions can be 
obtained via random walk simulations. The efficacy of the model was verified against the following test cases: (1) 
a real-world looped channel example documented in the manual of the software Hec-Ras and (2) a hypothetical 
channel system consisting of dendritic and divergent networks. The number of random simulations is an 
important aspect of the RWP method and needs to be chosen by considering the trade-off between precision and 
computational efficiency. The impact of the boundary water level or discharge on the water levels at internal 
nodes can be quantitatively evaluated by adopting the terminal weights, which present a distinct advantage of 
the RWP method. This assessment of water levels can serve as a guide in the operation of hydraulic controls, such 
as dams, sluices and pumps, to effectively regulate the flow in mitigating flood risks.   

1. Introduction 

Modelling of unsteady flow in open channel networks plays an 
important role in many hydraulic applications, such as flood forecasting 
(Bates and De Roo, 2000; Beltaos et al., 2012; Nazari and Seo, 2021), 
drainage system design (Henine et al., 2014), irrigation (Assar et al., 
2020), algae control (Fovet et al., 2013) and wastewater management 
(Akella and Bhallamudi, 2019). Numerical simulation is extensively 
used to study the hydrodynamic processes in channel networks, by 
solving the one-dimensional flow equations, commonly known as the 
Saint–Venant equations. These equations (Cunge et al., 1980) are a set of 
non-linear partial derivative equations which are difficult to solve 
analytically. Numerical techniques are widely used in the discretization 
of the Saint-Venant equations to obtain non-linear algebraic equations. 
Finite difference schemes (El Kadi Abderrezzak and Paquier, 2009; Qi 
et al., 2022; Sen and Garg, 2002) are the most commonly applied 
techniques due to their advantages, such as a small amount of compu-
tation and ease of implementation. In the past two decades, the finite 

volume method (Hodges, 2019; Kesserwani et al., 2008a; Sarkhosh 
et al., 2020) was widely applied to solve the Saint-Venant equations, 
limited mostly to 2D cases (Liang et al., 2007; Zhao et al., 2019). The 
non-linear equations are solved using iterative techniques such as the 
Newton-Raphson method (Janicke and Kost, 1998; Zhu et al., 2011) or 
through linearization. For modelling the flow in a single channel, the 
coefficient matrix of the linear equation system is banded, and efficient 
methods such as the double sweep algorithm can be used to solve the 
well-structured matrix equation (Cunge et al., 1980). However, for a 
channel network, the coefficient matrix does not exhibit the banded 
property due to difficulties in generating a coefficient matrix of the 
minimum bandwidth considering the role of junctions. Directly solving 
these coefficient matrices usually requires considerable computational 
time and computer storage. 

Some attempts have been made in the past to simplify these 
complicated or extremely large coefficient matrices, with the initial 
research focused on dendritic channel networks. The separate-segment 
method (Akan and Yen, 1981; Fread, 1973) was used to split the 
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channels network into overlapping and independent components for 
computation. However, it needed a large number of iterations and failed 
to accurately describe the physical phenomena near channel junctions. 
Some scholars transformed the matrix into formats that were suitable for 
the double scan algorithm techniques such as matrix diagonalization or 
recursive equations (Choi and Molinas, 1993). In addition, specific node 
numbering was used to obtain banded matrices with reduced bandwidth 
(Nguyen and Kawano, 1995). Thus, all the above algorithms have very 
specific requirements regarding the topology or node numbering of the 
channel network and cannot be applied easily to networks containing 
loops. 

The three-step algorithm is a generalized algorithm for unsteady flow 
modelling which is suitable for any type of channel network (Fang et al., 
2012; Sen and Garg, 2002; Sen and Garg, 1998; Zhang and Shen, 2007). 
This algorithm splits the channel network into segments. The end-node 
variables of each channel are calculated first, followed by the solution 
for variables at all other sections by a backward substitution. This 
method improves the computational efficiency by reducing the order of 
the computational matrix. However, the entire set of equations needs to 
be solved simultaneously and thus the advantage of the banded nature is 
lost (Zhu et al., 2011). Another problem with the three-step algorithm is 
that it is difficult to explicitly check the individual contributions of 
model components in the absence of additional tools for sensitivity 
analysis. 

The random walk path method (RWP) is a method 0f solving math-
ematical problems via random walk simulations. The basic idea of the 
RWP method is to establish a random walk process whose parameters 
are linked to the solution of the equation. The statistical characteristics 
of the parameters, which yield the exact value of the solution, can be 
obtained through sampling experiments. There are distinctions between 
this method and the particle tracking method, which is a typical mesh- 
free approach for modelling contaminant transport (Roubinet et al., 
2010; Yang and Liang, 2020). Although both methods are based on 
random motions of particles, they are different in terms of the mathe-
matical bases. The particle tracking method is based on Fokker–Planck 
equation (LaBolle et al., 1996) and is known as one of the Lagrangian 
methods, while the RWP method is an application of the Feynman-Kac 
theorem. Nan and Wu (2018) gave a detailed description of these two 
methods from a theoretical point of view. To avoid confusion, the 
method adopted in this paper is termed the RWP method. For problems 
that are too complex to get an analytical solution, or have no analytical 
solution, the RWP method is an effective way to find a numerical solu-
tion. This approach provides a new perspective for the solution of partial 
differential equations (PDEs). Different schemes of the RWP method 
have been developed in the past and applied to solve PDEs of various 
physical processes (Maire and Nguyen, 2016; Mascagni and Simonov, 
2004; Simonov and Mascagni, 2004). In addition, the RWP method can 
be used to calculate the interdependence between nodes in a network, 
known as the correlation. Specifically, with regard to hydraulics, RWP 
has been successfully applied for solving PDEs of complicated ground-
water problems and pumping well management (Nan et al., 2020; Nan 
and Wu, 2018). Solving steady-state problems in channel networks using 
the RWP method has also been well studied (Chen et al., 2001). Wang 

et al. (2016) made an attempt to apply it to unsteady flow modelling, but 
the consistency between the mathematical expectation of probabilistic 
representation and the deterministic solution was not well proven; 
moreover, only looped networks were considered and the boundary 
condition was restricted to the water-level-hydrograph. 

This present study focuses on the RWP method applied to unsteady 
flow modelling of channel networks and its potential prospects in water 
conservancy projects management. A probabilistic description of the 
solutions to the discretized Saint-Venant equations is presented and its 
mathematical expectation has been derived. This paper also presents the 
conditions under which they are applicable by taking into account the 
limitations of the transition probability. The key to dealing with 
different boundary conditions, such as water-level-hydrograph and 
discharge-hydrograph, is to define the reaction of the walkers when they 
meet the boundaries. 

