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a b s t r a c t 

A sectional scheme for soot formation is combined with a novel model for coagulation efficiency based 

on the thermal rebound concept and involves the minimisation of the Lennard-Jones potential energy 

between two colliding particles. Here, a novel generalisation of the interaction potential well depth is 

formulated for particles of any size or material composition that contains a free parameter λ which 

is related to the soot particle void fraction. A simplification that expresses the coagulation rate in an 

Arrhenius-like form is proposed so that the entire gas-phase and soot kinetics can be easily coupled 

and integrated using existing chemical kinetics solvers. The model is included in the sectional scheme, 

which accounts for nucleation, surface growth/oxidation, coagulation and fragmentation, and is validated 

against experimental data for a series of ethylene burner stabilised stagnation (BSS) premixed flames and 

a methane laminar coflow diffusion flame. The soot kinetics is discretised into lumped species accord- 

ing to soot particle size (or number of carbon atoms) and the soot evolution follows a 23-step abstract 

reaction scheme that is a reduced form of an existing multisectional soot kinetics scheme (Sirignano 

et al., Energy & Fuels 27, 2013). Overall, the model predictions produce a satisfactory agreement with the 

experimental data but there is considerable sensitivity to λ. In particular, λ has a strong effect on the 

soot particle size distribution (PSD) in the BSS flames. λ = 1 or 1.25 lead to an overprediction of large 

particle concentrations but result in the correct transition to a bimodal PSD as the stagnation plate sep- 

aration distance increases, whereas λ = 2 is found to produce accurate predictions for nascent soot but 

suppresses the transition to a bimodal PSD. In the methane coflow diffusion flame increasing λ reduces 

the soot volume fraction but the predictions are also found to be very sensitive to the chosen numerical 

threshold for the lower soot size detection limit and results are presented for 2 nm and 7 nm thresholds 

for comparison against both laser-based and probe-based experimental data. 

© 2021 The Combustion Institute. Published by Elsevier Inc. All rights reserved. 
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. Introduction 

Soot produced by combustion devices is a major source of at- 

ospheric particulate matter which is hazardous, and especially 

armful when inhaled into the human respiratory system. Regu- 

ations on soot emissions have progressively become more strin- 

ent necessitating further reductions in the emission of mass as 

ell as the number of particles. To enable these improvements, 

oot models that are both accurate and computationally afford- 

ble are needed. Existing soot models include the method of mo- 

ents (MOM) [1–4] , the Monte Carlo method [5,6] and the sec- 

ional approach [7–10] . The method of moments and its variants 

re computationally efficient and solve transport equations for the 
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oments of the particle size distribution (PSD). The equations in- 

lude terms involving the unsolved higher-order moments so clo- 

ure models are required. Closures based on logarithmic interpola- 

ion [2] , direct quadrature [3] and hybrids of the two [4] can be 

ound in the literature. The Monte Carlo methods are the most 

etailed and expensive of the CFD-based soot models, employing 

omputational stochastic particles to solve the population balance 

quation (PBE) and predict the PSD in a probabilistic manner. In- 

ermediate, in terms of detail and computational cost, the sectional 

pproaches solve the PBE by direct discretisation of the PSD into 

ections or bins. In addition to discretisation according to soot par- 

icle size, other binning dimensions representing hydrogen to car- 

on (H/C) ratio [10–12] , chemical reactivity [11,13,14] and particle 

orphology [10] can be added to enhance the detail of the mod- 

lling. These multisectional models have been tested against ex- 

erimental data in small, laboratory-scale laminar flames [10,11,15–

7] but, as the cost increases exponentially with the number of 
. 

https://doi.org/10.1016/j.combustflame.2021.111444
http://www.ScienceDirect.com
http://www.elsevier.com/locate/combustflame
http://crossmark.crossref.org/dialog/?doi=10.1016/j.combustflame.2021.111444&domain=pdf
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imensions, they are computationally prohibitive for practical ap- 

lications and sectional methods which discretise only on soot size 

re the most common. 

Soot evolves through an interdependent sequence of processes 

hat are typically categorised as nucleation, surface growth, coagu- 

ation/agglomeration, oxidation and fragmentation. It is widely ac- 

epted that polycyclic aromatic hydrocarbons (PAH) are the main 

as precursors responsible for particle inception and PAH - PAH 

nteraction is a key feature of models for soot nucleation [18–20] . 

he H-Abstraction-Acethylene-Addition (HACA) mechanism [21] is 

n important reaction path used to model the nucleation and 

urface growth [18,19] . Additionally, surface deposition via PAH - 

oot interactions is an important contributor to mass growth 

22] . Coagulation and agglomeration refer to the collisions be- 

ween soot particles leading to larger particles or aggregates. These 

re typically modelled as collision processes [23] . Oxidation leads 

o surface depletion and potentially fragmentation of larger soot 

articles into smaller particles [24,25] . Heterogeneous reactions 

etween soot and gaseous oxidiser species such as O 2 and OH 

re included in many models [9,10,12,14,26] . With the exception 

f coagulation/agglomeration, these processes are the result of in- 

eractions between the solid soot phase and the gaseous molecu- 

ar phase and models therefore need to have interphase coupling. 

raditional PBE approaches require significant effort to account for 

hase change and coupling between the soot PSD and molecular 

pecies [8] . As discussed next, the soot kinetics methods offer a 

impler alternative. 

In the kinetic modelling form of the sectional approach, which 

s the focus of the present work, the soot bins can be thought 

f as lumped species (i.e. ensembles of real soot particles having 

imilar physicochemical properties determined by size, hydrogen 

o carbon ratio, etc.) that are solved in the same computational 

cheme as the gas phase molecular species. Soot evolution clearly 

nvolves combinations of both physical and chemical processes that 

an be modelled in different forms independently [9,27] , but the 

inetic sectional model provides a mathematically and numerically 

legant option by treating all of these as kinetic processes ap- 

lied to each of the lumped soot species through abstract sectional 

eactions with Arrhenius-like rate models [10,12,13] . The lumped 

pecies (sections) are functionally like gas species and hence the 

nterphase coupling is naturally achieved. In this way the gaseous 

hemistry and soot processes are implemented in a similar way 

nd solved concurrently, and thus fully coupled, using the same 

inetics solver. 

Sectional methods for predicting soot evolution continue to de- 

elop [28–30] . One aspect of particular interest is the modelling 

f coagulation. The coagulation rate is typically modelled as the 

roduct of collision frequency and coagulation efficiency. While the 

ollision frequency is quite well modelled already [23,31] , there 

s not yet a consensus on modelling of the coagulation efficiency. 

his leads to inaccuracy in, for example, the ability to predict bi- 

odal PSD distributions which result from a competition between 

ates of particle inception and coagulation [32] . Experimental evi- 

ence indicates that the coagulation efficiency for small soot par- 

icles can be several orders of magnitude smaller than that for 

arger soot particles, with non-linear increase to an efficiency of 

nity for particle diameters between 1 nm to 10 nm [33,34] . Singh 

t al. [35] and Eberle et al. [36] used different constant values 

or the coagulation efficiency. Zhang et al. [37] applied a step- 

haped function which enforced low constant efficiency for small 

articles and constant unity efficiency for larger particles. Veshkini 

t al. [28] used the same model as Zhang et al. along with a re-

ersible condensation efficiency model associated with PAH – PAH 

nd PAH – soot interactions. Raj et al. [38] used an non-linear em- 

irical fit to experimental data and Saggese et al. [12] proposed 

nother empirical correlation between the coagulation efficiency 
2 
nd colliding particle size based on the experimental data reported 

n [33] . D’Alessio et al. [33] and Lindstedt et al. [9] proposed 

imilar coagulation efficiency models which considered the ther- 

al rebound effect [39] . Here, successful coagulation occurs when 

articles have insufficient thermal kinetic energy to escape the in- 

eraction potential well. These models have a physical basis but the 

otential well depth between colliding particles was unknown and 

he modelling was dependent on the value chosen for the Hamaker 

onstant defined for Van der Waals interaction [40] . The Hamaker 

onstant for benzene was suggested by D’Alessio et al. [33] and 

sed in [15] , but its value was tuned in other works to give best

erformance relative to data [9,16] . Elsewhere, linear interpolation 

f the Hamaker constant between upper and lower limits was em- 

loyed to account for the impact of H/C ratio on the coagulation 

fficiency [10,11] . None of the aforementioned studies presented an 

xplicit relationship between the interaction potential well depth 

nd the Hamaker constant. The model of D’Alessio et al. [33] has 

n implied dependence of the potential well depth on the Lennard- 

ones potential function, but explicit formulations showing the cor- 

elation to particle types and sizes was not presented. 

