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Abstract
We prove a quantitative version of the Gaussian Faber—Krahn type inequality proved in
(Betta et al. in Z. Angew. Math. Phys. 58:37-52, 2007) for the first Dirichlet eigenvalue of
the Ornstein—Uhlenbeck operator, estimating the deficit in terms of the Gaussian Fraenkel
asymmetry. As expected, the multiplicative constant only depends on the prescribed Gaussian
measure.
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1 Introduction

In the plethora of inequalities studied in shape optimization the Faber—Krahn type ones are
classical issues: given a measure v and a second order elliptic operator L in divergence form
in L2(RY; v), among all v-measurable sets Q with fixed finite measure, there exists, up to
some group of transformations, a unique set 2op that minimizes the first Dirichlet eigenvalue
Az (R2) of a given domain €2. Namely,

Dp(2) :=Ap(2) = AL (Qop) = 0, v(2) = v(Lopt). (1.1)

Once the optimal set has been identified, one can try to prove the stability of inequality
(1.1) by quantifying how far a set is from being optimal for A, in terms of some geometric
asymmetry index d(€2). More precisely, a quantitative enhancement of (1.1) is

Dp(©) = CG(d(Q), (1.2)

where C > 0 is a constant and G : [0, +00) — [0, +00) is some modulus of continuity.
The classical works by Faber [22] and Krahn [28] prove that if v = LN, L = —A and

1/N
2 is bounded then Qg = Bg for R = %1(\19) . The study of the stability of the

Faber—Krahn inequality for the first eigenvalue of the Dirichlet Laplacian started with the

pioneering works [26, 29]. The case in which the asymmetry index d(2) is the Fraenkel

N
asymmetry A(2) := inf gn %@’;(X»

case N = 2 and [25, Theorem 1.1] in the general case, with G(r) = r3and G(r) = r,
respectively. Nevertheless, it had already been conjectured independently in [7] and [30]
that the inequality should be true with G(r) = r2, which is the expected sharpest power
in inequalities like (1.2) when d(2) = A(L2). Actually, the stability of the Faber—Krahn
inequality with G(r) = 2 has been proved in [12] using the techniques developed in [1, 18].
The sharpness of the quadratic power for the Faber—Krahn inequality when d(2) = A(Q) is
a known fact, see for instance [11, 12, 23]. When v is the Gaussian measure y and L is the
Ornstein—Uhlenbeck operator —A,, it is proved in [5] that (1.1) holds true with

is a consequence of [6, Theorem 2.1] in the

Qopt=Hw7r=[x€RN s.t. x'a)<r},

for some w € S¥ ! and for r € R uniquely determined such that y (H,, ) = y(£2). A key
tool used to prove optimality of halfspaces in the Gaussian setting is the notion of Ehrhard
symmetrization introduced in [19]. We notice that qualitative spectral inequalities in the
Gaussian framework in which the optimal shape is the halfspace are also proved in [15,
16] under other boundary conditions. We finally point out that a wide class of quantitative
weighted isoperimetric inequalities has been treated in [24], in which the authors consider a
class of log-convex weights that does not include the Gaussian one.

The goal of this paper is to prove the quantitative inequality (1.2) with L = —A,, G(r) =
r3 and choosing as d(£2) the Gaussian Fraenkel asymmetry. Nevertheless we conjecture that
also in the Gaussian setting the power 3 of the Fraenkel asymmetry can be replaced with the
sharpest power 2 as for the Gaussian perimeter (see [4]).

From now on, to simplify the notation we set A, = A_ A, and D, = D_ A,

In order to state the Main Theorem, we introduce the Gaussian Fraenkel asymmetry of an
open set €2, defined as
y(QAH, )

Q) =
A, () wenégl_l ()

)

@ Springer



Stability of the Gaussian Faber—Krahn inequality 2187

where the halfspaces
H,, = {x eRY st x-w< r}

have the same Gaussian measure of as 2.

