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Abstract: We consider a class of semilinear equations with an absorption nonlinear zero order term of power
type, where elliptic condition is given in terms of Gauss measure. In the case of the superlinear equation we
introduce a suitable definition of solutions in order to prove the existence and uniqueness of a solution in RY
without growth restrictions at infinity. A comparison result in terms of the half-space Gaussian symmetrized
problem is also proved. As an application, we give some estimates in measure of the growth of the solution
near the boundary of its support for sublinear equations. Finally we generalize our results to problems with
anonlinear zero order term not necessary of power type.
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1 Introduction

In this paper we focus our attention on a class of semilinear elliptic Dirichlet problems, whose prototype is

~div(Vu() () + co [P u@p() = fFP(x) inQ
(11
u=0 onoQ,
where co > 0, p > 0, Q is an open subset of RN not necessary bounded, ¢(x) = py(x) := (271)’% exp (—@
is the density of standard N-dimensional Gauss measure v and the datum f belongs to a suitable Zygmund
space. A more general diffusion operator is in fact considered in all this paper.

Problem (1.1) is related to Ornstein-Uhlenbeck operator Lu := Au — x - Vu and our approach allows us to
consider an extra semilinear zero order term ¢ [u[P ! u, Q = RN and a weak assumption on the summability of
datum. Notice that we can formally write div(Vu ¢(x)) = Au@(x)+V @(x)-Vu which justifies the multiplicative
role of ¢(x) in the equation of (1.1). The idea of “symmetrizing the operator” —Au(x) + x - Vu in order to solve
the drift equation

—Au(x) +x - Vu +co |u(x)|p_1 ux)=f(x) inQ
(1.2)
u=0 onoQ,
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comes back from a pioneering paper [27] by Kolmogorov in 1937 for ¢y = 0. For some recent survey in this di-
rection see [32]. It is well-known the above diffusion operator with a drift is related to the stochastic Ornstein—
Uhlenbeck process with applications in financial mathematics and in physical sciences (a model for the ve-
locity of a massive Brownian particle under the influence of friction ). This is sometimes also written in terms
of a Langevin ordinary differential equation with noise (see, e.g. [31]).

We remark that if ¢ = 1 problem (1.1) was largely considered in the literature (see, e.g. [9] when Q is
bounded and [37] and [19] when Q is unbounded and p > 1).

In the weighted case, when p < 1 and 7(Q) < 1, Lax-Milgram Theorem guarantees the existence of a
solution for problem (1.1) u € H}(Q, ~) (the weighted Sobolev space) once we assume f belongs to its dual.
For example we can require f € L?log L (Q, 7), a functional space which we recalled in Section 2, where
other preliminary notions will also be collected.

If we consider Q = RN one of the difficulties that arises when solving (1.1) is due to lack of a Poincaré
inequality. As a consequence we have to consider the Banach space H!(R", v) equipped with the norm
lull2@y ) + VUl 2@y, ). In the linear case, p = 1, the existence and uniqueness of a weak solution
u € H'(RV, ~) to (1.1) follows again from Lax-Milgram Theorem and we also get the correct growth condi-
tion on f(x) as |x| > +oo (see, e.g. the exposition made in [30]).

The superlinear case p > 1 is different. In Section 3 we shall prove the existence and uniqueness giving
a suitable notion of weak solution for the case of @ = R and p > 1. We point out that in the superlinear case
when 7(Q) < 1 the existence and uniqueness of a weak solution can be obtained through an easy adaptation
of the results of Brezis and Browder [9]. In order to consider Q = RY we follow an idea of [19], giving an
alternative proof and enlarging the applications of the pioneering result on superlinear problems by Brezis
[8]. Thanks to the assumption p > 1 we get some a priori estimates on any given half-space allowing us to
obtain a general existence and uniqueness result without any growth condition at infinity on the datum f (and
so with less summability than f in L? log L (RY, 7).

In a second part of the paper (Sections 4 and 5) we deal with comparison results in terms of the half-space
Gaussian symmetrization of solutions of (1.1) and its generalizations. We point out that when Q is bounded
the usual radially symmetrization method, when applied to an elliptic operator with a drift term as (1.2) mod-
ifies drastically the drift term in the symmetrized equation (see, e.g., [34]). In contrast to that, the half-space
Gaussian symmetrization method allows to preserve the more important facts of the drift term (see Remark
11) as well as to deal with an unbounded domain. We recall that in [3] the authors compare the solution u to
problem (1.1), when v(Q) < 1, with the solution v to a simpler problem, called the half-space Gaussian sym-
metrized problem, without zero order term defined in the half-space Q* = {(x1, ..., xy) € R : x; > w} with
w such that 7(Q*) = v(Q) and with a datum depending only on the first variable. Here we are interested to
prove some comparisons in term of the solution to symmetrized problem keeping also a nonlinear zero order
term. As in the unweighted case (see e.g. [16], [18]) we are able to obtain some integral estimates, that imply
a comparison between Lebesgue norms. Other comparison results related to Gauss measure are contained in
[20, 21], [12] for the parabolic case and [25] in the non-local case. As an application, we give some estimates
in measure of the growth of the solution near the boundary of its support for sublinear equations p € (0, 1)
when the datum f possibly vanishes on a positively measured subset of Q.

Finally in Section 5 we generalize our results to problems with more general zero order terms b(u), not
necessary of power type as in previous Sections.

2 Preliminaries

Let v be the N-dimensional Gauss measure on R¥ defined by
_N |x|2 N
dy := @y (x)dx := (2m)" 2 exp 5 dx, xeR

normalized by ~ (RN ) = 1. In what follows we will set py(x) = @(x) for simplicity.
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It is well-known that an isoperimetric inequality for Gauss measure holds (see e.g. [11]): among all mea-
surable sets of RN with prescribed Gauss measure, the half-spaces take the smallest perimeter (in the sense of
this measure). In particular, the perimeter of a (N — 1)-rectifiable set E of RN with respect to the Gauss measure
is defined as

N x|
P(E)=(2m) 2 / exp (_T) Hn-1 (dx),
OF
where Hy_; denotes the (N - 1)-dimensional Hausdorff measure. The following isoperimetric estimate (see
e.g. [11])
P(E) > ¢1(@7'(v(E)) .1)

holds for all subsets E C R", where ¢1(s) = (271)"% exp (—g) fors € Rand
+eo
D) = / @1(s)ds for A € RU {—o0, +o0}, (2.2)
A

the 1- dimensional Gauss measure of line (A, o).
Now we introduce the notion of rearrangement with respect to Gauss measure (see e.g. [22]). Here the balls
of Schwartz symmetrization is replaced by half-spaces

Hy := {x = (X1s e xy)ERN 1 xg > (u} for some w € RU{—o0, +oo} . (2.3)

If u is a measurable function in Q, we denote by u® the decreasing rearrangement of u with respect to Gauss
measure, i.e.

u®(s)=inf {t>0: vy, (t) < s} se€]o, 1], (2.4)
where v, (f) = v({x € Q : |u] > t}) is the distribution function of u with respect to the Gauss measure. More-
over the rearrangement with respect to Gauss measure of u is defined as

W =u® (@)  xea’, 2.5)

where
* *
Q" := H, with w such that » (Q ) -~ (Q) 2.6)

and @ is defined in (2.2).
By definition u” is a function which depend only on the first variable and its level sets are half-spaces. More-
over u, u® and u” have the same distribution function.

