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1 Introduction

Inflation stands as one of the main pillars of our current understanding of cosmology. It
solves the puzzles associated with the Hot Big Bang model and provides a mechanism to seed
the growth of structure [1-4]. These successes of the inflationary paradigm notwithstanding,
there is plenty we do not yet know about inflation. Most notably, a host of wildly different
inflationary models are compatible with current observations, CMB experiments being those
providing the most stringent constraints to date. The key questions that remain unanswered
are the energy scales involved during inflation and the field content of the inflationary
Lagrangian. In current parlance, we do not yet know at what energy the “cosmological
collider” operates nor do we have crucial information on the (self-)interactions characterising
the inflationary particle zoo.

Remarkably, an unprecedented array of cosmological probes is scheduled to become
operational in the next decade: it promises to transform the current picture of the early
universe and address some of the most pressing issues. What is perhaps most exciting is the
prospect of testing more than 20 decades in the frequency of the gravitational wave (GW)
signal in the coming years. At CMB scales we will soon be able to test the energy scale of
inflation by ever-more-stringent bounds on the tensor to scalar ratio r (o, ~ 1072 for e.g.
CMB-S3 experiments [5, 6] and o, ~ 1073 for CMB-S4 [7, 8] and LiteBIRD [9]). Large-scale
structure experiments such as Euclid and the Rubin Observatory will constrain inflationary
interactions down to o fNL1 ~ (afew), whilst 21cm cosmology promises even more down the
line [10]. Given that primordial gravitational waves are a universal prediction of inflation,
one ought to mention the possibilities afforded by pulsar timing arrays [11-21], and ground
and space-based interferometers [11, 22-24].

It is worthwhile to also widen the overall perspective and recall that, although the
structure we observe today may originate from magnified quantum fluctuations, current data
is compatible with both a classical and quantum origin of the patterns we see imprinted

'For the definition of fx1, see eq. (2.16) for example.



in our observables. Intriguingly, key insights on the quantum wvs classical origin may be
inferred from the structure of the cosmological correlation functions [25, 26]. Cosmological
correlators are also sensitive to the choice of the vacuum or initial state for inflation [27]. In
this work, we will go beyond the standard Bunch-Davies choice for the vacuum and explore
other well-motivated initial conditions, such as those known as a-vacua [27-38]. Inflation
from non-adiabatic initial states comes with specific signatures, including at the level of
gravitational wave non-Gaussianities [33, 39]. With respect to existing literature, our work
here explores the effect of a non-zero anisotropic stress tensor sourcing gravitational wave
production. Given that the inflationary energy regime can be perilously close to the Planck
scale, we will also be concerned with the trans-Planckian problem (see e.g. [40-42]) and the
fact that the standard description of inflation may break down at such energies. We shall
tackle the effect of trans-Planckian physics on GWs by adopting an open quantum system
description where tensor perturbations effectively interact with their environment. We will
model the effect of the environment by means of an anisotropic stress tensor which accounts
for the dynamics above an energy threshold A [43]. Some of us argued in [43] that such
a source is compatible with a nearly scale-invariant GW spectrum at CMB scales, in full
agreement with the latest observations [44]. In this work, we will investigate the gravitational
wave non-Gaussianity stemming from such a setup.

We will add one by one the various layers that make up our system. We start with a
simple scalar field minimally coupled to gravity and briefly review the corresponding tensor
non-Gaussianity. The next step consists of considering non-adiabatic initial states, specifically
a-vacua. Last, we consider the effect of non-zero anisotropic stress whose dynamics are
regulated by the dimensional quantity A.

This paper is structured as follows. In section 2.1, we provide a review of the dynamics
associated with the tensor modes during the inflationary period. Additionally, we present a
thorough analysis of the essential methodologies required for investigating the bispectrum.
Furthermore, we present the outcomes obtained specifically for the Bunch-Davies vacuum
selection. In section 2.2, we introduce the concept of degeneracy in the vacuum state and
highlight the key distinctions from the previous section by incorporating a cut-off energy
scale for the vacuum selection. Lastly, in section 3, we extend the scope of our findings by
incorporating a trans-Planckian source that impacts the shape of the bispectrum leaving
distinct imprints.