Main Theorem. Let N > 1 and m € (0, 1). For any open set Q2 with y (2) = m we have
Dy () = 1y (Q) — hy (H) = C Ay (2, (13)

where H is any halfspace with y (H) = y (2) and C, is a positive constant which depends
only on m.

Inequalities of isoperimetric type in the Gaussian setting have been proved in [8, 14, 20,
32], in [3] in the nonsmooth context of RCD(K, co) spaces that generalize the Gauss space
as metric measure spaces, and in [31] for a fractional perimeter in the infinite-dimensional
setting of abstract Wiener spaces, while the stability has been faced in [4, 17, 27] and in [13]
also in the fractional setting. See Sect. 2 for all the missing definitions.

The paper is organized as follows: in Sect. 2, after introducing some notation, we recall
some properties of eigenvalues and eigenfunction of the Dirichlet-Ornstein Uhlenbeck oper-
ator (Sect. 2.1) and we prove that the Gaussian Faber—Krahn profile enjoys some useful
regularity properties (Sect. 2.2). In Sect.3 we delve into the proof of our Main Theorem.

We follow the strategy introduced by Hansen and Nadirashvili in [26]. We exploit a
quantitative version of the P6lya—Szegd inequality in the Gaussian framework joint with the
sharp quantitative isoperimetric inequality proved in [4] to control the propagation of the
asymmetry of the level sets (see Proposition 3.1).

We notice that the techniques in the proof of our Main Theorem seem to be flexible enough
to be used in the fractional context through an extension procedure a la Caffarelli-Silvestre
as in [10, 13]. We also point out that in [12] the stability for the scale invariant functional

F(R) = Q17N r_a()

has been proved. Since the function ¢ > =2/ is exactly the Faber—Krahn profile for the

first eigenvalue of the Dirichlet Laplacian, in the same vein we can state our stability result
for the functional

Ay (2
F (Q) = ﬂ
g(y(€)
even though in the Gaussian framework the scale invariance of F,, does not hold. Here, setting
1 r 2 "
o) = — e 2 dt, reklR,
V2 J-

we define g(m) := Ay (H,, ¢-1(y)), see Sect. 2.

2 Notation and preliminary results

For N € N we denote by yx and H)}y_] the Gaussian measure on RV and the (N — 1)-
Hausdorff Gaussian measure

o — N

YN = (271)N/26 LN,
N—-1._ 1 N1
H = s TR
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2188 A. Carbotti et al.

where £V and HV~! are the Lebesgue measure and the Euclidean (N — 1)-dimensional
Hausdorff measure, respectively. When k € {1, ..., N} is a given integer, we denote by yx
the standard k-dimensional Gaussian measure in R¥; when there is no ambiguity we simply
write y instead of yy.

The Gaussian perimeter of a measurable set E in an open set €2 is defined as

Py (E; Q)Z\/ﬂsup{/ divg —¢-x) dy(x) 1 ¢ € CX(QRY), gl < 1}-
E

If @ = RV, we denote the Gaussian perimeter of E in the whole R simply by P, (E).
Moreover, if E has finite Gaussian perimeter, then E has locally finite Euclidean perimeter
and it holds )

|»|

- HN l(x)
(2 ]'[)7 d*E

Py(E) =H) "' (9*E) =

where 0* E is the reduced boundary of E. We refer to [2] for the properties of sets with finite
perimeter.
We introduce the strictly increasing function ® : R — (0, 1) by

.
D(r) = / dy (1),
—00
and its inverse @1 : (0, 1) — R. Defining, for w € S¥N-landr € R, H, , the halfspace

H, ;= {xeRN S.t. x-w<r},

we have
V(Hw,r) =o(r)

and s
P}/(Hw,r) =e " /2-

Moreover, the Gaussian perimeter of any halfspace with Gaussian volume m € (0, 1) is given
by

o~ lm)?

