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Abstract We illustrate the performances of a brand
new hysteretic model, recently proposed and denomi-
nated VRM+D, to characterize the nonlinear response
of mechanical systems endowed with quite complex
hysteretic behaviors. To this end, we combine the
VRM+D with a continuation procedure based on
Poincarémaps developed byLacarbonara et al. in 1999.
In this way, the steady-state response, as well as sta-
bility and bifurcation, of a large class of mechani-
cal systems can be analyzed. In particular, we show
the effectiveness of the VRM+D, in conjunction with
the Poincaré map-based continuation procedure, in
accurately predicting periodic solutions of the above-
mentioned systems independently of the form of the
hysteresis loop shapes. Furthermore, we draw some
general considerations on the potential applications of
the proposed approach in different fields of engineer-
ing to get an improved understanding of the dynamics
of hysteretic mechanical systems subjected to cyclic
loading.
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1 Introduction

The analytical modeling and prediction of the response
of hysteretic systems is an area of growing interest in
physics, engineering, and material science since hys-
teresis is an almost ubiquitous nonlinear phenomenon.

For instance, electrical systems often exhibit non-
linear hysteretic behavior, a peculiar feature common
to magnetic ones as well [1]. Analogously, the cardio-
vascular system, along with other biological systems,
also exhibits a nonlinear response, having a hysteretic
nature, to changes in blood pressure [2]. Mechanical
systems such as engines and machines may exhibit
nonlinear hysteretic behavior as a result of the non-
linear behavior of the materials used in their con-
struction [3–5]. Finally, civil engineering structures
exhibit nonlinear hysteretic behavior when exposed to
large-amplitude vibrations due, e.g., to wind loads or
earthquakes. Moreover, hysteresis is often deliberately
incorporated into the system to influence its behavior
in a controlled manner [6–8].

The occurrence of hysteresis in such a wide range
of materials and systems used in different fields under-
scores the importance of understanding the influence
of hysteresis in the design and analysis of structures
subjected to cyclic loading. An accurate modeling of
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hysteresis is crucial for researchers and designers to
better grasp and predict the behavior of systems under
different conditions, which can significantly impact the
design and optimization of different devices and pro-
cesses.

Over the years, many mathematical models have
been developed to accurately reproduce experimentally
measured hysteretic behaviors. Focusing on mechan-
ical hysteresis only, some of the well-known phe-
nomenological models include themodels byBouc and
Wen [9,10], by Baber and Noori [11,12], by Preisach
[13], by Vaiana et al [14,15] and by Graesser and Coz-
zarelli [16]. However, one of the main limitations of
these models is their inability to capture different types
of hysteretic behavior in a unified manner. In fact, each
model is most effective at modeling systems with spe-
cific hysteretic behavior and may not be accurate for
other complex loop shapes. Additionally, the parame-
ters of such models do not always have a clear mechan-
ical interpretation, making it challenging to determine
their values only on the basis of physical experiments.
Consequently, it is often necessary to use a combina-
tion of experimental testing and numerical optimiza-
tion techniques to accurately estimate the parameters
of the adopted model. This makes it difficult to apply
these models to real-world systems without significant
computational resources and experimental data.

To overcome these difficulties, Vaiana and Rosati
[17] introduced a new approach for modeling rate-
independent hysteretic behavior inmechanical systems
and materials. Upon classifying complex hysteresis
loops, ranging from asymmetric to flag-shaped, they
proposed a novel rate-independent hysteretic model,
denominated VRM, having an exponential nature and
allowing for closed-form expressions in the evalua-
tion of the output variable. In particular, the VRM
enables uncoupledmodeling of the loading and unload-
ing phases and allows for a straightforward identifica-
tion procedure due to the clear interpretation of the
involved parameters. More recently, Vaiana and Rosati
[18] improved their original model by formulating the
VRM+A and proposed in addition a differential formu-
lation, namely VRM+D, in order to allow for its use in
the field of nonlinear dynamics. To sum up, both the
original and the improvedmodels formulated byVaiana
andRosati address the difficulties associatedwithmod-
eling hysteretic behavior quite efficiently and offer a
practical solution for analyzing hysteretic mechanical
systems subjected to time-periodic inputs.

Hence, it is natural to evaluate the adequacy of the
VRM+D in addressing the search for periodic solu-
tions of hysteretic mechanical systems and evaluating
their stability and bifurcation. In the literature, both
analytical and numerical techniques have been used to
study this phenomenon; to the first class belongs the
method of slowly varying parameters [19] and the har-
monic balancemethod [20,21]. They have been used to
obtain the steady-state dynamics of Single-Degree-of-
Freedom (SDoF) hysteretic mechanical systems sub-
jected to time-periodic forcing input. Interestingly, it
has been found that the response of these systems can
be multivalued and include jumps, which contradicts
a widely-held belief in the early sixties according to
which all hysteretic systems should have stable and
single-valued frequency-response curves [22,23].

On the other hand, when dealing with strong non-
linearities, such as those found in hysteretic mechan-
ical systems, and in situations where global dynamic
behaviors are involved, numerical techniques are often
necessary. Someof these techniques include frequency-
domain, time-domain, and frequency/time-domainmeth-
ods. A well-established and powerful numerical strat-
egy to findperiodic solutions and determine their stabil-
ity and bifurcations is the Poincaré map-based method
developed in [24], often used in conjunction with Flo-
quet theory. Specifically, this method was applied to
investigate the response and stability of elastoplastic
oscillators. Additionally, in a later work by Lacar-
bonara and Vestroni [25], the responses and stability
of SDoF hysteretic mechanical systems endowed with
Bouc–Wen and Masing hysteretic models were exam-
ined using the Poincaré map-based method in the time
domain.

In this paper, we show how the unifying modeling
features of the VRM+D [18] are carried over to an
accurate prediction of periodic solutions for mechan-
ical systems characterized by hysteretic response of
complex shape. The result is obtained by combining the
VRM+Dwith Lacarbonara’s continuation method [24]
and systematically constructing a series of frequency-
response curves. By means of such curves, the steady-
state response, stability, and bifurcation of the sys-
tems are illustrated and discussed for each shape of
the assumed hysteretic behavior.

The paper is structured as follows: In Sect. 2, we
describe the Poincaré map-based continuation method
used to solve the fixed-point equation by the pseudo-
arclength continuation method in order to find peri-
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odic solutions, determine stability and bifurcation in
the state-space. In Sect. 3, we present the equations of
motion in both the dimensional and non-dimensional
systems, by developing the non-dimensional VRM+D.
Finally, Sect. 4 outlines the numerical tests performed
to analyze the frequency-response curves, stability,
and bifurcations of four hysteretic mechanical systems
with complex hysteresis loop shapes simulated using
the non-dimensional VRM+D, as well as the methods
employed for these tests.

2 Brief review of the Poincaré map-based
continuation method

This section presents a brief overview of the Poincaré
map-based continuation procedure, in the form orig-
inally introduced in [24], to facilitate the efficient
numerical calculation of periodic solutions for hys-
teretic dynamical systems subjected to a time-periodic
input. This method also enables the determination of
stability and bifurcations through the use of Floquet’s
theory.

Our objective is to provide a comprehensive frame-
work that facilitates a clearer discussion of novel
aspects, with particular emphasis on implementation
details able to ensure the reproducibility of the proce-
dure.