2. Methodology 

2.1. Basic equations and formulation of the problem 

The Saint-Venant equations for open channel flows can be expressed 
as follows. 
⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∂Q
∂x

+ Lt
∂Z
∂t

= 0

∂Q
∂t

+
∂QV
∂x

+ gA
(

∂Z
∂x

+ J
)

= 0
(1)  

where Q [m3/s] is the volumetric discharge; Lt [m] is the river width; Z 
[m] is the water level; t [s] is time; V [m s− 1] is the velocity; A [m2] is the 
flow area of cross–section; g = 9.81 m s− 2 is the gravitational accelera-
tion; and J [− ] is the friction slope. Along a channel, J can be expressed 
as J = Q∣Q∣/D2, where D [m6s− 2] is the conveyance function. 

Among the numerous numerical schemes for solving the Saint- 
Venant equations, the implicit scheme has the advantage of allowing 
for large time steps (Zhu and Chen, 2019 and references therein). In this 
paper, Eq. (1) is discretized using the four-point implicit Preissmann 
scheme which exhibits good numerical stability (Sen and Garg, 2002). 
This scheme results in a system of nonlinear algebraic equations be-
tween cross-sections i and j for each small river section, which can be 
expressed as follows: 
{

as1,i+1Qi + bs1,i+1Zi = cs1,i+1Qi+1 + ds1,i+1Zi+1 + es1,i+1
as2,i+1Qi + bs2,i+1Zi = cs2,i+1Qi+1 + ds2,i+1Zi+1 + es2,i+1

(2)  

where Zi, Zi+1, Qi and Qi+1 are the water levels and discharges at cross- 
sections i and i + 1, respectively; as1, bs1, cs1, ds1, es1, as2, bs2, cs2, ds2, 
and es2 are the coefficients of the discretized Saint-Venant equations (see 
Appendix A), and subscript i + 1 is omitted here, for the sake of brevity. 

The forward elimination in the three-step method (Sen and Garg, 
2002) is used here to derive the basic simultaneous equations. For a 
branch involving Nc number of cross-section, 2Nc-2 number of coupled 
equations can be established according to Eq. (2). The number of un-
known variables is 2Nc, so the equations can be solved if we know two of 
the variables. For each branch, the variables corresponding to the 
interior cross-sections are not directly connected to those corresponding 
to other branches. Therefore, the end-node variables of all the branches 
can be separated to establish global branch equations. The 2Nc-2 
equations for a branch can be reduced to two equations involving four 
variables at the two ends of the branch (Zb,1, Zb,ie , Qb,1 and Qb,ie ). This can 
be achieved using the chasing method (Zhang and Shen, 2007). In other 
words, the discharge at the first and last sections of a branch can be 
expressed as linear functions of the water levels as follows: 
{

Qb,1 = αb + βbZb,1 + ζbZb,ie
Qb,ie = εb + ηbZb,ie + γbZb,1

(3) 

Fig. 1. A typical junction scheme with three branches.  
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where the subscript denotes the location, b denotes the branch index, i 
denotes the cross-section index (see Fig. 1), e denotes the last cross- 
section of the branch, and α, β, ζ, ε, η, γ are the chasing coefficients. 

The details about the derivations of these coefficients can be found in 
Zhang and Shen (2007). 

The next step is to reduce the number of unknowns by incorporating 
a boundary condition based on the mass conservation at each junction, 
as shown in Eq. (4). Akan and Yen (1981) showed that the energy 
equation could be approximated by the water stage equality when the 
flow at the junction is subcritical, as shown in Eq. (5). Hence, the water 
level at the junction node can be regarded to be the same as those at the 
nearest cross-sections of the branches linked to the junction. More 
complex conditions (Kesserwani et al., 2008b; Yuan et al., 2021; Yuan 
et al., 2022) are not considered in this paper. 
∑

Q =
∑

Qin −
∑

Qout = 0 (4)  

Zin = Zout (5) 

where subscript in and out denotes inflow and outflow, respectively. 
According to Eq. (5), the nodal water level Zj (the subscript indicates 

the location of the node) can be used to represent the cross-sectional 
water levels that are directly related to the junction (for example, Z1,6, 
Z2,6 and Z3,1). We can establish a linear relationship between the water 
level at a junction and those at its nearby junctions by substituting the 
relationship between the flow rate and the nodal water level, Eq. (3), 
into Eq. (4). The linear nodal water level equation is as follows: 

ujZj =
∑Nj

k=1
ujkZjk + vj (6)  

where uj, ujk and vj are the linearized coefficients; uj is a linear combi-
nation of the chasing coefficients β and γ; uj is a linear combination of 
the chasing coefficients ζ and η; uj is a linear combination of the chasing 
coefficients α and ε. 

The above nodal water level equation, Eq. (6) can be established for 
each junction. Then, a system of global equations can be established, 
with the water levels at junction nodes as the basic unknowns: 

[Φ] × [Z] = [S] (7)  

where Φ is the coefficient matrix; S is the right-hand 
vector;Z = [Z1,Z2,⋯, ZNP]

T is the vector containing the water level 
variables at all junctions, and NP is the total number of junction nodes. 

The values of the junction water levels can be obtained by solving the 
above global equation system, i.e., Eq. (7). Once the end-node variables 
are found for a branch, they are substituted into the branch equations as 
boundary conditions to get the variables at interior nodes. In this study, 
the global equations are solved by the RWP method, which is a proba-
bilistic approach. It is known that the probability of an event can be 
estimated by its frequency observed during a large number of experi-
ments. The key to transforming the deterministic problem into a prob-
abilistic problem is to establish a stochastic process whose statistical 
quantities are equivalent to the solution to the deterministic problem. 
These statistical quantities are calculated by implementing a statistical 
process. After taking enough samples, the approximate solution is ob-
tained. In this study, the statistical quantities are obtained via Monte- 
Carlo simulation. A rigorous mathematical proof of the probabilistic 
representation is provided in the following subsection. 

2.2. Theoretic basis of random walk path method 

2.2.1. The link between transition probability formula and random walk 
path 

Dividing both sides of Eq. (6) by uj, Eq. (6) can be rewritten as Eq. 
(8), the transition probability formula between one junction and its 
adjacent junctions. 