I(m):=e 2 , (2.1)

where I : (0, 1) — (0, 1) isusually called isoperimetric function. The Gaussian isoperimetric
inequality reads
Py (E) = I(y(E)), 2.2)

and halfspaces are the unique (see [14]) volume constrained minimizers of the Gaussian
perimeter. A sharp stability result for (2.2) has been obtained in [4] and it reads

2

r

2

P,(E) —I(y(E)) = P,(E) —e” T > Ay (E)?, (2.3)

~ 4c (1 +r?)
for any set E such that y (E) = m = ®(r) and for some absolute constant ¢ > 0.

Following [19], we introduce a suitable notion of symmetrization in the Gauss space.
First, for any J C R we set

* = (=00, 7 (1 (). (2.4)

@ Springer



Stability of the Gaussian Faber—Krahn inequality 2189

Then, for & € RY with |h| = 1, we consider the projection x’ = x — (x - h)h and write
x = x’ +th with t € R, and for every measurable function u : RY — R we define the
symmetrized function in the sense of Ehrhard

i (x + th) = sup{c eR: teful,) > c}*}. (2.5)

The Gaussian rearrangement of a set is a set with the same measure whose sections in the
direction & are halflines, and the superlevel sets of the rearrangement u* of a function u with
respect to a direction / have the same shape. Notice that if u is (weakly) differentiable, u} is
(weakly) differentiable as well and the inequality

/ |Vu;(x)|2dy(x)5/ [Vu()| dy (x)
RN RN

holds, see [20, Theorem 3.1] for the Lipschitz case; the Sobolev case easily follows by
approximation. Since symmetrization preserves the class of characteristic functions, for every
measurable set 2 C R" we may define the Ehrhard-symmetrized set Qj through the equality

xer = (X@)p-

We define the Gaussian Fraenkel asymmetry and the Gaussian Faber—Krahn deficit of a set

Q as
y(QAH, )

Ay (Q) = wené%vn_l )

)

and
D, (€)= Ay (2) — Ay (Hp,r),

where A stands for the symmetric difference, A, (£2) is the first Dirichlet eigenvalue of
the Ornstein—Uhlenbeck operator with respect to the domain €2, see Sect. 2.1, and r =
&~ !(y()). These definitions are motivated by the fact that halfspaces are the optimal sets
for the Gaussian Faber—Krahn problem as well, see [5]. In particular, we can rephrase the
statement of [5, Theorem 3.1] without assuming the volume constraint by stating that for any
measurable set it holds that

My Q@) Ay (Hoy)
gy () ~ gy (Hy,r))

where the function g : [0, 1) — [0, +00) defined by

1, 2.6)

g(m) = )‘V (Hw,dfl(m))

is nonnegative and strictly decreasing, see [20]. In particular for any measurable set 2 we
have that 1, (2) > g(y(2)) and the equality holds if and only if & = H,, , for some
w € S¥~! and r such that ¥ (Hy.r) = y(2). From now on we refer to the function g as the
Gaussian Faber—Krahn profile.
We recall that in the Gaussian case the Ornstein—Uhlenbeck operator A, defined for u
sufficiently smooth as
(Ayu)(x) = (Au)(x) — x - Vu(x),

plays in the Gaussian setting the same role as the Laplacian in the Euclidean one.

@ Springer



2190 A. Carbotti et al.

2.1 Properties of eigenvalues and eigenfunctions of —A,,

In the sequel we denote H'($2, y) the subspace of the functions u € L>(R", y) such that
IVull 2,y is finite, and we denote by HOl (2, y) the completion of C2°(£2) with respect
to this norm (notice that ||V - 2.y is actually a norm in C2°(£2)).

The first Dirichlet eigenvalue of the Ornstein—Uhlenbeck (or, briefly, the first Gaussian
Dirichlet eigenvalue) is the smallest real number X such that

:—Ayuzku in Q @7

u=0 on 9Q

admits a nontrivial solution in HO1 (€2, y). From now on we denote such eigenvalue by A, (£2),
and we call any nontrivial solution of (2.7) a first eigenfunction of 2.

