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Abstract Flood control reservoir design requires estimating the total storable water volume or the
maximum allowable discharge. This study proposes a novel Generalized Semi‐Analytical Approach (GS‐AA)
to identify the maximum outlet discharge a flood control reservoir can handle for a specific return period. The
approach exploits the analytical expression of Flow Duration Reduction (FDR) curves and combines them with
an optimization algorithm to find the critical hydrograph and, thus, the hydrograph providing the maximum
outlet discharge from the reservoir. The approach models the runoff process of the basin upstream of the
reservoir, allowing users to choose any runoff model (RM). The proposed approach shows faster computational
times than a fully numerical procedure, enabling potential users to explore and compare multiple reservoir
configurations easily. Moreover, this approach addresses flow data limitation issues that prevent FDR curve
derivation by correlating them to Intensity Duration Frequency curve parameters, expanding the potential
applicability of the procedure in ungauged basins. Finally, results demonstrated the functionality of the
procedure regardless of the chosen RM, offering widespread flexibility for users. The proposed GS‐AA is a
robust and adaptable tool for design and verification purposes to improve flood management strategies.

1. Introduction
Over the past two decades, approximately 4,000 significant flood events have been recorded globally, causing
detrimental effects for affected communities (EM‐DAT, 2024). These events impacted nearly 1.8 billion in-
dividuals, resulting in approximately half a million casualties or injuries and causing an estimated economic loss
of around 1 trillion.

Flood control reservoirs have been a topic of significant interest for many years because they offer benefits
beyond flood mitigation if a portion of the storable volume is accurately managed (Guo et al., 2024; Schilstra
et al., 2024; Zhou et al., 2024). These benefits include water supply during drought periods, recreational activities
to stimulate local economies and tourism industries, hydropower generation, renewable energy production, water
quality improvement by trapping sediments and pollutants and enhancing downstream water quality (D’Aniello,
Cimorelli & Cozzolino, 2019; D’Aniello, Cimorelli, Cozzolino & Pianese, 2019; Kilic, 2024; Tangi et al., 2023;
Zhu et al., 2024). Moreover, flood control reservoirs in urban areas face unique challenges due to urbanization,
offering resilience against the growing threats of climate change and urban development (Cimorelli et al., 2016;
Moazzem et al., 2024). Even though their construction could bring various environmental concerns, such as
habitat disruption, alteration of natural water flow, and potential negative impacts on local ecosystems and
biodiversity, they are considered an effective measure to reduce peak discharge during flood events (Acreman
et al., 2000).

Flood control reservoir design requires estimating the total storable water volume (if the allowable peak discharge
downstream of the reservoir is fixed) or the maximum outflow discharge (if the total storable water volume is
given). Methods for sizing and verifying flood control reservoirs require a combination of hydrological and
hydraulic modeling techniques. Hydrological methods estimate the discharge from the basin upstream of the
reservoir (i.e., inflow hydrographs), while hydraulic methods (reservoir routing) simulate how hydrographs
propagate through the reservoir of defined characteristics, thus computing the total stored water volume and the
maximum outflowing discharge associated with the input hydrographs.

Various hydrological methods can tackle the sizing and verification of flood control reservoirs, each presenting its
own set of advantages and drawbacks. These methods include: (a) generating a synthetic series of statistically
independent and uniformly distributed flood events as input for the flood control reservoir; (b) considering a
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design hyetograph; (c) considering a design hydrograph representative of the rainfall‐runoff transformations
occurring at the upstream basin; (d) considering the Flow Duration Reduction (FDR) curves.

Procedures based on the generation of synthetic flood events provide sufficiently large samples (e.g., hundreds or
thousands of years) or ensembles of different time series of the same process to evaluate a wide range of possible
outcomes. However, this approach may suffer from uncertainties in model calibration from both rainfall generator
and hydrological modeling. Indeed, this approach requires the calibration of numerous parameters for both storm
generation models (e.g., Bartlett–Lewis and Neyman‐Scott rectangular pulses models or the three‐state contin-
uous Markov process occurrence model; Cowpertwait, 1991; Hutchinson, 1990; Rodriguez Iturbe et al., 1987)
and rainfall‐runoff models (Zoccatelli et al., 2024). Moreover, comprehensive efforts are required to route the
generated time series in the reservoir (Cipollini et al., 2022, 2023). For example, Guo et al. (2022) underscored the
uncertainty in reservoir flood control systems, emphasizing that understanding and managing uncertainty is
crucial for improving the reliability and efficiency of flood control operations. Therefore, these procedures remain
applicable and valuable, provided that model parameters are carefully estimated and the inherent uncertainties are
clearly quantified and accounted for.

Among the hydrological methods used for flood control reservoir design, the use of design hyetographs and
hydrographs offers a practical means to represent typical rainfall or discharge events. These design hyetograph/
hydrograph summarize and preserve key physical characteristics and statistical properties of observed time series,
enabling simplified yet informative input for evaluating reservoir performance (Gräler et al., 2013). Hyetographs
are often preferred over hydrograph estimation because rainfall records are generally quite long and have uniform
geographical density, while hydrometric records are often lacking, are not statistically numerous, or include only
the annual maximum peak flows (Ganora et al., 2023). Several methods exist to construct a suitable design
hyetograph, such as the triangular hyetograph (Yen & Chow, 1980), the Sifalda hyetograph (Sifalda, 1973), the
Desbordes hyetograph (Desbordes & Raous, 1980), the Chicago hyetograph (Keifer & Chu, 1957), and the best
linear unbiased estimation hyetograph (Veneziano & Villani, 1999). However, the broad range of existing
possibilities often creates confusion about the most suitable for a specific study case. Moreover, this approach
often overestimates reservoir volumes (Alfieri et al., 2008).

As the NERC (1975) demonstrated that information on the shape of the discharge hydrograph is unnecessary and
that incoming volumes are what matter during design, Flow Duration Reduction (FDR) curves (i.e., frequency
law of the average volume over the duration with return period T ) can be successfully used. In particular, FDR
curves provide the maximum value of the average runoff discharge computed over a given duration's time frame.
These curves are obtained numerically through the statistical analysis of historical hydrographs or by employing
an appropriate inflow‐runoff transformation model (for a detailed description of the procedure, interested readers
can refer to Tomirotti &Mignosa, 2017). To fully exploit the information of the FDR curves, these can be coupled
with a method that searches for the rectangular hydrograph, with uniform intensity during the duration extracted
from the FDR, which provides the maximum outlet discharge from the reservoir, defined as the “critical
hydrograph” (Pianese & Rossi, 1986a). The advantages of this approach, referred to as “maximizing procedure,”
lie in the fact that it explores all possible durations and intensities from the FDR curves and is valid regardless of
the shape of the hydrograph. Indeed, other studies also corroborate the prevalence of using the rectangular
hydrograph shape (Elhassnaoui et al., 2019).