Zj =
∑Nj

k=1
pjkZjk + sj (8) 

Fig. 2. A typical channel network with four boundaries.  

Table 1 
The boundary cross-section and types of boundary conditions involved in this 
study.   

Types of boundary conditions  

discharge-hydrograph water-level-hydrograph 

Test case 1  C17, C1 
Test case 2 C17 C1 
Test case 3  4–1, 5–1, 8–1, 3–6, 10–11  

Table 2 
RMSE and MAPE for simulated water level in looped river network.   

NRS = 5  NRS = 50  NRS = 100  

Time RMSE 
(m) 

MAPE RMSE 
(m) 

MAPE RMSE (m) MAPE 

t = 3 h 0.0095 0.134% 0.0091 0.117% 0.0064 0.083% 
t = 6 h 0.0068 0.097% 0.0064 0.069% 0.0070 0.095% 
t = 9 h 0.0125 0.158% 0.0044 0.064% 0.0070 0.096% 
t = 12 h 0.0105 0.130% 0.0039 0.056% 0.0029 0.040% 
t = 24 h 0.0061 0.088% 0.0077 0.103% 0.0039 0.055%  

Table 3 
Channel characteristics for network-2.  

Channel 
number 

Length 
(m) 

Bed 
width 
(m) 

Side 
slope 

Bed 
slope 

Manning’s n 
(s m-1/3) 

Number 
of reaches 

1,10 2000 100 1:2 0.0001 0.025 10 
2,4,5,7,8 1000 50 1:2 0.0002 0.025 5 
3,6,9 1000 75 1:2 0.0001 0.025 5  

Table 4 
Computational costs (unit: millisecond). Note that all the numbers listed here 
exclude the time of post-processing and values in brackets indicate the time of 
equation solving.  

Index Simulation 
setup 

Hec- 
Ras 

Traditional 
three-step 
method 

RWP 

NRS =

5 
NRS =

50 
NRS =

100 

S1 Case 1-Δt =
60s 

~2000 1132.8(44) 1128.2 
(45) 

1173 
(65) 

1205.6 
(100) 

S2 
Case 2-Δt =
60s ~2000 1132.8(44) 

1153 
(34) 

1200 
(68) 

1231 
(139) 

S3 
Case 3-Δt =
180 s ~2000 1210.8(28.6) 

1020.6 
(20.4) 

1173.4 
(151) 

1320 
(283.6) 

S4 
Case 3-Δt =
60s 

~4000 3602.2(157) 
3529.4 

(86) 
3885.6 
(438) 

4267.4 
(817)  
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where pjk = ujk/uj denotes the transition probability; sj = vj/ujis the 
source term. It is worth mentioning that two conditions of the transition 
probability formula are (1) 

∑Nj
k=1pjk = 1, and (2) 0 ≤ pjk ≤ 1. The first 

condition can be met by normalization. While not all conditions satisfy 
the prerequisite of probability non-negativity, the requirements that the 

practical application should meet are detailed in Appendix B. 
The transition probability between junction nodes is related to the 

strength of their correlation. When it is applied to a channel network, the 
transition probability can reveal the strength of the relationship between 
water levels at junctions. Such a strength might be related to the branch 
length, resistance, head difference and other factors between the adja-
cent junction nodes. If the transition probability approaches zero, the 
change of junction water level virtually does not affect the surrounding 
junctions. This can happen when the distance between the junction is 
long or the resistance is too large. The relevance of Eq. (8) can be un-
derstood from the perspective of the probabilistic process. Here, a simple 
example exhibits the relationship between the deterministic formula 
and the random walk path. Consider a simple river layout as seen in 
Fig. 2. It is assumed that the water levels at boundaries (Z1, Z2, Z5, and 
Z6) are already known, whereas the values at interior junction nodes (Z3 
and Z4) are unknown. According to Eq. (8), the relationship between the 
water levels at junction nodes 3 and 4 can be written as 

Fig. 3. (a) Flowchart of three-step algorithms with a traditional matrix solver; (b) Flowchart of RWP method. The main difference between the two flowcharts is 
marked in blue. (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.) 

Fig. 4. Looped river system schematic, where C denotes the cross-section.  

Fig. 5. Upstream boundary conditions for test 1 and test 2.  
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{
Z3 = p31Z1 + p32Z2 + p34Z4 + s3
Z4 = p43Z3 + p45Z5 + p46Z6 + s4

(9) 

From the perspective of a random process, pjk can be deemed as the 
probability of a walker moving to junction node k corresponding to the 
subscript jk from junction node j. We can set a random walk scheme 
based on these probabilities. At node j, a walker can move to its adjacent 
junction nodes with probability pjk; and the walker continues to move 
based on the transition probability until it arrives at the terminal, which 
may be node 1, 2, 5 or 6. Then, Z3 can be expressed by the weighted 
average of the known boundary water levels. Assuming all the proba-
bilities pjk are 1/3, one can quickly solve Eq. (9) and then obtain Eq. 

(10). It is important to note that here the probability of 1/3 is assumed. 
In practice, the likelihood of the transfer varies from one direction to 
another. For this condition, the 3/8 and 1/8 are the likelihoods of walker 
starting from node 3 and ending at nodes 1 and 5, respectively. For node 
4, the random variable at the junction can also be written in a similar 
form. In conclusion, the random variable Zj at any junction node can be 
expressed as in Eq. (11). 
⎧
⎪⎪⎨

⎪⎪⎩

Z3 =
3
8

Z1 +
3
8
Z2 +

1
8
Z5 +

1
8
Z6 +

9s3 + 3s4

8

Z4 =
1
8

Z1 +
1
8
Z2 +

3
8
Z5 +

3
8
Z6 +

3s3 + 9s4

8

(10)  

Zj ≈
∑NT

l=1
plZ

(T)
l +

∑

{sj}

wjsj (11)  

where pl denotes the existing probability; Z(T)
l is a known water level at a 

boundary (the subscript l indicates the position of the boundary, and the 
superscript T stands for “terminal”); NT is the number of boundary 
points; 

{
Sj
}

is the set of source items; 
∑

{sj}wjsj is the cumulative impact 

of the source terms along the random walk path, wj is the coefficient for 
the source term sj. 

Conventionally, the existing probabilities pl and coefficients wj are 
obtained through transformation equations such as Eq. (9). However, in 
a complex channel network, solving matrices directly is highly time- 
consuming. The Gaussian elimination procedure, the standard method 
for solving the linear equations, needs O(n3) arithmetic operations. For 
higher order matrix operations, stochastic algorithms such as the Monte- 
Carlo method can be used. Moreover, boundary effects can also be 
considered, which is demonstrated in Sec. 3.5. 