If u (x), v (x) are measurable functions an Hardy-Littlewood inequality hods:

Q
. . Q)
/ lu(x)v(x)| dy < / u (X)v (x) dy= / u® (s)v® (s) ds. (2.7)
Q o 0
For general results about the properties of rearrangement with respect to a positive measure see, for example,
[13].
We recall that for every open set Q C RY the weighted Lebesgue space LP(, v) with p > 1 is the space of
measurable functions u such that

Il = / ul? dvy
0

Moreover, as usual, H(Q, ~) states for the weighted Sobolev space of functions u such that u, |Vu| €
L?(Q, v) equipped with the norm ||u lz2(0,7) + VUl 12(q, ) Finally we denote by H}(Q, ~) the closure of C3(Q)
under the norm [[Vu||;2(q .- We remark that a Poincaré inequality holds only when ~v(Q) < 1:

/\w\z dy > cp/u2 dvy (2.8)
Q

0
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for every u € H}(Q, ), where Cp is a positive constant depending on Q.

The Sobolev space H}(Q, ~) is continuously embedded in the Zygmund space L?(log L)2(Q, ~) (see [26],
[24], [23] and references therein). We recall that given 1 < p < oo and —oo < a < +oo, a measurable function u
belongs to the Zygmund space LP(log L)*(Q, ~) if

~(Q) a
q
|[ullzrog Lye(,) = /[(1—logt)“u®(t) dt | <oo. (2.9)
0

Then, it is well-known that there exists a constant Cs depending on Q such that

flull < Cs HVLIHLZ(Q’,Y) (2.10)

L2(log L) 2 (2,7)

for all u € H(Q, ~). This explain why Zygmund spaces are the natural spaces for the data of problems as
(1.1). We observe that these spaces give a refinement of the usual Lebesgue spaces. Indeed by definition (2.9)
the space LP(log L)°(Q, v) = LP(Q, 7). For the definition and properties of the classical Zygmund space we
refer to [5].

When Q = R we explicitly underline that inequality (2.10) holds by replacing the norm of the gradient
by the norm of HX(RY, ~).

3 Existence and uniqueness of solutions for the superlinear
problem in RN without growing conditions

In the present section we focus our attention to existence and uniqueness of solutions to problem (1.1) when
Q = RY. Precisely we consider the more general second order elliptic problem

N
> (a,-j(x)%(x)) + (0 [uG” ™ u(P() = FO)p0) in BN, 1)
ij=1" !

As recalled in the introduction, to deal with Q = RY we will need a suitable definition of weak solution.
We refer to [8, 19] for unweighted case ¢(x) = 1.
We introduce the natural energy space for the linear problem (for the case p = 1)

V(RN = {w:we H'(Hy, ) forany w € R},
where Hy, is defined in (2.3). We stress that for a given function f such that f € L?(log L)‘% (Hw, ) forany Hy,

the integrals
[
H,

are well-defined for any 1 € V(RY) (even if f is not necessarily in the dual space of H*(R", ~)).
In this section we will assume the following structural conditions:
(A1) p>1
N
(A2) 9} € L™(Ho) VYweRand .Zla"i(x){"{f > ap (x)|¢]* for a.e.x € RN, v& ¢ RVwitha > 0
i,j=
(A3) c e LY (Hy,~)and ¢ (x) = co > Ofor x € Hy forany w € R
(A4) f € L*(log L) 2 (Hy,~) forany w € R.

Definition 1. A functionu € V(RY) is a weak solution to problem (3.1) if ¢ [u’* u € L' (Hy, ») forany w € R

and N
B ou oy p-1 _
Z/a,,a?aijd“/qm ul,bdv—/flpdfy (32)
RN

L,j=1pn RN
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forevery € H'(Hy, ) N L™ (Hy) with support contained in H, for any w € R.

We stress that under our assumptions all terms in (3.2) are well-defined. Obviously in Definition (1) we can
consider any half-space

{(xeRV:x-¢&>w} v&EeRVwith||é]| = 1and Vo € R,

not only the ones with boundary perpendicular to e;.
Let us fix wy > 0 and let us introduce for any w € R the auxiliary function

Ow(x) = % (x1) for any x; € R,

where 6, € C*(R) is such that 6,(x1) = 1 for x1 = w + wg and O, (x1) = O for x1 < w.

Theorem 2. Let us suppose that (A1)-(A4) hold. Then, there exists a unique weak solution in the sense of Def-
inition 1 to problem (3.1) such that c [ulP** € L' (Hy,~) for any w € R and (3.2) holds for { = u®,, for any
weR.

Proof. Step 1. Existence. For a given M € N let us consider the following localized problem
N -1
=32 0y (@y0 3L 00) + ¢ () [u00|” ™ ubIP() = FOI()  in Hoy
b (P_w)
u=0, on o0H_y.

We will adapt Brezis-Browder’s proof (see [9]) to prove the existence and uniqueness of a weak solution uy; €
H(H_y,7), i.e. cluylP € LY(H_y, +) and

Z/ UaaL;M g;p dX+/C|uM\p Yuyyp dy = /fl/)d’v (3.3)

Li=lg Hoy

for € HY(H_p) N L™ (H_yr). Moreover we get c|uy [Pt € LY(H_y, ~) and for w > -M

0 0
Z/ ij auM (uM@“J)dX+/C|uM|p+1 Oy dy = /fuMQtu d~. (3.4)

Lji=lg, H, Heo
Indeed take i = Tim(up) Oy in (3.3), where
Tm(r) := min {m, |r|} sign(r) Vr e Randvm € N. (3.5)

When m goes to oo we get (3.4).
Finally we extend uy; by zero over RN \ H_;; and we denote again this extension by uy;.
Now we prove an estimate of u,, which is independent of M thanks to the crucial assumption p > 1.