However, direct flow measurements may be affected by various sources of uncertainty, such as rating curve
extrapolation, measurement conditions, and equipment limitations (Tomkins, 2014). Moreover, in many cases,
the quantity or quality of available data is insufficient for the reliable estimation of FDR curves (Evangelista
et al., 2023). Moreover, another drawback of this procedure is that flood routing is numerically solved for all the
possible durations of the FDR curves, which is particularly time‐consuming. Therefore, searching for the critical
inflow hydrograph is not straightforward and challenging. Finally, variational/maximizing approaches may not be
physically consistent without suitable relationships between reservoir volumes and discharges at their outlets.
These relationships are crucial because they describe how the reservoir behaves under different water levels and
flow conditions. Without them, the models might not accurately represent the physical processes governing
reservoir behavior, leading to significant errors in discharge predictions. For example, if the model does not
account for how changes in water volume affect the rate of discharge at the outlet (due to factors like reservoir
geometry or outlet design), it may incorrectly estimate the reservoir's capacity to control floods. This could result
in overestimating or underestimating the flood risk, thereby compromising the reliability of flood management
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strategies, thus potentially leading to significant errors (Augean South Ltd, 2021; Landfill Guidance Group, 2018;
National Coal Board, 1982).

By introducing a new semi‐analytical procedure, this study addresses the limitations of the previous approaches
by efficiently determining the maximum outlet discharge a reservoir can handle for flood events of a specific
return period. First, the proposed approach models the surface runoff of the basin to obtain the analytical
expression of the FDR curves from the Intensity Duration Frequency (IDF) curves. Then, for each duration, an
analytical resolution for non‐linear reservoir routing is used (Pianese & Rossi, 1986a). By coupling the analytical
expression of the FDR curves with the analytical solution for non‐linear reservoir routing, an analytical
expression is obtained. For each rainfall duration, this analytical expression allows for the evaluation of the
maximum water volume stored within the reservoir and the maximum outflowing discharge. The expression
obtained is implicit and requires a numerical solution. Then, a numerical optimization technique finds the critical
hydrograph that provides the maximum discharge outflow from the reservoir and the maximum volume of water
stored in it, making the entire procedure much quicker and more efficient. The default approach considers the
linear reservoir method to model surface runoff. However, we demonstrate that the procedure is functional
regardless of the chosen runoff model. Indeed, the procedure is tested here over five additional runoff models: the
Nash model with 2, 3, and 4 reservoirs and the rational method with two different basin shapes (rectangular and
circular sector). It is worth noticing that while our method allows flexibility in the selection of the Instantaneous
Unit Hydrograph (IUH), the accuracy of the results depends not only on the IUH choice but also on the careful
estimation of its parameters. Notably, parameters such as the basin lag time, IDF curve and runoff coefficients are
subject to significant uncertainty, despite being widely used and commonly cited in engineering manuals.

Furthermore, the proposed method could address some limitations observed in similar studies on flood control
reservoir design. For example, some studies (Manfreda et al., 2021; Volpi et al., 2018) consider an inflow
hydrograph with a constant intensity over a single duration derived from IDF curves and adopt reservoir routing
solutions valid only for spillway outlets. In contrast, our method explores the full range of possible durations and
supports both spillway and bottom outlets. Other studies (Zhao et al., 2020) rely on long post‐construction
streamflow records, at least 20 years, which are rarely available in ungauged basins. To contrast, our approach
could address this time series length requirement using rainfall records. Indeed, our proposed method attempts to
correlate FDR curves to IDF curve parameters, which are generally more available. Finally, other studies (Pirone
et al., 2024) provided simplified relationships that fit the numerical results of detailed flood‐routing simulations
but examined only a limited set of reservoir configurations. To contrast, our proposed approach could reduce the
computational burden of the numerical implementation of the reservoir routing procedure, thanks to a numerical
optimization method, and allow us to investigate all the desired reservoir configurations. By addressing the
common limitations across these studies, our proposed method could represent a more comprehensive and
practical approach to flood control reservoir design.

2. Theoretical Background
2.1. Reservoir Routing

The propagation of an inflow hydrograph through a reservoir (reservoir routing) involves the solution of a system
of three equations: (a) the mass conservation law, expressed in terms of the continuity equation; (b) the energy
conservation equation, expressed in the form of an outlet discharge equation; and (c) a relationship describing the
changes of water volumes stored in the reservoir as a function of water depth in it.

Qin(t) − Qout(t) =
dW(t)
dt

(1)

where Qin(t) and Qout(t) are the inflow and outflow discharges, W(t) is the water volume in the reservoir
(Figure 1), and t is the time. Qout(t) is generally expressed with an outlet discharge equation (derived from the
energy conservation equation), either in tabular form or analytically, Equation 2:

Qout(t) = c [h(t)]n (2)
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with h(t) the water level in the reservoir at time t, c and n constant values that are determined based on the outlet
type and geometry. In particular, for spillways = μS L

̅̅̅̅̅
2g

√
, n = 1.5, h(t) is measured from the crest of the

spillway (hS) of length L (Figure 1) and μS is the discharge coefficient, which for spillway is approximately 0.48
(Chow, 1959). For bottom outlets, c = μB σ

̅̅̅̅̅
2g

√
, n = 0.5, h(t) is measured from the centerline of the outlet for

submerged ones, μB is the discharge coefficient, which for bottom outlets is approximately 0.60, and σ is the water
section, which for a rectangular section becomes BA, with B and A the width and the height (Figure 1). Finally, g
is the gravitational constant.

Conversely, W(t) is generally expressed as a stage‐storage relationship, either in tabular form or analytically,
Equation 13:

W(t) = α [h(t)]m (3)

with α and m constant values that are determined based on reservoir type and geometry (m ranges between 1 and
4.5, with 1 being representative of a prismatic geometry with vertical walls, and 4.5 of a more complex
morphology with mild lateral slopes; Posey & I, 1940; Manfreda et al., 2021).