We notice that (2.7) has a variational formulation. Indeed, any weak solution of (2.7)
verifies

/ Vu-Vedy = A/ up dy, (2.8)
Q Q

for any ¢ € HO1 (2,9).
Therefore, it is not difficult to see that A, (€2) admits the following characterization

/|Vu| dy
Ay () = nllin min /qul dy, 2.9
ueH} (Q,y) /u dy ueHO(Q y)
Q lull 2. ,)=

and the minimum is achieved on any eigenfunction ug,.
Moreover, by standard spectral theory the eigenvalues of —A, form an increasing
sequence
0<)¥y,l ::)\y S)\y,ZS"' Sky,ks)\}/,]H»l e,

with A,y — 400 as k — 400, and for any k € N, A, has the following variational
characterization

/ Vul? dy
Ay k() = min 2 = min /|W|2dy
uelPk MZ d)/ uelPk Q
o lull 2., =1

where
P* = {ue Hy(Q,y) st (uug;)=0 Vj=1,... k-1},

and the minimum is attained in 4 = uq x where we have set ug 1 = ugq.
The next Lemma is very classical and provides some useful properties of the first Dirichlet
eigenvalue and eigenfunction of —A,,.

Lemma 2.1 Let Q@ C RY be an open connected set with y () < 1. Then, we have that

(1) any first eigenfunction uq is analytic and it does not change sign in Q;
(2) the first eigenvalue M., (2) is simple.

Remark 2.2 By the analyticity of ug it follows that the function ¢t +— y ({ugq > t}) is abso-
lutely continuous and 0* {uq > 1} = 9 {uq >t} = {uq = 1}.
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Stability of the Gaussian Faber—Krahn inequality 2191

2.2 Local bilipschitz continuity of the Faber-Krahn profile

We now prove a regularity result for g that is crucial in the proof of our Main Theorem. To do
this we quote the following technical result from [9], see Theorem 1.13 and Corollary 1.15.

Theorem2.3 Let V : R — R be convex, let Coy, Ci two nonempty intervals and C; =
tC1 4+ (1 — 1)Co, t € [0, 1]. If X(7) is the first Dirichlet eigenvalue of the Schrodinger
operator Hy = —D?* + V on Cy, namely

Hyw = A(t)w in C;
w=0 in C,,

then M is a convex function with respect to T € [0, 1].

We are now ready to prove the following

Proposition 2.4 The Gaussian Faber—Krahn profile g is invertible and locally bilipschitz
continuous.

Proof We start by proving that g is locally Lipschitz continuous. Let r € R, let H, = {x €
RV : xy < r}and let u, be the solution of

—Aw+x-Vw = A, (H)w in H,
w=0 ondH,,

with ||u, lz2eh, ) = 1 i.e., u, is a normalized first eigenfunction relative to H,. Since u,
only depends on xpy, we are reduced to the one dimensional case and we may consider
Uy : (—oo, r] — [0, +00) as the solution of

—w”(xy) + xyw'(xy) = A, (H)w(xy) in (—o0,r)
w(r) =0,

with ||l/tr ”LQ((foo,r),yl) = 1 so that

Ay(Hr)=/ |l (xp) 1Pdy1 (x).

For any h > 0 we set
Nk n2
Vrp(Xn) = ur(xy +h)e” 2 em T

It is easily seen that ||v,7h ||L2 = 1forany & > 0 and

((=o0,r—=h),y1)
_syho w2 h
v (o) =1 Cew e 2 e E = S ().

Using the decreasing monotonicity of A,, with respect to the set inclusion and the variational
characterization of A, (H,_j) we get
/ 2
)")/(Hr) S)Ly (Hr,h) S || vl’,h ”Lz((foo,rfh),yl)
r—h

2
=e 7 / Juy (e + B)Pe N dy; (xw)
-0
W2 [frh xyh h?
—he— T / u.(xy +hye” "2 v p(xp)dyr(xn) + 7
—00
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2192 A. Carbotti et al.

r—h
= f |l (xn + 1) Py1 ey + B)dxy

—0o0

r—h h2
- h/ uy(xy + hu,.(xy + h)y(xn + h)dxy + Y

—0o0

r 1/2 r 12 g2
<iy(H;)+h (/ u?(xy)dy; (XN)) </ |l (xn)[2dyy (XN)> +7

h2
=hy (Hy) +hyfy (Hy) + .