In this study we propose a novel physics-based coagulation effi- 

iency model combined with a sectional soot kinetics scheme that 

s discretised in particle size space. Each particle size bin is repre- 

ented by one stable and one radical lumped species. The 23-step 

ectional scheme includes abstract reactions for nucleation, surface 

rowth, coagulation, oxidation and fragmentation. It has been de- 

ived from the 33-step multisectional model reported in Sirignano 

t al. [10] which has dimensions for size, H/C ratio and particle 

orphology. The novelty of the coagulation efficiency model lies 

n the fact that the interaction potential well depth is explicitly 

ormulated based on the Lennard-Jones potential and the resul- 

ant model has no direct dependence to the Hamaker constant. 

he expression for the potential well depth is quite general and 

s not restricted to any specific particle size or material composi- 

ion. Although it has been derived independently and has a dif- 

erent mathematical form, our new model has conceptual similar- 

ties with the recently proposed model by Hou et al. [30] . How- 

ver, that model overpredicts the coagulation efficiency by orders 

f magnitude compared to the experimental data from [33] and 

roduces results very similar to the unity coagulation efficiency 

olutions. An additional goal of the current work is to present a 

olver-friendly version of the sectional scheme which can be di- 

ectly coupled with a conventional gas-phase molecular chemical 

inetics scheme. To achieve this, the coagulation rate, like all other 

rocesses described by the sectional scheme, is expressed in an 

rrhenius-like form. The complete sectional soot kinetics model is 

alidated through comparison to the experimental measurements 

f two laminar flames with different fuels and combustion mode; 

amely, an ethylene burner stabilised stagnation premixed flame 

41] and a methane coflow diffusion flame [42,43] . 

The remainder of the paper is structured as follows. The model 

s presented in Section 2 with subparts for the sectional kinetics 

cheme, the coagulation model and a simplification of the coag- 

lation model into an Arrhenius-like form. A comprehensive vali- 

ation against experimental data appears in Section 3 and conclu- 

ions can be found in Section 4 . 

. Models 

.1. Kinetics model 

The gas-phase and soot kinetics are derived from the multi- 

ectional scheme presented in Sirignano et al. [10] . Essential de- 

ails are given here for completeness and further information can 

e found in [10,15,16,44] . Readers who are familiar to this method 

ay wish to go straight to Section 2.2 . 



Z. Huo, M.J. Cleary, M. Sirignano et al. Combustion and Flame 230 (2021) 1114 4 4 

Table 1 

Sectional soot kinetics scheme. 

K = A ∗ T n ∗ E XP[ −E / (R gas T )] ∗ (m ∗ n C ) 
k 

Reactions A n E k m 

Nucleation Rx1 Ai + Aj = BINi 2.0e13 0.5 15,000 0 0 

Rx2 Aj + Aj = BINi 2.0e13 0.5 0 0 0 

Rx3 Ai + Ai = BINi A coag n coag E coag 0 0 

Surface Rx4 BINi = BINj + H 6.0e14 0 113,100 0.8 1 

growth Rx5 BINi + H = BINj + H2 3.54e13 0 16,000 0.467 1 

Rx6 BINi + OH = BINj + H2O 3.54e13 0 4560 0.467 1 

Rx7 BINi( n C ≥ 19 k ) + OH = BINj + H2O 8.85e13 0 4560 0.667 1 

Rx8 BINj + H = BINi 7.83e13 0 0 0 1 

Rx9 BINj + H2 = BINi + H 3.54e13 0 16,000 −1.1 1 

Rx10 Aj + BINj = BINi + H 8.0e12 0.5 0 0.59 0.35 

Rx11 Ai + BINj = BINi + H 2.0e13 0.5 15,000 0.59 0.35 

Rx12 Aj + BINi = BINi + H 2.0e13 0.5 15,000 0.59 0.35 

Rx13 Ai + BINi = BINi A coag n coag E coag 0 0 

Rx14 BINj + C2H2 = BINi + H 3e6 1.787 3262 0.616 1 

Rx15 BINj + C2H2 = BINi + H 3e0 1.787 3262 1.616 1 

Coagulation Rx16 BINj + BINj = BINi 8.0e12 0.5 0 0.35 1 

Rx17 BINi + BINj = BINi + H 2e13 0.5 15,000 0.35 1 

Rx18 BINi + BINi = BINi A coag n coag E coag 0 0 

Oxidation Rx19 BINi + OH = BINi + HCO 3.0e12 0.5 10,600 0.423 1 

Rx20 BINj + O2 = BINi + 2CO 4.3e11 0 8000 0.667 1 

Fragmentation Rx21 BINj + O2 = BINi + 2CO 8.6e7 0 8000 1.667 1 

Rx22 BINj( n C ≥ 19 k ) + O2 = BINi + 2CO 4.3e-2 0 8000 1.667 1 

Rx23 BINj( n C ≥ 19 k ) + O2 = BINi + 2CO 4.3e11 0 8000 −0.333 1 

Unit: cal-K-cm-s 

Ai is PAH, Aj is radicals; n C is number of carbon 

BINi is the stable lumped species, BINj is the corresponding radials. 

A coag , n coag and E coag are determined by the coagulation model. 
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The gas-phase reactions for pyrolysis and oxidation of hydro- 

arbon fuel are derived from [10] and are themselves based on the 

RI-Mech 3.0 scheme for the C1 and C2 species [45] and the Miller 

nd Melius mechanism for C3 and C4 species [46] . The sequen- 

ial addition of acetylene molecules [21] is included, as well as the 

elf-combination of resonantly stabilised radicals for the growth of 

AH up to pyrene [47,48] . The soot kinetics is described by the 23

bstract reaction steps shown in Table 1 . These reactions are ab- 

tract in the sense that they are applied to lumped species and the 

umber of reactions depends on the discretisation that is chosen. 

i and A j represent the stable and radical versions of the light PAH 

pecies: naphthalene (A2), acenaphthylene (A2R5), phenanthrene 

A3) and pyrene (A4). The sectional soot species are denoted as BIN

nd the size discretisation is determined by the number of carbon 

toms, n C . The number of sections is denoted by N S . The specific

etails of the discretisation including the size and n C for each sec- 

ion are numerical considerations that are discussed in Section 3 . 

he original multisectional scheme [10] has discretisation in size, 

/C ratio and particle morphology spaces. To reduce computational 

ost, the H/C and particle morphology dimensions are removed 

ere. The elimination of discretisation according to particle mor- 

hology removes any differentiation of large gaseous molecules, 

ingle particles, particle clusters and agglomerates. Hence, all the 

umped species are treated as single particles in the present mod- 

lling. Furthermore, elimination of discretisation in H/C ratio space 

s compensated for by assigning this ratio for lumped species ex- 

licitly. In the past additional H atoms were prescribed to lumped 

o that the H/C ratio matched experimentally observed values [14–

6] . However, reactions between lumped species must then release 

r compensate an abundance of hydrogen to conserve the mass of 

lemental hydrogen which is physically spurious and tends to be 

umerically unstable. Here, a more rigorous treatment has been 

roposed. Each size-dependent soot section is represented by two 

umped species; a stable lumped species, BINi, that is assigned two 

ydrogen atoms, and a radical lumped species, BINj, that has one 

ydrogen atom. 
3 
The complete gas-soot mechanism consists 67 gaseous molecu- 

ar species and 2 × N S sectional species. For N S = 20 , which is the

ase case setting in the present work, the kinetics scheme consists 

f 1358 reactions. As a comparison, multisectional soot schemes 

an have more than 450 species and more than 24,0 0 0 elemen- 

ary reaction steps [49,50] or 900 lumped species and about 0.5 

illion reaction steps [10] and the associated computational cost 

s significantly higher than for the present scheme. The abstract 

eactions in Table 1 can be expanded into the complete sectional 

cheme by repetition of reactions looping over all PAHs, Ai and A j, 

nd sectional soot species, BINi and BINj. Here, i and j are not in- 

exes, rather they represent stable and radical species, respectively. 