2 Tensor bispectrum: with and without a cut-off energy scale

2.1 Bunch-Davies vacuum

In this section, we will briefly review the results on tensor non-Gaussianity in the case of
the standard Bunch Davies vacuum. Naturally, the starting point for the tree-level power
spectrum is the quadratic action describing the behaviour of the tensor degrees of freedom of
general relativity, whilst the cubic action is necessary to arrive at the three-point function or,
equivalently, the bispectrum. Let us consider as the inflationary Lagrangian that of single-field
slow-roll, i.e. general relativity minimally coupled to a “matter” Lagrangian Lyatter:

1 1
L= £EH + Ematter =Vv—g iR + §gl“/3u¢8y¢ - V(¢) ) (21)
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Figure 1. Representation of the three configurations for the momenta (k1, ke, ks). Case (a):
Fquilateral configuration meaning that k1 & ko & k3. Case (b): Squeezed configuration, k3 < ki ~ ko.
Case (c): Folded shape, k3 = k1 + ks.

where we set Mp; to one. Expanding eq. (2.1) around the FLRW solution up to the second
order, focusing on standard tensor fluctuations, one obtains the following linearized equations
of motion:

{4+ 2Hh} + k*hy = 167G a’TIy (1) (2.2)

where the anisotropic stress term I in the r.h.s. is the source term, easily derived from eq. (2.1).
In the previous equation, we dropped the polarization index s for the sake of notation whereas
the quantity hj is referred to as the Fourier transform of the tensor perturbation h;;. Here
and in section 2.2 we shall work within the context of single-field slow-roll inflation and will
therefore neglect the subleading correction due to the II term. By virtue of using the re-scaled
field v = a(7)h in eq. (2.2), one arrives at the Mukhanov-Sasaki equation:

" 2 a”
+ K — v =0, (2.3)

in what follows we will use the relation a(7) = —H— which is exact in de Sitter as well as a
good approximation in quasi de Sitter spacetime subject to slow-roll corrections. We then

deal with the following combination of the Bessel functions:
op(1) = ApYy (k, 7) + By Jy(k, 7) (2.4)

where v &~ 3/2 for a quasi de Sitter background (up to the first slow-roll corrections).
In the following, we will employ the in-in formalism to tackle second and higher-order
correlation functions. The tree-level contribution to the tensor three-point function reads:

in (1R (F)B2 ()R (7)[0)in = —i / ar'a(z ) (Bl (b (MRS (0, B @)y, (25)

where the operator h is such that iLk = hylyx + hik&T_k. Henceforth, we will forego detailing
the specific arrangement of expectation values for conciseness, while consistently employing
the in-in formalism. The gravitational self-interactions of general relativity making up the
cubic Hamiltonian in the interaction picture are given by [32, 45-47]:

A ) = —gpr [ dra) (hahs - hish ) oudih. (26)
Pl



Following standard practice (see [38, 48, 49]), we write the power spectrum as:
(hij(k1)hra(ka)) = (2m)26) (ki + ko) Py g () (2.7)

where we defined the last term on r.h.s. as P (k) = |hk‘20'z'j,kl(k), where the o tensor
encodes all the information about the polarization tensors:

i) =Y eerl? (2.8)

and the bispectrum as:
(hiyjy (K1) gy (K2) Ruig iy (k3)) = (2)76% (ky + ko + k3) PEAi, jriaisis (2.9)

where P? is the amplitude of the standard tensor power spectrum i.e. P; = H? /(27 Mp))?
and the term A;, jrisjeisjs can be decomposed into two parts:

Aivjrisgaisjs = A X Piyjrijaisgs - (2.10)
The tensorial part of the last term is given by:

1
P juisgisjs = Oirju ki (K)0ijni (k) | kspkaiojp(ks) — Skaikaroijp(ks)| + perms.of {1,2, 3}
(2.11)
and so, overall, it depends upon the specific polarization state (s, s2,s3) we chose for the
(52)(52) o (52) — psisasa
1171 7122 713)3 :
always make use of the (+++) polarization. The term A is instead referred to as the scalar

basis, i.e. P;,jiisjoisjs€ To make contact with the literature, we will
counterpart which can be integrated out from the tensorial factor and can be computed
by means of the in-in formula we showed above. Then, taking just the single polarization
++4+, and defining Ky = k1 + ko + k3 we obtain:

Kj 3 2
i#]