2.2.2. A probabilistic representation of the solution of the global equations 
To get the relationship between the random variable Z and the 

known water level values at boundaries, Monte-Carlo simulations are 
introduced in this study. For each simulation, a random walk path νp :

Path = P1→P2→⋯→Pm− 1→PT, where the arrow → denotes the direction 
of movement, can be obtained, which starts from the point P1, with an 
unknown water level, and terminates at an external boundary node PT, 
with a known water level. The stochastic representation of the solution 
implies a Brownian path until the walker arrives at the boundary. Note 
that the subscript here indicates an arbitrary intermediate location of 
the walker rather than a precise location. One can obtain many random 
walk paths by multiple simulations, and these paths vary with 
simulations. 

Define a random variable ξ corresponding to a random route as 

ξ = g(νP) = s(P1)+ s(P2)+⋯+ s(Pm)+ f (PT) (12) 

Fig. 6. Random walk solutions for water levels at t = 6 h, 12 h, 24 h with NRS 
= 5, 25, 50, 75, 100: water-level-hydrograph boundary. 

Fig. 7. Water level errors in random walk solutions at t = 6 h with NRS = 25, 
50, 75, 100, 150: water-level-hydrograph boundary condition. 
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where g(⋅) and f(⋅) are functions of the random route and boundary 
points, respectively; s(Pm) is equal to the source term for the m-th node 
along the random path passes. 

Through multiple trials, we can get a set of random variables Ξ =
{

ξ1,⋯, ξn,⋯, ξNRS

}
corresponding to different random routes. The 

probabilistic representation of the solution at junction node P1 is 

Z(P1) = E(Ξ) (13) 

In other words, the defined random variable Ξ =
{

ξ1,⋯, ξn,⋯, ξNRS

}

has a mathematical expectation equal to the water level at the junction 
node. If Eq. (13) holds, then a statistical test can be performed to esti-
mate the value of this variable Z(P1). One random variable’s value can 
be obtained from one random walk, and NRS random walks simulations 
yield NRS random variable values, with the average value serving as an 
approximation of Z(P1). 

The following is a formal proof that the mathematical expectation of 
random variables is indeed the same as the problem’s solution. 
Depending on the location of the starting point, it can be divided into 
two cases: 

Case 1: If the starting point of a walker is a boundary node PT, then it 
stays at point PT. So, the value of the defined variables ξ can be 
formulated as: 

ξ = g(νPT ) = f (PT) (14) 

Case 2: If the walker does not start from a boundary node PT, then we 
only need to prove Eq. (15) to justify Eq. (13). 

E(g(νPT ) ) =
∑Nj

k=1
pjkZ

(
Pjk

)
+ s(P1) (15) 

The random process νp can be thought of as consisting of two routes, 
namely P1→P1k and νp1k : P2→P3→⋯→Pm− 1→PT. For the second route 
νp1k , the random variable ξ should have the value 

ξ = g
(
νp1k

)
= s(P2)+⋯+ s(Pm)+ f (PT) (16) 

From the above Eq. (12) and Eq. (16), it is clear that: 

Fig. 8. (a) (b) RWP simulated discharge at t = 6 h, 24 h and (c) (d) the relative error at t = 6 h, 24 h with NRS = 5, 25, 50, 75, 100: water-level-hydrograph boundary.  

Fig. 9. Split ratio of flow (Middle Spruce to Bear Run) at junction node 1 of the 
looped river network. 

Fig. 10. Water level errors in random walk solutions at t = 6 h with NRS = 25, 
50, 75, 100, 150: discharge hydrograph boundary. 
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g
(
νp
)
= g

(
νp1k

)
+ s(P1) (17) 

According to the mathematical properties of the expectation of the 
discrete random variables, the right side of the Eq. (12) can be expressed 
as: 

E
(
g
(
νp
) )

=
∑

{νp}

g
(
νp
)
⋅Pr

(
νp
)

=
∑Nj

k

∑

{νp1k}

[
g
(
νp1k

)
+ s(P1)

]
⋅Pr(P1→P1k)⋅Pr

(
νp1k

)

=
∑Nj

k
p1k

∑

{νp1k}

[
g
(

νp1j

)
+ s(P1)

]
⋅Pr

(
νp1k

)

=
∑Nj

k
p1k

∑

{νp1k}

g
(
νp1k

)
⋅Pr

(
νp1k

)
+
∑Nj

k
p1ks(P1)

∑

{νp1k}

Pr
(
νp1k

)

(18) 

In the above proof, Pr
(
νp
)

is the probability that the walker moves 
along the route νp, Pr(P1→P1k) is the probability with which the walkers 
moves from point P1 to point P1k, which is equal to p1k. Since s(P1) has 
nothing to do with k, Eq. (18) can be rewritten as: 

E
(
g
(
νp
) )

=
∑Nj

k
p1k

∑

{νp1k}

g
(
νp1k

)
⋅Pr

(
νp1k

)
+
∑Nj

k
p1ks(P1)

=
∑Nj

k
p1ku(P1k) + s(P1)

(19) 

Thus, Eq. (15) is proved, which means that Eq. (13) holds good. 

2.3. Numerical evaluation of water level functions via RWP 

Theoretically, the function f(PT) in Eq. (12) can be arbitrary, and 
here it is taken as the known water level Z(T)

l at the boundary. The 

Fig. 11. Channel network of test case 2.  

Fig. 12. Upstream boundary condition at node 8–1 for channel network.  

Fig. 13. Discharges at node (a) 7–1, (b) 6–1, and (c) 3–6 with NRS = 5, 50 with different initial conditions, as compared with the Hec-Ras simulations with steady 
flow as the initial condition sc*. 