ence, Ai is a general symbol for the stable PAH species: A2, A2R5, 

3 and A4; while Aj is for the PAH radicals: A2 ∗, A2R5 ∗, A3 ∗ and

4 ∗. Similarly, BINi and BINj are the general symbols represent- 

ng the stable and radical lumped species, respectively. A product 

umped species that falls between two bins is split between them. 

or example, the nucleation reaction Rx1 for pyrene, A 4 , and its 

adical, denoted as A 4 ∗, is interpreted as 

 4 + A 4 ∗ = x BINi-01 + y BINi-02 + 8 H 2 , (1)

nd reaction Rx16 for BINj-07 (i.e. radical lumped species for sec- 

ion 7) and BINj-03 (i.e. radical lumped species for Section 3 ) leads 

o 

INj-07 + BINj-03 = x BINi-07 + y BINi-08 . (2) 

n each example the parameters x and y are found through con- 

ervation of both the number of carbon atoms and the number 

ensity of soot particles (i.e. x + y = 1 ). The released hydrogen in

he first example ensures that H atoms are also conserved. Split- 

ing lumped species between adjacent fixed nodes in the sectional 

cheme leads to some artificial broadening of the PSD. This ef- 

ect is quantified in the Supplementary Material for the case of 

ure surface reactions. The broadened PSD has an approximately 

og-normal distribution around the exact solution and its standard 
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eviation correctly decreases with increasing number of soot sec- 

ions. 

The reaction steps in Table 1 model the five main soot evolution 

rocesses: 

Nucleation : Rx1–Rx3 are for the conversion of light PAH’s into 

he first soot sections. All forms of interaction are included, i.e. 

AH - (PAH radical), (PAH radical) - (PAH radical) and PAH–PAH. 

ased on an assumed structural similarity [11] , the rate coeffi- 

ients for Rx1 and Rx2 are given by the coefficients for reactions of 

henyl + benzene [51] and phenyl + phenyl [52] , respectively, with 

caling relative to n C . The dimerisation of stable PAH molecules 

y Rx3 is modelled as a coagulation process with the rate coef- 

cients determined according to the coagulation model presented 

elow. 

Surface growth : Once the first BIN is formed from PAH, the fur- 

her evolution of the soot begins by formation of radicals BINj in 

x4, which models spontaneous H loss, and Rx5, Rx6 and Rx7 

hich model H-abstraction due to heterogeneous reactions be- 

ween BINi and H and OH. The naphthalene reaction rate [14] is 

aken as a reference as explained in [11] and in this reduced 

cheme, the reaction rate parameters have been adjusted to ac- 

ount for the effect of hydrogen availability so that the scaling pa- 

ameter k is reduced by 0.2 in Rx4 - Rx6 and Rx19 compared to 

11] . Note that Rx7 is applied to BINs with n C ≥ 19 k to increase the

ate of the H-abstraction pathway represented by Rx6 for larger 

article sizes only. Rx8 and Rx9 are the backwards reactions of 

x4 and Rx5, respectively, acting as termination reactions for BIN 

adicals [16] . 

All forms of PAH addition to particles are considered; namely 

PAH radical) - (BIN radical) in Rx10, PAH - (BIN radical) in Rx11, 

PAH radical) - BIN in Rx12 and PAH - BIN in Rx13. The rate con-

tants are determined in a way analogous to the nucleation re- 

ctions (Rx1 - Rx3) with scaling based on the number of car- 

ons. Rx13 can be viewed as condensation of PAH onto particle 

urfaces and it is modelled using the coagulation rate presented 

elow. The acetylene addition reactions (Rx14 and Rx15) com- 

ined with H-abstraction constitute the H-Abstraction-Acetylene- 

ddition (HACA) mechanism which tends to close aromatic rings 

orming peri-condensed aromatic compounds (PCAH) [19,21] . Rx15 

ccounts for increased rate of C 2 H 2 addition with higher surface 

rea of aggregates. The HACA reaction rate constants are based on 

he reaction rate of naphthyl + acetylene scaled by increasing col- 

ision frequencies [14,21] . 

Coagulation : Combination of soot particles into larger particles 

s modelled by (BIN radical) - (BIN radical) in Rx16 and BIN - 

BIN radical) in Rx17, as well as by coagulation of two stable 

umped species in Rx18. In Rx16 stable biphenyl-like compounds 

re formed and further growth is stalled until they are once again 

ctivated via Rx4 - Rx7. Rx17 models the formation of σ -bond 

onnected aromatic molecules, also named oligomers of aromatic 

ydrocarbons (OAH), which can then develop into peri-condensed 

tructures by hydrogen loss (Rx5) [11] . An analogy to phenyl + ben- 

ene [51] and phenyl + phenyl [52] is used for the rate constants 

or Rx16 and Rx17 with scaling by n C . The coagulation rate in Rx18

s modelled as a pure physical process by forming larger lumped 

pecies upon collision of stable BIN species. Generally, coagulation 

tself does not alter directly the total soot volume fraction or soot 

ass but contributes significantly to the temporal evolution of the 

oot PSD [53] . As soot particle shape is not considered in the cur- 

ent work, there is no further consideration on the formation of 

ractal aggregates. 

Oxidation : Hydroxyl radical (OH) is the dominant species re- 

ponsible for soot oxidation [24] and is used to oxidise stable 

umped species through Rx19 [16] . Oxidation of stable lumped 

pecies by O 2 is also modelled by Rx20 with the rate coefficients 

ased on the reaction of naphthyl + O 2 [54] . 
4 
Fragmentation : Reactions Rx21 - Rx23 are special oxidation pro- 

esses to model fragmentation due to carbon removal from weak 

onnecting sites in soot particles. Each of the fragmentation reac- 

ions represents different concepts [10] . Single particle fragmen- 

ation (Rx21) is induced by internal burning, whereas aggregate 

reakup into smaller aggregates (Rx22) or smaller single particles 

Rx23) is induced by oxidation occurring around the soot agglom- 

rate connection points. Note that Rx22 and Rx23 apply only to 

arger lumped radical species. The rate parameters are the opti- 

al values given in Sirignano et al. [10] from comparison to ex- 

erimentally measured particle size distributions [25] . In all frag- 

entation processes, the larger particles/aggregates split into two 

qual-sized particles/aggregates. 

.2. Coagulation model 

The coagulation rate is modelled as k = βγ , where β is the 

ollision frequency and γ ∈ [0 , 1] is the collision efficiency. Note 

hat coagulation in this study refers only to physical combina- 

ions of stable (i.e. electrically neutral) lumped species. All parti- 

les are assumed to be spherical in the modelling presented here. 

esults for an alternative model in which particles larger than a 

ertain threshold size are non-spherical with an empirical and con- 

tant fractal dimension are presented in the supplementary mate- 

ial available with the online version of this paper. The results us- 

ng both the spherical and non-spherical assumption are very sim- 

lar with only minor sensitivity around the valley of the bimodal 

SD. However, the flexibility of the current model to include par- 

icle morphology is demonstrated and optimum fractal description 

an be used in different cases in practice. The model for collision 

requency depends on the regime of the collision events. In the 

ree molecular regime the collision frequency is modelled by anal- 

gy with the kinetic theory of gases in which colliding particles 

re treated as elastic hard spheres [23,31] , 

f 
i, j 

= 

(
πk B T 

2 

)1 / 2 (
1 

m i 

+ 

1 

m j 

)1 / 2 

(d i + d j ) 
2 , (3) 

here k B = 1 . 380649 × 10 −23 J/K is the Boltzmann constant, T is 

he temperature, m i and m j are the mass of particles, and d i and 

 j are the collision diameters of particles. 