Lemma 3. Let us assume that u € H'(H_y, ), c|ulP*! € LY(H_y, ~), wo > 0 and for any w > -M

Z/ U‘;)u aa (u@w)dx+/c|u|‘”+1 Ow dv</fu@a, dv (3.6)

i,j= 1H H,

holds when f € L?log L™ 2 (Huw, ») for any w > —-M. Then

+oo +oo
(m-1)(p+1) _ 4m (m-1)(p+1)
/ \Vul? dy <Ky /s2 [Ea rﬁlgo(a)+s)ds+/s2 = 1go(a1+s)ds
Hywg 0 0 3.7)
+ KalIf|I?

L2log L™ 3 (Hy,v)
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and
+oo +oo
(m-1)(p+1) _ 4m (m-1)(p+1)
/ uP** dy <K, /s2 e zflgo(cu+s)ds+/s2 1 p(w +s)ds
Houg 0 0 (3.8)
+K>|If |12

L2logL™ b (Hyw,v)
for some positive constant K, and K, independent of u, w, p and f.

Proof. Indeed by (A2) and (A3) we get

/ Vudy=a / |Vu\2@wdw<a/|Vu| @wde/ ,,3: g“

Hurag Huva L=1g, (39)
ou o ou 6@
—Z/ . 3 (400)A - Z/ 240,
i,j= lH i,j= lH
and
co / [ulP*t dvy = co / |u|p+1@md7<co/\u\p+19 d'y</c|u|p 1oy dy. (3.10)
Hw+w0 Hw+w0 Hw
Using (3.6), (3.9) and (3.10) we get
ou a@
/|Vu| Ow d'y+/co|u|erl @md7</fuemd7 Z/ 3%, w udx. (B11)
i,j= le
Since p > 1, by Young inequality we get that
ou 6@w 3 ou 0 [y
Z/ i 3%, ’ udx = Z/ Uaxa 9(x1)}udx
i,j=1 Ha/ i,j= 1H
< —22 /al,a 6, (x1)0 (x1) U dx < 2max /|Vu\ lew(xl ‘ 0w (x1) |ul dv
i,j= 1
< 2smax /|Vu| Ouw d7+2C(£)max /‘Gg(xl)‘ lu? dvy (3.12)
< 2e max 4 /|Vu|2(9,,J dv +26C(e) max % /|u\p*1@w dv
i, o i, oo
] w ] Hu}
2(p+1)
+2C(6, &) max || -2 6,00)| 7 0,7 dy
i,j oo
for some positive constants € and 6 that can be chosen later. Moreover we have
’ 2
/ fubudy < CENFIZ, 3 +ETUOLIZ, 4 G13)

for some positive constant £ that can be chosen later. Sobolev inequality (2.10) and Young inequality allow
us to obtain

lumOo|?

1210g L% (H,) < ko /|uM@w d’Y+/|V(u@w)| dv

H, (3.14)

, 2
Skw(Hw)+kz/|u\p+1 @w+k3/\Vu|2 Ow d7+k4/‘9w(x1)‘ w0, dvy
H, H, Hy
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for some positive constants kg, k1, k», k3, k4. As before we get

2(p+11)
{2
Ow dy. (3.15)

, 2 , , ’
/)Gw(xl)‘ U200 dy <6 /|u|ﬂ+1@w d'y+C(6)/‘9(x1)
H, H,

Hy

for some positive constant &' that can be chosen later. Taking 6,,(x;) = O (|w - X1 |m‘1) with m > 0, then

2(p+1)
— 2(m- 1)(p+1) 4m
/\e T o vl(xl)dwks/w xi| % dy

e (3.16)
(m-1)(p+1) _ 4m
= ks /52;711 ;1¢(w+s)ds
0
for some positive constant ks and the last integral is finite if m > %. Moreover
+oo
2(’”1” 2m-1)(p+1)
w(Xl)’ Owx1)dysks [ s~ 71 @(w+s)ds (3.17)
H, 0

for some positive constant k¢ and the last integral is finite if m > 1. Choosing ¢, €', § and 6 small enough and
using (3.16), (3.17), (3.15), (3.14), (3.13), (3.12) in (3.11) we get

/|Vu\2@wd7+/|u|p+1 Ow dy

L H” oo (3.8)
< ky /sZ(mpl)Ep;l) = o(w+s)ds + /sz(mﬁp . p(w+s)ds| + k8||f||L2 tog L4 (Hu)
0 0
for some positive constant k7, kg. Using (3.9), (3.10) and (3.18) we obtain (3.7) and (3.8). O

Using (3.7) and (3.8) we can conclude that uy, is bounded in H'(Hy+4,,7) and it follows that there exists u such
that (up a subsequence) uy - u weakly in H*(H,, v) for any w € R, weakly in LP*(H,,, v) for any w € R,
strongly in LY(Hy, v) for any w € R with g < p + 1 and a.e. in H,, for any w € R. Using these convergences
and the monotonicity of function G(s) = |s|P~s we can pass to the limit in (3.3) and we conclude.

Step 2. Uniqueness. Let u; and u, be two different weak solutions to Problem (3.1) such that
cluq [P, clux [Pt e LY(Hy, ) for any w € R. We stress that they satisfy (3.2) with ) = u10, and ¥ = u, 0,
forany w € R. Let v = uy — u. Since v e H'(Hy, v) N LP*1(H,, v) for any w € R we get

5 Jargest V@“’)dx+ [rwwred -o.
1

i,j=1pN RN

where

[u1 P ur (- [w (OP ruwa(x)
) tmwrmemey. i w100 # u2(0)

I'(x) =

Co if u;(x) = up(x).

For p > 1 we have I'(x) = ¢( a.e. in RY. Then Lemma 3 can be applied obtaining

. _
/ |Vuyl|? dvy < Ky /sw S p(w+s)ds (3.19)
Hyrag Lo i
and ) .
oo
/ luyP*t dy < Ky /sw‘% p(w+s)ds (3.20)
Hywg Lo i
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for some positive constant K; . Lebesgue’s dominated convergence theorem allows

+o0
2m-)(p+1) _ 4m
p-1

lim s r1@(w+s)ds =0.

wW>—oo
0
Putting w goes to —co we get Vv = 0 a.e. on RY by (3.19) and then v = 0 a.e. on RY using (3.20). This is a
contradiction and the uniqueness result follows. O

Remark 4. Arguing as in the proof of the uniqueness result it is possible to prove that if u, is a weak superso-
lution and u, is a weak solution to problem (3.1), then u; < u, a.e. on RV,

Remark 5. We stress that Definition 1 and Theorem 2 can be easily adapted to problems defined in open subsets
of RN with v(Q) = 1.