H. Tang et al.                                                                                                                                                                                                                                    



Journal of Hydrology 615 (2022) 128692

8

average value of all the random variables (ξ1, …,ξn, …,ξNRS ) can be 
deemed equal to the mathematical expectation if the number of RWP 
simulations (NRS) is large enough, according to the large number theo-
rem. After conducting a large number of Monte Carlo simulations one 
can get 

Zj ≈
1

NRS

∑NRS

n=1
ξn =

1
NRS

∑NT

l=1
dlZ

(T)
l +

1
NRS

∑

{sj}

hjsj (20)  

where T denotes the terminal value; dl and Z(T)
l is the number of walkers 

ending up at the external boundaries and the corresponding terminal 
water level, respectively; 

∑

{sj}hjsj is the source accumulations in all 

realizations, and hj is the number of occurrences of walkers at the cor-
responding source item point. The values of dl and hj are obtained 

statistically. 
In summary, realization of a RWP simulation can be conducted ac-

cording to the following workflow: 
(1) Define the basic global equation and get the transition 

formulation. 
(2) Define the random wandering function Eq. (12). 
(3) Conduct Monte-Carlo numerical tests: 
a. Place a walker at the point P and begin to simulate a random walk 

path starting from point P. 
b. Generate a random number with a value in the interval (0,1), and 

judge wandering directions by comparing it to the intervals of transfer 
probabilities (1, pj1), …, (

∑k=nk − 1
k=1 pjk, 

∑k=nk
k=1 pjk), …, (

∑k=Nj − 1
k=1 pjk,1), 

where nk is the index of junction node connected to junction node j. The 
walker is then displaced to a neighboring junction node based on the 
wandering direction. 

Fig. 14. Discharge at node (a) 7–1, (b) 6–1, (c) 3–6 with NRS = 50 with Δt = 180 s and 60 s compared to simulated values by Hec-Ras with water-level- 
hydrograph boundary. 

Fig. 15. Boundary influence capacities, i.e., the impacts of the different boundary conditions on the water levels at junction nodes, in (a) (b) case 1 and (c) (d) case 3.  
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c. The walker is then continuously displaced until it reaches an 
external boundary. Once one random walk path simulation is accom-
plished, we can retrieve one simulated value ξn. 

d. Repeat the preceding steps to simulate a large number (i.e., NRS) of 
random walkers and obtain NRS simulated random values. 

e. Average the random variables to estimate the expected water 
level. 

(4) Update the variables and proceed with backward substitution of 
the branch equations to calculate the remaining unknown variables at 
the interior cross-sectional nodes. 

The flowcharts of the traditional three-step method and RWP method 
are illustrated in Fig. 3. For comparison, the main differences between 
the two methods are marked in blue color. 

2.4. Boundary condition 

The water-level-hydrograph function at the boundary can be directly 
given as the value of the water level itself. However, a special technique 
is required to treat the discharge-hydrograph boundary. Taking the 
channel network in Fig. 2 as an example, suppose that the boundary type 
at point 1 changes from the water-level-hydrograph to a discharge- 
hydrograph. According to Eq. (3), the flow rate at the boundary can 
be linearly expressed in terms of the water levels as Q1 = α1 + β1Z1 +

ζ1Z3. By rewriting Eq. (3), a relationship between the water levels at the 
boundary and its adjacent internal junction nodes, i.e., point 1 and point 
3, can be obtained: 

Z1 = prZ3 + pa
Q1 − α1

β1 + ζ1
(21)  

where pr = − ζ1/β1 < 1 and pa = 1 − pr. The subscript r and a denotes 
reflection and absorption, respectively; α1, β1, and ζ1 are the chasing 
coefficients associated with the branch 1. 

According to the theory proposed by Maire and Nguyen (2016), 
(Q1 − α1)/(β1 + ζ1) can be added to the water level at point 1, which 
converts the discharge at the boundary into a virtual water level Z′

1 =

(Q1 − α1)/(β1 + ζ1). From the probabilistic point of view, there is a 
likelihood that the water levels at point 1 and point 3 are identical. In 
such a circumstance, the walkers that advance to point 1 are all returned 
to point 3. In addition, there is a chance that the water level at point 1 is 
equal to the virtual water level Z′

1, in which case the walkers stop 
moving when they hit boundaries, because the water levels are already 
known there. We define the aforementioned processes as reflection and 
absorption. We can then specify how the walkers should react when they 
hit different types of boundaries in Monte-Carlo simulations. 

In the case of the water level boundary, the walker gets simply 
absorbed while meeting the boundary/terminal points PT. Meanwhile, 
the function of the boundary f(PT) is equal to the water level at point PT, 
i.e., f(PT) = ZPT . 

In the case of the discharge-hydrograph boundary, the walker will 
get reflected to an adjacent junction node with the probability pr,or be 
absorbed with the probability pa when it meets the boundary. When the 
walker is absorbed, the calculation flowchart is the same as above. The 
function of the discharge-hydrograph boundary is determined by the 
virtual water level at the boundary point, i.e., f(PT) = Z′

PT
. When ζ = 0, 

the discharge-hydrograph boundary is equivalent to the water-level- 
hydrograph boundary and all walkers are absorbed by the boundary. 
To summarize, the difference between the discharge boundary and the 
water level boundary lies in the probability of reflection. 

After computing the water levels at internal junctions, the real water 
levels at the boundary can be obtained by substituting those at adjacent 
junction nodes through Eq. (21). The rating curve boundary condition 
too can be linearized and treated in a similar way. By specifying the 
initial water level and initial flow rate in the channel system, the initial 
condition is provided (Li et al., 2020; Pu et al., 2012). 

3. Numerical results and discussion 

To assess the performance of the RWP method, three numerical tests 
are presented in this section. Hec-Ras (Hydrologic Engineering Center 
River Analysis System) is an engineering model for the solution of the 
Saint-Venant equations, which was developed by the U.S. Army Corps of 
Engineers. Hec-Ras has been verified in numerous applications (Liu and 
Hodges, 2014) and is used to generate benchmark solutions in this 
article to evaluate the efficacy of RWP method. The first two benchmark 
tests are used to test the performance of the RWP method for the looped 
channel system under different boundary conditions. The third one is to 
test the performance for the dendritic and divergent channel system and 
to show the advantages of terminal weights in quantitatively evaluating 
the influence of the conditions at various boundaries on the channel’s 
interior flows. 

3.1. Test Case 1 

The applicability of the RWP method is first checked in the context of 
a looped channel network, as seen in Fig. 4 (Brunner, 2018). The split in 
the main channel (Spruce Creek) forms two streams (Bear Run and 
Middle Spruce Creek) which later join together. Spruce Creek is 
approximately 610 m long, and Bear Run is approximately 450 m long. 
The Manning’s roughness coefficient for the main channel and flood 
plain are 0.04 s m-1/3 and 0.08 s m-1/3, respectively. The reader may 
refer to the Hec-Ras application guide for more detailed geometric data. 