For particles in the continuum regime, collisions are the result 

f Brownian motion and the collision frequency is modelled by 

23,31] 

c 
i, j = C 

2 k B T 

3 μ

(
1 

d i 
+ 

1 

d j 

)
(d i + d j ) , (4) 

here μ is the dynamic viscosity of the fluid environment and C

s the Cunningham correction factor for the Brownian particle dif- 

usivities [55,56] , 

 = 1 + Kn 

(
1 . 257 + 0 . 4 e (−1 . 1 /Kn ) 

)
, (5) 

ith the Knudsen number, Kn = λ f /L, where λ f is the gas mean 

ree path and L is the representative length scale, i.e. particle ra- 

ius. In the simulations the regime is not identified directly and 

he collision frequency is modelled by the minimum of the free 

olecular and continuum values, 

= min (β f 
i, j 

, βc 
i, j ) , (6) 

hich is essentially a model for the collision frequency in the 

ransition regime. Various other approximations for the transition 

egime are available in the literature and a detailed comparison of 

ome of them can be found in Otto et al. [57] . Generally, among

he models the one based on the minimum given in Eq. (6) pro- 

uces an upper bound for β and the model based on the harmonic 

ean of the two values produces a lower bound, with up to a 
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actor of two difference between these upper and lower bounds. 

espite these differences in β our numerical tests with both the 

inimum and harmonic mean approximations produce essentially 

dentical results for the soot particle size distribution as shown in 

he supplementary material. This finding may be case dependent 

nd caution should be applied in selecting the most appropriate 

oagulation frequency model for specific conditions. 

Following [33] the coagulation efficiency is modelled using the 

oncept of thermal rebound [39] which assumes that a colliding 

article rebounds elastically if its thermal velocity is sufficient to 

scape from the interaction potential well. Particles that do not es- 

ape are assumed to subsequently equilibrate in the potential well, 

esulting in a successful coagulation. Therefore a physical but sim- 

le approach is to model the coagulation efficiency as the proba- 

ility of a particle having thermal kinetic energy smaller than the 

otential well depth. Assuming that the thermal velocity follows a 

axwell-Boltzmann distribution, and equating the thermal kinetic 

nergy to the potential well depth leads to [33,58] 

= 1 −
(

1 + 

�0 

k B T 

)
exp 

(
− �0 

k B T 

)
, (7) 

here �0 is the depth of the interaction potential well (i.e. inter- 

ction potential energy minimum). 

The total interaction potential energy between two clusters, 

hat are each composed of primary molecular particles, can be ap- 

roximated as the integral of the potential energy between every 

olecule in one cluster and the molecules in the other cluster. 

ased on this, Hamaker [40] formulated an expression for the Van 

er Waals attraction between spherical particles. Narsimhan et al. 

59] added to this by accounting for the repulsive effect as particle 

eparation approaches zero, and that approximation, which is lim- 

ted to equal size particles, is now widely used for modelling the 

nteraction potential energy between neutral atoms and molecules. 

revious soot research [10,33] has used these ideas to model �0 , 

ut the dependency on particle size and composition was not ex- 

licitly included and the models cannot be easily generalised. Here, 

e now extend this further by developing a more general expres- 

ion for the interaction potential energy between two spherical 

oot particles of arbitrary size and material composition. 

We start by considering two molecules, A and B, which, in gen- 

ral, are dissimilar although the following derivation is also valid 

hen A and B are the same. The interaction potential energy be- 

ween these molecules when the centres are separated by a dis- 

ance r AB can be approximated by the Lennard-Jones (LJ) potential 

unction, 

AB (r AB ) = −�AB, 0 

[(
r AB, 0 

r 

)12 

− 2 

(
r AB, 0 

r 

)6 
]
, (8) 

here �AB, 0 is the potential well depth (potential minimum) and 

 AB, 0 is the centre-to-centre distance between A and B at which 

he potential reaches that minimum value. For pairs of relatively 

imple molecules of the same type, the LJ parameters (i.e. �AA, 0 , 

 AA, 0 , �BB, 0 and r BB, 0 ) can be obtained from experimental measure- 

ents or numerical calculations [60] . For two dissimilar molecules 

he parameters can then be approximated through combining 

ules [61] , 

AB, 0 σ
6 
AB, 0 = 

(
�AA, 0 σ

6 
AA, 0 �BB, 0 σ

6 
BB, 0 

)1 / 2 

AB, 0 σ
12 
AB, 0 = 

[
(�AA, 0 σ

12 
AA, 0 ) 

1 / 13 + (�BB, 0 σ 12 
BB, 0 ) 

1 / 13 

2 

]13 

, (9) 

here σAA, 0 = r AA, 0 / (2 1 / 6 ) . 

The interaction potential concept is now extended to clusters of 

olecules (i.e. particles). Consider two spherical particles, p 1 and 

p 2 , whose radii are R 1 and R 2 , and which each have uniform ma-

erial composition with p containing q molecules of A per unit 
1 1 

5 
olume and p 2 containing q 2 molecules of B per unit volume with 

 i = 

1 

λ V M,i 

(10) 

here the index i ∈ [1 , 2] and V M 

is the volume of a single

olecule. λ = 1 /p f is a model parameter that represents the re- 

iprocal of the molecular packing fraction, p f = 1 − v f , where v f 
s the void fraction. It is taken here as a constant but sensitivity to 

ts value is discussed in detail below. Following Hamaker [40] , the 

J potential function for the interaction between p 1 and p 2 sepa- 

ated by distance r 12 is given by the integral 

12 (r 12 ) = 

∫ 
v 1 

q 1 dv 1 
∫ 

v 2 
q 2 �AB (r AB ) dv 2 . (11) 

ubstitution of Eq. (8) then gives 

12 (r 12 ) = 

�AB, 0 π
2 q 1 q 2 

r 12 

×
r 12 

AB, 0 

360 

[
− 1 

105(r 12 + R 1 + R 2 ) 5 
− R 1 + R 2 

21(r 12 + R 1 + R 2 ) 6 
− 2 R 1 R 2 

7(r 12 + R 1 + R 2 ) 7 

+ 

1 

105(r 12 − R 1 + R 2 ) 5 
− R 1 − R 2 

21(r 12 − R 1 + R 2 ) 6 
− 2 R 1 R 2 

7(r 12 − R 1 + R 2 ) 7 

+ 

1 

105(r 12 + R 1 − R 2 ) 5 
+ 

R 1 − R 2 
21(r 12 + R 1 − R 2 ) 6 

− 2 R 1 R 2 
7(r 12 + R 1 − R 2 ) 7 

− 1 

105(r 12 − R 1 − R 2 ) 5 
+ 

R 1 + R 2 
21(r 12 − R 1 − R 2 ) 6 

− 2 R 1 R 2 
7(r 12 − R 1 − R 2 ) 7 

]

+ 

r 12 r 
6 
AB, 0 

3 

[
ln 

r 2 12 − (R 1 + R 2 ) 
2 

r 2 
12 

− (R 1 − R 2 ) 2 
+ 

2 R 1 R 2 

r 2 
12 

− (R 1 + R 2 ) 2 
+ 

2 R 1 R 2 

r 2 
12 

− (R 1 − R 2 ) 2 

]}
.

(12) 

mportantly, upon setting R 1 = R 2 in Eq. (12) the potential func- 

ion reduces to the formulation derived for equal-sized particles in 

arsimhan et al. [59] . The potential well depth for the coagulating 

articles, p 1 and p 2 , is given by the minimum of Eq. (12) with re-

pect to r 12 . As this function has only one minimum, the value can 

e easily found numerically 

0 = min (�12 ) , (13) 

The usefulness of the above novel coagulation efficiency model 

inges on finding suitable values for the LJ parameters �AB, 0 and 

 AB, 0 which are composition dependent. Soot particles are com- 

lex combinations of various hydrocarbons and simplification is 

eeded here. Soot particles with high hydrogen content are formed 

ainly by oligomers of aromatic hydrocarbons whose steric confor- 

ation is known to hinder coagulation, while particles with low 

ydrogen content tend to be formed by intrinsically planar peri- 

ondensed aromatic compounds (PCAH) which readily form paral- 

el stacks [10,62,63] . Previous work [10,64,65] used the H/C ratio to 

ssist in the modelling of these structural differences with H/C = 0 

nd H/C = 1 (or higher) determining upper and lower limits for 

he coagulation rate of soot particles with the same number of 

arbon atoms. Following a similar line, we now examine the ef- 

ects of using the LJ parameters for carbon-carbon (C-C), benzene- 

enzene (A1-A1) and pyrene-pyrene (A4-A4) pairings to approxi- 

ate the H/C = 0 limit, H/C = 1 limit and an intermediate ratio of

/C = 0.625, respectively. The relevant parameters are summarised 

n Table 2 . 