The governing storage equations (Equations 1–3) are valid when the water surface is horizontal, thus the outflow
is unaffected by tailwater. They can be combined and rewritten to give the following non‐linear first‐order or-
dinary differential equation:

υ Kres [Qout(t)]
υ− 1 dQout(t)

dt
+ Qout(t) − Qin(t) = 0 (4)

where υ = m
n and Kres = α

cυ .

Once the inflow hydrographQin(t) and the parameters of Equations 2 and 3 are defined, Equation 4 can be solved
numerically. However, in some cases, it is also possible to obtain either analytical or approximated solutions,
depending on the shape of the inflow hydrograph (Abt & Grigg, 1978; Basha, 1994; Burton, 1980; Culp, 1948;
Donahue & McCuen, 1981; Guo, 1999; Hong et al., 2006; Marone, 1964; Pirone et al., 2024; Posey & I, 1940).

Once the solution is achieved, the outflow hydrographQout(t), the peak outflow dischargeQ∗
out, and the maximum

volume retained by the reservoir W* during the flood can be determined (Figure 2). Furthermore, it is also
convenient to determine the outflow ratio η = Q∗

out
Q∗
in
and the detention ratio w = W∗

Win
, where Q∗

in is the peak inflow

discharge, and Win represents the whole flood volume.

2.2. Fully Numerical Approach Coupled With a Maximizing Procedure

Pianese and Rossi (1986a, 1986b) proposed the maximizing procedure, which can be utilized either for design
problems (determine the maximum volume of a flood control reservoir required to achieve a desired level of flood
reduction downstream) and for verification problems (estimate the maximum outflow discharge from the

Figure 1. Sketch of a flood control reservoir with a reservoir capacity ofWmax. (a) Longitudinal section, where Qin is the inflow discharge, Qout is the outflow discharge
from the bottom outlet, W is the storage at water level h, and hmax is the maximum water level; (b) Cross section, where A and B are the height and the width of the
bottom outlet, hS and LS are the crest and length of the spillway.
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reservoir once its design parameters are specified). This procedure assumes
that the shape of the flood hydrograph has a negligible role in the sizing/
verifying flood control reservoirs if compared to the maximum volumes that
can flow into the reservoir in a given time (NERC, 1975).

Therefore, assuming that the flow duration reduction (FDR) curves (Fran-
chini & Galeati, 2000) are known as well as the reservoir parameters
(Equations 2 and 3), the maximizing procedure can be summarized as
follows:

1. a trial flood duration D is chosen;
2. QD is evaluated from the FDR curves;
3. an inlet hydrograph of rectangular shape is considered so that for t ≤ D,

Qin(t) = QD, and for t > D, Qin(t) = 0;
4. Equation 4 is numerically solved; thus, the maximum outflow discharge
exiting the reservoir (Q∗

out)D, the maximum reservoir volume (W
∗)D, and

the maximum water level (h∗)D for the duration D are computed;
5. new flood durations D are set, and the procedure is repeated for each
duration from point 2 to point 4.

6. asD varies, the maximumQ∗
out among the different values of (Q

∗
out)D can be found, together with the respective

maximum W∗ and h∗, and the corresponding critical flood duration D* is identified.

It is worth noticing that Pianese and Rossi (1986a, 1986b) verified the reliability of this procedure by comparing
the results they obtained through the numerical resolution of Equation 4—regarding some hydrographs of
different shapes and durations ‐ with those obtained by first obtaining the FDR curves and then applying the
maximizing procedure.

3. Formulation of the Proposed Semi‐Analytical Approach
First, Section 3.1 shows how to model the basin's runoff to obtain the analytical expression of the FDR curves.
Their estimation requires defining basin parameters such as the IDF curves, the basin area, the impervious area
fraction, and the RM. Then, Section 3.2 derives the analytical solution of the reservoir routing equation
(Equation 4), which is valid under particular assumptions. Section 3.3 introduces the novel Semi‐analytical
Approach (S‐AA), and the optimization algorithm that quickly provides the maximum outlet discharge from
the reservoir. Finally, Section 3.4 generalizes the procedure using other linear and stationary runoff models to
derive the Generalized Semi‐Analytical Approach (GS‐AA).

3.1. Derivation of the Analytical Expression of the FDR Curves for the Linear Reservoir Runoff Model

To obtain the FDR curves analytically from the IDF curves, we transform the input rainfall of different durations
into corresponding output runoff hydrographs from the contributing basin. First, we define the IDF curves and the
RM. We chose a monotonic expression for the IDF curves:

id,T = aT dβ− 1 (5)

where aT is a parameter that depends on the return period, β is a dimensionless parameter, and d is the rainfall
duration. Then, we consider rectangular rainfall events with constant intensity Id during the duration d extracted
from the IDF curve.

Id(t) = id,T = aT dβ− 1 if t ≤ d

Id(t) = 0 if t > d
(6)

Once the rainfall pattern is known, we use the rational method to evaluate the effective inflow discharge p(t), thus
the fraction of precipitation that reaches the basin as surface runoff (Figure 3a):

Figure 2. An example of reservoir regulation obtained via numerical
resolution of the reservoir routing equations (Equations 1–3). The reservoir
parameters used are c = 5.9798, n = 1.5 (Equation 2), and α = 3,000, m = 4
(Equation 3). Parameter c correspond to a bottom outlet with a square cross‐
section of 1.5 m × 1.5 m.
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p(t) = φ Id(t) A = φ (aT dβ− 1) A = pd if t ≤ d

p(t) = 0 if t > d
(7)

with φ the rational coefficient (representing the fraction of the impervious basin area), and A the basin area.

Assuming the linear reservoir model (LRM) as the RM, the IUH, u(t), and the Unit Hydrograph S(t), can be
written as follows:

u(t) =
1
k

e−
t
k

S(t) = 1 − e−
t
k

(8)

with k being the basin lag time, which is constant over time.