The looped network example in the Hec-Ras application manual 
considers a steady-state setup . To study the characteristics of the RWP 
model under unsteady conditions, with the pure water-level-hydrograph 
boundaries, the steady discharge of 8.459 m3/s at the upstream 
boundary was changed to be time-variant in Hec-Ras. The final upstream 
boundary condition used was the water-level-hydrograph calculated by 
Hec-Ras, as shown in Fig. 5. The downstream condition remains the 
same with a constant water level of 6.66 m. The initial condition of 
water level is 6.66 m throughout the whole river system. The calculation 
duration is 24 h and Δt is 60 s. The results are compared with those from 
Hec-Ras. For the reader’s convenience, the boundary cross-sections and 
types of boundary conditions involved in this study are listed in Table 1. 

3.1.1. Errors of the RWP method 
The errors were found to generally fall as the number of random 

experiments increases. The results of RWP computations are compared 
with the Hec-Ras solutions at time t = 6 h, t = 12 h, and t = 24 h in Fig. 6. 
The RMSE (root mean square error) and MAPE (mean absolute per-
centage error) are adopted to quantify the deviation of the RWP solu-
tions from the Hec-Ras solutions. The RMSE is defined as 

RMSE =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅
∑NP

j=1

(
Z(rwp)

j − Zj

)2
/NP

√

where Z(rwp)
j is the water level at the j- 

th junction node and Zj is the “true” value calculated by Hec-Ras. The 

MAPE is defined as MAPE =
∑NP

j=1

⃒
⃒
⃒

(
Z(rwp)

j − Zj

)/
Zj

⃒
⃒
⃒

/
NP, where NP is 

the total number of junction nodes. The corresponding RMSE and MAPE 
are listed in Table 2. If the number of random experiments is 5, the errors 
are relatively large. The errors decrease as the number of random ex-
periments increases. If NRS is increased to 100, the RMSE and the MAPE 
at t = 12 h decrease from 0.0105 m to 0.0029 m and from 0.13% to 
0.04%, respectively (see Table 2). The error distribution along the 
channel at fixed times (t = 6 h, for example, Fig. 6(a) below) suggests 
that NRS = 100 results in larger errors compared to NRS = 50 (RMSE 
increases from 0.0068 m to 0.007 m). This may be due to the random 
errors of the stochastic model itself. If NRS increases to a certain 
threshold value, the calculated results gradually converge, and the 
computational errors stabilize within a narrow range. The stabilized 
computational error is comparable to the magnitude (10− 3) of the 
random error. 

To study the error of the stochastic process itself, 50 calculations 
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were repeated with the same number of random simulations. The results 
are presented in Fig. 7, using Hec-Ras results as reference values. The 
median was chosen because it can better describe the central tendency of 
the errors to avoid the influence of extreme values. If the number of 
random simulations is small, there exists considerable instability in the 
results. For example, the fluctuations of flow errors at cross-section C5 
are approximately 0.03 m for NRS = 25 and fall to 9 × 10− 3 m when NRS 
= 150. It can be concluded that when the number of random simulations 
is larger, the range of fluctuations formed by the random process gets 
smaller. However, if the number of random simulations increases, the 
convergence error stabilizes. This is expected because more simulations 
eliminate the influence of random errors according to the Law of Large 
Numbers. However, increase in the number of walks beyond a certain 
level does little to improve the accuracy. Too little simulation leads to 
large random errors, and too many simulations take too much of time. 
We should, therefore, choose a moderate simulation number NRS 
depending upon the accuracy needed. 

3.1.2. Discharge and flow partition 
The RWP predicted discharges are compared with the Hec-Ras so-

lutions at t = 6 h and t = 24 h in Fig. 8. Unsurprisingly, an increase in the 
simulation number reduces the errors of the solution. When NRS = 100, 
the relative flow error is in the range of ±5% (see Fig. 8). Channel bi-
furcations cause discharge apportioning, and the prediction of flow 
partitioning at channel networks is important (Dong et al., 2020). 
Therefore, the split ratio of flow which shows the percentage of 
discharge in Middle Spruce to that in Bear Run is also computed. Fig. 9 
shows the variation in the split ratio of flow over time for different 
numbers of random simulations. Even when NRS = 5, the split ratio is 
close to the simulated values by Hec-Ras. This suggests that if we want to 
know quickly the partitioning of flow, it would suffice to choose a 
smaller number of simulations. 

3.2. Test Case 2 

Here, all settings are the same as in Case 1 except that we change the 
upstream boundary conditions to a discharge-hydrograph. The upstream 
discharge-hydrograph is the same as that in Section 3.1 (see Fig. 5). 
Following the above analysis, the solutions still did have random errors 
(see Fig. 10). 

Not surprisingly, the random error fades away as NRS grows. Hence, 
it is important to choose number of random simulations suitably under 
the prevailing boundary conditions. The error distribution in random 
walk solutions seems to be different and shows an opposite trend in Case 
2 compared with Case 1. In Case 2, the error at the cross-section near the 
upstream boundary is larger, which may have resulted as the virtual 
water level was derived from discharge, referred to in Subsection 2.4. 

3.3. Test case 3 

A hypothetical network consisting of the dendritic and divergent 
channel system is shown in Fig. 11. Fig. 11 shows a discharge with a 
constant condition that has been pre-calculated by Hec-Ras as an initial 
discharge condition. Relevant features of the channels are given in 
Table 3. The upstream (node 4–1 and node 5–1) and downstream (node 
3–6 and node 10–11) water level boundary conditions are held constant 
at 5.01 m and 5 m, respectively. The boundary condition at node 8–1 is 
firstly specified with a non-constant discharge process in Hec-Ras, as 
illustrated in Fig. 12. Same as in test Case 1, Case 3 uses the water-level- 
hydrograph (see Fig. 12), calculated by Hec-Ras, as all other boundary 
conditions. 