The predicted coagulation efficiency for two equal-sized parti- 

les with diameter D = 2 R 1 = 2 R 2 is shown in Fig. 1 which also in-

ludes results for the coagulation efficiency obtained from atomic 

orce microscopy experimental data for thermophoretically col- 

ected soot in premixed ethylene flames [33] and from the model 

uggested by Raj et al. [38] for use in their Monte Carlo simula- 

ions that was extracted from correlations of measured and com- 

uted soot mass spectra. Quantitative uncertainties exist in both 

ets of comparison data but they act as useful reference points 

gainst which a preliminary assessment of our new model can be 
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Table 2 

LJ parameters for three simple coagulation pairings. 

�m (J) r m (m ) V mol ecul e (m 

3 ) 

C-C [66] 9.853e-22 3.70e-10 20.58e-30 a 

A1-A1 [67] 2.291e-20 3.77e-10 147.6e-30 b 

A4-A4 [67] 8.916e-20 3.67e-10 264.4e-30 c 

a computed by van der Waals radius [68] . 
b measured by the x-ray diffraction ionisation method [69] . 
c computed by density of pyrene. 

Fig. 1. Coagulation efficiency versus particle diameter for the coagulation of two 

equal sized particles. Model results are presented for different material combina- 

tions and λ. Experimental results are from [33] and the Raj et al. model is from 

[38] . 
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ade. The predictions are for fixed T = 1500 K and for three val- 

es of λ between 1 and 2. The coagulation efficiency for these 

onditions increases non-linearly by about three orders of magni- 

ude for soot particles in the size range 1 nm < D < 10 nm . Gen-

rally, the new model predicts coagulation efficiency similar to 

hose by of Raj et al.’s model for particles smaller than 1.5 nm. 

xperimental data is not available in this small size range. As the 

article size increases, the new model shows better agreement 

ith the experimental data and gives a smooth transition to a co- 

gulation efficiency of one. As expected, the model based on LJ 

arameters for C-C coagulation produces the highest coagulation 

fficiency, while modelling using the LJ parameters for A1-A1 co- 

gulation gives the lowest values. Intermediate coagulation effi- 

iencies, although much closer to A1-A1 than C-C, are produced 

hen the LJ parameters for pyrene-pyrene coagulation are used. 

he model results also show a trend of decreasing coagulation ef- 

ciency with increasing λ. Higher values of λ correspond to larger 

article void fractions and thus smaller q (i.e. fewer molecules per 

nit volume). Recalling Eq. (12) , such conditions lead to a smaller 

alue of the interaction potential well depth leading to greater 

robability of colliding particles escaping the attractive forces and 

ower coagulation efficiency. Overall, the best agreement with the 

xperimental data occurs for λ = 2 , especially for the larger par- 

icles for which experimental data is expected to be more accu- 

ate. Here, the curves for LJ parameters for C-C an A1-A1 envelope 

he scattered data quite well. Uncertainty remains around the best 

alue to use for the LJ parameters. In two-dimensional sectional 

ethods where the H/C ratio is explicitly considered [10] different 

arameters could be chosen for different H/C values but in the one 

imensional sectional method used here the differentiation is not 

ossible. In the flame modelling below, due to the relatively high 

ydrogen content of PAHs, the A1-A1 parameters will be used for 

alculating the coagulation efficiency for the dimerisation reactions 

Rx3). For sectional soot lumped species coagulation (Rx18) the LJ 

arameters for C-C are used. For the PAH - BIN condensation re- 

ctions (Rx13) LJ parameters for C-A1 pairings are used with help 

rom the combining rule, Eq. (9) . 

.3. Simplified Arrhenius-like coagulation model 

Most of the reactions in the sectional soot scheme presented in 

able 1 are in an Arrhenius form with the pre-exponential factor 

xpanded to A (m × n C ) 
k , while the exponent and activation energy 

re conventional. The exceptions are the reactions involving coag- 

lation; Rx3, Rx13 and Rx18. To facilitate use of exiting chemical 

inetics interpreters and solvers, it is convenient to further manip- 

late the coagulation model so that it to fits within an Arrhenius- 

ike rate formulation. 

According to Eq. (6) the collision frequency, β, is given by the 

inimum of the values obtained by the free molecular and contin- 

um models. Inspection of this minimum over a temperature range 

f 300 K to 2200 K (typical in hydrocarbon flames) reveals that β
cales quite closely with T 0 . 5 . This leads to a similar exponential 

orm extensively used in soot kinetics modelling, e.g. the work by 

’Anna and Kent [15] , Blacha et al. [70] and Saggese et al. [71] .

he coagulation rate coefficient can therefore be manipulated into 

n Arrhenius-like form, viz. 

 coag = βγ

≈ A β T 0 . 5 A γ T n γ exp [ −E γ / (R gas T )] 

≈ (A βA γ ) T 0 . 5+ n γ exp [ −E γ / (R gas T )] . (14) 

he coagulation rate parameters listed in Table 1 are then 

 coag = A βA γ , 

 coag = 0 . 5 + n γ , 
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Fig. 2. Coagulation rate constants versus temperature for three different bin size 

combinations. Fitted results are for the Arrhenius-like simplification. Exact results 

are for the unsimplified model presented in Section 2.2 . Fixed temperature results 

are for the exact model with the coagulation efficiency calculated for the indicated 

temperature values. 
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Table 3 

Discretisation in particle size space. 

BIN n C D (nm) BIN n C D (nm) 

1 24 0.80 11 48,965 10.16 

2 48 1.00 12 127,308 13.91 

3 96 1.27 13 343,732 19.37 

4 192 1.60 14 962,448 27.30 

5 384 2.01 15 2,791,100 38.93 

6 768 2.53 16 8,373,301 56.15 

7 1613 3.24 17 25,957,232 81.87 

8 3548 4.21 18 83,063,141 120.64 

9 8161 5.56 19 274,108,366 179.61 

10 19,586 7.45 20 931,968,443 270.08 
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E coag = E γ . 

(15) 

ere A β = β/T 0 . 5 and A γ , n γ and E γ are different for each coag-

lation reaction and are obtained in a pre-processing operation by 

onlinear least-squares fitting against the original model formula- 

ion over the 30 0–220 0 K temperature range. 

Figure 2 shows coagulation rates versus temperature for three 

ifferent coagulation types involving a range of bin sizes. The fit- 

ed results using the simplified formulation are compared against 

he exact results from the model presented in Section 2.2 . Gener- 

lly there is a very good match between these. Figure 2 a shows a
7 
ypical trend for the coagulation rate of small particles which de- 

reases as the temperature rises, while Figure 2 c shows the oppo- 

ite trend which is typical for larger particles with coagulation effi- 

iency very close to unity. For particles of intermediate size shown 

n Fig. 2 b, the coagulation rate increases first with increasing tem- 

erature and then at higher temperatures a decreasing trend is evi- 

ent. This is mainly caused by a change in the dominance of either 

ollision frequency, β, or coagulation efficiency, γ . For small and 

arge particles one of these two parameters is dominant and the 

oagulation rate trend is monotonic. For intermediate sizes, neither 

arameter is dominant and the non-monotonic trend is produced. 

s points of comparison to illustrate the importance of tempera- 

ure on γ , coagulation rate curves with γ calculated using three 

ifferent fixed temperature values are also shown in Fig. 2 . Note 

hat the other temperature dependencies in the coagulation model 

emain unfixed. Other simple temperature independent coagula- 

ion efficiency models are reported elsewhere [12,38] . The higher 

hat fixed temperature value is, the lower the coagulation rate. Fix- 

ng the temperature in calculating γ leads to the wrong trend in 

oagulation rate for small to intermediate sized particles. For larger 

articles this trend error is not observed because γ approaches 

nity and is not significantly affected by temperature. In addition 

o the good agreement to the exact model equations, it is shown in 

he Supplementary Material that the simplified exponential form 

f the coagulation rate correctly attains a self-similar size distribu- 

ion during pure coagulation. 