2.1 State-space formulation

A dynamical system can be formally defined as a com-
bination of a state space X , a set of times T , and a rule
R that defines how the system’s state evolves in time
[26,27]. Hysteretic mechanical systems subjected to
time-periodic inputs also belong to this general frame-
work. In particular, such systems are governed by a set
of first-order nonautonomous ODEs in the form:

ẋ = F (x, t,Ω) , (1)

where t represents time, x denotes the state vector con-
taining the system’s state variables, F represents a typ-
ically nondifferentiable vector field determined by the
problem, and the control parameter Ω , referred to as
the continuation parameter, corresponds to the angular
frequency of the input.

To analyze the behavior of Eq. (1), the governing
ODEs can be reformulated, by introducing an addi-
tional state variable and a rule of variation that includes

Fig. 1 Graphical representation of the first return map for a 2D
nonautonomous system periodic in time with period T

the time dependence (see “Appendix A”), as a system
of first-order autonomous ODEs:

ẋ = f (x,Ω) . (2)

Please notice that Eqs. (1) and (2) contain a slight abuse
of notation since the same symbol, e.g., x, is used to
denote vectors having different dimension, as much as
the vector fields F and f.

2.2 How to find periodic solutions

Computingperiodic solutions for hystereticmechan-
ical systems under time-periodic inputs is a highly chal-
lenging task. However, in the case of the n-dimensional
hystereticmechanical systems described by Eq. (2), the
period associated with a periodic orbit can be explicitly
determined. This is due to the fact that the vector field f
exhibits periodicity with a period T = 2π

Ω
. As a result,

a periodic solution of Eq. (2) will have a period that is
either an integer multiple or an integer submultiple of
T . The knowledge of this period can be used, as shown
in the sequel, to construct a Poincaré section, enabling
themapping of intersecting points after a specific return
period T j = jT [28,29].
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A Poincaré section is a hypersurface in the state-
space defined as:

Σ :=
{

x ∈ R
n−1 × S : xn = j

2π

T
(t − t0)

}
, (3)

where xn = Ωt (mod 2π ) is the additional state vari-
able introduced to deal with time dependence. More-
over, the space to which the state variables belong is a
cylindrical space written as Rn−1 × S [29].

The hypersurface Σ of dimension (n − 1) must be
chosen to ensure that the flow defined by Eq. (2) is
everywhere transversal to Σ [30], that is:

n (x) · f (x,Ω) �= 0 ∀x ∈ Σ, (4)

where n (x) represents the unit vector normal to the
Poincaré section Σ at point x.

To obtain a global section (transverse to the flow
everywhere in the state space) the (n×1) normal vector
n(x) is defined as:

n(x):=

⎡
⎢⎢⎢⎣
0
...

0
1

⎤
⎥⎥⎥⎦ ∀x ∈ R

n−1 × S. (5)

It is now possible to introduce a Poincaré map based
on the return time T j as the value that the trajectory
having x̃ ∈ Σ as its initial point at time t0 takes on
when t = t0 + T j. In other words, we can express the
Poincaré map as:

Pj (x,Ω) : Σ → Σ

Pj (x̃,Ω) = ϕ
(

x̃, t0, t0 + T j
)

.

(6)

Hence, assuming that a specific point η ∈ Σ is a fixed
point of the first return map P (η,Ω), then all trajec-
tories starting from η return to the same point after
a period T , which is equal to the period of the input
(Fig. 1). This condition, called fixed-point condition,
can then be written as follows:

P (η,Ω) = η, (7)

and a periodic solution can be found as a solution of
the fixed-point equation:

P (η,Ω) − η = 0. (8)

This is conceptually simpler than searching for periodic
solution, but it requires refined numerical tools to solve
the problem. Moreover, since most of the problems of
interest do not have a closed-form expression for the
Poincaré map, it is necessary to rely on approximate
methods or simulations instead of analytical solutions.

Fig. 2 Graphical representation of the pseudo-arclength scheme
in the case of 3D (η,Ω)-space

2.3 How to solve the fixed-point equation

When strong nonlinearities are involved, numerical
techniques such as continuation become necessary to
solve the fixed-point equation. This is especially true in
the case of hysteretic mechanical systems since a time-
periodic input can cause different behavior depending
on the frequency of the applied loading.

Basically a continuation scheme is a numerical algo-
rithm that starts with a known solution point for the
fixed-point equation, indicated as (η0,Ω0), and pro-
ceeds to compute discrete points along the solution
branch that originates from (η0,Ω0). Hence, the two
basic steps of a continuation scheme are:

1. A predictor step to generate an initial guess of a new
solution point (η(1),Ω(1)) near the last converged
solution point.

2. An iterative correction algorithm designed to suc-
cessively update and improve the initial guess until
some convergence criterion is met.

Perhaps the most popular solution algorithm with
these capabilities is the pseudo-arclength continuation
scheme [28,31,32].

2.3.1 Pseudo-arclength continuation method

The pseudo-arclength method describes the solution
path defined by Eq. (8) incrementally, using a sequence
of arclength incrementsΔs. The main idea is to extrap-
olate a distance of Δs in the (η,Ω)-space from the
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known solution point
(
η0,Ω0

)
along the tangent vector

a at the known solution point. This serves as a predic-
tion, but then a numerical method is performed to get
backonto the solutionbranch, as shown in [33], individ-
uated by its intersection with the plane perpendicular to
a at a distance of Δs. Figure 2 shows a representation
of the pseudo-arclength continuation method where s
denotes the arclength along the solution curve.

Expressing both the periodic solution η and the con-
tinuation parameterΩ as functions of the coordinate s,
the number of unknowns is increased by one and Eq.
(8) is reparameterized as:

P (η(s),Ω(s)) − η(s) = 0. (9)

The initial prediction, evaluated bymeans of a linear
extrapolation along the unit tangent direction a, is:
[

η(1)

Ω(1)

]
=

[
η0
Ω0

]
+ aΔs, (10)

where the unit tangent vector is:

a =
[
∂η0

∂s
,
∂Ω0

∂s

]T
. (11)

The updated equilibrium solution is sought as the inter-
section between the plane perpendicular to the unit
tangent vector a passing through the initial prediction
(η(1),Ω(1)) and the solution curve.

Denoting by b the vector normal to the tangent vec-
tor a passing through (η(1),Ω(1)), the updated state of
the system (η(s),Ω(s)) is sought as the solution of
the fixed-point equation, e.g., Eq. (9), subjected to the
orthogonality condition b · a = 0. Hence, one has to
solve the following nonlinear equation:

g (η(s),Ω(s)) =
= [

η(s) − η0
] · ∂η0

∂s
+ [Ω(s) − Ω0]

∂Ω0

∂s
− Δs = 0.

(12)

Based on the known solution point
(
η0,Ω0

)
, and

given the Δs increment, the solution of the augmented
system is sought as a solution of the following system:
{

P (η(s),Ω(s)) − η(s) = 0
g (η(s),Ω(s)) = 0.

(13)

To solve the system of nonlinear equations obtained
in Eq. (13), several methods can be used, as shown in
[33–35]. The most classical one, used for example in
[24,25,36], is the Newton-Raphson method.