From now on, once we set a given tensor polarization state (i.e. the P®1%2% function) we
will just have to compute the A factor.
From egs. (2.5), (2.6) one readily derives

in (Ol Piey (7) iy (7) iy () |0} = limn Mifl,l% [acy (7) ey (7) Py (7) /_; A7 e, (7' Y (7' P ()]
(2.13)

where, in the last formula, we have temporarily re-instated the Planck mass in order to make
an easy comparison with the literature. Implementing the Bunch-Davies condition for the

vacuum is tantamount to requiring the following behaviour deep inside the horizon,
e*ik‘T

Vks>aH —7 ﬁ

This prescription is equivalent to asking the mode functions to be in their flat (Minkowskian)

(2.14)

configuration at the beginning of their evolution. As we shall see shortly, this corresponds to



the “minimal” choice for the Bogoliubov coefficients Ay and By, (i.e. Ay = 1 and By, = 0).
The choice of the BD vacuum is further motivated by the fact it is a quantum attractor
for the system [50]. From the previous expression, one arrives at the following value for
the amplitude of tensor non-Gaussianities,

H )2 |:Zi k34234 kfkj}

App = — (MP1 8K 2 (k1kks)? ’

(2.15)
where the subscript “BD” underscores the current choice of the vacuum, in contradistinction
to the options we will explore in section 2.2. The momenta dependence of the bispectrum,
that is, the shape of non-Gaussianity, is illustrated in figure 2, which clearly shows a profile
that is very well described by the local template [51]. It is convenient at this stage to
define the non-linear parameter fyr, for the tensor three-point function. Following standard
practice [39, 52], we define it as:

Apiy
- : 2.16
S P, (k1) Py (k2) + perm. (2.16)

where the P, we used for fyr, is the dimensional definition for the power spectrum, i.e.
k3P, = P, and the numerator represents the bispectrum:

(k3 = (ko + k3) kf — (k2 — k3) *k1 + (k2 — k3) % (ko + k3))
1024k k5K3
x (kf’ +2 (kg + k3) ki +2 (kS + kgko + k?,) fey + K3 + k3 + 2kok2 + 2k§k3) L (2.17)

Ay = K}

We stress here that the definition of fyy, is not univocal as one may simply build the estimator
associated with any given definition. Depending on the shape of the bispectrum, one may
define different non-linear parameters. One typically tries to capture, with a given fnr,
definition, a finite well-defined amplitude that best signals the departure from Gaussianity.
In what follows we shall also make use of a complementary definition to the one given in
eq. (2.16), namely

fold _ Apiy
T R Ry o) TSR P A )P - (PR PR B -+ ]

The quantity f{\cfﬁd is indeed, particularly useful whenever the bispectrum profile is of the

folded type, i.e. when the maxima of the shape-function correspond to a whole line in the
(ko/ki,ks/k1) plane, see figure 1.

To provide an explicit example, in the case of Bunch-Davies vacuum, for eq. (2.16)
one immediately finds

BD _ K3 (2ky — Kt) (2ks — K1) (2kg + 2k3 — K7)
NE 16384k7k3K3 (k3 + k3§ + k3)
X (—k‘QK% — kgK% + kgKT + k%KT + k2k§ + k%kg + K%)

and a corresponding expression is found employing eq. (2.18).
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Figure 2. Plot of the shape function A eq. (2.17) multiplied by (ko/k1)(ks/k1) to match the other
results in literature [48]. The plot is normalized to unity for equilateral configuration.

fNL for standard GR + BD vacuum
Equilateral Squeezed
0.00933 x r? 0.00293 x r?

Table 1. Values of f1, obtained for the three different configurations and the BD vacuum. We
obtained these numbers by setting kiong ~ 103 kgnort for the squeezed limit.

As we can notice, the vanilla model predicts fixed values for the non-linear parameter.
The only two configurations in which the fyxr, parameter is effectively non-zero, are the
equilateral and the squeezed ones (the folded limit, for the BD initial condition, is always
null in either definition for the fxi, we take). However, as we shall see, the folded limit is
the one which is more sensitive to a variation of the initial conditions. We stress that yet

another definition of fi{"* is widely in use (see e.g. [33]):

7 Apiy — 2 2
- = re = r 2.19
Jau Pe(k1) P (ky) + perm. — Py(k1)Py(ks) + perm. Iy (2.19)

In table 1 we show the results depending upon the tensor-to-scalar ratio r.