. Validation against experimental data 

.1. General information 

Two different flame configurations are calculated and further 

etails are reported in Sections 3.2 and 3.3 . General aspects about 

he computational implementation are provided here while some 

pecific details, e.g. CFD grid and boundary conditions, are dis- 

ussed as needed in those subsequent sections. 

The combined gas-phase and sectional soot kinetics scheme is 

ested using the OpenSMOKE++ solvers [72,73] which are compat- 

ble with the OpenFOAM libraries [74] . In all simulations, thermo- 

ynamic and transport properties for gas-phase species are from 

he Chemkin compatible databases of Smith et al. [45] and Kee 

t al. [66] , respectively. On the assumption that soot particles are 

ormed by PAH [10] , the thermodynamic properties of lumped 

pecies are the same as for pyrene per unit mass. The transport 

roperty data from Richter et al. [14] is used for both the PAH and

he lumped species. 

The soot PSD is discretised into 20 sections (bins) based on 

he number of carbon atoms ranging from n C = 24 to n C = 10 10 

s shown in Table 3 . Soot particles are assumed to have a con- 

tant bulk density of 1.8 g/cm 

3 . The density does not vary with 

although that refinement of the model is possible in principle. 

he sections span a diameter range of 0 . 8 nm ≤ D ≤ 270 nm . The 



Z. Huo, M.J. Cleary, M. Sirignano et al. Combustion and Flame 230 (2021) 1114 4 4 

Fig. 3. Schematic representation of a BSS flame and illustration of stagnation plate 

and coordinate system. 
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Table 4 

Upstream shift correction for numerical sampling point 

in 1D BSS simulations. 

H p (mm) 4 4.5 6 8 10 12 

Shift (mm) 1.2 1.2 1.4 1.5 1.6 1.6 
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esolution, which is refined at the smaller end and expands greatly 

t the larger end, is comparable to what is used in Richter 

t al. [14] , D’Anna et al. [15] and Saggese et al. [12] . To ensure

umerical convergence, additional simulations of the ethylene BSS 

remixed flames using 10, 40 and 80 sections are presented in the 

upplementary material available with the online version of this 

aper. While the modelling with 10 bins is obviously too coarse, 

howing relatively large numerical error compared to the con- 

erged results and the experimental data, the 20 bin results are 

uite close to the results for 40 and 80 bins. The computational 

ost with varying number of bins is also analysed in the supple- 

entary material. Compared to the cost of computing the 20 bin 

ase, the 40 bin simulations are around three times more expen- 

ive, while the 80 bin simulations are more expensive by a factor 

f between 8 and 12. 

In the present work sensitivity to variations in porosity, and 

ence λ, are analysed through simulations with three different val- 

es of porosity (i.e. 0, 0.2 and 0.5) corresponding to λ = 1, 1.25 

nd 2, respectively, that are commensurate with the range of ex- 

erimentally observed porosity values reported in the literature. 

or example, Song et al. [75] measured porosity of 0.26 in carbon 

lack using an Hg porosimeter. Ghiassi et al. [76] analysed high- 

esolution transmission electron microscopy (HR-TEM) images of 

oot particles and estimated the porosity to be 0.41 ± 0.03. In the 

tudy of soot oxidation and fragmentation, Neoh et al. [24] found 

he porosity to be as high as 0.7 which seems to be an upper limit

mongst the values reported elsewhere. 

.2. Ethylene BSS premixed flames 

.2.1. Case setup 

The burner stabilised stagnation (BSS) flame that is shown in 

ig. 3 involves a flame impinging on a flat stagnation plate [41] . 

o minimise interference the sampling probe is located at a small 

rifice in the centre of the plate from where the soot PSD is anal-

sed by a scanning mobility particle sizer. The plate height above 

he burner is H p . Here we model flame cases in which the jet is-

ues a premixture of 16.3% ethylene, 23.7% oxygen and 60% argon 

y volume (equivalence ratio φ = 2 . 07 ) into the surroundings with 

n equivalent cold gas velocity of 8 cm/s. 

A series of BSS flames with varying H p is simulated with a sin- 

le coordinate in the x -direction. The 1D OpenSMOKE++ solver was 

reviously used for the BSS flames with a different soot model 

n [12,72,73] . In a subsequent study [77] the impact of the probe 

rifice on the predictions was shown to be non-negligible due to 

assage of gases through the hole instead of a stagnation point at 

hat location and a quantitative correction involving an upstream 

hift in the numerical sampling location was suggested. The up- 

tream shift as a function of H p that is used in the present work is

ummarised in Table 4 . An optically thin radiation model is used. 

revious work on these flames indicates that including soot radi- 

tion tends to overpredict heat loss [12] and to compensate for 

his soot particle radiation is not considered here. Modelling in- 

ludes the Soret effect but, based on previous modelling [12] and 
8 
xperimental [78] evidence, the thermophoretic effect is assumed 

o be small and is not included in the present BSS flame simula- 

ions. The 1D mesh is generated automatically by a progressively 

daptive procedure [72] and our tests confirm that predictions are 

nsensitive to further mesh refinement. 

.2.2. Results 

The temperature profiles with height above the burner for dif- 

erent H p are shown in the Fig. 4 . The predictions show excel- 

ent agreement with the experimental measurements. These re- 

ults justify the optically thin radiation model as discussed above, 

nd demonstrate that the gas-phase chemical kinetics model is sat- 

sfactory for this ethylene flame series. 

Soot PSD’s at the sampling point for different values of H p are 

hown in Fig. 5 . The predictions are for three values of the co- 

gulation efficiency model parameter, λ. The modelling qualita- 

ively captures the transition from a unimodal PSD for H p = . 4 cm

hrough to bimodal shapes for larger values of H p , but there is 

trong sensitivity to λ, with a general suppression of the bimodal 

ransition as λ increases, and discrepancies with the data against 

hich the number density of the larger particles is generally over- 

redicted. Higher values of λ correspond to lower coagulation effi- 

iency and thus a smaller rate of coagulation of smaller particles 

nto larger particles. For λ = 1 the differences between the pre- 

icted and measured PSD’s for the smaller stagnation plate sep- 

ration distances, H p = 0 . 4 cm and 0.45 cm, appear especially sig- 

ificant. At these relatively small values of H p the sampled soot 

s expected to be in an initial stage of evolution where nucleation 

nd initial particle growth are dominant. The rate of coagulation 

f PAHs into the first BIN species in Rx3 in Table 1 may be too

igh for λ = 1 . Indeed, much better agreement with the experi- 

ental PSD for H p = . 4 cm and 0.45 cm is evident when larger val-

es of λ (corresponding to lower coagulation efficiency) are used. 

imilar shapes of PSD at these two H p are reported by Veshkini 

t al. [28] who used a different sectional method that explored 

he possibility of reversible nucleation and condensation processes. 

he discrepancy with the data for the smaller values of H p should 

lso be considered in the context of experimental uncertainty. For 

 p = 0 . 4 cm, only a small concentration of particles are measured 

xperimentally with D < 2 . 5 nm which is near the lower detec- 

ion limit of scanning mobility particle sizers [41] . Furthermore, 

he soot particles grow rapidly in size from H p = 0 . 4 cm to 0.45 cm

nd the PSD is therefore very sensitive to the exact point at which 

amples are extracted [78] . 

A pronounced bimodality of the PSD starts to emerge at H p = 

 . 6 cm as the coagulation of small particles increases relative to 

heir rate of nucleation. Modelling with λ = 1 and 1.25 qualita- 

ively reproduces the bimodal transition rather well, although the 

agnitude of the size dependent number density is noticeably 

arger than the experimental values for all H p > 0 . 6 cm. As H p 

ncreases from 0.8 cm to 1.2 cm, the nucleation rate diminishes 

hile coagulation continuously consumes small particles to the 

oint that the valley in the bimodal distribution gets deeper. Such 

volution of soot particles is accurately captured by λ = 1 and 1.25 

hough quantitative overprediction of the number density persists, 

specially for the larger sized particles. As expected, the modelling 

ith λ = 2 results in less coagulation of small particles and this is 

nough to suppress the bimodal transition at H p > 0 . 6 cm so that

he number density of D < 10 nm particles is overpredicted while 
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Fig. 4. Temperature profiles in the BSS flames as a function of the height above burner (HAB) for different H p . Symbols: experimental measurements with error bar [41] ; 

Lines: simulation results. 
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he predicted larger particle number densities are generally smaller 

han for λ = 1 and 1.25. 