2.3.2 Newton–Raphson method

According to the Newton–Raphson method, at the k-th
iteration, one sets:

η(k) = η(k-1) + Δη(k), (14)

Ω (k) = Ω (k-1) + ΔΩ (k), (15)

into Eq. (13) so that a Taylor expansion about (η(k-1),

Ω (k-1)) yields the incremental linearized equations in
matrix form:

J(k-1)Δz(k) = −r(k-1), (16)

where the notation (k-1) indicates that the scalar and
matrix-valued functions are evaluated at (η(k-1),Ω (k-1)).
In particular, the augmented unknown vector and the
augmented residual vector are given, respectively, by:

Δz(k) =
[

Δη(k)

ΔΩ (k)

]
,

r(k-1) =
[

P
(
η(k-1),Ω (k-1)

) − η(k-1)

g
(
η(k-1),Ω (k-1)

)
]

,

(17)

while the augmented (n+1)×(n+1) Jacobian matrix is:

J(k-1) =
⎡
⎢⎣

(
∂P
∂η

− I
)(k-1) (

∂P
∂Ω

)(k-1)
(

∂η0
∂s

)T
∂Ω0
∂s

⎤
⎥⎦ . (18)

The Jacobian matrix of the Poincaré map with respect
to the periodic solution η and the control parameter
Ω is computed via a central finite-difference scheme,
according to the following expressions:

∂P
∂η

· em ≈ P(η + δ1em,Ω) − P(η − δ1em,Ω)

2δ1
,

∂P
∂Ω

≈ P(η,Ω + δ2) − P(η,Ω − δ2)

2δ2
,

(19)

where δ1 and δ2 are the finite differences in the two
gradients computations, respectively, and em is the m-
th column of the (n×n) identity matrix I.

Since the Jacobian J is generally nonsingular [28],
the solution can be determined as:

Δz(k) = −
[
J(k-1)

]−1
r(k-1). (20)

The iterations are continued until a suitable conver-
gence condition is satisfied.

When the convergence is achieved, the new periodic
solution on the solution curve at s + Δs is assumed as
the new known solution

(
η0,Ω0

)
.
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2.3.3 Step length control

As indicated by many authors in the literature [31,32],
the basic issue of the procedure is controlling the size of
the step length Δs. In fact, the convergence character-
istics of the correction procedure vary along different
parts of a solution curve. For this reason, it is impor-
tant to have an adaptive step length control strategy to
ensure a reasonable performance of the continuation
procedure.

A common design goal for developing step length
control procedures is to choose Δs to maintain a cer-
tain user-defined target iteration count [32]. By pre-
scribing an initial Δs and a desired number k̄ of loops
to achieve convergence at the solution point, the incre-
ment Δs(k+1) at the (k+1)-th solution step is set based
on the number of iterations k� actually needed for the
convergence at the k-th solution step, according to the
general formula:

Δs(k+1) = ρ(k)Δs(k), Δs(k+1) ∈ [Δsmin,Δsmax] , (21)

where ρ(k) is a coefficient that corrects the step Δs
depending on the assigned law. For example, Riks in
[31] proposed:

ρ(k):=
(

k̄

k�

)0.5

. (22)

This value provides good results, although it tends to
maintain an excessively small step in some portions of
the solution curve. More recently, Formica et al. in [33]
proposed the following expression for the coefficient
ρ(k):

ρ(k):=
(
1 + k̄ − k�

k̄ + km

)
, (23)

where km is the maximum number of admissible itera-
tion loops. Such an expression, as shown in [33], pro-
vides excellent computational times.

2.4 Determine stability and bifurcation

An additional advantage of the described procedure is
the possibility of using Poincaré maps to determine the
stability and bifurcation of a periodic solution by ana-
lyzing its behavior near a fixed-point (Floquet’s theory)
[28,29]. After achieving convergence, the procedure
furnishes the Jacobian matrix evaluated at the periodic
solution (i.e., the so-called monodromy matrix �):

� = ∂P
∂η

.

The eigenvalues of themonodromymatrix�, known as
Floquet multipliers, allow us to ascertain the stability
of the calculated orbit and its bifurcations.

3 Equations of motion

This section focuses on formulating the nonlinear equa-
tions of motion for a general class of SDoF hysteretic
mechanical systems. Initially, we derive these equa-
tions in their dimensional form. Subsequently, we fol-
low a systematic procedure consisting of five steps
to obtain the non-dimensional form for the system of
interest and a non-dimensional version of the VRM+D
for the evaluation of the hysteretic variable.

3.1 Dimensional system

The dimensional SDoF hysteretic mechanical system
(shown in Fig. 3a) consists of a mass m connected in
parallel to three distinct types of elements:

• a linear elastic spring;
• a linear rate-dependent hysteretic element;
• a rate-independent hysteretic spring.

Denoting by u, u̇ and ü the generalized dis-
placement, velocity and acceleration, respectively, the
dimensional equation of motion of the SDoF hysteretic
mechanical system (Fig. 3a) can be derived from the
general form of the Newton’s second law as:

mü + cu̇ + ku + fri = p0 cos
(
2π f pt

)
, (24)

where c is the viscous damping coefficient, k is the
stiffness of the elastic spring, fri is the generalized rate-
independent hysteretic force exerted on the hysteretic
element, whereas p0 ( f p) is the amplitude (frequency)
of the input force.

According to the VRM+D [18] the generalized rate-
independent hysteretic force fri in Eq. (24) is governed
by the following ODE:

ḟr i = {ke (u) + kb + α f0 +
+sα [ fe (u) +kbu− fri ]} u̇,

(25)

where s:=sgn (u̇), and the generalized function ke is
given by:

ke (u) = β1β2eβ2u + 4γ1γ2
e−γ2(u−γ3)[

1 + e−γ2(u−γ3)
]2 . (26)
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Fig. 3 Dimensional (a) and Non-dimensional (b) SDoF hysteretic mechanical systems

Table 1 Dimensional VRM+D parameters adopted to simulate the hysteresis loops in Fig. 4

Figure sgn(u̇) kb f0 α β1 β2 γ1 γ2 γ3

4a + 0.5 2.0 10 0.0 0.0 0.0 0.0 0.0

− 0.0 2.0 10 0.0 0.0 0.0 0.0 0.0

4b + 0.5 4.0 10 0.5 1.2 1.5 −2.0 −2.0

− 0.0 4.0 10 −0.5 −0.8 1.5 −2.0 2.0

4c + 0.5 2.0 10 0.0 0.0 0.5 4.0 0.5

− 0.5 2.0 10 0.0 0.0 0.5 8.0 −1.0

4d + 0.5 0.5 10 0.1 2.0 1.0 40 0.0

− 0.5 0.5 10 −0.1 −2.0 1.0 40 0.0

Table 2 Non-dimensional VRM+D parameters adopted to simulate the hysteresis loops in Fig. 5

Figure sgn(ẋ) χ1 χ2 χ3 χ4 χ5 χ6

5a + 0.0 0.0 0.0 0.0 0.0 0.025

− 0.0 0.0 0.0 0.0 0.0 0.0

5b + 0.125 0.12 0.75 −0.2 −20.0 0.0125

− −0.125 −0.08 0.75 −0.2 20.0 0.0

5c + 0.0 0.0 0.5 0.4 5.0 0.025

− 0.0 0.0 0.5 0.8 −10.0 0.025

5d + 0.2 0.2 4.0 4.0 0.0 0.1

− −0.2 −0.2 4.0 4.0 0.0 0.1

Similarly, the generalized function fe is given by:

fe (u) = β1
(
eβ2u − 1

) + 2γ1
1 − e−γ2(u−γ3)

1 + e−γ2(u−γ3)
. (27)

In Eq. (25), the model parameters can be updated
depending on the sign of the velocity u̇. In particu-
lar, kb = k+

b

(
k−

b

)
, f0 = f +

0

(
f −
0

)
, α = α+ (

α−)
,

β1 = β+
1

(
β−
1

)
, β2 = β+

2

(
β−
2

)
, γ1 = γ +

1

(
γ −
1

)
,

γ2 = γ +
2

(
γ −
2

)
,γ3 = γ +

3

(
γ −
3

)
if s > 0 (s < 0). For the

mechanical interpretation of the previous coefficients
the reader is referred to [17,18].