The water level errors can be ignored in this test case because the 
magnitude of the change in water level is minimal. For simplicity, we 
only demonstrate the results of the discharge calculation here. The 
discharges at node 7–1, node 6–1 and node 3–6 are compared to the 
simulated values of Hec-Ras as illustrated in Fig. 13 and Fig. 14 . They 

show the effects of different parameters. 
Fig. 13 presents the effect of the number of simulations and initial 

conditions on the calculation results. The initial condition of water level 
is 5 m throughout the whole channel system. Two initial conditions of 
discharge in the channel network are tested here: (1) steady condition 
(shown in Fig. 11), calculated by Hec-Ras with constant water levels of 
5.01 m and 5 m at the upstream and downstream boundaries, respec-
tively; (2) Q = 0 m3/s along all the branches. In the case of initial 
condition (1), when NRS = 5 and 50, the discharge values calculated by 
RWP match well with those calculated by Hec-Ras. Although there are 
apparent fluctuations when NRS = 5, the calculated discharge tended to 
be, to a certain extent consistent with the solution given by Hec-Ras. The 
stochastic error can be eliminated or decreased by smoothing tech-
niques. In the case of initial condition (2), the fairly large error at the 
beginning is due to the inaccurate initial conditions. Studies have 
pointed out that the three-step algorithms could be unstable when the 
initial conditions are inaccurate or the time step is not carefully chosen 
(Zhu et al., 2011 and references therein). However, if we are more 
concerned with the constant flow state of the channel network under 
hydraulic control operation, this is not a major issue. The inadequate 
initial conditions could be trivial and the solution is affected only by the 
imposed boundary conditions after the spin-up time. The effect of the 
time step is illustrated in Fig. 14. According to Fig. 14, the time step 
barely affects the accuracy and convergence. 

3.4. Boundary effects 

In Subsection 2.2, it was mentioned that the internal nodal water 
level can be expressed by linear combinations of water levels at known 
boundaries. The terminal weight dk/NRS describes the possibility of 
walkers, starting from the calculated point, to end at a certain boundary. 
This random walk process is a Markov chain and is reversible. As a 
result, the path starting from an internal node that ends at a boundary is 
equivalent to that starting from the boundary and ending at the interior 
node. In numerous experiments, the frequency of paths from a boundary 
that arrive at internal nodes reveals the extent of the boundary’s influ-
ence on the water level at those nodes. Then, the boundary effect, which 
specifies the contribution of the boundary condition to the water level at 
a junction node, can be reflected by the terminal weights. The boundary 
effect found in Case 1 and Case 3 are illustrated in Fig. 15. Case 1 and 
Case 2 have very similar results about the boundary effect, so Case 2 is 
not discussed here. 

There are only two boundaries in Case 1. Upstream condition plays a 
leading role in influencing the water level in node 1. In other words, this 
point is hardly influenced by the downstream backwater effect. In 
contrast, junction node 2 is affected by the combination of upstream and 
downstream conditions. The upstream effect first increases and then 
decreases consistently in accordance with the upstream flow rate trend. 
In Case 3, the boundary effects compete with each other. This phe-
nomenon may arise from the backwater effects, especially in the plain 
river network area. Case 3 also shows that the boundary effects barely 
vary, although the boundary condition at node 8–1 is time-variant. This 
near constant influence may result as the water level fluctuations are 
small for low discharge conditions in the plain river network area. The 
terminal weights can act as a simple and effective tool in the sensitivity 
analysis of flooding problems (Mazzoleni et al., 2018; Pappenberger 
et al., 2006; Tang et al., 2020). 

3.5. Computational time and efficiency 

Computational efficiency is one of the most critical aspects of an 
algorithm. Table 4 lists the computational times of the RWP method, 
Hec-Ras and the traditional three-step method. Owing to the random-
ness, the repetition calculation time of the RWP method is not always the 
same. The values of the RWP method listed in Table 4 are the averages of 
50 runs. The numbers in brackets indicate the times for solving the 
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equations, excluding the computational costs for equation initialization 
and problem setup. As mentioned above, the main difference between 
the RWP method and the conventional three-step method is matrix 
solving (Fig. 3). Hec-Ras uses a sparse matrix solution technique to solve 
the equations directly rather than reduce the order of the matrix 
(Brunner, 2016). To better study the efficiency of RWP, the traditional 
three-step method with the Gaussian elimination algorithm as a global 
matrix solver (Sen and Garg, 2002) is also used here for the comparison. 
All the numbers listed here exclude the time of post-processing. 

Table 4 shows that the computational cost increases as NRS increases. 
In both cases, the computational efficiency of the traditional three-step 
and RWP methods seems larger than that of Hec-Ras. As the code is not 
open-source, we can only presume that Hec-Ras adopts the approach of 
solving the system of equations directly. If NRS = 5, the computational 
cost of the RWP method is the lowest. For NRS = 50 and NRS = 100, RWP 
is less efficient than the traditional three-step method, which is based on 
the linear matrix solver. Owing to the reflectivity of the flow boundary, 
walkers may be reflected at the boundary, thereby increasing the wan-
dering time. Therefore, the computational times of the test cases with 
discharge-hydrograph boundary conditions were generally longer than 
those with water-level-hydrograph boundary conditions. However, the 
marginally higher cost of the RWP method in Table 4 does not give the 
full story of the RWP method in comparison with the traditional method. 
Due to the inherent properties of the Monte-Carlo simulation, the RWP 
method is more robust and suitable for parallel computation. A recent 
study demonstrated that the time cost can be significantly reduced by up 
to 92.6% by applying the RWP method to transient groundwater flow 
problems (Nan et al., 2020). Therefore, the RWP computation has a 
great potential for speedup. One can choose the number of random 
simulations depending on the required precision. In some specific cases, 
it is essential to know quickly the split ratio of flow and the general trend 
of changes in the flow. In that case, a small NRS will be appropriate 
because it requires a short computational time. 

The high computational efficiency is required for repeated simula-
tions during the process of optimization in water resources management 
(Tian et al., 2019; Xu et al., 2011). Although the RWP method has no 
obvious advantages in a single simulation, the total computational costs 
in case of repeated simulations are expected to be greatly reduced thanks 
to the physical meaning of the terminal weights mentioned in Sec. 3.4. 
They can be used in advance to reduce the computational burden by 
imposing constraints to the ranges of parameters, which can instantly 
disregard pumps that have little effects on the internal water levels. 
They can also be used to rank the pumping effectiveness. 

4. Conclusions 

In this study, a random walk path method was developed for un-
steady flows in open channel networks considering different boundary 
conditions. It can provide reliable results for flows in both looped and 
dendritic channel networks. This method skips the global matrix solu-
tion and quickly yields the junction water levels by adopting Monte- 
Carlo simulations. Hence, this method requires smaller computer 

storage than the traditional three-step method. 
This method’s computational efficiency depends upon the number of 

simulations and the length of the walk. The reflectivity of the discharge 
boundary leads to an increase in the walking length, thereby increasing 
the computation time as compared with the pure water-level- 
hydrograph boundary. Although larger number of random simulations 
improves the precision, doing this increases the computational time. It is 
necessary to choose this parameter NRS aptly by considering the trade- 
off between precision and computational efficiency. A small number 
of random simulations such as NRS = 5 seems to be a good choice when a 
quick rough estimate of the flow is needed. In the future, parallel al-
gorithms can be implemented to improve the speed of computation. 