Since the LRM is linear and stationary, the effective runoff Qd(t) can be obtained through the convolution
integral:

Qd(t) =∫
t

0
p(z) u(t − z) dz (9)

According to Equation 7, the term p(z) is constant and equal to pd. Thus, Equation 9 becomes:

Qd(t) = pd∫

t

0
u(t − z) dz (10)

which can be written as (Figure 3a):

Qd(t) = pd S(t) if t ≤ d

Qd(t) = pd [S(t) − S(t − d)] if t > d
(11)

According to Equation 8, Equation 11 becomes:

Qd(t) = R dβ− 1(1 − e−
t
k) if t ≤ d

Qd(t) = R dβ− 1 [(1 − e−
t
k) − (1 − e−

t− d
k )] e−

t− d
k if t > d

(12)

where the product R = aT · φ · A is a constant value independent from the rainfall duration and accounting for the
return period, the basin imperviousness, and its Area.

Figure 3. (right) Hydrographs of effective inflow discharge pd and effective runoffQd from the cachment; (left) flood volume VD,d in a time interval of durationD, with ε
being the initial instant.
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The flood volume VD,d that can reach the inlet section of the flood control reservoir in a time interval of durationD
can be computed as follows (see Figure 3b):

VD,d =∫
ε+D

ε
Qd(t) dt (13)

being ε the initial instant.

Solving the integral according to Equation 12, Equation 13 becomes:

VD,d = pd k[
d
k
−

ε
k
+ e−

d
k − e−

ε
k + (1 − e−

d
k) (1 − e−

d
k e−

ε+D
k )] (14)

Since the study aims to find the maximum flood volume V∗
D,d that can be stored into the reservoir, in a durationD,

due to the meteoric event of duration d, the value of ε∗ that gives it back needs to be computed. This value is
obtained by computing the derivative of Equation 14 for ε and setting it to zero. This operation leads to:

ε∗ = k ln[1 + e−
D
k (e

d
k − 1)] (15)

By substituting Equation 15 in Equation 14, the maximum flood volume that can arrive at the reservoir inlet over
the duration D can be obtained:

V∗
D,d = pd k{

d
k
− ln[1 − e−

D
k (1 − e

d
k)]} (16)

Finally, QD,d can be derived analytically:

QD,d =
V∗

D,d
D
= pd

k
D
{
d
k
− ln[1 − e−

D
k (1 − e

d
k)]} (17)

In turn, the critical rainfall duration d∗, which provides the maximum inflow discharge averaged over the duration
D, can be determined analytically. This is done by computing the derivative of Equation 17 with respect to the
rainfall duration d and setting it equal to zero.”

∂(QD,d)

∂d
= R

∂
∂d
⟨dβ− 1 k

D
{
d
k
− ln[1 − e−

D
k (1 − e

d
k)]}⟩ = 0 (18)

Developing derivatives and making the necessary simplifications, Equation 18 becomes Equation 19:

ed ∗
k

eD
k − (1 − ed ∗

k )
+ (β − 1)

{d ∗

k +
D
k − ln[e

D
k − (1 − ed ∗

k )]}

d ∗

k
− 1 = 0 (19)

Once d∗ is obtained numerically from Equation 19, this value is substituted into Equation 17 to finally obtain the
new analytical expression of the FDR curve proposed in this study:

QD ≡ QD,d∗= pd∗
k
D
{
d∗

k
− ln[1 − e−

D
k (1 − e

d∗
k )]} (20)

The solution is implicit; thus, it should be numerically solved to obtain the analytical expression of the FDR curve
(hence the denomination of “semi‐analytical approach”).
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Once the FDR curves are known, they are coupled with the maximizing approach and propagated through the
reservoir. In particular, we consider rectangular inflow hydrographs with constant flow QD during the duration D
extracted from the FDR curve.

3.2. Derivation of the Analytical Solution of the Reservoir Routing Equation

This paper solves the governing storage equations of the reservoir (Equation 4) according to the solution proposed
by Pianese and Rossi (1986a). Assuming that, at the initial instant (t= 0), the discharge flowing out is equal to the
incoming dischargeQout(t = 0) = Qin(t = 0) = Q0 and that the stored volume is knownW(t = 0) = W0, thus
W0 = KresQυ

0, Equation 4 can be written as follows:

υ W0

Qυ
0
[Qout(t)]υ− 1

dQout(t)
dt

+ Qout(t) − Qin(t) = 0 (21)

Assuming a rectangular‐shaped inflow hydrograph of duration D (so that for t ≤ D, Qin(t) = QD, and for t > D,
Qin(t) = 0, thus characterized by an incoming volume Win = D QD), Equation 21 is written in dimensionless
terms as follows:

dτ =
υ w0
qυ
0

qυ− 1
τ

(1 − qτ)
dqτ (22)

where τ = t
D, w0 =

W0
D QD

, q0 =
Q0
QD
, qτ =

Qout(τ)
QD

Developing in geometric series the term 1/ (1 − qτ) and integrating between τ = 0 and τ = 1, Equation 22
becomes:

qυ
0

w0
=∑

∞

i=0
[

υ
υ + i

(qυ+i
τ − qυ+i

0 )] (23)

According to the chosen shape of the inflow hydrograph (rectangular), the peak outflow discharge Q∗
out and the

maximum volume retained by the reservoirW* during the flood are registered when τ = 1, thus t = D (Figure 3).
Moreover, according to the definition of Kres, the first term of Equation 23 becomes

qυ
0

w0
=

qυ
τ

wτ
=

qυ
τ − qυ

0
wτ − w0

. Therefore,
to find the outflow ratio η and the detention ratio w, Equation 23 becomes:

1
w
=∑

∞

i=0

⎧⎨

⎩
υ

υ + i
ηi
[1 − (η0/η)

υ+i
]

[1 − (η0/η)
υ
]

⎫⎬

⎭
(24)

where w = wD − w0 =
WD − W0

Win
=

Kres Q∗
out

υ
− W0

D QD
and η0 =

Q0
QD
.

Furthermore, Equation 24 can be rearranged as:

D =
W∗

QD
∑
∞

i=0

⎧⎨

⎩
υ

υ + i
ηi
[1 − (η0/η)

υ+i
]

[1 − (η0/η)
υ
]

⎫⎬

⎭
(25)

and, if Q0 = 0, then Equation 25 becomes:

D =
WD

QD
∑
∞

i=0
(

υ
υ + i

ηi) (26)
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It is worth highlighting that Equations 25 and 26 match other studies that evaluated the filling time of a flood
control reservoir in the presence of a bottom opening and spillways for stormwater drainage network design
(Posey & I, 1940; Supino, 1965, 1967, 1968); Equations 25 and 26 matches also studies that evaluated the filling
time of natural rivers when the relationship between the flow cross‐sectional area ω and discharge q is expressed
as q = ξω1/υ, with ξ the discharge coefficient (Cimorelli et al., 2015).