3.2 Non-dimensionalization

Non-dimensionalization is a fundamental technique
employed in the analysis of systems governed by
ODEs. There are many reasons for using such a tech-
nique. Firstly, this approach simplifies the problem by
reducing the number of the involved parameters. This
simplification makes it easier to analyze and grasp the
relationship between the parameters of the system. Sec-
ondly, non-dimensionalization allows for the compari-
son of different systems with varying physical param-
eters on the same scale, facilitating the identification
of common trends and properties across different sys-
tems. Moreover, it helps to eliminate the units of mea-
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surement, making the problem more general and inde-
pendent of specific units [37].

Although there are several approaches to non-di-
mensionalize an equation, see, e.g., [37], the non-
dimensionalization procedure can be systematically
divided into five distinct steps. These sequential steps
include: (i) identifying all independent and depen-
dent variables; (ii) replacing all variables with non-
dimensional quantities based on characteristic units;
(iii) dividing the obtained equation by the coefficient of
the highest-order derivative; (iv) selecting the charac-
teristic unit for each variable so that potential auxiliary
conditions become as simple as possible; (v) rewriting
the equation in terms of new dimensionless quantities.

By applying these steps to the system of differential
equations represented by Eqs. (24) and (25), we have
that:

(i) The independent variable is the time t , whereas
the generalized displacement u, and the general-
ized rate-independent hysteretic force fri are the
dependent variables.

(ii) We introduce as non-dimensional variables:

τ := t − tr
ts

, x :=u − ur

us
, z:= fri − fr

fs
. (28)

These quantities are defined as the difference
between the dimensional variable and a reference
value (i.e., tr , ur and fr ), scaled by a dimen-
sional scaling factor (i.e., ts , us and fs). Based on
these definitions, the dimensional variables can
be expressed as follows:

t = tsτ + tr ,

u = us x + ur ,

fri = fs z + fr . (29)

Now it is possible to replace the dimensional
variables in Eqs. (24) and (25) with the non-
dimensional ones, by usingEq. (29). In particular,
we obtain for Eq. (24):

mus

t2s

d2x

dτ 2
+ cus

ts

dx

dτ
+ k (us x + ur ) +

+ ( fs z + fr ) = p0 cos
[
2π f p (tsτ + tr )

]
.

(30)

On the other hand, if we plug Eqs. (29) into (25),
we obtain:

fs

ts

dz

dτ
= {ke (us x + ur ) + kb + α f0+

sgn

(
us

ts

dx

dτ

)
α [ fe (us x+ur ) +kb (us x+ur )+

− ( fs z + fr )]} us

ts

dx

dτ
. (31)

(iii) The coefficients of the highest-order term in Eqs.
(30) and (31) are mus

t2s
and fs

ts
, respectively. Hence,

upon dividing Eqs. (30) by mus
t2s

and (31) by fs
ts
,

one obtains:

ẍ + cts
m

ẋ + kt2s
m

x + fs t2s
mus

z + t2s
mus

(kur + fr ) = p0t2s
mus

cos
[
2π f p (tsτ + tr )

]
,

(32)

and

ż = us

fs
{ke (us x + ur ) + kb + α f0+

sgn

(
us

ts
ẋ

)
α [ fe (us x + ur ) + kb (us x + ur )+

− ( fs z + fr )]} ẋ, (33)

where the superimposed dot now represents the
derivative with respect to the non-dimensional
time τ .

(iv) To simplify the final dimensionless expressions
as much as possible, we impose that the reference
values tr , ur , fr are equal to zero. In this way we
obtain:

ẍ + cts
m

ẋ + kt2s
m

x + fs t2s
mus

z = p0t2s
mus

cos
(
2π f ptsτ

)
,

(34)

and

ż = us

fs
{ke (us x) + kb + α f0+ sgn

(
us

ts
ẋ

)

α [ fe (us x) + kbus x − fs z]} ẋ . (35)

Thus, it is only necessary to determine the scal-
ing factors ts , us and fs so that Eqs. (34) and
(35), and potential auxiliary conditions, become
as simple as possible. One possible choice is to
set the coefficients in front of x and z in Eq. (34)
equal to one:

kt2s
m

= 1 → ts =
√

m

k
, (36)

fs t2s
mus

= 1 → k = fs

us
. (37)

A further assumption concerning Eq. (35) can be
made by requiring that:

sgn

(
us

ts
ẋ

)
= sgn (u̇) ⇒ us

ts
> 0. (38)
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Let α+ = α− = α and f +
0 = f −

0 = f0. Know-
ing, from the general formulation of the model
by Vaiana and Rosati [17,18], that α > 0, and
imposing that f0 > 0, we can define the scaling
factors as:

us := 1

α
, fs := f0, (39)

so as to obtain:

us

ts
=

√
f0

αm
> 0. (40)

As a result, the other non-dimensional coeffi-
cients are defined as follows:

2ζ := cts
m

= c√
mk

, (41)

F := p0t2s
mus

= p0
f0

, (42)

Ω := 2π f pts = 2π f p

√
m

k
. (43)

(v) The final non-dimensional SDoF hysteretic mech
anical system (see Fig. 3b) is ruled by the follow-
ing ODEs:

ẍ + 2ζ ẋ + x + z = F cos (Ωτ) , (44)

and

ż =
{

ke
( x

α

)
f0α

+ kb

f0α
+ 1+

[
fe

( x
α

)
f0

+ kb

f0α
x − z

]}
u̇.

(45)

3.2.1 Non-dimensional VRM+D

The non-dimensional form of the VRM+D in Eq. (45)
can be further simplified if we define two new non-
dimensional functions:

κe (x) :=ke
( x

α

)
f0α

and φe (x) := fe
( x

α

)
f0

. (46)

Along with these non-dimensional functions, we can
define six non-dimensional model parameters such as:

χ1:=β1

f0
, χ2:=β2

α
, χ3:=2γ1

f0
,

χ4:=γ2

α
, χ5:=αγ3, χ6:= kb

f0α
.

(47)

Some of these quantities appear in the non-dimensional
function κe (x):

κe (x) = χ1χ2eχ2x + 2χ3χ4
e−χ4(x−χ5)[

1 + e−χ4(x−χ5)
]2 , (48)

and in the non-dimensional function φe (x):

φe (x) = χ1
(
eχ2x − 1

) + χ3
1 − e−χ4(x−χ5)

1 + e−χ4(x−χ5)
. (49)

Finally, the general form of the non-dimensional
VRM+D can be expressed as follows:

ż = {κe (x) + χ6 + 1 + s [φe (x) + χ6x − z]} ẋ . (50)

It is worth noting that the non-dimensionalization led
to a reduction in the number of parameters upon which
the hysteretic mechanical system is dependent, from
21 in the model depicted in Fig. 3a to 15 in the one
illustrated in Fig. 3b.

On account of the reduced number of parameters in
the non-dimensional model, it is natural to ask whether
some information has been lost in the description of
the system behavior, an issue that, to the best of our
knowledge, has not been addressed in the specialized
literature. For this reason, we have decided to com-
pare the loop shapes predicted by the dimensional and
non-dimensional form of the VRM+D. Specifically, by
using the dimensional parameters given in Table 1 and
imposing a sinusoidal generalized displacement hav-
ing an amplitude of 1.5 m and a frequency of 1 Hz, we
obtained the dimensional hysteresis loops in Fig. 4.

On the other hand, for the non-dimensional model, it
is easy to derive the non-dimensional parameters listed
in Table 2 by applying Eq. (47). These parameters are
used in Eq. (50) to derive the non-dimensional hystere-
sis loops in Fig. 5. It is important to note that for both
dimensional and non-dimensional loops, the classifi-
cation proposed in [17] does apply. In fact, according
to their proposal hysteresis loops can be classified into
four main categories:

• Shape type S1: Characterized by hysteresis loops
limited by two straight lines (Figs. 4a and 5a).