At this stage, it is difficult know which value of λ best reflects 

hysics. Generally, the results with larger λ, that corresponds to a 

arger void fraction, gives better agreement to the data for small 

 p where the soot particles are less mature and closer in form to 

ascent soot which may have relatively loosely packed PAH. Con- 

ersely, results with smaller λ, that corresponds to smaller void 

raction, gives better agreement with the data for cases with larger 

 p where the soot is relatively mature and voids are smaller. The 

esults discussed earlier for the coagulation efficiency in Fig. 1 sug- 

est that λ = 2 works well and results in a coagulation efficiency 

and hence coagulation rate if collision frequency is unchanged) 

hat is about an order of magnitude smaller than for λ = 1 . How- 

ver, λ = 2 implies a soot particle void fraction of v f = 0 . 5 which

ay be too high as it is very close to the critical porosity that 

auses particle breakup during combustion [79] . The actual soot 

oid fraction will vary with flame conditions, particle history and 

ize due to factors such as internal burning of particles, different 

AH stacking arrangements and the possible presence of liquid-like 

aterials within the particles [80] . Therefore we can speculate that 

should be a variable parameter and future work may investigate 

odels for it. 

Given the significant uncertainties in the experimental data and 

n the modelling of soot processes other than coagulation, the de- 

elopment of more sophisticated functions for λ is not attempted 
9 
t this stage. Nevertheless, in light of the rather good qualitative 

redictions here and the relatively poor quality of the bimodal soot 

SD’s that are predicted when simple constant valued [28] and 

mpirical [71] coagulation efficiency models are used, the need for 

etailed physics-based coagulation models, like the present model, 

s apparent. 

As a point of comparison to the strong sensitivity of the co- 

gulation model to variations in λ, Figure 6 shows the sensitivity 

f the PSD predictions to the rate of fragmentation described by 

x21 - Rx23 in Table 1 . In addition to the base case results where

he fragmentation rate coefficients are as reported in the table, re- 

ults are also shown for no fragmentation (i.e. Rx21–Rx23 are ex- 

luded), and for cases where the pre-exponential factors are in- 

reased by 10 and 100. All results are for λ = 1 . In contrast to the

ignificant sensitivity of the shape of the PSD to the coagulation 

ate modelling, the shape and bimodality of the distributions is 

ot significantly affected by variations of fragmentation rate. How- 

ver, there is significant sensitivity in the number density magni- 

ude at the larger size end of the PSD’s for cases with H p ≤ 0 . 6 cm.

hile any oxidation that takes place in these rich premixed flames 

s driven by OH, the fragmentation modelled by Rx21 - Rx23 re- 

uires the presence of O 2 and the marked difference in the sen- 

itivity for different H p can be explained by the differences in O 2 

ole fractions along the centreline (see Fig. 7 ). The sensitivity is 

reatest where the amount of O 2 available at the sampling loca- 

ion is highest (i.e. for H p = 0 . 4 cm). As the mole fraction of O 2 
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Fig. 5. Soot PSD in the BSS flames for different H p and λ. Symbols: experimental measurements [41] ; Lines: simulation results for different values of λ. 
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rops the sensitivity of the PSD’s to the fragmentation rate coeffi- 

ients is greatly diminished. Although the results for H p ≤ 0 . 6 with 

ncreased fragmentation rate show better agreement to the exper- 

mental PSD’s, this does not necessarily imply that the standard 

ragmentation rates shown in Table 1 are too low. It is possible that 

he coagulation rates are too high and an artificial increase in frag- 

entation compensates for that error. However, if these significant 

ensitivities to fragmentation rate are real then the usual assump- 

ion that there is negligible fragmentation in rich premixed flames 

hould be qualified by noting that in fact some fragmentation can 

till occur prior to the full consumption of oxygen. 

.3. Methane laminar coflow diffusion flame 

.3.1. Case setup 

The methane laminar coflow diffusion flame burner that was 

nvestigated experimentally by Smooke et al. [42] consists of a 

2 mm diameter fuel nozzle inside a concentric 102 mm di- 

meter oxidiser coflow tube. The fuel is a mixture of methane 

240 cm 

3 / min) and argon (2.4 cm 

3 / min) and the oxidiser is air

40,0 0 0 cm 

3 / min). Original data for the soot volume fraction 

as measured by thermocouple particle densitometry (TPD) and 

as an estimated absolute uncertainty of 50%. Subsequently Com- 

odo [43] detected soot from this burner setup through a com- 

ination of laser induced fluorescence (LIF) and laser induced in- 

andescence (LII). An updated conversion of the measured laser 

ignals to absolute soot volume fraction is reported in Sirignano 
10 
t al. [10] . Both the Smooke et al. [42] and Sirignano et al. [10] data

re used here. 

The coflow flame is computed in the 2D axisymmetric 

penSMOKE++ solver [72] . An optically thin radiation model is 

sed and both the Soret and thermophoretic effects are included 

n the modelling. As was the case for the BSS flames investigated 

bove, soot radiation is omitted to avoid excessive heat loss relative 

o the data. The computational domain is 160 mm in length and 

7.5 mm in width and is discretised by approximately 0.1 million 

rid cells. The smallest cells in the flame region are about 0.1 mm 

cross and a linear stretch factor is applied outside that region. Our 

ests confirm that use of a finer mesh does not lead to appreciable 

ifferences in the numerical predictions. To account for diffusive 

reheating of the fuel and air streams the simulation domain is 

xtended 10 mm upstream of the burner exit plane, however con- 

uction through burner walls is not considered. 

.3.2. Results 

Figure 8 shows the 2D temperature field overlaid with mixture 

raction contour lines along with radial profiles of predicted and 

xperimental temperature at various heights above burner (HAB). 

he predictions are in excellent agreement with the experimental 

easurements indicating that the gas-phase chemical kinetics and 

adiation modelling are suitable for this flame. 

Radial profiles of the soot volume fraction for various HAB are 

hown in Figs. 9–11 . Both the TPD and LIF + LII experimental data

re included and model predictions are for the same three val- 

es of λ that were considered in the analysis of the BSS flames 
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Fig. 6. Soot PSD in the BSS flames for different H p and fragmentation rates. Symbols: experimental measurements [41] ; Lines: simulation results for different values of the 

pre-exponential factors in Rx21 - Rx23. λ = 1 is used for all model results. 

Fig. 7. Centreline profiles of predicted O 2 mole fraction in the BSS flames for dif- 

ferent H p . 
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bove. The predicted soot volume fraction is the summation over 

he lumped species sections starting from a specified lower nu- 

erical detection limit which should match the lower detection 

imit of the experimental techniques. The lower detection limits of 

PD and the laser-based methods are expected to be quite differ- 

nt and, indeed, significant differences between TPD and LIF + LII 

ata are observed at HAB = 20 mm and 25 mm (note that laser-

ased data was not obtained at the other HAB locations). The TPD 

ata has generally lower magnitude than the LIF + LII data with 

he former showing almost no soot near the flame axis while the 
11 
atter indicates appreciable soot along the centreline. Both tech- 

iques produce similar peak values in the shear layer although the 

PD probe is obtrusive and pushes that peak location to slightly 

reater radii. The TPD technique relies on the thermophoretic de- 

osition of soot particles onto the sampling probe and the de- 

osition of very small particles, which have low coagulation ef- 

ciency, tends to be missed [33] . On the other hand, LIF is able

o detect near gaseous molecules and soot particles up to about 

 nm [81] . The lower detection limit of LII is contested. The review

y Michelsen [82] refers to evidence of LII signals from particles 

maller than 10 nm and Bladh et al. [83] even suggest that LII can 

robe soot particles as small as 1.5 nm, although this is contra- 

icted by Sirignano et al. [84] who confirmed that nascent soot in 

he 2–4 nm size range emit LIF but not LII. Although the precise 

ower experimental detection limits are not known in the present 

ame case, the soot volume fraction predictions are provided for 

oth a 2 nm lower threshold, which is commensurate with the LIF 

ensitivity, and a 7 nm lower threshold, which is more appropri- 

te for LII and TPD detection. These numerical limits correspond to 

ins 5 and 10 in Table 3 . 