2.2 o vacua and fixed initial time choice

Having introduced all the necessary tools in the previous section, we can now tackle general-
ized /mixed states in the early Universe. Since the inflationary dynamics take place in an
approximate de Sitter background, we have a family of different, equivalent, vacua. This is
due to the lack of time-like Killing vectors in a general dynamical background see e.g. [53].
The general solution of the Mukhanov-Sasaki equation can be written in terms of Hankel

functions evaluated for v = 3/2 as

Ay, etk < i ) By, T ( i )
h(r)= 22— (1 - — |+ =L 14+ — | = Apui + Biul, 2.20
k(7) a(t) v2k kT a(T) 2k kT Rk S (2.20)




where the two time-independent parameters Ay and B are known as Bogoliubov coeffi-
cients. These coefficients are bound to the normalization condition imposed by requiring
the conservation of the canonical relations for the ladder operators ax and a;r(, that is,
[, af] = 63(K — k). As a result, one finds:

|ARl? = |Bil* = 1. (2.21)

This relation allows for a simple parametrization in terms of hyperbolic functions, giving,
for the wavefunction h:

hi(T) = ug cosh a 4 uje™ sinh a, (2.22)

where the two parameters «, 8 can vary in the respective range: « € [0,4+00) and 8 € (—m, 7).

We note here that non-zero values for 5 would break time-reversal invariance so that
the quantum state wouldn’t be invariant under the symmetry group SO(4,1). Setting set
B = 0 is also necessary in order to smoothly reduce to the choice of a Bunch-Davies vacuum.
For a complete treatment of the properties of the vacua in quasi-de Sitter (dS) and mixed
states, see [28] as well as [37, 39, 54].

At this stage one typically converges towards specific combinations of the Bogoliubov
coefficients, see [54, 55] for some well-motivated examples. In this section, we shall take
the point of view of [56, 57] which underscores the fact that initial conditions are often
imposed for very large momenta. In this regime, one does not have complete control of
the quantum field theory description. It is then convenient to set a cutoff scale A that
limits the remit of the standard treatment. One may equivalently identify the corresponding
(conformal) time 7 defined as:

A

. (2.23)

T =

Additional related possibilities have been considered in [58]. The quantization procedure is
standard, with the caveat that the vacuum annihilation holds at a precise time in the evolution,

ax(7)|0) = 0, (2.24)

something commonly known in literature [34, 54, 56, 57| as instantaneous vacuum. One
quickly arrives [57] at the following expression for the Bogoliubov coefficients,

H
A =/1+ B} Bk:ﬁ. (2.25)

Up to slow-roll corrections, both coefficients are not explicitly dependent on the scale k.
The key quantity is the H/A ratio, with H a good proxy for the energy scale of inflation
and A signalling when quantum gravitational effects become important. The resulting
two-point function is

plt = po {1 + %sin %} : (2.26)

where the oscillating feature regulated by H/A is completely negligible for typical (i.e. large)
values of A. In eq. (2.26) we factored out the quantity P, i.e. the standard Bunch-Davies



Figure 3. Plot of the shape function A eq. (A.1) multiplied by (k2/k1)(ks/k1). The plot is normalized
to unity for equilateral configuration.

power spectrum. The upper-script “f.t.” highlights that this is the power spectrum resulting
from an initial condition picked at a fized time at the beginning of inflation. We can now move
on to explore the effects of a non-trivial initial state on gravitational wave non-Gaussianities.
We will employ the very same framework we described in section 2.1 to estimate the non-linear
parameter and the bispectrum shape function. The shape function in figure 3 peaks along
the diagonal line of the (ka/k1, k3/ki1) plane. This behaviour is characteristic of the so-called
folded shape and it has been shown to arise e.g. in the scalar sector in the case of non-BD
vacua ([35, 39, 46, 59]). This contribution is a characteristic signature of the presence of a
non-zero By, coefficient which is responsible for the particle number density ([46, 60]). When
dealing with this quantity it turns out to be convenient to introduce a suitable momentum
cut-off w and corresponding regularized momentum ki = ko + ks + w, following a procedure
that removes any unphysical divergence [46]. Our explicit computation arrives at the same
momenta behaviour obtained in [39]. One difference is that, in place of the geometrical «
parameter for the parametrization of the initial quantum state, we choose to highlight instead
the precise dependence on the energy scale A. In appendix A we report the explicit expression
for both the fyi, parameter and the Bispectrum shape function A.