• Shape type S2: Characterized by hysteresis loops
limited by two curves with no inflection point
(Figs. 4b and 5b).

• Shape type S3: Characterized by hysteresis loops
limited by two curves with one inflection point
(Figs. 4c and 5c).

• Shape type S4: Characterized by hysteresis loops
limited by two curves with two inflection points
(Figs. 4d and 5d).
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Fig. 4 Dimensional
hysteresis loops simulated
by using the VRM+D
parameters in Table 1

In the sequel,we shall derive the frequency-response
curves for the four categories of loop shapes.

4 Frequency-response curves: stability and
bifurcations

In this section, we discuss a comprehensive exam-
ination of the Frequency-Response Curves (FRCs) of
four SDoF hysteretic mechanical systems subjected to
time-periodic input. The assumed hysteretic behaviors
are the ones previously described in Sect. 3.2.1 and
depicted in Fig. 5. This comprehensive analysis pro-
vides valuable insights into the stability and bifurcation
characteristics of the analyzed systems.

The results are organized in order to improve read-
ability. First, the analyzed systems and the methodolo-
gies used are described. Next, the results are grouped
according to loop shape typology, and for each shape,

a detailed description of the FRCs obtained for dif-
ferent amplitudes of the input is provided, along with
stability and bifurcation indications. Finally, for each
system, significant points of the FRCs are represented
in state-space in order to comment on specific results
for particular amplitudes and angular frequencies.

Furthermore, for the hysteresis loop S4 in Fig. 5d,
four additional FRCs are provided. These additional
curves are expressed in terms of maximum velocity,
acceleration, transmitted force and normalized trans-
mitted force, which can be useful in various engineer-
ing applications.

We analyze the hystereticmechanical systemdepict-
ed in Fig. 3b with four different hysteretic laws, namely
those whose loop shapes are obtained by applying the
parameters listed in Table 2. Each system is defined by
Eqs. (44) and (50), with the additional condition ζ = 0.
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Fig. 5 Non-dimensional
hysteresis loops simulated
by using the VRM+D
parameters in Table 2

Table 3 Parameters used for the pseudo-arclength path following procedure

T/Δτ δ1 δ2 tol Δsmin Δsmax k̄ km

2048 10−3 10−3 10−6 10−10 10−3 10 100

4.1 Description of the analyzed systems

The four SDoF hysteretic mechanical systems under
analysis are:

1. System S1: In the first system, both upper and lower
limiting curves (red dashed lines in Figs. 4 and 5)
are represented by straight lines (shape type S1).
This system exhibits asymmetric behavior due to
the different values of χ+

6 and χ−
6 while no other

parameters contribute to the hysteretic behavior.
2. System S2: The second system has a more complex

hysteretic behavior, since all parameters are differ-
ent from zero. Both upper and lower limiting curves

has a pronounced curvature due to the contributions
of χ1, χ2, χ3, χ4, and χ5 but no inflection points
(shape type S2). The asymmetry between the load-
ing and unloading phases arises from distinct values
of χ1, χ2, and χ6 during each phase.

3. System S3: For the third system, both upper and
lower limiting curves are characterized by one
inflection point (shape type S3). Furthermore, this
system exhibits asymmetry between upper and
lower limiting curves, with different values of χ4

and χ5 causing the hysteresis loop to be wider in
one direction than in the other.
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Fig. 6 FRCs for SDoF
hysteretic mechanical
systems having S1 (a), S2
(b), S3 (c), S4 (d) hysteresis
loops and different
amplitudes F of the input
force

4. System S4: The fourth system has a symmetric hys-
teresis loop shape, with both upper and lower lim-
iting curves exhibiting two inflection points (shape
type S4) and significant stiffening effects. The non-
zero values of χ1, χ2, χ3, and χ4 all contribute to
the complex flag-shaped behavior of this system.On
the other hand, the high value of χ6 contributes to
the stiffening behavior.

4.2 Methods

We analyze the four SDoF hysteretic mechanical
systems and obtain their FRCs using the procedure
described in Sect. 2 (the pseudo-code can be found in
“AppendixC”). The continuation parameter isΩ , while
the non-dimensional amplitude of the input force F
remains constant. Furthermore, the parameters used in
the procedure are listed in Table 3.

In particular, T/Δτ is the number of steps that are
numerically used to evaluate thePoincarémapusing the
MATLAB function ode45 (“Appendix B”). The param-
eters δ1 and δ2 are introduced in Eq. (19) for the evalu-
ation of the Jacobian matrix of the Poincaré map, and
tol is the value of the tolerance imposed for the stop-
ping criterion of theNewton–Raphsonmethod (|r(k)| <

tol). The last four parameters in Table 3 are used for
the step length control using Eqs. (21) and (23).

The procedure provides a fixed point of the Poincaré
map, which is used as the initial condition to integrate
Eqs. (44) and (50) again in order to obtain the FRCs
shown in Fig. 6, where max|x | is plotted against Ω ,
and those in Fig. 14, expressing themaximumdisplace-
ment, velocity, transmitted force, and normalized trans-
mitted force. In Figs. 6 and 14, the gray dot markers
represent the maximum value for the FRC.

To determine the stability of the solutions and their
bifurcations in the 3D state-space, the evolution of the
threeFloquet multipliers associatedwith the 3×3mon-
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Fig. 7 Validation of the
results in Fig. 6 through
NLTHAs (dot markers) for
different amplitudes F of
the input force

Fig. 8 System S1: FRC
assuming as amplitude of
the input force F = 1.2 (a)
and periodic orbit in the
state-space at Ω = 1.01725
(b)
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Fig. 9 Enlarged views of
the FRCs in Fig. 6b (system
S2) assuming as amplitude
of the input force F = 10.0
(a) and F = 30.0 (b)

Fig. 10 System S2: FRC
assuming as amplitude of
the input force F = 2.0 (a)
and periodic orbits in the
state-space at Ω = 1.05 (b)

Fig. 11 System S3: FRC
assuming as amplitude of
the input force F = 1.2 (a)
and periodic orbits in the
state-space at Ω = 1.01724
(b)
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Fig. 12 Enlarged views of
the FRCs in Fig. 6d (system
S4) assuming as amplitude
of the input force
F = 1.0, 2.0, 3.0 (a),
F = 10.0 (b) and F = 20.0
(c)–(d)

odromy matrix is examined. The solid lines in Figs. 6
and 14 indicate stable periodic solutions, where the
magnitude of their complex-valued Floquet multipli-
ers is less than 1. Conversely, dashed lines correspond
to unstable responses for which the magnitude of at
least one of the multipliers exceeds 1. In Fig. 6, red
diamond markers represent the bifurcation points.

Finally, the accuracy of the periodic solutions esti-
mated by the continuation algorithm is verified by per-
forming Nonlinear Time History Analyses (NLTHAs),
that is, directly integrating Eqs. (44) and (50), and ana-
lyzing the stable solution indicated by the dot marker in
Fig. 7. In “Appendix D” additional details can be found
on the number of maximum, minimum and average
iterations required by the Newton–Raphson method to
achieve convergence for all numerical experiments.

4.3 System S1

In the following, we present the outcomes of the inves-
tigation conducted on System S1, as described in
Sect. 4.1, using different amplitudes of the input force
F . The amplitudes of interest are 0.5, 0.6, 0.8, 1.0,
1.1, 1.2.