3.3. Maximization Problem Formulation

The maximizing procedure combines the analytical expression of the FDR curve (Equation 20) and the analytical
solution of the reservoir routing equations (Equation 26) to find the maximum outflow discharge Q∗

out from the
reservoir. The maximization problem formulation considers Equation 27:

⎧⎪⎪⎨

⎪⎪⎩

Max Q∗
out(D)

subjected to

D ≥ 0

(27)

where the objective function Q∗
out is computed as a function of the flood duration D. In detail, the optimization

procedure finds the flood duration D that maximizes the outflow discharge from the reservoir as follows. First, it
is necessary to define a starting point for the flood duration D, that allows to compute the critical rain duration d*
by solving Equation 19. Once the flood duration D and the critical rainfall duration d* are known, it is possible to
compute the inflow discharge QD using Equation 20. Then, according to Equation 26, the attenuation factor ηD
with wD = Kres[Q∗

out(D)]
υ/ (D QD) is computed. Thus, the maximum outflow discharge Q∗

out(D) = ηD · QD is
evaluated. Finally, the optimization procedure varies the flood durationD in order to identify the critical one (D*)
that provides the maximum outlet discharge from the reservoir Q∗

out = max
D
[(Q∗

out)D].

The optimization procedure has been implemented in VB.NET programming language using the Constrained
Optimization BY Linear Approximation (COBYLA) algorithm developed by Powell (1994). COBYLA can solve
optimization problems with general inequality constraints without resorting to the derivative of the objective
function. It performs a sequential linear optimization by linearizing the objective function and the constraints
within a specific “trust region” around the current point. The linear approximations of the objective and constraint
functions are formed by linear interpolation at n + 1 points in the space of the variables and try to maintain a
regular‐shaped simplex over iterations. In particular, the COBYLA algorithm was implemented within VB.NET
using the “csnumerics” library (Gustafsson, 2022).”

3.4. Generalization of the Proposed Semi‐Analytical Procedure to Other Runoff Models

The generalization of the proposed semi‐analytical procedure to other runoff models is based on two assumptions.
The first assumption considers that the shape of the FDR curves of the basin (upstream to the reservoir) is not
expected to change significantly as the RM varies (given the same basin characteristics, like Area, lag time, and
infiltration model) (Sitterson et al., 2018). The second assumption states that, for linear and stationary runoff
models, once the maximum instantaneous inflow discharge Q∗

in has been identified, the FDR curves corre-
sponding to each RM could be obtained by appropriately scaling the FDR curve obtained with the LRM.

Therefore, under the assumptions mentioned above, this scaling can be performed by first a‐dimensionalizing the
FDR curve obtained with the LRM by the maximum instantaneous inflow discharge obtained with it, then
multiplying the dimensionless FDR curves by the maximum instantaneous inflow discharge obtained by using
any given RM. This scaling procedure is equivalent to multiplying, for each flood duration D, the corresponding
discharge QD by a correction coefficient CC:

CC =
(Q∗

in)RM
(Q∗

in)LRM
(28)

where (Q∗
in)RM is the instantaneous inflow peak discharge obtained by using any given RM, and (Q

∗
in)LRM is the

instantaneous inflow peak discharge obtained with the LRM.
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4. Verification of the Proposed Procedure: Application
Examples
4.1. Comparison Between the Semi‐Analytical Approach and the Fully
Numerical Approach

To verify the efficacy of the formulated procedure, a comparative analysis
was conducted between the proposed S‐AA (Section 3.3) and the Fully Nu-
merical Approach (FNA) (Section 2.2) through 864 application examples.
These simulations encompass the parameters reported in Table 1, divided into
IDF curve parameters (Equation 6), basin parameters (Equation 7), and
reservoir parameters (Equations 2 and 3).

The application examples considered three IDF curves corresponding to three
common values of exponent β (Equation 6). It is worth noticing that the
simulations considered one value for parameter aT of the IDF curve. This
choice is justified because this parameter is independent of the rainfall
duration, thus not influencing the derivation of the FDR curves, but it is an
amplificative term (as stated in Equation 12). The same justification is valid
for parameters Area and φ of the basin. Finally, the simulations considered 96
reservoir configurations by combining the three outlet structure configura-
tions (parameters n and c of Table 1) with the 32 geometry reservoir con-
figurations (parameters α and m of Table 1).

4.2. Generalization of the Proposed Semi‐Analytical Procedure to Other Runoff Models

The validity of the generalization of the proposed S‐AA was assessed through comparison with five linear and
stationary runoff models: the Nash model with 2, 3, and 4 reservoirs (NR 2, NR 3, and NR 4), and the kinematic
model with two different basin surface geometries, rectangular shape (named “pitched roof,” PR) and circular
sector shape (named a “pizza slice,” PS). Figure 4 shows the corresponding IUH and Unit Hydrograph S(t) for all
the runoff models.

The basin parameters of the additional five runoff models were chosen coherently with the default LRM to ensure
a fair and meaningful comparison. Thus, the Area, the basin imperviousness and the Lag Time are the same as in
Table 1. In particular, the time of concentration, tc (Figure 4) of the kinematic model with rectangular shape was
set twice the Lag Time, while for the pizza slice shape, it was set 1.5 times the Lag time.

Therefore, starting from the parameters of the IDF curves (Table 1), the FDR curves of each RM were obtained
numerically. In particular, the same procedure described in Section 3.1 was used (from Equation 5 to Equa-
tion 10), with the difference that the convolutional integral was not solved analytically but numerically, according
to the IUH equations in Figure 4.

The comparison between the FDR curves obtained with the six different runoff models is presented in Figure 5.
Although peak discharges differ among the FDR curves obtained with the different runoff models, the curves tend
to overlap after a duration of approximately three times the lag time.

Moreover, the overlapping of the FDR curves is further confirmed by Figure 6, where the FDR curves are
presented in dimensionless form in the plane (δ, rδ), with δ = D

Lt
and rδ =

QD
Q∗
in
.