Therefore for any 2 > 0 we have

Ay (Hy—p) — Ay (Hy) h
0= T < g (H) g

Since the function A(r) := A, (H,) is strictly monotone then A is a.e. differentiable in the
whole of R and

A" (r)] < m fora.e.r € R.

By using optimality of the halfspace for A, we have that

A(r) =Ly (Hy) = g(y (Hy)) = g(®(r))

therefore g = A o ®~! and it is locally Lipschitz continuous being the composition of two
locally Lipschitz continuous functions.

Now, to prove that also g~ is locally Lipschitz, we make use of Theorem 2.3. If we set

02

e 4

v-(0) := Wu,(g), o <r,wehave vl 200 ) = ||“r||L2((—oo.r),y1) = 1. Moreover v,
solves
2
—w’(xy) + (TN - %) wlxy) = A(Pw(xy) in (—o0,r)
w(r) = 0.

Therefore, the first Dirichlet eigenvalue of —A,, coincides with the first eigenvalue of the one

dimensional Schrodinger operator Hy , where V (p) := %2—% isaconvex functionin R. Since
for any r € R there exist two nonempty convex sets Cg, Cy such that H, = tC|+ (1 — 7)Co,
for some 7 € [0, 1] (choose, for instance, Co = H|,} and C; = H|;|41) using Theorem
2.3 we have that A(r) = A(z(r)) is a convex function of r € R with t = t(r) given by

w(r)y=r—|r].

Since A = g o ®, we have that g’1 = ®o A~ Now @ is smooth, and A~! is monotone
decreasing and convex since A is, and so A~! is locally Lipschitz. Therefore g~ is locally
Lipschitz since it is composition of two locally Lipschitz functions. O

3 Proof of the Main Theorem

Our strategy to prove the Main Theorem follows the ideas in [4, 26]: we first estimate D), (£2)
from below with a quantity involving the asymmetry of the superlevel sets of u g and then, in a
suitable range of values for the function u g, we show that the asymmetry of the superlevel sets
is estimated from below by A, (€2). From now on, ug denotes the normalized nonnegative
first eigenfunction for A, (£2).
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Stability of the Gaussian Faber—Krahn inequality 2193

The following proposition provides an enhanced version of an inequality proved in [5,
Theorem 3.1]. In the spirit of [10], given a set €2, we exploit the sharp Gaussian quantita-
tive isoperimetric inequality proved in [4] in order to estimate quantitatively the Gaussian
perimeter of the level sets of ug.

Proposition 3.1 Let @ C RN be an open set. Fort > 0, we set
Qi={x € Qrugx) >1}, n@):=yE ), (3.1

and, for any m € (0, 1)

q,—l(m)Z

T = o Ty

Then the function  is absolutely continuous and for every halfspace H s.t. y (H) = y (Q2)

we have
I(u(t ))
W (1)

D) = 1y (@)~ 1y (H) = - / Fuan @ D 5

where c is the absolute constant in [4, Main Theorem].

Proof By the coarea formula and thanks to the regularity of ug we have that w is absolutely
continuous and also that

o0
Ay(sz)=/ |Vug|*dy =/ dz/ [Vug|dH) ™!
Q 0 {MQ:),‘}

/OO Py (Qt)2 dr (33)
0 f and—t
fue=t} [Vug]

where we have used Holder’s inequality with exponents (2, 2) to get

dHy !
P, ()% < (/ |Vug|dHN_l> / v . (3.4)
v a*Q, 4 o, |1Vug]

We notice that the last integral in the right-hand side of (3.4) is finite since |Vug| > «; > 0
on the level set 9%, for almost every ¢t € (0, ||uqlloo). Now, we consider the Ehrhard-
symmetrized of the set €2,