4.3.1 Frequency-response curves

For all tested levels of F , it can be observed in Fig. 6a
that the FRCs are bent to the left (indicating a softening
nonlinearity) andglobally stablewithin the investigated
range of F and Ω . Specifically:

– F = 0.5
Three resonance peaks are observed at angular fre-
quencies of 0.282694, 0.460423, and 1.25527.

– F = 0.6
Similarly to the previous case, three resonance
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Fig. 13 System S4: FRC
assuming as amplitude of
the input force F = 3.0 (a)
and periodic orbits in the
state-space at Ω = 1.3214
(b)

Fig. 14 System S4: FRCs
in terms of maximum
velocity (a), acceleration
(b), transmitted force (c),
and normalized transmitted
force (d) for different
amplitudes F of the input
force
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peaks are observed at angular frequencies of 0.282
297, 0.466413, and 1.22085.

– F = 0.8
The observed resonance peaks increase to four,
occurring at angular frequencies of 0.200937,
0.282297, 0.461909, and 1.14957.

– F = 1.0
As in the previous case, four resonance peaks
are observed at angular frequencies of 0.200095,
0.279511, 0.455687, and 1.07779.

– F = 1.1
Four resonance peaks are still present, but they
occur within an angular frequencies range of
(0.15, 1.05), specifically at 0.155183, 0.278341,
0.452139, and 1.04455.

– F = 1.2
The four resonance peaks are located within the
previous range, occurring at angular frequencies
of 0.199027, 0.277747, 0.449525, and 1.01725.
Hence, the first and last two values become closer
with respect to the case F = 1.1, with the initial
value of the first (second) pair increasing (decreas-
ing).

4.3.2 Orbits in the state space

It is of interest to examine the state-space of the system
at specific values of Ω and F . When F = 1.2 and
Ω = 1.01725, corresponding to the fourth resonance
peak, there is only one intersection with the FRC in
Fig. 8a. This intersection indicates the existence of a
unique stable periodic solution for the system, with a
maximum displacement (max |x |) equal to 16.6649.

Figure 8b shows the shape of the periodic orbit in
the state-space, aswell as its projections onto the planes
(x, ẋ), (x, z), and (ẋ, z). The figure also includes the
fixed point provided by the procedure (red dot) and
the point corresponding to the maximum displacement
reported in the FRC (gray dot).

4.4 System S2

In the sequel, we present the results obtained from the
analysis of the System S2, as described in Sect. 4.1,
under different values of amplitudes for the input force
F , that are 1.0, 2.0, 3.0, 10.0, 20.0, 30.0.

4.4.1 Frequency-response curves

Making reference to the FRCs in Fig. 6b one has:

– F = 1.0
At this level of load amplitude, it can be observed
that the FRC is slightly bent to the right (indicat-
ing an hardening nonlinearity) and globally stable
within the investigated range of Ω .

– F = 2.0
By increasing the load value, the hardening behav-
ior of the FRC is accentuated. Furthermore, at
points (1.04927, 30.5508) and (1.05482, 40.2793)
the system exhibits two fold bifurcations.

– F = 3.0
In this case, the behavior exhibited by the curve is
of the same type as the previous level of ampli-
tude. Indeed, there is a further increase in the
hardening behavior of the FRC, while the two
fold bifurcations at points (1.06602, 32.0483) and
(1.08362, 46.3749) move slightly away.

– F = 10.0
In this case, there is a further increase in the harden-
ing behavior of the FRC. The two fold bifurcations
at points (1.15556, 39.3649) and (1.23174, 60.3
052) move further away. Furthermore, as shown
in Fig. 9a, the FRC loses its stability at A ≡
(0.3463, 11.8456) and B ≡ (0.346303,
11.7194) due to two fold bifurcations.

– F = 20.0
A further increase in the amplitude modifies the
bifurcation scenario, as the system exhibits two
fold bifurcations at points (1.25333, 44.6038) and
(1.38267, 66.8305). In addition, the unstable por-
tion in the region of small Ω is lost.

– F = 30.0
In this last case, there is a further increase in the
hardening behavior of the FRC. In particular, the
two fold bifurcations at points (1.33497, 47.8529)
and (1.50612, 70.3138)move further away. More-
over, as shown in Fig. 9b, the FRC loses its stabil-
ity again at points C ≡ (0.223514, 29.792) and D
≡ (0.223526, 29.7392) due to two fold bifurca-
tions.

Referring to the frequency-response curves with an
amplitude of 1.0, 2.0, 3.0, a series of resonance peaks
were observed in the range Ω ∈ (0.1, 0.4). These
peaks become less sharp when the force amplitude is
increased.
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4.4.2 Orbits in the state-space

The investigation of the state-space at specific values
of Ω and F is a matter of interest. In particular, by
observing the FRC obtained for the analyzed system
for F = 2.0 (Fig. 10a), it can be seen that there are
three intersections with the FRC at Ω = 1.05.

This indicates the existence of three periodic solu-
tions for the system of interest: specifically, two stable
orbits (labeled as a and c in Fig. 10a) and one unstable
solution (labeled as b in Fig. 10a).

The shape of the periodic orbits in the state space is
illustrated in Fig. 10b that also depicts the projections
of the periodic orbits onto the planes (x, ẋ), (x, z)
and (ẋ, z) in the state space. Additionally, the orbits in
Fig. 10b also include the fixed points provided by the
procedure (red dots) and the points corresponding to the
maximum displacement reported in the FRC (colored
dots).

4.5 System S3

The following results are obtained by analyzing System
S3, described in Sect. 4.1, subjected to amplitudes of
the input force F equal to 0.5, 0.6, 0.8, 1.0, 1.1, 1.2.

4.5.1 Frequency-response curves

The FRCs reported in Fig. 6c show that:

– F = 0.5, 0.6, 0.8, 1.0, 1.1
For these amplitude of the input force, it can be
observed that the FRCs are softening and globally
stable within the investigated range of Ω .

– F = 1.2
The FRC shows an accentuated softening behavior,
and two fold bifurcations are experienced at points
(1.01689, 75.7157) and (1.01819, 28.0416).

4.5.2 Orbits in the state space

Of particular interest is the exploration of the state-
space at specific Ω and F values. In particular, by
observing the FRC obtained for the system under con-
sideration for F = 1.2 (Fig. 11a), it can be seen that
there are three intersections with the FRC at Ω =
1.01724.

This indicates the existence of three periodic solu-
tions for the system, specifically, two stable orbits

(labeled as a and c in Fig. 11a) and a unique unstable
periodic solution (labeled as b in Fig. 11a).

The shapes of the periodic orbits in state-space are
illustrated in Fig. 11b, in which their projections onto
the planes (x, ẋ), (x, z), and (ẋ, z) are also shown.
Additionally, the orbits in Fig. 11b include the fixed-
points provided by the procedure (red dots) and the
points corresponding to the maximum displacement
reported in the FRC (colored dots).

4.6 System S4

Let us now illustrate the results obtained by analyzing
System S4, as described in Sect. 4.1, under different
amplitudes of the input force F equal to 1.0, 2.0, 3.0,
10.0, 20.0, 30.0.

4.6.1 Frequency-response curves

From the FRCs in Fig. 6d, one infers:

– F = 1.0
At this level of amplitude, the FRC exhibits a soft-
ening behavior. Additionally, the system undergoes
two fold bifurcations at points (1.54293, 4.61446)
and (2.56595, 0.457121). Moreover, a resonance
peak is observed at an angular frequency of 1.04696
(shown in Fig. 12a).