Remark 6. The hypothesis p > 1 is crucial to prove existence of a weak solution in the sense of Definition 1
relaxing the standard assumption on the datum, namely f belongs to the dual space of H*(RY, ~). Otherwise in
the case p < 1 if the datum belongs to the dual space of the energy space, the existence of a solutionin H(R", ~)
follows arguing as in Theorem 4.2 of [15], because the space H'(RY, ~) coincides with H (RN, ~) n LP*1(RY, ~)
and both topologies are equivalent.

Remark 7. Since in Theorem 2 the existence (and uniqueness) of solutions is obtained without any decay con-
dition on f it is natural to search about possible decay estimates of the solutions when |x| > +oc. The estimates
obtained in [19] was extended to other different settings by several authors (see, e.g. [29] and its references).

4 Comparison results in terms of the half-space Gaussian
symmetrization

In this section we will give results comparing a solution of problem of type (1.1) with the solution to a simpler
problem defined in an half-space having data depending only on one variable.
We need starting with the case () < 1 and we consider the following class of Dirichlet problems

N
-3 2 (@034 (0) + ¢ 00 [ut)” ™ ute() = FIP()  in Q2
R (4.)

u=0 on oQ.

The structural assumptions (instead of (A1) - (A4)) are now the following:

(A0) Qisan open subset of RN (N = 2) such that v(Q) < 1,
(41) p>o,
N
42) % € L*=(Q) and ..Elaif(x)‘fi‘ff > ag (x)|£)? for a.e. x € Q,V¢ € RN with a > 0,
1,)=
(43) ce L' (Q,7), c(®)>¢0>0,
(A4) f e L?logL™Y2(Q, ).

We recall that under assumption (A2’) a Poincaré inequality holds and that f € L? log L7 Y2(Q,~) can
be identified with an element in the dual space of H}(Q, ~) (see [4]). Then, under our assumptions, all terms
in the corresponding notion of weak formulation are well-defined using (2.10) and (2.8). Since v(Q) < 1, the
existence of a weak solution to (4.1) comes easily by adapting the Brezis-Browder’s proof ([9]). Moreover, the
uniqueness of solutions is standard.
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The first result of this section shows a suitable integral comparison between the solution u to problem
(3.1) and the solution v to the following symmetrized problem

~div(avv()p(0) + co VI[P v)@() = fF)p(x) in Q*
(4.2)
v=0 on 00Q*,

where Q* is the half-space defined in (2.6) andfis such thatf = f*, the rearrangement with respect to Gauss
measure of f defined in (2.5).
First of all, we prove that the solution to (4.2) coincides with its half-space Gaussian rearrangement.

Proposition 8. Let assume that/7 e L%log L2 (Q%, ~). Then problem (4.2) has a unique nonnegative weak
solution such that v (x) = v* (x) in Q*.

Proof. Sincef = ]7*, thenf = 0. As a consequence the existence of a unique nonnegative weak solution is
standard. We only detail the proof of v (x) = v* (x).
Let v(x1) be the solution to

- (¥ ) ) + o [F)|” Vo) = Flcadgpato) - in @, +0)

v(w) =0,

where ¢ (x1) is the density of 1-dimensional Gauss measure and w is such that 4(Q") = (). By uniqueness
v(x) = v(xy) is the unique weak solution to Problem (4.2). Thus it remains to be proved the monotonicity.
Since

% / [7(3) - co ’7(5)‘1’71 7(5)] P1()ds = ¥ (x1)p1(x1) for x; > w,
it is enough to show
i ~ ~ p-1
¥(x;) = / [f(s)—co ‘v(s)‘ v(s)} @1(s)ds = 0 for x; = w. 4.3)

X1

Suppose that ¥(x;) < 0 for some x; = w and consider X; € [w, +o0) such that Y(x7) = [min)‘P(xl). It is
w,+o0

obvious that ‘P(x?l) < 0. We have that x; > w, otherwise it follows that ;,(xl) < 0 in some neighborhood of w,
in contrast with v(x;) 2 0 in (w, +o0) and v(w) = 0. ,

In a similar way we show that there exists x; € (w, X1) such that ¥(x1) > 0. Indeed otherwise v(x)) <0
in (w, X1), in contrast with 7(x1) > 0in (w, +o0) and V(w) = 0.

Since ¥(x1) > O there exists X; < X7 < X1 such that ¥(x1) = Oand ¥(x;) < 0in (x1, x1) and min ¥(x;) =
X1,X1

. ~ e ~ ~ Pl e e p— o~ . , .
¥(x1). Then v (x1) < 0in [x7,X1]. As a consequence f - co M v is increasing in [x1, X1, i.e. ¥ (x1) is

decreasing and ¥(x;) is concave in [X7, X1]. Since ¥(x;) has aminimum in [x7, x1]), it follows that ¥(x;) = 0
in [x1,X1], in contrast with ¥(x7) < 0 and ¥(x7) = 0. This proves (4.3). O

Now we are in position to prove the following comparison result.

Theorem 9. Assume that (A0) and (A1)-(A4’) hold. Let f be a nonnegative function, f € L?log L™Y2(Q*, ~),
let u and v be the nonnegative weak solution of (4.1) and (4.2), respectively. Then

1 ~
1AL =V)ll=o,(0 = ¢ I = Frlli=,(00>
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where
Us) = [ [u®@®OF dt V(s)= [V dt (4.4)
o/ o/
F(s)= [ fE@) dt F(s)= | fo(t) dt,
o/ o/

fors € (0, v(Q)] and g®(t), the decreasing rearrangement of g with respect to Gauss measure, is defined in (2.4).
In particular, if we suppose that

F(s)<F(s)  forany s € [0,7(Q)],
then
U(s) < V(s) forany s € [0, v(Q)].
Proof. We argue as in [16], [18]. Let us define the functions u,, : Q > R as
0 if [u()| =<t
Ut (X) = (Ju (x)| - t) sign (u (x)) ift<u(x)|<t+x
K sign (u (x)) ift +x < u(x)

for any fixed t and k > 0. Observing that u,. ¢ belongs to H(Q, ), and Vuy. ¢ = X{t<|uj<t+x} VU @.€.in Q, function
Uy ¢ can be chosen as test function in (18) and by (43") we get