4.3. Benchmark Model

The proposed S‐AA is tested versus a FNA that does not consider the surface runoff, for which thus the flood
duration D equals the rainfall duration d, and thus the QD equals pd. For example, Supino (1965, 1967 and 1968)
proposed an analytical expression to evaluate the maximum flow discharge from a flood control reservoir. The
expression combines the IDF rainfall curves and a set of decision variables with the flood routing expression to
obtain the maximum flow discharge from a reservoir of defined characteristics. Supino's approach allows for fast
evaluation of the maximum outflow discharge since the variables can be easily changed (reservoir configuration,
outlet geometry, type of material). However, since Supino (1965, 1967 and 1968) neglected the runoff process of
the contributing basin area, the results of his approach are realistically oversized.

Table 1
Parameters List to Compare the Proposed Semi‐Analytical Approach and the
Fully Numerical Approach

Element Parameter Value

IDF curves aT [mm/hr] 50

β 0.25; 0.30; 0.35

Basin Area [km2] 100

Lag time Lt [hr] 3; 4; 5

φ 0.30

Reservoir α [m3− m] 3,000; 6,000; 9,000; 18,000

m 1.0; 1.5; 2.0; 2.5; 3.0; 3.5; 4.0; 4.5

n 0.5

c [m3− n/s] 10.63; 16.61; 23.91

Note. The values of c correspond to rectangular shape bottom outlets with
cross‐section (B × A) = (2.0 m × 2.0 m), (2.5 m × 2.5 m), and
(3.0 m × 3.0 m), but also to the cases of n = 1.5 and L = 5.00 m, L = 7.81 m
and L = 11.25 m, respectively.
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Therefore, to highlight the importance of modeling the runoff of the basin, we compared the maximum outflow
discharge from the reservoir obtained with and without the runoff modeling. In particular, we fixed IDF curves
and reservoir parameters; thus we considered one reservoir configuration (α = 3000,m = 1,n = 0.5,C =

10.63), one IDF curve configuration (aT = 50,β = 0.30), in order to show how the outflow obtained with
different methods varied according to basin Areas (from 1 to 200 km2) and the rational coefficient φ (from 0.2
to 0.5).

5. Results
5.1. Comparison Between the Semi‐Analytical Approach and the Fully Numerical Approach

The performance criteria employed to compare the proposed S‐AA and the FNA consider the maximum outflow
discharge obtained with the two approaches (Equations 29 and 30):

Err =
(Q∗

out)S− AA − (Q
∗
out)FNA

(Q∗
out)FNA

(29)

Figure 4. Runoff models used in this study: (left) RM symbols; (central) IUHs and; (right) S(t) and the respective equations.
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RMSE =

̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅̅

∑
N

i=1

{[(Q∗
out)S− AA]i − [(Q

∗
out)FNA]i}

2

N

√
√
√
√ (30)

where N is the number of application examples.

The errors (Err) between the two approaches are closer to − 0.1% and are within the interval − 0.5% and 0.05%. In
particular, Figure 7 illustrates the histogram of the errors, thus the empirical distribution of errors derived from
comparing the two approaches. Notably, within the whole interval − 0.5% and 0.05%, most errors (30%) are
situated between − 0.1% and − 0.05%. Furthermore, the empirical distribution exhibits an asymmetrical pattern,
with frequencies of errors on the negative axes. Thus, the proposed S‐AA tends to slightly underestimate
maximum outflow discharges compared to those obtained with the FNA (underestimations less than 0.1% points).

Finally, the RMSE is 1.7524 m3/s.

5.2. Generalization of the Proposed Semi‐Analytical Procedure to Other Runoff Models

The performance indicator employed to compare the GS‐AA and the FNA considers the maximum outflow
discharge obtained with the two approaches (Equation 31):

(Err)RM = [
(Q∗

out)GS− AA − (Q
∗
out)FNA

(Q∗
out)FNA

]
RM

(31)

Figure 5. Flow Duration Reduction (FDR) curves obtained according to three Lag Time and three β of the Intensity Duration Frequency curves for six runoff models
with parameters of Table 1.
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Thus, for each RM, the maximum outflow discharge was computed according to the FNA and compared to those
obtained according to the proposed GS‐AA (Figure 8). In particular, results are presented by grouping them
according to the Lag Time (Lt) and the β value of the IDF curves. Thus, each graph of Figure 8 compares the
maximum outflow discharge obtained with the two approaches for 96 reservoir configurations. According to

Figure 8, points tend to align along the first quadrant bisector (x = y), where
each point corresponds to an application example. Notably, most of the points
are within the ±10% limits.

Moreover, Figure 9 shows a graphical representation of the distribution of
the errors (Equation 30) for each RM. Once again, results are presented by
grouping them according to the Lag Time (Lt) and the β value of the IDF
curves. Thus, Figure 9 provides a visual summary of the errors' central
tendency, spread, and skewness (Equation 30), as well as the presence of
outliers (black points). In particular, errors for the Nash model with 2, 3,
and 4 reservoirs (NR 2, NR 3, and NR 4) are within the interval − 10%
and 0%, highlighting a tendency to underestimate the maximum outflow.
Also, the kinematic model with a rectangular shape (named “pitched roof,”
PR) shows negative errors within the interval − 10% and 0%. In contrast,
the kinematic model with a circular sector shape (named a “pizza slice,”
PS) shows errors greater than 0, thus within the interval 0% and 10%
intervals.

Figure 6. A‐dimensionless Flow Duration Reduction (FDR) curves obtained according to three Lag times and three β of the Intensity Duration Frequency curves for six
runoff models with parameters of Table 1.

Figure 7. Histograms of the errors (Err) between the proposed Semi‐
Analytical Approach and the Fully Numerical Approach obtained with
Equation 28.
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5.3. Benchmark Model

The performance criteria employed to compare the proposed S‐AA and the above‐described benchmark model
that does not model basin runoff (NR, meaning No Runoff) consider the ratio between the maximum outflow
obtained by modeling the runoff of the basin with the LRM and the one obtained without modeling the
runoff (NR).

(Q∗
out)ratio =

(Q∗
out)NR

(Q∗
out)LRM

(32)

Results are shown according to different values of the basin area (from 1 to 200 km2), four values of the rational
coefficient φ (φ = 0.20; φ = 0.30; φ = 0.40; φ = 0.50) and regarding the same reservoir configuration
(α = 3000,m = 1,n = 0.5,C = 10.63) (Figure 10).