Furthermore, the RWP is able to quantify the water level dependence 
among junctions. The by-product of the RWP method is the terminal 
weights which can be used to quantitatively evaluate the influence of the 
conditions at various boundaries on the channel’s interior flows. Hence, 
one can estimate the area flooded due to the backwater effects. 
Furthermore, these quantitative assessments can be useful to optimize 
the operations of hydraulic structures to reduce flood hazards. For river 
networks controlled by numerous sluice gates and pumps, the location of 
such engineering devices which play key roles can then be easily iden-
tified. Therefore, this method is able to improve the computational ef-
ficiency in the optimization phase. 

Additional studies will be carried out in future to better understand 
the properties of the terminal weights. For time-invariant weights, the 
linearized water level relationships can be pre-calculated in engineering 
applications. It will then be possible to develop a RWP framework that 
undertakes efficient recalculations of the flows subjected to different 
combinations of the boundary conditions. 

Declaration of Competing Interest 

The authors declare that they have no known competing financial 
interests or personal relationships that could have appeared to influence 
the work reported in this paper. 

Data availability 

Data will be made available on request. 

Acknowledgements 

This research was funded by National Key R&D Program of China 
(Grant No. 2022YFC3200032), the National Natural Science Foundation 
of China (Grant Nos. U2040205, U2240209, and 52079044), the 111 
Project (Grant No. B17015), and the Fok Ying Tung Education Foun-
dation (Grant No. 520013312). The authors would like to thank Pro-
fessor Bidya Sagar Pani of the Indian Institute of Technology-Bombay for 
his help in revising this work and thank Dr. Haitong Zhang for his help in 
computer programming. Thanks are also extended to Dr. Hao Cao of 
Hohai University and Professor Jiabiao Wang of Sun Yat-Sen University 
for their valuable advice.  

Appendix A. Coefficients in the discretized Saint-Venant equations 

as1 = cs1 = θ (A1)  

bs1 = − ds1 =
Δx
4Δt

(Lti + Lti+1 ) (A2)  

es1 = Qi+1 − Qi + as1Qi + bs1Zi − cs1Qi+1 − ds1Zi+1 (A3)  

as2 = θ|Qi| +
1
4g

(
D2

i +D2
i+1

)
(

1
Ai

+
1

Ai+1

)(
1

2Δt
+

2θ
Δx

Vi

)

(A4) 
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bs2 =
1
2
(
D2

i + D2
i+1

)
{

θ
Δx

+
1
2g

(
1
Ai

+
1

Ai+1

)(

−
θ

Δx
V2

i Lti

)

+

(

−
θ

2g
Lti

A2
i

)[
1

Δx
(ViQi − Vi+1Qi+1)

]}

+θDi
KR2/3

3

(

5Lt − 2R
∂P
∂z

)

i

{
Zi − Zi+1

Δx
+

1
2g

(
1
Ai

+
1

Ai+1

)[
1

Δx
(ViQi − Vi+1Qi+1)

]} (A5)  

cs2 = − θ|Qi+1| −
1
4g

(
D2

i +D2
i+1

)
(

1
Si
+

1
Si+1

)(
1

2Δt
−

2θ
Δx

Vi+1

)

(A6)  

ds2 = −
1
2
(
D2

i + D2
i+1

)
{

−
θ

Δx
+

1
2g

(
1
Ai

+
1

Ai+1

)(
θ

Δx
V2

i+1Lti+1

)

+

(

−
θ

2g
Lti+1

A2
i+1

)[
1

Δx
(ViQi − Vi+1Qi+1)

]}

− θDi+1
KR2/3

3

(

5Lt − 2R
∂P
∂z

)

i+1

{
Zi − Zi+1

Δx
+

1
2g

(
1
Ai

+
1

Ai+1

)[
1

Δx
(ViQi − Vi+1Qi+1)

]} (A7)  

es2 = −
1
2
(Qi|Qi| + Qi+1|Qi+1| ) −

1
2
(
D2

i + D2
i+1

)
{

Zi − Zi+1

Δx
+

1
2g

(
1
Ai

+
1

Ai+1

)[
1

Δx
(ViQi − Vi+1Qi+1)

]}

+as2Qi + bs2Zi − cs2Qi+1 − ds2Zi+1

(A8)  

where i and i + 1 denote the locations of the cross-section; θ is Preissmann weighting coefficient; Q is the volumetric discharge; Z is the water level; Lt is 
the river width; t is time; V is the velocity; A is the flow area of cross section; g = 9.81 m s− 2 is the gravitational acceleration; D is the conveyance 
function; P is wetted perimeter; R is hydraulic mean depth. 

Appendix B. Constraint of probability non-negativity 

Substitute coefficients in Appendix A into Eq. (3) and then Eq. (6), the transition probabilities can be written in the form as follow: 

p =

ds2θ+bs1cs2
cs2 − as2∑ ds1θ+bs1cs2

cs2 − as2
+ bs2θ− bs1as2

cs2 − as2

(B1)  

or 

p =

bs2θ− bs1as2
cs2 − as1∑ ds2θ+bs1cs2

cs2 − as1
+ bs2θ− bs1as2

cs2 − as1

(B2) 

Two assumptions are adopted here: 
(a) Given the magnitude, the friction term is ignored in cs2 − as1. We can get cs2 − as1 < 0. 
(b) Assuming Si ≈ Sj and retaining the first term of the convection term, one has 

bs2θ+ bs1cs2 ≈
θ2

2Δx

(
D2

i +D2
j

)
[
(
1 − Fr2

i

)
+

(Δx)2

θ22ghjΔt

(

−
1

2Δt
+

2θ
Δx

Vj

)]

(B3)  

ds2θ − bs1as2 ≈
θ2

2Δx

(
D2

i +D2
j

)
[
(

1 − Fr2
j

)
+

(Δx)2

θ22ghiΔt

(

−
1

2Δt
−

2θ
Δx

Vi

)]

(B4) 

Probability non-negativity holds if Eq. (B3) and Eq. (B4) are the same as positive and negative signs. Considering the constraint of low Fr, these two 
equations should be all positive. That requires (Δx)2

θ22ghΔt

(
− 1

2Δt ±
2θ
Δx V

)
≥ Fr2 − 1. 
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