% / |Vul? d7+% / clulP™t u(lu| - t)sign(u) dvy + / c|ulP~ usign(u) dvy
t<|ulst+x t<|ulst+x Ju|>t+x
< % / f(u| - ) sign(u) dv + / fsign(u) dr.
t<|u|st+x |ul>t+x

In the standard way by (A5) we have
—% / Vul dy < / | do - / colulP Lusignudy  fort> 0.
[u|>t u|>t [u|>¢
By Hardy-Littlewood inequality (2.7), we obtain

u(8) Yu(®
_% / [Vul® dy < / fO(s) ds - / colu®@s)P ds  fort>o0.
0 0

[ul>t
Using (2.1) by standard arguments (see [33]) it follows that

“7u(0)
(91 (@1 (w(®)))?

1< [Fyu()) - coUlyu(t))]  fort>o0.

Then

! 1
—u®@s)) c ——=[F(s) - co U(s) for s € (0, v(Q)). (4.5)
(40) oo @y Ot

By (4.4) the derivative of U equals

U(s)=[u®@G)P  forae. s € (0,+(Q)). (4.6)
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Relations (4.5), (4.6) and (4.4) yield

d

(0107 ©)" |4 (€0)" )|+ @@ =56 forsc 0,5
(4.7)

U@0) =0, U Q) =0.
Now let us consider problem (4.2). The solution v to problem (4.2) is unique and v (x) = v*(x) (see Proposition
8).

By the properties of v we can repeat arguments used to prove (4.5) replacing all the inequalities by equalities
and obtaining

20s) = 1 [F(s)-coUis)] fors e (0,~(Q)). 4.8)
( Y ) (91 (@-1(5)))2 [ 0 } 7

and thus

100 |5 (7)) o519 s 0ot

(4.9)
V(0) =0, V(v(Q))=0.

Putting together (4.7) and (4.9) we get
—1 2 d ’ % d ¢ 1%
(er(07®))" -5 ()" )+ 5 (VO)")] (4.10)
< F(s) - F(s) + co (V(s) - U(s))
Since U, V € ([0, v(Q)]), there exists sy € (0, v(Q2)) such that
1
||(u - V)+||Lw(o,—y(())) = ?O(u - V)(50).
We argue by absurdum. Suppose that
1 ~
(U -V)(so) > % 1T = Pl =0, -
If s < v(Q), by (4) it follows that

F(s) - F(s) + co (V(s) - u(s)) < ||(F- §)+||LN(OW(Q)) —-co(U-V)(s) <O forse(so—¢€,s0+&). (4.11)

We set

Z=U-VeH*(so-¢,S0+E€).
Then A A

(W) - (V®)" =Z$)p), (4.12)
where

1 F -
o(s) = / % (U +a-0VE)" drso. (4.13)
0

As a consequence of (4.10), (4.11), (4.12) and (4.13) we obtain

o) [ ())& (')

= (1 (@ (s)))2 h(s)% (p£)Z () <o,
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where
1

h(s) = / { {-r% (W®) -a -T)% ((v’(s))"’ﬂ} dr > 0.
0
We can conclude that d
~ds (Q(S)Z,(S)) <0 for s € (sg—¢,s0+¢), (4.14)

which is in contradiction with the assumption that Z has a maximum in sq.
If so = v(Q), (4.14) holds for (v(Q) - &, v(Q)), then Z'(v(Q)) > 0, but we know that Z'((2)) = 0 and again a
contradiction arises. O

Remark 10. Under the same assumption of Theorem 9, it is well-known that we deduce also that
lullpreca,q, < IVIw@x 4 forany 1 <rs<oo.

Remark 11. As mentioned in the Introduction, when Q is bounded the usual radially symmetrization method,
when applied to an elliptic operator with a drift term as (1.2), modifies drastically the drift term in the sym-
metrized equation. For instance, we can apply Theorem 1 of [34] to equation (1.2), which can be formulated in
divergence form as

—Au(x) + div(xu) - Nu + co |u(x)|p71 ux) = f(x),

so that in the notation of [34] we must take b;j(x) = x; and c(x) = —N. Then the corresponding symmetrized
problem built in [34] is

~Av(y) + Bﬁ - Vv(y) + Bvdiv (ﬁ) -Nv+co |v(y)|p_1 vy) = f¥(y) inQF,
(4.15)
v=0 on 00",
where Q" is now a ball with the same volume than Q, B = |||x||| L~(q)> and f* is, for instance, the radially de-

creasing symmetric rearrangement of f. Notice that, in contrast with the “artificial” first order terms arising in
problem (4.15), the half-space Gaussian symmetrization problem (4.2) preserves the same type of drift than the
original problem (1.2)

Using the Definition 1 the above comparison result can be extended to the case of @ = RN and p > 1 under
the assumptions of the previous Section.

Theorem 12. Let Q = RN, p > 1 and the rest of conditions of Theorem 2. Let f be a nonnegative function and
let f € L2log L™/2(HX, ~) for any w € R such that f = f*. Then
i) problem
-div (aVv(x)p(x)) + co |v(x)|p_1 v)e(x) = FX)e(x) inRY (4.16)

admits a unique weak solution v.
ii) let u and v be the nonnegative weak solution of (3.1) and of (4.16), respectively. Then, for any € € (0, 1)

1 ~
(U - V)+||L°°(0,1—g)) < C—0||(3"— §)+||L°°(0,1—a)’
where U, V, F and T are defined as in (4.4) for s € (0, 1). In particular, if we suppose that

F(s) < F(s) forany s € [0, 1),

then
U(s) < V(s) forany s € [0, 1).
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Proof. Part i) is a consequence of Theorem 2 (see also [6]). To prove ii), as in the proof of Theorem 2, we first
consider uy, the solution of the corresponding localized problem (P_y) on H_y;, and vy, the solution of the
symmetrized problem