For basin areas lower than 10 km2, the outflow computed without modeling the runoff is almost four times the
outflow obtained with the proposed approach. As the basin area increases, this ratio tends to align along the value
of three. Moreover, regarding the same basin area value, the ratio on the y‐axis increases as the rational coefficient
decreases.

6. Discussions
This study formulated a novel GS‐AA that efficiently provides the maximum outlet discharge of a reservoir of
defined characteristics for a given return period. The proposed S‐AA formulation allows for addressing the

Figure 8. Comparison between the maximum outflow discharge obtained with the Fully Numerical Approach and the proposed Generalized Semi‐Analytical Approach.
Results are presented by grouping them according to the Lag Time (Lt) and the β value of the Intensity Duration Frequency curves. Colors follow recommendations of
scientifically derived color maps (Crameri et al., 2020).
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following issues. First, the approach addresses flow data limitation issues that prevent Flood Duration Reduction
(FDR) curve derivation by correlating them to IDF parameters, which are more widespread. This correlation
enhances accessibility and expands the potential applicability of the procedure across regions and watersheds
where reliable flow data may be scarce. Moreover, it gives the possibility to evaluate the FDR curves concerning
different values of return period by simply changing the parameter a of the IDF curve (Equation 5). For example,
this broader reach is particularly advantageous in ungauged basins where traditional methods relying on direct
flow measurements may not be feasible or in the case when there are strict requests on the flow record length, at
least 20 years after the reservoir construction (Zhao et al., 2020). On the other hand, to evaluate the FDR curves,
the proposed RM requires just two parameters (lag time and runoff coefficient), which have a clear physical
meaning, have been widely studied in the literature, and thus can be easily evaluated in any context. For an

example of the GS‐AA application to an existing reservoir, given the IDF
curve and basin upstream of the reservoir parameters, please refer to the
Supporting Information S1.

The S‐AA also reduces computational times associated with the numerical
implementation of complete reservoir routing procedures. Indeed, the pro-
posed procedure stands out for its notably short computation times compared
to the FNA. In this study, a FNA application required an average processing
time of three hours, utilizing a high‐performance computing setup featuring
an Intel Core i9 11th generation processor with a clock velocity of 3.7 GHz
and a Max Turbo Frequency of 5.3 GHz. The system had a robust storage
configuration, including a 2,000GB SSD hard disk, specifically the ADATA
3,500/3,000 MB7S 2TB NVME model. In contrast, the proposed SS‐A pro-
vided instantaneous results, eliminating the need to wait for computational
time. This result is a crucial feature of the proposed procedure that allows to
efficiently explore and compare several reservoir configurations for design
and verification problems with incomparable speed. In contrast, previous

Figure 9. Boxplots showing the errors (Equation 30) between the maximum outflow discharge obtained with the Fully Numerical Approach and the proposed
Generalized Semi‐Analytical Approach. Results are presented by grouping them according to the Lag Time (Lt) and the β value of the Intensity Duration Frequency
curves. In each graph and for each runoff model (x‐axis), the boxplot of the errors is shown. In particular, each boxplot shows five summary statistics: minimum, first
quartile (Q1), median (second quartile, Q2), third quartile (Q3), and maximum, represented as black horizontal lines.

Figure 10. The ratio between the maximum outflows from the reservoir
obtained with the proposed Semi‐Analytical Approach and without
modeling the basin's runoff versus the basin area, according to different
rational coefficients (φ) regarding the same reservoir
configuration (α = 3000,m = 1,n = 0.5,C = 10.63).
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studies proposed simplified relationships to identify the reduction effect of a reservoir. However, these re-
lationships are recommended during preliminary evaluation since they approximate numerical simulation, and
they are valid under strict assumptions regarding inflow hydrograph, incoming flood volumes and for specific
reservoir configuration (Pirone et al., 2024; Sordo‐Ward et al., 2013). Moreover, the remarkable reduction offered
by our method in computational time could be essential for flood risk assessment procedures, thus allowing for
quicker decision‐making processes. Finally, it is also reassuring that errors between the S‐AA and the FNA are
minimal (as depicted in Figure 4), often amounting to mere percentage points.

Results demonstrated the functionality of the procedure regardless of the chosen RM, offering considerable
flexibility for potential users. The analysis also showed that the choice of the RM has practically scarce influence
on evaluating the maximum outflow discharge from the reservoir. Indeed, results indicated close agreement
between the two approaches (Figure 8). This agreement suggests high consistency and accuracy in the discharge
computations across different scenarios. Furthermore, most errors fall within the ±10% limits (Figure 9),
emphasizing the robustness and reliability of the proposed GS‐AA. In this way, a potential user can freely model
the surface runoff of the basin upstream of the reservoir to compute the peak discharge and then use the G‐SAA ‐
thanks to the correction coefficient (Equation 28)—to estimate the maximum discharge outflow of the reservoir.
For example, similar studies that developed different runoff models for the upstream basins (Volpi et al., 2018)
could use them and exploit the proposed procedure's rapidness.

Moreover, it can be confirmed that the assumptions underpinning the generalization of the proposed semi‐
analytical procedure to other runoff models have been validated (Section 3.4). The first assumption, which
states that the shape of the FDR curves remains relatively consistent across different runoff models for the same
basin characteristics, has been supported (Figures 8 and 9). Additionally, the errors on the peak discharge between
the two procedures have confirmed the correctness of the second assumption about the scalability of FDR curves
obtained with the LRM for other linear and stationary runoff models (Figures 8 and 9). Thus, these validated
assumptions support the reliability and applicability of the proposed GS‐AA procedure to provide accurate es-
timations of maximum outflow discharge with different runoff models.

Finally, results highlighted that neglecting runoff phenomena leads to significant overestimations of flood control
reservoir maximum outflow discharge, especially for small basins. Indeed, these overestimations sharply increase
as the basin area decreases. In contrast, as the basin area increases, overestimations decrease. These trends
confirm that the influence of runoff is more pronounced in smaller basins. In contrast, in larger basin areas, other
factors such as storage capacity and flow dynamics could become more dominant in influencing outflow
discharge, reducing the relative importance of runoff in the overall system behavior. Therefore, neglecting the
runoff process of the upstream basin could hinder effective resource allocation and flood management planning,
potentially exacerbating the economic waste.