>

QF = {x eRY: uh(x) > t}
and, from the trivial inequality
(Py () — Py(2)))* = 0,
we easily obtain
P, ()% = Py (252 + 2P, () (P, () — Py (). (3.5
By using the sharp quantitative Gaussian isoperimetric inequality (2.3) we get
)t

Py () — Py(2) > mAy( 0%, (3.6)
where r; is such that y (©2;) = ®(r;) and for some absolute constant ¢ > 0. Inserting (3.6)
in (3.5) we get

P, () > Py () + f(“(t))

Py (@) Ay (0. (3.7
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2194 A. Carbotti et al.

From the equalities

dHY 1 (x)
u@® =y = / ds fQ* ,

|VuQ|
we deduce
dr) ! dr) !
W) = —/ < —/ , (3.8)
s |Vug| s, |Vugl
where the inequality in (3.8) is proved in [ 14, Lemma 4.3]. Inserting (3.8) and (3.7) into (3.3)
yields
P, (2))? Py () A, (2)*
A (Q)z/ ki AC 2 +—/ J(T1()) P Al Kl ity P (3.9)
4 0o~ ()

Using Holder’s inequality with exponents (2,2) as in (3.4) and taking into account that the
functions |Vu§‘2|1/2 and |Vu2*2|_1/2 are constant on the level plane 92 we obtain

© po(QF 2 0 po(QF 2 00
/ L,’)dz:/ L’Ldr:/ / \VugldH) =" ) de. (3.10)
o —u(@ 0 o dHy 0 I

[Vug|

By applying the coarea formula we get

o
/0 (/ |w"§2|dH1VV‘> dt:/ |Vuh>dy. (3.11)
ok Q

By plugging (3.10) and (3.11) into (3.9) we finally obtain

L Py (2) A, (Q
)W(Q)=/Q|Vus2|2dy 2/ IVu*Q|2dy+f/ ﬂu(ﬂ)w dar

w (1)
b Py (Q) Ay (Q)*
>iy(H) + 2c/(; S ())—M o de,
hence, recalling that y (H) = y(2) and P, (22}) = I1(y($2])), we get the thesis. ]

The next lemma, proved in [13, Lemma 4.2] (see also [11, Lemma 2.8] for a more general
case), roughly says that if we know how asymmetric a set is and we consider another set
which is not too different (in the measure sense) from the first one, then the asymmetry of
the second set can be controlled from below by the asymmetry of the first one.

Lemma3.2 Let E, F C RYN be two measurable sets such that

y(FAE)
LI < ey (), (3.12)
Jor some 0 < k < 1/2. Then
A = =2 ),
1, if y(E\F)=0,

where ¢, =
142k, if y(E\F)>0.

Now our goal is to prove that

Dy () = A, (Q) — A, (H) = CA,(Q)*, (3.13)
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Stability of the Gaussian Faber—Krahn inequality 2195

where H is a halfspace such that y (H) = y(£2). We also observe that if ,, () > 24, (H),
then by using that A, (Q2) < 2

A, (2)3
Ay (Q) — Ay (H) = Ay (H) > 1y (H) V; .

Therefore, we are reduced to considering the case
Ay () < 2Ay, (H). (3.14)
We are now ready to prove our quantitative Faber—Krahn inequality.

Proof of the Main Theorem Let us set
1
T :=sup {t >0:y(Q)=>v(Q) <1 — ZAV(Q))} ,
which depends on the open set €2, and

T()' ﬂ

= 47(1+ﬂ)«4y(9))/(9),

for some B > 0 that we choose in the sequel. Notice that Ty < % We suppose that T < Ty
and we recall that Q7 = {ug > T}. Obviously, Q27 is open since ug is continuous in €2, and
it is not empty. Indeed, from

(e —T)y zug—T,

[Jull L2Q,y) = 1 and the Minkowski inequality, we deduce that Q27 has positive measure

lua = T)+lir2@r.y) = e = D+li2q,y) = lulliz@,) —TVyE@) =1-T > 0.
(3.15)
As (uq — T)4 is a competitor in the variational characterization (2.9) of A, (27), we have