—div(aVve) + co |v|1"’1 vo(x) = f(x)go(x) in H_p

v=0 on 0H_yy,

where now H_y* = H_j; and f is such that f = f*. We extend uy, and vy by zero over RN \ H_;; and we
denote again these extensions by uy and vj,. Then, from the proof of Theorem 2 we know that {uy}, {va}
are bounded in H*(Hy+w,,v) with w € R and wo > 0. It follows that there exists u and v such that (up a
subsequence) uy > u and vy; > v weakly in H*(H,,) for any w € R, weakly in LP*'(H,,~) for any w € R,
strongly in LY(H,,, ) for any w € R with g < p + 1 and a.e. in Hy, for any w € R. Since the rearrangement
application u > u* is a contraction in L"(Hy, ~) for any r > 1, we get that uﬂ’; > u* in LY(Hy, ~) for any
w € Rwith g < p + 1 and a.e. in H,, for any w € R (and weakly in LP*1(H,, ») for any w € R). On the other
hand, by the Polya-Sezgo theorem

*
g

< ||Vu
sy < IV 201

which implies (thanks to the assumption p > 1: Lemma 3) that {uA*/I} is bounded in H*(Hy+w,, ) and thus

uA*/I - u* weakly in H'(Hy, ~) for any w € R. In particular, if we define

Uy(s) = [[ug@F dt Vu(s) = [ V)P dt,
/ /

we get that
1 ~
(Uar = Vad)+ [l (o, u)) < all(?— Il (0,7 (H_u))»

for any M € N. Moreover Uy » U and Vy; - V strongly on L*(0, 1 - €) for any € € (0, 1) and thus we get the
desired conclusion. O

Remark 13. Notice that we have proved the existence and, specially, the uniqueness of a solution of the problem

0107 @) |- ((V0) )| +av0) =560 frsc.1

V() =0, V(1) =0.

when we assume only 0 < F(s)and F ¢ L}OC(O, 1), to be more precise T e10,1-¢) for any € € (0, 1). For
instance we could consider function of the type

F(s) = ﬁ,foranya > 0.
This type of questions is related with the study of removable singularities for quasilinear equations (see, e.g.
Section 5.2 of Veron [36]). In this theory, usually it is assumed N = 2.

Remark 14. The above passing to the limit in M € N also holds (for very different arguments, see Remark 6)
when p < 1 oncewe assume thatf € L*(R", ~) is in the dual space of H*(R" , ) (which, essentially, corresponds
to the case in which F € L1(0, 1)).

We end this Section with a qualitative property for the case p < 1 which holds as an application of the above
comparison Theorem. First of all we recall that this assumption allows the formation of a free boundary in
the sense that if f = 0 over some suitable large subset of Q, with

1({x € Q:f(x)=0}) = 57 € (0, 7(Q2),
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then the solution u of (4.1) have compact support on Q (i.e., N, := {x e Q:ulx) = O}, contained in
{x € Q:f(x) = 0}, is not empty) (see, e.g. [15]). Thus

({x € Q:u(x) =0}) = 7, for some 7 € [0, 5. (4.17)

Notice that in terms of the corresponding function U(s) it means that U attaints its maximum on a subinterval
[v(Q) - 1, v(Q)]. Solutions V(s) of the symmetrized problem (4.9) may have also this property (once the data
F(s) take its maximum on an interval [v(Q)-s F ~(Q)]). This is possible since the diffusion operator of (4.9)
becomes degenerate over the sets where V'(s) = 0, because p < 1 (see, Theorem 1.14 of [15]). The following
result gives some estimates about the decaying (in measure) of u®(t) near the boundary of its support t =
~(Q) - (notice that T could be zero). Since our goal is of local nature we shall need some additional condition
which holds, for instance, when f is a bounded function:

llullL=(q) < Moo, for some Mo > 0. (4.18)
Proposition 15. Assume that p < 1, (A2") - (A3") holds, f belongs to the dual space of H(Q, ~), f = 0 and
vQ)<landt=00rQ=RNand7 > 0. (4.19)

Let u be the solution of (4.1) and assume (4.18). Let T < [0, s¢] given by (4.17). Assume data f and Q, and
u be such that,

UQ) - T - 8) < My — 0655 (4.20)
for some 6 € (0,~(Q) - 1), and
F(s) < coMu + K’;((g) [1(Q) -7 5] ¥ fors € (4(Q) - T - 6, min (W(Q) - % 7(!)))), (4.21)

where 6 > 0 is some constant such that

1 _p_
a-p% |”
0> |Ks(@Q)co P12 || (4.22)
2p(p + 1)
1
K5(Q) = — 3 (4.23)
MiNg (y(0)-1-8,min(v(2)- @) (P1 (P71(S)))
k) = 03 20D o (0)cq
1-pr
and
’Y(-{)) ~¥(Q)-1
My = U(s) = UH(Q)) = ®tpdt=/ ®OPdt = ||uP )
o= max U(s) = U(@) / w®(0)] L OPde =1 g
0 0
Then

y(Q)-1
/ W®OPdt<0((Q) -1 - s)% forany s € (v(Q) -7 -6,+(Q) - 7).

S

1 1
Proof. Since _dis ((u,(s)) ? ) >0 ((u'(s)) "’ = u®(s) which is a decreasing function), for any § > 0 in a neigh-

borhood of v(Q) - T we have

se(v(Q)—r—&,rI;ilril?v(Q)—l ~1@))) (<p1 ((Dil (S)))2 {_;s <(u,(s)) p)}

2>

i (4.24)
<(or(07®)) |-t (WO)")] . torse (@-r-8min (v - 5.~@)).



DE GRUYTER J. 1. Diaz, F. Feo, and M. R. Posteraro, Half-space Gaussian symmetrization =—— 1215

Notice that due to (4.19) then minge (. (g)-r-s,min((2)-,@) (@ (@' (s)))2 > 0 since min(y(2) - 5, +(Q)) < 1.

2
Moreover, from (4.18)

0<U(s) = [u®@s)P < ME,

which, in particular, implies
UH(Q) - T - 6) < ME(v(Q) - T - 8).

Then, simplifying the notation K = K4(Q) in (4.23), (4.7) and (4.24) we get
1
[—dis ((u'(s)> pﬂ + KcoU(s) < KF(s) fors € (v(Q) - 7 -6, min (v(Q) - 3,+(Q))),
(4.25)
UH(Q) - 7 - 8) < ME(+(Q) - T - 6), U (min(y(Q) - 3, +(Q))) = 0.
When Q = RY we recall that the existence of solutions can be proved by well-known methods since the

perturbation is sublinear (see e.g. Theorem 4.2 of [15] and Remark 14).
Let us construct now a supersolution of (4.9). We define the function

Wis)= 4 M= (D -7-9) if s € [v(Q) - T - 8,~(Q) - 1],
My if s € [v(Q) - 7, min(x(Q) - I, ~(Q))],

where )
n(r) = Or»  with 6 satisfying (4.22).