At all HAB there is a consistent reduction in soot volume frac- 

ion with increasing λ. For λ = 1 ( Fig. 9 ) and λ = 1 . 25 ( Fig. 10 ),

he predicted soot volume fraction profiles have the same shape 

s the TPD data although the peak value is overpredicted (even 

or the 7 nm threshold) and the values near the axis generally fall 

etween the TPD and LIF + LII measurements. At HAB = 25 mm 

he centreline values of the volume fraction are in quite good 
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Fig. 8. Temperature field with mixture fraction contour lines from outer to inner of 0.01, 0.04, 0.056, 0.1 and 0.2 (left) and radial profiles of temperature (right) in the 

methane laminar coflow diffusion flame. Symbols: experimental data [42] ; lines: simulation results. 

Fig. 9. Radial distributions of soot volume fraction in the methane laminar coflow diffusion flame at different HAB using λ = 1 . Circles: TPD experimental data with error 

bar [42] ; diamonds: LIF and LII experimental data [43] ; solid line: numerical detection limit = 2nm; dotted line: numerical detection limit = 7nm; shaded area: soot 

attributed to particles from 2nm to 7nm. 
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Fig. 10. Radial distributions of soot volume fraction in the methane laminar coflow diffusion flame at different HAB using λ = 1 . 25 . Circles: TPD experimental data with 

error bar [42] ; diamonds: LIF and LII experimental data [43] ; solid line: numerical detection limit = 2nm; dotted line: numerical detection limit = 7nm; shaded area: soot 

attributed to particles from 2 nm to 7 nm. 

Fig. 11. Radial distributions of soot volume fraction in the methane laminar coflow diffusion flame at different HAB using λ = 2 . Circles: TPD experimental data with error 

bar [42] ; diamonds: LIF and LII experimental data [43] ; solid line: numerical detection limit = 2nm; dotted line: numerical detection limit = 7nm; shaded area: soot 

attributed to particles from 2nm to 7nm. 
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Fig. 12. Centreline profiles of temperature, soot volume fraction, O 2 and OH mole 

fraction in the methane laminar coflow diffusion flame. The vertical dashed lines 

represent the locations of maximum growth rate of soot, peak soot volume fraction 

and temperature, respectively. 
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Fig. 13. Evolution of soot PSD in the methane laminar coflow diffusion flame. The 

legend represents various HAB. 
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greement with the LIF + LII data. The λ = 2 results in Fig. 11 show

 remarkable agreement to the TPD data, although we must keep 

n mind the incorrect PSD shapes for λ = 2 in the BSS flames. The 

oot predictions for all λ in the outer shear layer have strong sen- 

itivity to the lower detection limit. In contrast the experimental 

olume fractions in the outer shear layer are quite similar for both 

he TPD and LIF + LII techniques. This may be the result of the 

odel yielding a significant concentration of particles within the 

–7 nm size range which happens to correspond to the size range 

hat is not easily detectable in the experiments since it falls out- 

ide the typical detection ranges of the combination of measure- 

ent methods that were used. Moreover, TPD is strongly affected 

y oxidation and is known to significantly under measure the soot 

olume fraction near the flame front [85] . 

In the absence of experimental soot PSD’s, the modelling can 

rovide insight into the soot evolution in the methane laminar 

oflow diffusion flame. Centreline profiles of temperature, soot 

olume fraction and mole fractions of O 2 and OH are shown in 

ig. 12 . Results here are for λ = 1 . The vertical dashed lines at

AB = 30.1 mm, 39.1 mm and 44 mm represent the locations 

f maximum soot growth rate, peak soot and peak temperature, 

espectively. It can be seen that soot formation reaches a max- 

mum and starts to decline prior to the peak temperature point 

fter which there is increasing amounts of oxidants available and 

apid soot burn out. Predicted soot PSD’s at various HAB are shown 

n Fig. 13 . At HAB = 20 mm the soot volume fraction is just start-

ng to rise steeply, but the PSD already exhibits a mature bimodal 

istribution. As the soot particles are convected downstream to 

AB = 30.1 mm where the soot growth rate reach its maximum, 

here is an increase of the number density of larger sized parti- 

les while there is rather strong consumption of particles smaller 

han around 4 nm by coagulation. At HAB = 39.1 mm, where soot 

olume fraction peaks and growth rate equals oxidation rate, it is 

ound that the largest soot particles have begun to fragment and 

he small particles are mostly depleted due to oxidation with the 

ncreasing concentration of both O 2 and OH. This results in an 

ccumulation of medium-sized particles in the 2–10 nm range. At 

AB = 44mm where the centreline temperature reaches a maxi- 

um, the soot PSD has reverted to a unimodal shape. The number 

ensity of large sized particles has reduced significantly and there 
14 
s an increased concentration of small soot particles. This trend is 

ven more pronounced at HAB = 50 mm and 60 mm. This in- 

reased presence of small particles is not due to nucleation but 

ather they are the fragmented pieces of formerly large soot par- 

icles. This may imply that fragmentation into smaller particles is 

ccurring faster than those small particles can be consumed by ox- 

dation, supporting a view that soot burnout is initiated by frag- 

entation which provides higher soot surface area on which sub- 

equent oxidation can take place. 

. Conclusion 

This paper has presented a novel coagulation efficiency model 

ased on the thermal rebound concept in which colliding soot par- 

icles coagulate if they have insufficient thermal kinetic energy to 

scape the interaction potential well. Here, the interaction poten- 

ial well depth is based on a minimisation of the Lennard-Jones po- 

ential and accounts for the interaction of spherical particles with 

xplicit dependence on size and material composition. In principle, 

he new coagulation efficiency model is also applicable to other 

oot modelling approaches including the method of moments al- 

hough in that approach there would need to be integration of 

he coagulation efficiency across all particle sizes, and once again 

he fitted Arrhenius-like formulation that has been presented in 

his work could potentially ease the numerical implementation. A 

odel parameter λ, that is related to the soot particle void frac- 

ion, was taken as a constant in the present work and sensitivity 

f predictions for λ between 1 and 2 was investigated. The coag- 

lation model has been combined with a sectional soot kinetics 

cheme with discretisation in particle size space and has been val- 

dated by comparison to experimental data for a series of burner 

tabilised stagnation (BSS) ethylene flames and a methane laminar 

oflow diffusion flame. 

The following conclusions are made: 

• The numerical predictions in both flame configurations show 

overall good agreement to experimental data, but strong sensi- 

tivity to the parameter λ has been found. In addition the com- 

parison of the predicted soot volume fraction to experimental 

data is dependent on the lower detection limit which defines 

the smallest detectable size of soot particles, and here both 

2 nm and 7 nm thresholds were used. 

• In the BSS simulations, the transition from a unimodal PSD at 

smaller stagnation plate separation distances to a bimodal PSD 

at larger separation distances is captured very well for mod- 

elling with λ = 1 and 1.25, but there is an overprediction of 

the number density at the larger particle size end of the dis- 
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tribution. For λ = 2 , corresponding to a void fraction of 0.5, the 

coagulation rate is much lower and the PSD for smaller sepa- 

ration distances is quite well predicted but the transition to a 

bimodal distribution is suppressed. It is very unlikely that λ is 

a constant and future research may focus on this topic. 

• In the methane coflow diffusion flame simulations, as λ is in- 

creased the soot volume fraction reduces noticeably. Agreement 

with the LIF + LII data near the flame axis is quite good for 

λ = 1 and 1.25 but there is general overprediction of soot vol- 

ume fraction in the shear layer. For λ = 2 there is better agree- 

ment to the data in the shear layer. The predictions in the shear 

layer also have a strong sensitivity to the lower detection limit. 

This is in contrast to the experimental data in the shear layer 

which is similar for all measurement techniques, perhaps due 

to the large number of particles in the 2–7 nm range which is 

not easy to detect using LIF, LII or TPD. 
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