– F = 2.0
For this level of amplitude, the FRC exhibits an
intermediate behavior between hardening and soft-
ening. The system undergoes two fold bifurcations
at points (1.23972, 14.0108) and (2.18536, 0.64
83). Furthermore, as shown in Fig. 12a, the FRC
loses stability at points A≡ (0.990398, 0.494804)
and B ≡ (1.00008, 0.364599) due to two fold
bifurcations, as shown in Fig. 12a. Three resonance
peaks are also present at the angular frequencies
of 0.439879, 0.614078, and 0.990398 (shown in
Fig. 12a).

– F = 3.0
The system exhibits an intermediate behavior bet-
ween hardening and softening of the FRC. Addi-
tionally, the system undergoes a series of eight fold
bifurcations (shownat pointsA≡ (1.31984, 19.18
17), B ≡ (1.32162, 21.378), C ≡ (1.20139, 13.4
231), D≡ (1.85713, 0.837714) in Fig. 13a, while,
in Fig. 12a, at C ≡ (0.881828, 0.964232), D ≡
(0.922575, 0.584871), E≡ (0.582661, 0.455316),

123



Frequency-response curves for rate-independent hysteretic… 5169

F≡ (0.582676, 0.445658)). Finally, there are four
resonance peaks corresponding to angular frequen-
cies of 0.32768, 0.420242, 0.58274 and 0.881875
(shown in Fig. 12a).

– F = 10.0
For such an amplitude level, the system exhibits a
fully hardening behavior of the FRC. The bifurca-
tion scenario of the system includes two fold bifur-
cations at points (1.46291, 20.5305) and (1.6029,
30.9474). Additionally, the system undergoes two
pitchfork bifurcations at points A ≡ (0.610606,
4.48271) (supercritical) and B≡ (0.567639, 4.21
748) (subcritical) (shown in Fig. 12b). The equi-
librium paths that arise from these bifurcations
are stable until points B’ ≡ (0.567554, 4.24512)
and B” ≡ (0.567562, 4.18991) where they lose
stability through two fold bifurcations (shown in
Fig. 12b). Moreover, there are six fold bifurca-
tions at points C ≡ (0.45597, 8.23794), D ≡
(0.445504, 8.01708), E ≡ (0.322458, 4.99206),
F≡ (0.324257, 5.07358),G≡ (0.227272, 6.2892)
and H ≡ (0.22834, 5.7705) in Fig. 12b.

– F = 20.0
At this level of amplitude, there is a further increase
in the hardening behavior of the FRC. Specifically,
at points (1.61803, 22.4509) and (1.89484, 35.1
896), the two fold bifurcations move further apart.
Additionally, as shown in Fig. 12c and d, the stabil-
ity of the FRC is lost at points A≡ (0.433459, 11.
8114), B≡ (0.43346, 11.8312), C≡ (0.265907,
16.5118) and D ≡ (0.265908, 16.4237), due to
four fold bifurcations.

– F = 30.0
Finally, for this amplitude level the FRC shows a
hardening behavior with only two fold bifurcations
at (1.74896, 23.782) and (2.12659, 37.5445).

In addition to the FRCs in Fig. 6d, which represent
the variation of the maximum displacement as a func-
tion of the angular frequency Ω for the S4 system,
we have also obtained the additional FRCs shown in
Fig. 14. We have not explicitly reported the analogous
FRCs related to the systems S1, S2, and S3 due to
space limitations and also because the S4 system, due
to its peculiar features, has been considered to be worth
deserving a greater attention.

In particular, once the fixed point of the Poincaré
map is obtained by further integrating the equations of
motion using the fixed point as the initial condition, a

series of significant quantities can be obtained for the
periodic orbit, such as:

• The maximum velocity of the obtained response
(Fig. 14a);

• Themaximumaccelerationof theobtained response
(Fig. 14b);

• The maximum transmitted force ftot = x + z
(Fig. 14c);

• The maximum normalized transmitted force
(Fig. 14d).

The stability and bifurcation behavior of the curves
in Fig. 14 remain the same as previously described.
However, it is noted in Table 4 that, for different ampli-
tude levels of the input force F , the value of the angular
frequency for which the maximum value is obtained in
the equivalent FRC does modify.

The observation that the FRCs for other quantities
such as maximum velocity, acceleration, and transmit-
ted force are affected by the amplitude level of the
input force in a different way than the maximum dis-
placement is crucial formany engineering applications.
For example, in the design of mechanical systems, it is
important to consider not only the maximum displace-
ment but also themaximumvelocity and acceleration to
ensure that the systemdoes not exceed its safe operating
limits. Similarly, in the analysis of civil andmechanical
structures such as bridges and motors, it is important
to consider the maximum transmitted force to ensure
that the considered structure can withstand the loads
imposed on it.

Therefore, understanding how the amplitude of the
input force affects the value of the angular frequen-
cies at which different significant quantities reach their
maximum value is critical for the design and analysis
of many physical systems.

4.6.2 Orbits in the state space

Examining the state-space for specific values of Ω and
F is an intriguing prospect. In particular, by observing
the FRC obtained for the system under consideration
for F = 3.0 (Fig. 13a), it can be seen that there are five
intersections with the FRC at Ω = 1.3214.

This indicates the existence of fiveperiodic solutions
for the system, specifically, three stable orbits (labeled
as a, c, and e in Fig. 13a) and two unstable periodic
solutions (labeled as b and d in Fig. 13a).
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Table 4 Coordinates of the peaks of the FRCs associated with the system S4 for different amplitudes F of the input force (Figs. 6d
and 14)

F = 1 F = 2 F = 3 F = 10 F = 20 F = 30

Figure 6d (1.5449, 4.64) (1.2727, 17.96) (1.3108, 22.33) (1.5831, 31.32) (1.8597, 35.60) (2.0785, 37.98)

Figure 14a (1.5463, 7.81) (1.2748, 23.24) (1.3151, 28.84) (1.6010, 44.85) (1.8920, 58.32) (2.1212, 69.24)

Figure 14b (1.5512, 10.47) (1.2753, 31.87) (1.3142, 46.81) (1.5908, 143.91) (1.8717, 289.6) (2.0931, 442.0)

Figure 14c (1.5449, 10.41) (1.2727, 31.83) (1.3108, 46.79) (1.5834, 144.37) (1.8601, 291.2) (2.0780, 444.9)

Figure 14d (1.5449, 10.41) (1.2727, 15.91) (1.3108, 15.59) (1.5834, 14.44) (1.8601, 14.56) (2.0780, 14.83)

The shape of the periodic orbits in the state space
is illustrated in Fig. 13b in which the projections of
the periodic orbits onto the planes (x, ẋ), (x, z), and
(ẋ, z) are reported. Additionally, the orbits in Fig. 13b
also include the fixed points provided by the procedure
(reddots) and thepoints corresponding to themaximum
displacement reported in the FRC in Fig. 13a (colored
dots).

5 Conclusions

We analyzed the behavior of SDoF hysteretic mechan-
ical systems subjected to time-periodic input by com-
bining the hysteretic model proposed in [18] with a
continuation procedure based on Poincaré maps devel-
oped in [24]. By applying this approach to different
types of hysteresis loop shapes, we have shown its
effectiveness in accurately predicting the behavior of
complex mechanical systems, including their steady-
state response, stability and bifurcation.

In particular, the bifurcation analysis provides valu-
able information on the dynamics of the system under
different loading conditions and can help in the design
of control strategies to mitigate undesired effects
related to hysteresis.