Since p < 1, according Lemma 1.3 and Lemma 1.6 of [15] (where its conclusion implies that k(6) > O when
(4.22) holds), we get that

[-% ((W’(s)) v )} + KeoW(s) = KoMy + k(6) [(Q) - 7 - 5] for s € (0, min (+(Q) - §,~(2))),

WHQ) -7 8) = My - 6(8) , W (min(x(2) - §,+(Q))) = 0.

Notice that the support M, — W is the interval [v(Q) - T - §, v(Q) - 7] and that v(Q) - 7 = 4(Q) - Sf.
From the assumption (4.20) U(y(Q) - T - §) < W(v(Q) - T - §)).
Moreover, by (4.21) we have

[—% ((u'(s)) ;ﬂ + KcoU(s) < [—% ((W’(s)) ;)} +KcoW(s) s € (v(Q2) - 7 -8, min (v(Q) - ,7(Q))),

UH(Q) -7 - 68) < W((Q) - 7 - 6), U (min(y(Q) - 3, +(Q))) = W (min(+(Q) - 7,7(Q)) = 0.
Thus, by the comparison principle,

U(s) <W(s) forany s € (v(Q) - T - 8, min(y(Q) - %, ~(Q))),

Y(Q)-T

/ WP dt > / WP dt - n((Q) -7 - 5)
0 0

and then
Q-1

/ w®OPdt<n((Q)-1-s)foranys € (v(Q) - 7 - 6,7(Q) - 1),

which gives the result. O
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Remark 16. The above result improves Proposition 5 of [17]. We send the reader to [15] and [17] for many other
results concerning solutions with compact support and dead cores, when p < 1. In particular, it is well known
that a suitable balance between the “sizes” of f and the set {X c:f(x)= O} is needed for the occurrence of a
free boundary: in some sense the last set must big enough. Such a balance appears here written in terms of the
assumptions (4.20) and (4.21). Notice the above results says that if condition (4.20) holds for s = v(Q) -1 - 6
then we get the decay inequality for any s € (v(Q) — T — 8, v(Q) - 7). Finally, notice that if in (4.25) there is an
equality, instead an inequality, and if sy > O then, necessarily My = My, where

7(Q) 7(Q)-s¢

M -36@) - [ orde- [ o= 7], -
0 0

5 Comparison in mass for problems with a more general non
linearity

The results of the previous section can be generalized to a class of elliptic problem with a more general zero

order term. Several directions of improvement are possible. We could work with solutions outside the energy

space, for instance when f(x)@(x) € L*(Q), as in the famous paper by Brezis and Strauss [10], but we prefer

to continue working with solutions in the energy space and so, to fix ideas, we consider in this Section the
following generalization

S o (a5003E00) + b0 = FP() inQ
’ (5.1)

u=0 on 0Q.

We assume the structural assumptions (A0), (A2')-(A4") and replace (A1") by
(B) b is a continuous increasing function such that b(0) = 0 and b(uw)u > 0

Moreover arguing as in Theorem 9 it is possible to prove a comparison result between the concentration
of the solution u to problem (5.1) and the solution v € H3(Q*, ~) to the following problem

~div(aVv(0)p(x)) + co b(v())p(x) = F)p(x) in Q*
(5.2)
v=0 on 0Q*,

where Q% is defined in (2.6) andjNr = ij*, the Gauss rearrangement of f

Theorem 17. Suppose that (AO), (A2)-(A4’) and (B) hold. Let f be a nonnegative function, f €
L?10g L"Y2(Q*, ~) and let u and v be the nonnegative weak solution of (5.1) and (5.2), respectively. Then

L
I =V)ellzmo @ = 2 1E = Pillz=o @

where
Us) = [ b®(e) dt V(s) = [ b(v®(s)) dt
0/ o/
F(s)= [ fE(p) dt F(s) = [ fo(0) at,
0/ o/

fors € (0, v(Q)].
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The proof of Theorem 17 runs as in the case b(u) = |u|P~1u, but as a preliminary step we need that the analogue
of Proposition 8 is in force. For reader convenience we detail the following result of existence.

Proposition 18. Suppose that (A0), (A2')-(A4’) and (B) hold. If f is nonnegative, then Problem (5.1) has a
unique nonnegative weak solution u € H}(Q, ), i.e. such that c(x) b(u) € L (Q, v) and

/Z 11:;:1 a‘/’dx+Q/Cb(u)z/)d’y=O/ﬁ/)d,y

for every ¥ € H}(Q, ) N L* (Q) holds. Moreover c(x) b(u)u € L (Q, 7).

Proof. We give only some details about existence, because the proof of positivity and uniqueness is standards
and runs using the monotonicity of b. We introduce the following class of approximated problems:

- Z 3 (@) §2) + Ty (c b)) () = FOIp(0)  inQ
=1 (5.3)

ug=0 on 00,

where Ty(s) is defined as in (3.5). Since | T (c(x) b(uy)) |@(x) < kop(x) and Ty (c(x) b(ux)) uy = 0, the existence
of a variational weak solution u;, € H}(Q, ) is well-known (see, e.g. [9]). Taking uy as test function and using
Log-Sobolev inequality (2.10) we obtain

||Vuk\|Lz(m) < C|fll log L-1/2(Q,~)

and
/ Ty (€00 b)) i d = ClF |2 10g 1112000
0]

for some positive constant C independent of uy. Then the sequence uy, is bounded in H}(Q, ~), then there
exists a function u € H}(Q, ) such that (up a subsequence

u, —u inHQ,7) and ux > uae.inQ

hold. In particular
Ty (c() b(ug)) u > c) b(wu  a.e.in Q.

By Fatou’s Lemma and estimate (5) we get
/c(x) bW ud~y < liminf/ Ty (c(x) b(ug)) ug dv < C||f || 2 log L-1/2(Q,)>
Q

then c(x)b(u)u € L1(Q, v). Moreover for some & > 0 and every E C Q by (5) we get

[retewbu) ar= [ Telcobwo) dre [ Teletobwo) d

E En{ux<1/6} En{u;>1/6}

1
<b (5) / c00) d + 6CIFl 12 1og 1120
E

1

Choosing § = [, c(x)dy if sup b(s) < +oo or otherwise § = . (
Taod

) , we get the equintegrability and

Vitali’s Theorem allow us to conclude that

Ty (c(x) b(uy)) > c(x) b(u) in LY(Q, ). (5.4)

Now we are able to pass to the limit in (5.3) for every ¥ € H3(Q, )NL™ (Q) and the result holds. O
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Remark 19. Theorem 17 also holds if we assume in (B) that b is merely non-decreasing b(0) = 0 and b(W)u >
0. The only difficulty arises when dealing with b™' because now is not necessarily a function but a maximal
monotone graph of R? and some technicalities are needed (see, e.g., [10], [15] and [35]).