Inspection of eq. (A.2) reveals the expected dependence of the non-linear parameter on
the A/H ratio. In figure 4 we plot the “running” of different configurations as a function of
this ratio with a cut-off energy limited by the Planck mass and the Hubble rate limited to
be at most 1013GeV. The non-linear parameter may acquire negative values in the squeezed
configuration. In every configuration, when A approaches the Planck mass the non-linear
parameter values approach the predictions obtained in the standard case.
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Figure 4. Evolution of the fyi, parameter as a function of the ratio A/H for the equilateral and
squeezed configurations.

3 Stochastic source

In this section, we shall model the physics that may result, for example, from the presence of
additional degrees of freedom sourcing the tensor sector. The anisotropic stress tensor in the
GW equation encodes such contributions. Negligible in the standard single-field slow-roll
scenario, these may play a leading role in a host of (pre-)inflationary realizations. One may
start from the notion that modes created at very early times have necessarily experienced a
trans-Planckian regime [40-42, 56] on which we have limited access. Following the approach
of [43] we will account for the physics stemming from a trans-Planckian regime through the
use of a stochastic source which, at the Lagrangian level, is formally an interaction between
the tensor field h;; and an effective operator II;;. The main result of the work in [43] is
that the prediction for the amplitude of the gravitational wave power spectrum from the
BD vacuum is just a particular case in a continuous spectrum of possibilities depending
on the A/H ratio. Much as in [43], our motivations are the following. The description of
primordial quantum perturbations cannot be treated as a closed quantum system, but rather
an open one. This means that the linear approximation for the perturbations is not adequate,
especially when the physical modes approach a given cut-off scale, close to a pure quantum
gravitational regime, i.e. k/a(7) &~ A. One can consider such non-linearities in manifold ways.
First, one can naturally tackle higher-order perturbation theory. An alternative approach is
to describe non-linearities by means of collective forces, i.e. adopt the mean-field treatment.
The latter one will be our approach: it consists of a parametrization of the source term II;;
as a Gaussian, stochastic, time — uncorrelated, term with possibly an explicit k& dependence.
This term ought to switch off at the time 7, when perturbations become sub-Planckian and
both GR and the linear regime can be trusted:

By + 2Hh), + k*hy = 167G Tl T < 7, (3.1)
hy 4 2Hh), + k*hy = 0 T > T (3.2)

The source term is treated as a quantum object much as are tensor fluctuations. As standard,
we introduce the ladder operators

1. (1) = T, (r)ag, + I (r)a", . (3.3)



Here too, we follow closely the same approach of [43] where the sea from which the trans-
Planckian modes emerge is realized as a Brownian environment, and the source is fully
specified by the following conditions:

(T()) = 0 (3.4)
(i (T)II(7")) = A°F (K)o (r — 7') |

where we have introduced a dimensionful normalization constant in the two-point function
for the noise. Note that, in the current context the brackets have a double role: the usual
expectation value over quantum state configurations and the statistical ensemble average
over stochastic configurations of the noise. Here we will limit the analysis to a white noise
spectrum F(k) = 1. Further analysis considering the black hole plasma model described
in [43] will be considered elsewhere.

The global solution for h is then obtained by implementing standard matching conditions:

lim hg(r) = lim hg(7) (3.6)
T—T, T—WI:’
lim A (1) = lim hi (7). (3.7)
T‘)Tk T—>Tk’,

The particular solution of the non-homogeneous eq. (3.1) is given by:
167G (T
h(r) = TZ) / dr'a(7) G (r, 7L (7"), (3.8)

where the Green’s function Gy is (see e.g. [61]):
e—ik(T+T’)

Gulr ™) =

€257 (1 — k) (=i + k7') + 47 (1 4 ik7) (i + k7)) ©(7 = ), (3.9)
which should be added to the solution of the homogenous one defined in (3.2). The latter is
defined by the initial condition we give at 7 — —oo. Such that the total solution for 7 < 7
is given by the sum of the two: h{°" = h,hcom + him. The matching of the solution across 7
enforces specific conditions on the Bogoliubov coefficients Ay, By. Interestingly, from this
point of view a non-homogeneous equation in the trans-Planckian regime is equivalent to the
selection of a non-Bunch-Davies initial state, see [43] for a thorough study of such equivalence.

As one can see in figure 6 and figure 7 the most significant non-linear parameters are
those in the squeezed and the folded limits.?

Finally, we can conclude that this class of models can support large tensor non-Gaussiani-

ties.