For these reasons, further studies will be conducted
to explore the full potential of the proposed approach.
In particular, we will integrate the proposed procedure
with algorithms able to perform branch-switching and
compute the bifurcation points of codimension-one.
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A Appendix

In the framework of nonlinear dynamics, the state-
space formulation is widely used to handle Ordinary
Differential Equations (ODEs). Typically, researchers
prefer autonomous systems ofODEs since they are eas-
ier to analyze due to the fact that vectors and trajecto-
ries do not oscillate. However, when dealing with time
dependentODEs (nonautonomous systems) such as the
equations of motion for forced hysteretic mechanical
systems, it is possible to introduce an additional state
variable that includes time dependence. This allows us
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to rewrite the nonautonomous system as an equivalent
autonomous system that can be analyzed using stan-
dard techniques.

As an example, we explore the application of this
approach to a generic nonautonomous system, in the
form of a general 2D mechanical system subjected to
time-periodic input, defined by:

F(x, t,Ω) =
{

F1 (x1, x2)

F2 (x1, x2, t,Ω) ,
(51)

in which the function F2 is a periodic function of time
t with a period T = 2π

Ω
.

By introducing a new state variable x3 = Ωt (mod
2π ), we can express the initial set of equations as a 3D
autonomous system since:

ẋ3 = Ω. (52)

Formally, the space to which the state variables belong
is a cylindrical space R2 × S.

Hence, we can express Eq. (51) by means of the
following equivalent representation:

f(x,Ω) =

⎧⎪⎨
⎪⎩

f1(x1, x2)

f2(x1, x2, x3)

Ω,

(53)

inwhich timedependency has been eliminated by intro-
ducing an additional state variable to the system. In
a more general sense, a nonautonomous system of
dimension n − 1 can be seen as a particular case of
an autonomous system with dimension n.

B Appendix

In this example, we explore the application of the
approach described in “Appendix A” to the hysteretic
mechanical system defined by Eqs. (44) and (50) by
introducing an additional state variable that includes
time dependence and by constructing the Poincaré sec-
tion for the system under consideration.

The resulting vector field in the state-space formula-
tion for the considered nonautonomous system is rep-
resented by:

F(x, τ, Ω) =

=

⎧⎪⎨
⎪⎩

x2
−2ζ x2 − x1 − x3 + F cos (Ωτ)

{κe (x1) + χ6 + 1 + s [φe (x1) + χ6x1 − x3]} x2.

(54)

In this system, the second function exhibits periodic
behavior with respect to time τ .

By introducing a new state variable x4 = Ωτ (

mod 2π), we can express the initial set of equations as
a 4D autonomous system. This is achieved by impos-
ing the condition ẋ4 = Ω . As a result, the autonomous
vector field is given by:

f(x,Ω) =

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

x2
−2ζ x2 − x1 − x3 + F cos (x4)

{κe (x1) + χ6 + 1 + s [φe (x1) + χ6x1 − x3]} x2
Ω.

(55)

The period T = 2π
Ω

can be used to construct a
Poincaré section Σ defined as:

Σ :=
{
(x1, x2, x3, x4) ∈ R

3 × S : x4 = 2π

T
(τ − τ0)

}
.

Furthermore, the unit vector normal to Σ , given by:

n(x):=

⎡
⎢⎢⎣
0
0
0
1

⎤
⎥⎥⎦ ∀x ∈ R

3 × S,

is used to check the transversality condition expressed
by Eq. (4) for the flow at each point since:

n(x) · f(x,Ω) =

⎡
⎢⎢⎣
0
0
0
1

⎤
⎥⎥⎦ ·

⎡
⎢⎢⎣

f1 (x2)
f2 (x1, x2, x3, x4)

f3 (x1, x2, x3)
Ω

⎤
⎥⎥⎦ = Ω �= 0.

Using this Poincaré section and starting from time
τ = τ0, we can record the points on the Poincaré sec-
tion by monitoring the state variables at time intervals
T . Specifically, if η represents a point on the Poincaré
section Σ , we can express the Poincaré map as:

P(η,Ω) = ϕ (η, τ0, τ0 + T ) .

In conclusion, the MATLAB function ode45 can be
used to numerically compute the trajectory ϕ (η, τ0, τ0
+T ) required to construct the Poincarémap. This func-
tion is based on the Runge–Kutta method and is capa-
ble of numerically solving a wide range of ODEs. By
specifying the initial conditions and the time interval
(T/Δτ ), ode45 can compute the trajectory of the peri-
odic orbit; hence, it can be sampled at discrete time
intervals of T to obtain the points on the Poincaré sec-
tion.
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C Pseudo-Code

Table 5 outlines the step-by-step process of the Pseudo-
Arclength (PA) continuation method. The procedure
begins with specified initial conditions (η0,Ω0) and
Δs, setting the control parameters, and subsequently
iterates through each PA step. The loops nested at each
PA step ensure accurate prediction and correction of
solutions, followed by stability and bifurcation analy-
sis.

D Appendix

In this appendix, we provide a detailed account on
the convergence properties of the Newton–Raphson
numerical method adopted to solve the system of equa-
tion in Eq. (13), focusing in particular on the number of
iterations required to achieve convergence. By present-
ing keymetrics such as the average,minimumandmax-
imum number of iterations required to achieve conver-

Table 5 Pseudo-code of the pseudo-arclength continuation method

Initial conditions

Start with (η0,Ω0) and Δs

set stepcut = 0, contflag = 0, PA iter = 1

Computations at each Pseudo-Arclength (PA) step

while (contflag == 0)

Compute initial prediction
(
η(1),Ω(1)

)
set corrflag = 0

while (corrflag == 0)

Correct the initial prediction�

Check corrector stopping criteria†

if (corrflag == 1)

Study Stability and Bifurcation

PA iter = +1, stepcut = 0, adjust Δs and
(
η0,Ω0

)
else

Δs = Δs
2 , stepcut = +1

Check continuation stopping criteria‡

end

� Newton–Raphson

Modified Newton–Raphson

Krylov accelerated Newton-Raphson
† (corrflag = 1) convergence attained

(corrflag = 2) divergence detected

(corrflag = 3) maximum number of iterations exceeded

‡ (contflag = 1) exceeded maximum number of steps

(contflag = 2) Ω0 < Ωmin

(contflag = 3) Ω0 > Ωmax
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Table 6 Minimum,maximum, and average number of Newton–Raphson iterations for each PA step corresponding to the FRCs depicted
in Fig. 6 for different amplitudes of the input force F

Loop shape F Min Average Max

S1 0.5 2 2.1097 29

0.6 2 2.0811 14

0.8 2 2.0848 38

1.0 2 2.0357 3

1.1 2 2.0273 29

1.2 1 1.8922 4

S2 1.0 1 1.7044 4

2.0 1 1.7329 3

3.0 1 1.0501 2

10.0 1 1.0531 5

20.0 1 1.0786 44

30.0 1 1.1166 97

S3 0.5 2 2 2

0.6 2 2 2

0.8 2 2 2

1.0 2 2 2

1.1 1 1.6190 2

1.2 1 1.3204 2

S4 1.0 1 2.0103 11

2.0 1 2.0301 90

3.0 1 2.0092 6

10.0 1 2.0211 23

20.0 1 1.9862 100

30.0 1 1.1802 62

gence of the Newton–Raphson method in each numer-
ical experiment (see Table 6), we intend to provide a
broader perspective on the efficiency and reliability of
the computational methodology. We believe that this
additional level of detail contributes to a deeper assess-
ment of the proposed approach and its suitability for
applications.

Figure 15 illustrates how much the adopted proce-
dure is robust for the four considered hysteresis loop
shapes with an amplitude F = 1 of the input force.
A minimum number of iterations are required for the
majority of the analyses, in which occasional instances
where a higher number of iterations are needed.
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Fig. 15 Number of Newton–Raphson iterations as a function of
the arc length s corresponding to the four types of loop shapes
analyzed with a forcing amplitude F = 1
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