Remark 20. A different extension concerns the case in which we replace f by a general datum F = f — divg
with f that satisfy (A4") and g € (L*(Q, v))N. To have nonnegative solutions we have to require < F, ) >> O for
every nonnegative test function.

We can also compare (in the sense of rearrangements) problems with different nonlinearities. Just to give an
idea, let us consider problem (5.1) when the domain Q is H,, the half-space x; > w with w € R. We take into
account two smooth strictly increasing functions b and b having the same domain such that b(0) = E(O) =0,
and two positive increasing functions of x, variable f andfdeﬁned in Hy. Recalling the symmetrized problem
(4.5) it is natural to require some conditions on the inverse of the zero order term functions. Indeed let us
assume that b and b are smooth functions such that

(b)Y Y (s) < (b"l), (s) for every s € R, (5.5)

where b~ and ( b )~! the inverse functions of b and b respectively and that the datum f is “less concentrated”
than the datum f, namely

/f(x) dx < /f(x) dx for every v > w.
H, H,
Then, we are going to prove that

/ bu* (%) dx < / b(i(0) dx  forevery v> w, (5.6)
H, H,

where u* is the rearrangement with respect to Gauss measure of the solution u to problem (5.1) and u is the
solution to the following problem

—div (aVu) + E(ﬁ)(p(x) = f(x)(p(x) in Hy

u=0 on oH,.

We refer to [35] for unweighted case ¢ (x) = 1. A more general result, implying conclusion (5.6) can be proved.
To be more precise, let b1, b, be two continuous non decreasing functions. We say that b, is weaker than b5,
and we write

b1 <b 2, (5.7)

if they have the same domain of definition, and there exists a contraction p : R - R (i.e. such that
}p(a) - p(b)| < la-b|fora,b € R)and b; = p o b, (notice that this implies condition (5.5) when they are
differentiable). We are now in position to state a comparison result between the concentration of the solution
u € H}(Q) to problem (5.1) with c(x) = 1 (for simplicity) and the solution v € H3(Q*, ~) to the following
problem N N

~div(aVv(x)(x)) + b(r(x)p(x) = fX)p(x) in Q*

(5.8)
v=0 on 0Q*,

where Q* is defined in (2.6), f = f* and (b)"! < b™1.

Theorem 21. Suppose c(x) = 1, (A0), (A2)-(A4’) and (B) hold with co = 1 and (b)) < b™. Let f be a
nonnegative function, f € L?log L Y2(Q*, ) and let u and v be the weak nonnegative solution of (5.1) and
(5.8), respectively. Then we get

1B = B)ellz=(0,@) < 1T = Ftllz=(0,~))>
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where
Bs) = [ bu() dt B(s) - [ bwe () de
0/ 0/
F(s)= [ f2(¢) at F(s)= [ Fo(p) at

fors € (0, v(Q)].

Proof. By using the Yosida approximation of functions (E)‘1 and b7 it is enough to prove the conclusion
when both functions are differentiable and strictly increasing (see, e.g. [10], [35]). As in the proof of Theorem
9 we get

(01 (@7 ()" {% (v (B'(s)))} +oB(s)<T(s)  fors € (0,7(Q)

B(0)=0, B'((Q)=0,

and

(o1 (@7 (5))) {—% (@) (@’(s)))] + coB(s) = F(s) for s € (0, 1(Q))

B(0) =0, B'(v(Q)) =0.

Assume that ||(B - B), l=(0,~) > O (otherwise the conclusion is trivial). Since B, Be €°[0, ~(Q)] the above
norm is attainted in some point so € (0, v(Q)] (is clear that s¢ > 0), so that

~ 1 ~
(B - B)(so) = all(g = B)+llz=(0,(2)-

On the other hand, since (AB)‘1 and b! are differentiable and strictly increasing we get that B and B are
convex functions on (0, v(Q)], from the assumption (5.7) we get that

(¢(7 @)’

Then we can reproduce the final arguments of the proof of Theorem 9 and the result holds. O

_% ((b)—l (%'(s)))} +coB(s) = F(s).

Example 22. Condition (5.7) holds, for instance, if b(u) = e* - 1 and E(u) = P — 1 with B = a > 0.Italso
u® ifosu<1

holds for b(u) = u® when E(u) = withB = a > 0.
uf ifu=1,

Remark 23. The pointwise comparison between b(u*(x)) and b (u(x)) usually fails. This type of pointwise
comparison was studied in [2] for the case of some evolution problems which are related with problem (5.1)
through its implicit time discretization.

Remark 24. Proposition 15 can be extended to the case of a function b(u) more general than |u|P"*u withp < 1.
The condition p < 1 is now replaced by a condition stated in terms of an improper integral

T

ds
/W%osz) < +oo, forany T € (0, 1),

where o(r) = [;(b™") (s)s ds (see Lemma 1.3 of [15]).
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Remark 25. Theorem 2 can be also extended to the structural assumptions of this Section when Q = RN by
replacing the expression |u|P*! by b(u)u and by working in the Orlicz space Lﬁ) C(]RN ,7), where A(t) = b(t)t and
by asking some additional conditions. We recall that b verifies a A, condition, i.e. there exist a constant K and
So such that

b(2s) < K b(s) Vs> sg.

We stress that all estimates in Lemma 3 holds replacing |u|P~*u with b(u), when
b(ku)ku = |ufP**  foru > ug

for some k, ug > 0 and for some p > 1 and the only crucial step is the weak convergence in the Orlicz space

L‘I%C(RN , 7). Clearly we have to require more on b in order to have that A is an N-function (see [1]). For example

b has to be an odd function. Moreover when b verifies a A, condition, it is easy to check that A does. Then the

Orlicz space L’,‘},C(RN ,7) is reflexive and the boundedness of ||uy|| 14 (RV,~) allows as to pass to the limit in the

sequence of approximate problems.
For some results in this framework but with the Lebesgue measure see [28] and its references. For other
generalizations of Brezis result [8] see for instance [14], [7], [6], [28].
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