2
”V(MQ - T)+ ||L2(QT»)’)

Ay (Qr) < . (3.16)
’ lwe = 1)+ l32,
From
2 2 _
||V(MQ - T)+||L2(QT7V) =< ”qu”LZ(Q,y) - )\y(Q)s (317)
we infer
Ay () > 1) (22 T).|? > Q) —rH) T). |
P @ 23 @D I = Dilag, ) = 8 /@) S 2 e = Tl )

(3.18)
where in the first inequality we have used both (3.16) and (3.17), and in the second one we
have exploited (2.6).

By the definition of 7' and the continuity of the application [0, T] 5 ¢t +— y(2;) €
0, y(2)] we get y(Q7) = y() (1 - $4,(R) where y(Qr) € (1y(Q). y()] since
A, (2) < 2. By using that g is monotone decreasing and Proposition 2.4 and denoting by
Ly o) the biggest constant L such that g(a) — g(b) > L(b — a) for a < b in the interval
(37(Q), y(Q)] we obtain

gy (Qr)) = gy () + Ly (¥ () — y(Rr))

7 (S2) (3.19)
=gy () + Ly(g)TAy(sz).
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2196 A. Carbotti et al.

Inserting (3.19) in (3.18) we have

Ay (H) 7 (2)
@z T <g(y<sz>) + LMQ)TAy(QQ lg = 1)1 132, -
Once we notice that
s () _
g(y(H))
and set
Ly@y () =B >0,
4g(y(H))

putting together the previous estimates we obtain
Ay (Q) = 2y (H)(1+ BA, () llg = T4 132, ) -
Using (3.15) and y (2) < 1, we get

B
lue = T)+ 2, ) 2 1= T)° 21 =2T0 2 1 = 552 Ay (D),
and so p
by (R) = by (H)(1+ BA () ( A >)

but since A, (R2) < 2 it is straightforward to see that

(I+BA, () <1 — LAﬂQ)) > 1+ LAV(Q),

2(1+p) 2(1+8)
and this yields
Ay (Q) — Ay (H) > 2(1’3 ﬁ)xy(H)Ay(sz) > S(%ﬁ)xy(flmy(g)?

Now we suppose that T > Ty. From Proposition 3.1 and Lemma 3.2 (applied, for any
tel0, T],with F =Q,E =Q,andkx = %)weget

2 1 (1))
— /()
2I(M(t))dt
W ()
I(p(t ))
’(t)

dr

1 o
Ay () = Ay (H) = 7 / S () Ay (€2;)
¢ Jo

1 T
> */ S () Ay (2))

=y *Ay(Q)/ S @) —

2 22

_A@7 e / 1)
8¢ 1472 )y —p/@)

- A (2% 1 /T dr

= 8 141 )y —p(@)’

e
2 r ’
I(u()) = e /2, wherer = @~ (y(Q)), since u(r) € (37(Q). y ()] foreveryt € [0, T].
This in turn implies that

and

where in the last two inequalities we respectively used the facts that f(u(z)) >

A, ()2 (T dr

A+ Jo =10 20

Ay (€2) =2 (H)_8
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We estimate the integral in the right-hand side of (3.20) through Jensen’s inequality

-1

T ar T 477
/ = T? ( f —u’(z)dr) =T (@ -y @) =
0o —w@ ~ 0 a Y ()Ay ()
(3.21)
where in the last equality we used the definition of 7. Summarizing, if we put (3.21) in (3.20)

we get

2 2
oy (H) = A, (Q) AT
8c(1+r2) Y (A, (Q)
_ A
T 2c(1+ 1)y ()

Ay (82) —

)

and recalling that

C
72 > (y)* = l—gAym)zy(Q)%

we conclude that

~ y(@)Cs 4
My () =y (H) = 55055 A0 (), (3.22)

8 2
where Cg := (W) . O
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