4 Conclusions

The standard treatment of cosmological observables from the very early universe is often
oblivious to pre-inflationary dynamics. This is not surprising given that, despite great
progress e.g. in string theory, a predictive and testable UV complete theory for gravitational

*Where the latter has been derived according to eq. (2.18).
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Figure 5. Characteristic shape of the bispectrum in the presence of a stochastic source.
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Figure 6. LogPlot of the non-linear parameter for the equilateral configuration.

interactions remains elusive. In order to try and include pre-inflationary physics in our
description, one may codify the effect of a trans-Planckian era by means of a quantum noise
component. In this work, we explored the effects on cosmological correlators due to the
presence of such a stochastic source. Specifically, we studied the amplitude and shape of
the primordial tensor three-point function.

A signal characterization beyond the power spectrum is crucial in light of the numerous
inflationary models, as well as initial conditions, that correspond to the same prediction at
the level of the two-point function. We found that both the amplitude and shape function
of primordial gravitational wave non-Gaussianities are rather sensitive to the stochastic
source as we can see from figure 5. Depending on A, the scale regulating the onset of

— 11 —
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Figure 7. LogPlot of the |fn1,| parameter for the squeezed and folded configurations.

trans-Planckian effects, a suitably defined non-linear parameter fyr, can be as large as O(100)
in the equilateral limit and O(10%) both in the squeezed and folded configurations. These
numbers are several orders of magnitude larger than the standard single-field slow-roll result
and are within reach for upcoming gravitational wave probes.

Our focus has been on the case of a white noise spectrum. It would be intriguing to
consider a scale-dependent F' function and its effect on the observables at hand. This is
particularly relevant in view of the fact that it is difficult to directly test gravitational wave non-
Gaussianity at intermediate and small scales [62]. This is due to the fact that the gravitational
wave modes take a different path through structure and, as a result, the initial primordial
correlation is highly suppressed by the time the modes reach a detector. Remarkably, this
suppression is not in place for the ultra-squeezed configuration with important consequences
also for gravitational wave anisotropies.

Further efforts towards including stochastic effects in the study of primordial gravitational
waves higher-point functions will be indispensable to unveil the dynamics underlying the
(pre-)inflationary stage. We plan to expand on the present analysis in a forthcoming work.
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A Results for a-vacua

In this appendix, we will list the two main formulas obtained at the end of section 2. Here
we display the result for the amplitude for A computed by choosing the initial condition
at a fixed initial time, eq. (2.23).

ALt = [(KTP ((KT)3 — Ak1koks — 4 (kok? + k3k? 4 k2k1 + k2k1 + kok2 + kgkg))

3
H2
X — (H—A F +4)
16 H3 kS k3 kS + 16 H2 K2 kS kS A Ll +4
23 23 A2

2
(k= (b o+ bs) B3 = (s — i) b+ (ks — Ki)? (ka + b))
x (k7 + 2 (ko + ks) ki + 2 (k3 + kako + k3) k1 + k3 + ki + 2kok3 + 2k3ks) A®

X (_“F_{_él) +H(k1+k2+k3)2

x (ki — 2 (ko + k3) k¥ + 6kokak} + (k5 — 6kski — 6k3ke + k3) ki
+ (ko + k3) k3 — 6ky (ko — k3)® ks (ko + k) k2
— 2 (kg — k3)* (k2 + kaky + k2) k1 + (ko — ka)* (k3 + 2ksk? + 2k2ky + k3) AQ]

-1
X l16384A6k‘;’k§k§’(k1 + ko — k3)? (k1 — ko + k3)*(—k1 + ko + k3)?

(A1)

Then, the following represents the relative fni, parameter calculated according to eq. (2.16):

A2

H?2 H?2
x (mmm PRI T 0 (_ i 4)

X (Kp — 2ky)* (K7 — 2ks)? (—2ko — 2ks + K1)*

x (k3 (ks + Kr) + ko (k3 — K7) + Kr (—ks K7 + k3 + K7)) (A.2)
+ H (k] — 2 (ko + k3) kS + 6koksk? + (k3 — 6ksk3 — 6k3k + K3) ki

+ (ks + ka) ' kY — 6ka (ko — ks)® ks (ko + ks) k7

— 2 (ko — k3)* (k2 + kako + k2) k1 + (ko — k3)* (k3 + 2kshk? + 2k2ky + k)

xA*K7] x

3
H2
i = [— (H—A —+4> K3 (2ky — K1) (2ko + 2ks — K7)

262144Kk3k3k3 (—ky + ko + k3)? (K 4 k3 + k3) A® (K — 2ko) 2 (K7 — 2k3)
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