7. Conclusions
The proposed GS‐AA provides valuable insights into flood control reservoir designing, allowing users to explore
and compare several reservoir configurations for both design and verification problems. Moreover, the proposed
approach establishes a correlation between the FDR and IDF curve parameters, addressing the flow data scarcity
issue and enhancing the procedure potential applicability, particularly in ungauged basins. The proposed GS‐AA
also fully exploits the information of the FDR curves by combining them with an analytical solution of the
reservoir routing equations and a maximizing procedure. The procedure uses an optimization algorithm to quickly
find the critical hydrograph, with uniform intensity extracted from the FDR curves, which provides the maximum
outlet discharge from the reservoir. The optimization algorithm sharply reduces computational times associated
with implementing the fully numerical procedure. Moreover, results demonstrated the procedure usefulness
regardless of the chosen RM, offering widespread flexibility for users. Accounting for the runoff of the basin and
its impact on reservoir sizing and verification can give more information for effective decision‐making processes
regarding water allocation, ecosystem management, and infrastructure planning. Additionally, as climate change
continues to alter precipitation patterns and intensify hydrological processes, incorporating accurate represen-
tations of runoff basins becomes increasingly vital for developing resilient water management strategies. Finally,
the proposed approach represents a probabilistic and flexible tool to support the design of flood control reservoirs,
enabling more efficient exploration of design alternatives and. Contributing to more informed and adaptive flood
management strategies.
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Appendix A: Notation
Table A1

Table A2

Table A1
Latin Symbols

Symbol Description

A Height of the bottom outlet

aT Parameter of the IDF curve

B Width of the bottom outlet

c Constant value varying according to reservoir outlet type (Equation 2)

CC =
(Q∗

in)RM
(Q∗

in)LRM

Correction coefficient to generalize the proposed approach with a different runoff model

D Flood event duration

d Rainfall event duration

d∗ Critical rainfall duration

Err Performance indicator employed to compare the S‐AA and the FNA

ErrRM Performance indicator employed to compare the GS‐AA and the FNA

g Gravitational constant

h Water level in the reservoir

(h∗)D Maximum water level in the reservoir related to an inflowing hydrograph with a rectangular
shape characterized by a duration equal to D

Id Rainfall intensity of duration d extracted from the IDF

id,T Rainfall intensity of the IDF curve

k Basin lag time

Kres =
α
cυ Coefficient depending on the water volume stored in the reservoir and discharge outflowing

from outlets

L Overflow length

Lt Lag time of the basin

m Constant value varying according to reservoir type and geometry (Equation 3)

n Number of application example

n Constant value varying according to reservoir outlet type and geometry (Equation 2)

p Effective inflow discharge

pd Inflow discharge generated from the rainfall event

Q0 Discharge flowing out the reservoir at time 0

q0 =
Q0
QD

Dimensionless discharge flowing out of the reservoir at time 0

QD Flow discharge extracted from the FDR curve with duration D

QD,d Mean flow discharge obtained over the duration D from a rectangular hyetograph of duration
d and intensity extracted from the IDF curve

Qd Effective runoff of the basin

Qin Inflow discharge of the reservoir

Q∗
in Peak inflow discharge

(Q∗
in)LRM Instantaneous inflow peak discharge obtained with the linear reservoir model (LRM)

(Q∗
in)RM Instantaneous inflow peak discharge obtained by using any given runoff model (RM)

Qout Outflow discharge of the reservoir

Q∗
out Peak outflow discharge

(Q∗
out)D Maximum discharge outflowing from reservoir related to an inflowing hydrograph with a

rectangular shape characterized by a duration equal to D

(Q∗
out)LRM Maximum outflow discharge obtained with the Linear Reservoir Model
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Table A1
Continued

Symbol Description

(Q∗
out)FNA Maximum outflow discharge obtained with the Fully Numerical Approach

(Q∗
out)NR Maximum outflow discharge obtained without modeling the Runoff of the basin

(Q∗
out)S− AA Maximum outflow discharge obtained with the proposed Semi‐Analytical Approach

(Q∗
out)ratio Ratio between the maximum outflow obtained by modeling the runoff of the basin with the

Linear Reservoir Model (LRM) and the one obtained without modeling the runoff (NR)

qτ =
Qout(τ)
QD

Dimensionless outflow discharge

R = aT · φ · Area Constant value of Equation 12

rδ = QD
Q∗
in

Dimensionless FDR curves

S Unit hydrograph

T Return period

t Time

tc Time of concentration of the kinematic model

u Instantaneous Unit Hydrograph

W Water volume in the reservoir

w = W∗

Win
Detention ratio

W0 Volume stored in the reservoir at time 0

w0 =
W0

D QD

Dimensionless volume stored in the reservoir at time 0

wd =
Kres[(Q∗

out)d]
υ

D QD

Dimensionless volume stored in the reservoir generated by a rainfall event of duration d and
intensity extracted from the IDF curve

Win Incoming flood volume

W* Maximum water volume in the reservoir

(W∗)D Maximum volume stored in the reservoir related to an inflowing hydrograph with rectangular
shape characterized by a duration equal to D

VD,d Flood volume that can reach the inlet section of the flood control reservoir in a time interval of
duration D related to a rainfall event with rectangular shape and duration d

V∗
D,d Maximum flood volume that can reach the inlet section of the flood control reservoir in a time

interval of duration D related to a rainfall event with rectangular shape and duration d

Table A2
Greek Symbols

Symbol Description

α Constant value varying according to reservoir type and geometry (Equation 3)

β Parameter of the IDF curve

δ = D
Lt

Dimensionless time

ε Initial instant of Equation 13

ε∗ Initial instant that provides the maximum flood volume V∗
D,d

η = Q∗
out

Q∗
in

Outflow ratio

η0 =
Q0
QD

Outflow ratio of the initial time 0

ηD =
(Q∗

out)D
QD

Outflow ratio related to a flood event of duration D

μ Discharge coefficient

φ Rational coefficient

τ = t
D Dimensionless time

υ = m
n Exponent in the relationship between the water volume stored in the reservoir and discharge

outflowing from outlets
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Data Availability Statement
The code developed to formulate the Generalised Semi‐Analytical Approach (GS‐AA) is openly available at
Zenodo via (Pirone, 2024) https://doi.org/10.5281/zenodo.14180291.
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